
LinearAlgebra[1]

3.DeterminantsandDiagonalization

3.1TheLaplaceExpansion

•Determinants

Def.LetX={1,2,···,n}.Arearrangementofthe

elementsofXiscalledapermutationofX.Wedenotethe

setofallpermutationsofXbySn.Notethat|Sn|=n!.

Eg.IfX={1,2,3},then

S3={123,132,213,231,312,321}.
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Apermutationj1j2···jnissaidtohaveaninversionifa

largerjrprecedesasmallerjs.Apermutationiscalled

evenifthetotalnumberofinversionsinitiseven,orodd

otherwise.

Eg.Thepermutation4312∈S4isodd.

Def.LetA=[aij].Wedefine

det(A)=|A|=
∑

(±)a1j1a2j2···anjn,

wherethesummationisoverallpermutationsj1j2···jnof

Sn.Thesignistakenas+or−accordingtowhetheritis

evenorodd.
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Eg.

A=

[

a11a12

a21a22

]

,det(A)=a11a22−a12a21.

A=

[

54

23

]

,det(A)=5·3−4·2=7.
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A=







a11a12a13

a21a22a23

a31a32a33







det(A)=a11a22a33+a12a23a31+a13a21a32

−a11a23a32−a12a21a33−a13a22a31.

A=







123

213

312







det(A)=1·1·2+2·3·3+3·2·1

−3·1·3−1·3·1−2·2·2=6.
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IfA:4×4,thendet(A)has24terms.

IfA:5×5,thendet(A)has120terms.

IfA:10×10,thendet(A)has3,628,800terms.

IfA:20×20,thendet(A)has

2,432,902,008,176,640,000terms.

Weneedapracticaldefinition.
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•CofactorExpansion

Def.A:n×nmatrix.LetAijbethe(n−1)×(n−1)

matrixobtainedfromAbydeletingtherowiandcolumnj.

The(i,j)-cofactorofAisdefinedtobe

Cij=(−1)
i+j

det(Aij).

Notethatthesignisgivenbythepattern


















+−+−+−+···

−+−+−+−···

+−+−+−+···

−+−+−+−···

+−+−+−+···

···



















.
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Eg.

A=







3−12

456

712







C11=(−1)
1+1

∣

∣

∣

∣

56

12

∣

∣

∣

∣=4,C33=(−1)
3+3

∣

∣

∣

∣

3−1

45

∣

∣

∣

∣=19.

C12=(−1)
1+2

∣

∣

∣

∣

46

72

∣

∣

∣

∣=34,C23=(−1)
2+3

∣

∣

∣

∣

3−1

71

∣

∣

∣

∣=10.
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Thm.[Laplace(Cofactor)Expansion-Stokes’Thm]

LetA=[aij].Foreachiandj,

det(A)=ai1Ci1+ai2Ci2+···+ainCin

=a1jC1j+a2jC2j+···+anjCnj.

1.Choosearow(resp.acolumn).

2.Multiplyeachentryaijintherow(resp.thecolumn)bythe

correspondingcofactorCij.

3.Addalltheresults.
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Eg.

∣

∣

∣

∣

∣

∣

∣

∣

∣

12−34

−4211

3000

20−21

∣

∣

∣

∣

∣

∣

∣

∣

∣

=3

∣

∣

∣

∣

∣

∣

∣

2−34

211

0−21

∣

∣

∣

∣

∣

∣

∣

=3

{

2

∣

∣

∣

∣

11

−21

∣

∣

∣

∣−2

∣

∣

∣

∣

−34

−21

∣

∣

∣

∣

}

=3(2·3−2·5)=−12.
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•GeometricmeaningofDeterminant

ForA=

[

ab

cd

]

,det(A)isthe(signed)areaofthe

parallelogramdeterminedby(a,c)and(b,d)inR
2
.

(b,d)

(a,c)

(0,0)
∣

∣

∣

∣

ab

cd

∣

∣

∣

∣=(±)theareaoftheparallelogram
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(b1,b2,b3)

(a1,a2,a3)

(c1,c2,c3)

(0,0,0)

∣

∣

∣

∣

∣

∣

∣

a1b1c1

a2b2c2

a3b3c3

∣

∣

∣

∣

∣

∣

∣

=(±)thevolumeoftheparallelepipedinR
3

ForA:n×n,det(A)isthe(signed)n-volumeofthe

n-parallelepipeddeterminedbythenvectorsinR
n
.
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•PropertiesofDeterminant

Thm.AssumethatA=











R1

R2

...

Rn











isann×nmatrix.

1.IfRi=0forsomei,thendet(A)=0.

2.IfRi=Rjforsomei6=j,thendet(A)=0.

3.det















...

Ri

...

Rj

...















=−det















...

Rj

...

