
LinearAlgebra[1]

4.1VectorsandLines

•Definition

–scalar:magnitude

vector:magnitudeanddirection

Geometrically,avectorvcanberepresentedbyanarrow.

Wedenotethelengthofvby‖v‖.

–zerovector0:‖0‖=0

–Givenv,wehavethenegative−v.

–v=wifthesamelengthandthesamedirection
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–sumv+w

v

w

v+w

v

w
v+w
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–scalarmultiplicationav(a∈R)

v

2v
1
2v−2v

–subtractionu−v=u+(−v)
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Thm.u,v,w:vectors,k,p∈R

1.u+v=v+u,

2.u+(v+w)=(u+v)+w

3.∃0s.t.0+u=uforeachu.

4.Foreachu,∃−us.t.u+(−u)=0.

5.k(u+v)=ku+kv,(k+p)u=ku+pu

6.(kp)u=k(pu),

7.1·u=u
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Thm.A,B,C:matricesofthesamesize,k,p∈F

1.A+B=B+A,

2.A+(B+C)=(A+B)+C

3.∃Os.t.O+A=AforeachA.

4.ForeachA,∃−As.t.A+(−A)=O.

5.k(A+B)=kA+kB,(k+p)A=kA+pA

6.(kp)A=k(pA),

7.1·A=A

Kyu-HwanLee



LinearAlgebra[6]

Thm.f,g,h:continuousfunctionsonD,k,p∈F

1.f+g=g+f,

2.f+(g+h)=(f+g)+h

3.∃0s.t.0+f=fforeachf.

4.Foreachf,∃−fs.t.f+(−f)=0.

5.k(f+g)=kf+kg,(k+p)f=kf+pf

6.(kp)f=k(pf),

7.1·f=f
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Thenotionofvectorspace!

1.Thesetofmatricesofthesamesize

2.ThesetofvectorsinR
3

3.ThesetofcontinuousfunctionsonD

4....

5....

andsoon.
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Thetheoremsaysthatwecanmanipulatevectorsasifthey

arevariablesw.r.t.additionandscalarmultiplication.

Eg.

5(u−2v)+6(5u+2v)=5u−10v+30u+12v

=35u+2v.
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•Coordinates

ConsiderapointP=(x,y,z).Thenweobtainavector

p=
−−→
OP:thepositionvector.Conversely,avectorp

determinesauniquepointP.Thusweidentifyeachpoint

withthecorrespondingpositionvector.

O

P(x,y,z)

p
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Givenu=(x,y,z)andu1=(x1,y1,z1),wehave

u+u1=(x+x1,y+y1,z+z1),

au=(ax,ay,az),

u−u1=(x−x1,y−y1,z−z1).
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•Lines

O

P0P

p0p

d

Assumethatp0anddaregiven.Thenpistheposition

vectorofapointPonthelineifandonlyif

p=p0+td(t∈R).
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Ifp=(x,y,z),d=(a,b,c),p0=(x0,y0,z0),thenwehave















x=x0+ta,

y=y0+tb,

z=z0+tc,

(t∈R).

Thisistheequationofthelinethroughp0paralleltod.

•Planes

Later...weneedthenotionofinnerproductandcross

productofvectors.
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5.1SubspacesandDimension

•SubspacesofF
n

vector=pointinR
3
↔(x,y,z)coordinates

?????↔(a1,a2,···,an)

R
n

={(a1,a2,···,an)|ai∈R}

∼=





























a1

a2

...

an











∣

∣

∣

∣

∣

∣

∣

∣

∣

ai∈R


















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C
n

={(a1,a2,···,an)|ai∈C}

∼=





























a1

a2

...

an











∣

∣

∣

∣

∣

∣

∣

∣

∣

ai∈C



















F
n

=R
n

orC
n

Then-tuplesinF
n

willbecalledvectors.
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•Subspaces

AsubsetUofF
n

iscalledasubspaceifitsatisfiesthe

followingconditions.

1.IfX,Y∈U,thenX+Y∈U.

2.IfX∈U,thenrX∈Uforr∈F.

Eg.

1.F
n

2.{0}:thezerosubspace

Kyu-HwanLee



LinearAlgebra[16]

3.alinethroughtheorigininR
n

:{td}

Ift1dandt2dontheline,thent1d+t2d=(t1+t2)dand

r(t1d)=(rt1)d.

4.LetAbeanm×nmatrix.Wedefine

nullA=kerA={X∈F
n
|AX=O}and

imA={Y∈F
m
|Y=AXforsomeX∈F

n
}.

IfX1,X2∈kerA,thenA(X1+X2)=AX1+AX2=Oand

A(rX1)=r(AX1)=O.IfY1,Y2∈imA,then∃X1,X2

s.t.AX1=Y1andAX2=Y2.NowA(X1+X2)=Y1+Y2

andA(rX1)=rY1.
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5.

U={(x,y)∈R
2
|x

2
+y

2
=1}.

Wehave(1,0),(0,1)∈U,but(1,0)+(0,1)=(1,1)/∈U.

ThusUisnotasubspaceofR
2
.
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•Spanningsets

Def.AssumethatX1,X2,···,Xk∈F
n
.Anexpression

a1X1+a2X2+···+akXk

iscalledalinearcombinationofX1,X2,···,Xk(ai∈F).

ThespanofX1,X2,···,Xkisthesetofalllinear

combinationsofX1,X2,···,Xk.

span{X1,X2,···,Xk}={a1X1+a2X2+···+akXk|ai∈F}
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Thm.AssumethatX1,X2,···,Xk∈F
n
.