Ri

...
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4.det







...

kRi

...





=kdet







...

Ri

...





,andsodet(kA)=k
n
A.

5.det







...

R
′

i+R
′′

i
...





=det







...

R
′

i
...





+det







...

R
′′

i
...







6.det















...

Ri+kRj

...

Rj

...















=det















...

Ri

...

Rj

...
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Thm.AssumethatA=
[

C1C2···Cn

]

.

1.IfCi=0forsomei,thendet(A)=0.

2.IfCi=Cjforsomei6=j,thendet(A)=0.

3.det
[

···Ci···Cj···
]

=−det
[

···Cj···Ci···
]

4.det
[

···kCi···
]

=kdet
[

···Ci···
]

,

andsodet(kA)=k
n
A.

5.det
[

···C
′

i+C
′′

i···
]

=det
[

···C
′

i···
]

+det
[

···C
′′

i···
]

6.det
[

···Ci+kCj···Cj···
]

=det
[

···Ci···Cj···
]
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Eg.

∣

∣

∣

∣

∣

∣

∣

3−12

251

000

∣

∣

∣

∣

∣

∣

∣

=0,

∣

∣

∣

∣

∣

∣

∣

3−15

287

12−1

∣

∣

∣

∣

∣

∣

∣

=−

∣

∣

∣

∣

∣

∣

∣

5−13

782

−121

∣

∣

∣

∣

∣

∣

∣

,

∣

∣

∣

∣

∣

∣

∣

812

309

12−1

∣

∣

∣

∣

∣

∣

∣

=3

∣

∣

∣

∣

∣

∣

∣

812

103

12−1

∣

∣

∣

∣

∣

∣

∣

,

∣

∣

∣

∣

∣

∣

∣

212

404

131

∣

∣

∣

∣

∣

∣

∣

=0,

∣

∣

∣

∣

∣

∣

∣

252

−129

311

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

0920

−129

311

∣

∣

∣

∣

∣

∣

∣

.
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Eg.TheVandermondedeterminant

∣

∣

∣

∣

∣

∣

∣

111

x1x2x3

x
2
1x

2
2x

2
3

∣

∣

∣

∣

∣

∣

∣

=(x3−x2)(x3−x1)(x2−x1).

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

11···1

x1x2···xn

x
2
1x

2
2···x

2
n

.........

x
n−1
1x

n−1
2···x

n−1
n

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
∏

i<j

(xj−xi).
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Thm.IfAisatriangularmatrix,thendet(A)istheproduct

ofentriesofthemaindiagonal.

Proof.Usethecofactorexpansion.2

Thm.Consider

[

AX

OB

]

and

[

AO

YB

]

inblockform,where

AandBaresquarematrices.Then

det

[

AX

OB

]

=detAdetB

and

det

[

AO

YB

]

=detAdetB.
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Eg.
∣

∣

∣

∣

∣

∣

∣

1−13

215

10−1

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

1−13

308

10−1

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

38

1−1

∣

∣

∣

∣=−11.

∣

∣

∣

∣

∣

∣

∣

1−13

015

00−1

∣

∣

∣

∣

∣

∣

∣

=−1.

∣

∣

∣

∣

∣

∣

∣

∣

∣

12−110

343−7

0056

0078

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

12

34

∣

∣

∣

∣

∣

∣

∣

∣

56

78

∣

∣

∣

∣=(−2)(−2)=4.
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3.2DeterminantsandMatrixInverses

Thm.

det(AB)=detAdetB

Proof.Itiseasytoseethatdet(EA)=detEdetAforany

elementarymatrixE.Thus

det(E1E2···EkA)=detE1detE2···detEkdetA.

IfA Rinr.r.e.f.,thenR=Ek···E1Aand

A=E
−1
1E

−1
2···E

−1

kR.NotethatE
−1
iisanelementary

matrixforeachi.
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det(AB)=det(E
−1
1E

−1
2···E

−1

kRB)

=det(E
−1
1)···det(E

−1

k)det(RB).

(detA)(detB)=det(E
−1
1E

−1
2···E

−1

kR)detB

=det(E
−1
1)···det(E

−1

k)detRdetB.

Wehaveonlytoshowthatdet(RB)=detRdetB.Note

thateitherR=IorRhasarowofzeros.IfR=I,then

det(RB)=detB=detRdetB.IfRhasarowofzeros,

thenRBalsohasarowofzeros.Thusdet(RB)=0=

detRdetB.2
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Cor.

det(A1A2···Ak−1Ak)=det(A1)det(A2)···det(Ak−1)det(Ak),

det(A
k
)=(detA)

k
.

Thm.Aisinvertible⇔detA6=0.Inthiscase,

det(A
−1

)=(detA)
−1

=
1

detA
.
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Proof.IfAisinvertible,thenAA
−1

=Iand

1=detI=det(AA
−1

)=detAdetA
−1

.

Hence,detA6=0anddetA
−1

=
1

detA.

Conversely,assumethatdetA6=0.IfA Rinr.r.e.f.and

R=Ek···E1A,theneitherR=IorRhasarowofzeros.

NotethatdetE6=0foreveryelementarymatrixE.Thus

06=detEk···detE1detA

=det(Ek···E1A)=detR.

Therefore,Rcannothavearowofzeros,soR=I.2
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Eg.

A=











1521

0−383

−27−10

4062











,detA=366=0.

ThusAisinvertible.

Eg.ABisinvertible⇔AandBareinvertible.
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Thm.

det(A
T
)=detA

Proof.ItiseasytoseethatdetE
T

=detEforevery

elementarymatrixE.IfAisnotinvertible,thenneitheris

A
T
;sodetA=0=detA

T
.IfAisinvertible,A=Ek···E1

andA
T

=E
T
1···E

T
k.

detA
T

=detE
T
1···detE

T
k

=detE1···detEk

=detEk···detE1=detA.

2
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Eg.AmatrixiscalledorthogonalifA
−1

=A
T
.IfAis

orthogonal,thenAA
−1

=AA
T

=Iand1=det(AA
T
)=

detAdetA
T

=(detA)
2
.Hence,detA=±1.

•ClassicalAdjoint

Def.TheclassicaladjointofA,denotedbyadj(A),isthe

transposeofthecofactormatrix,i.e.

adj(A)=[Cij]
T
.

Eg.

A=







3−21

562

103





,adj(A)=







−18−6−10

17−10−1

−6−228





.
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Lem.LetA=[aij].

ai1Ck1+ai2Ck2+···+ainCkn=0fori6=k

a1jC1k+a2jC2k+···+anjCnk=0forj6=k.

Proof.Let

A=
[

C1···Ci···Ck···Cn

]

and

B=
[

C1···Ci···Ci···Cn

]

.

Then

0=detB=ai1Ck1+ai2Ck2+···+ainCkn.

2
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Thm.

A(adj(A))=(adj(A))A=(detA)I.

IfdetA6=0,thenA
−1

=
1

detAadj(A).

Proof.Writeadj(A)=[dij],andsodij=Cji.Let

X=A(adj(A))=[xij].

xij=

n∑

k=1

aikdkj=

n∑

k=1

aikCjk=

{

detAifi=j

0ifi6=j
.

2

Rmk.Theformulaisnotpractical.
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Eg.

det(adj(A))=(detA)
n−1

Indeed,itfollowsfromA(adj(A))=(detA)Ithat

detAdet(adj(A))=(detA)
n
.

IfdetA6=0thendivideitbydetA.

IfdetA=0,thenA(adj(A))=O.Ifadj(A)isinvertible,

thenA=O,soadj(A)=O,acontradiction.Thusadj(A)

isnotinvertibleanddet(adj(A))=0.
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•Cramer’sRule

ConsiderAX=B.IfAisinvertible,X=A
−1

B.











x1

x2

...

xn











=
1

detA











C11C21···Cn1

C12C22···Cn2

.........

C1nC2n···Cnn





















b1

b2

...

bn











.

xi=
1

detA
(b1C1i+b2C2i+···+bnCni)
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Write

A=
[

C1···Ci···Cn

]

andlet

Ai=
[

C1···Ci−1BCi+1···Cn

]

.

Fromthecofactorexpansion,wehave

xi=
1

detA
(b1C1i+b2C2i+···+bnCni)=

detAi

detA
.
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Thm.[Cramer’sRule]IfAisinvertible,thenthe

solutionofthesystemAX=Bisgivenby

X=
1

detA











detA1

detA2

...

detAn











,

whereAiisthematrixobtainedfromAbyreplacingith

columnbyB.

Eg.













−2x1+3x2−x3=1

x1+2x2−x3=4

−2x1−x2+x3=−3
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|A|=

∣

∣

∣

∣

∣

∣

∣

−23−1

12−1

−2−11

∣

∣

∣

∣

∣

∣

∣

=−2,|A1|=

∣

∣

∣

∣

∣

∣

∣

13−1

42−1

−3−11

∣

∣

∣

∣

∣

∣

∣

=−4,

|A2|=

∣

∣

∣

∣

∣

∣

∣

−21−1

14−1

−2−31

∣

∣

∣

∣

∣

∣

∣

=−6,|A3|=

∣

∣

∣

∣

∣

∣

∣

−231

124

−2−1−3

∣

∣

∣

∣

∣

∣

∣

=−8.

X=







x1

x2

x3





=
1

−2







−4

−6

−8





=







2

3

4





.

Rmk.Doyouthinkitispractical?
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