1.Thespan{X1,X2,···,Xk}isasubspaceofF
n
.

2.IfWisasubspacecontainingX1,X2,···,Xk,then

span{X1,X2,···,Xk}⊂W.

Proof.1.LetU=span{X1,X2,···,Xk}.If

Y=s1X1+···+skXk,Z=t1X1+···+tkXk∈U,

thenY+Z=(s1+t1)X1+···+(sk+tk)Xk∈Uand

rY=rs1X1+···+rskXk∈U.

2.Clear!2
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Thespan{X1,X2,···,Xk}isthesmallestsubspace

containingX1,···,Xk.

IfU=span{X1,X2,···,Xk},then{X1,X2,···,Xk}isa

spanningsetofU,andUisspannedbytheXi’s.

Eg.Recall

Thm.GivenAX=O,everysolutionisalinear

combinationofthebasicsolutions.

Equivalently,thekerAisthespanofthebasicsolutions.
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AssumeA=
[

C1C2···Cn

]

:m×nmatrix.Then

imA=span{C1,C2,···,Cn}.

Proof.ForX∈F
n
,

AX=
[

C1C2···Cn

]











x1

x2

...

xn











=x1C1+x2C2+···+xnCn

imA={AX|X∈F
n
}={x1C1+x2C2+···+xnCn}

=span{C1,C2,···,Cn}

2
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•Independence

Def.{X1,X2,···,Xk}:linearlyindependentift1X1+

t2X2+···+tkXk=0impliest1=t2=···=tk=0.

Thm.If{X1,X2,···,Xk}islinearlyindependent,X∈

span{X1,X2,···,Xk}hasauniquerepresentationasa

linearcombinationoftheXi’s.

Proof.

r1X1+···+rkXk=s1X1+···+skXk

(r1−s1)X1+···+(rk−sk)Xk=0

Thuswehaveri=siforalli.2
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Eg.X1,X2,X1+X2

2X1+2X2=2(X1+X2)

Eg.











1

0

1

2











,











0

1

1

2











,











1

1

1

3











r











1

0

1

2











+s











0

1

1

2











+t











1

1

1

3











=











0

0

0

0





















101

011

111

223

















r

s

t





=











0

0

0

0











⇒











100

010

001

000











,r=s=t=0
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Eg.





1

2

−1





,







1

−2

1





,







−3

2

1





,







2

0

0







r1







1

2

−1





+r2







1

−2

1





+r3







−3

2

−1





+r4







2

0

0





=







0

0

0













11−32

2−220

−11−10

















r1

r2

r3

r4











=







0

0

0






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





1

2

−1





,







1

−2

1





,







−3

2

−1













11−3

2−22

−11−1





⇒







10−1

01−2

000







Eg.{X,Y}:indep.⇒{2X+3Y,X−5Y}:indep.

r(2X+3Y)+s(X−5Y)=O

(2r+s)X+(3r−5s)Y=O

2r+s=0,3r−5s=0r=s=0
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Eg.lin.dep.lin.indep.

lin.dep.

lin.indep.
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Thm.TFAE

1.Aisinvertible.

2.ThecolumnsofAarelinearlyindependent.

3.ThecolumnsofAspanF
n
.

4.TherowsofAarelinearlyindependent.

5.TherowsofAspanF
n
.

6.imA=F
n
.

7.kerA=O.
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Proof.

AX=
[

C1C2···Cn

]











x1

x2

...

xn











=x1C1+x2C2+···+xnCn

AX=O⇔x1C1+x2C2+···+xnCn=O

2⇔AX=Ohasonlythetrivialsolution.⇔kerA=O

AX=B⇔x1C1+x2C2+···+xnCn=B

3⇔AX=BhasasolutionforeveryB∈F
n

⇔imA=F
n

Aisinvertible⇔A
T

isinvertible2
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Eg.









1

0

−2

4











,











5

−3

7

0











,











2

8

−1

6











,











1

3

0

2











A=











1521

0−383

−27−10

4062











,detA=366=0
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•Dimension

Def.U∈F
n

:asubspace

Aset{X1,X2,···,Xk}isabasisofU,if

1.{X1,X2,···,Xk}islinearlyindependent,

2.U=span{X1,X2,···,Xk}.

Thm.If{X1,X2,···,Xk}and{Y1,Y2,···,Ym}aretwo

basesofU,thenk=m.

Def.

thenumberofvectorsinabasisofU

=thedimensionofU=dimU

Kyu-HwanLee



LinearAlgebra[31]

Eg.ForF
n
,

E1=











1

0
...

0











,E2=















0

1

0
...

0















,···,En=











0
...

0

1











;

thestandardbasisofF
n

Eg.If{X1,X2,···,Xn}isabasisofF
n

andAisinvertible,

then{AX1,AX2,···,AXn}isalsoabasisofF
n
.
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Eg.ConsiderAX=O.RecallthatkerA=thespanof

thebasicsolutions.Infact,thebasicsolutionsarelinearly

independent.ThebasicsolutionsformabasisforkerA.

Eg.SubspacesofR
3
.

1.IfdimU=3,thenU=R
3
.

2.IfdimU=2,thenUisaplanethroughO.

3.IfdimU=1,thenUisalinethroughO.

4.IfdimU=0,thenU={O}.
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Thm.AssumethatdimU=m=|B|.Then

Bislinearlyindependent⇔BspansU;

ineithercase,BisabasisofU.
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