Linear Algebra [1]

2. Matrix Algebra

2.1 Matrix Addition, Scalar Multiplication, and Transposition

e Matrix

Def. matrix : a rectangular array of numbers

Our numbers € R or C Notation : F = R or C

— entries, rows, columns
— m X n matrix, the (¢, j)-entry

1 2 ~1+¢ 0 2
A_[ ] B_[ i _9_: 11" © 1 2 -3
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Linear Algebra 2]

Denote the (7, j)-entry by a;;, and we have

aijp a2 a1z -+ QAin
A — a1 Aa22 aA23 -+ d2n
Adml1 am2 am3 - Amn

Simply, we write A = |a;;].
— square matrix

— the main diagonal of a square matrix

aip ai2 ais
A= a21 Ga22 a3

asz1p dazz ass
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— equality
If A = [aij], B = [bij]1 then A = B means A5 = bij for all ¢
and 3.

1 2 a b
[3 4]_[0 d]<:>a—1,b—2,c—3,d—4.
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Linear Algebra

e Matrix addition
|fA — [a,?;j], B —

I —1
0 1

1 2
3 4
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bi;], we define

A+ B = [aij —+ b’LJ]

)+
|+l

2 0

I -1
—1 2
I 3

17 [3 -1 3
2| |1 0 5

] = Nonsense !

|
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Linear Algebra

— zero matrix O

— the negative — A :
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O+A=Aforall A

o=lo a
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Linear Algebra

— difference A— B =A+ (—B) = [aij —

o e S

e Scalar multiplication
If Kk € F and A is a matrix, we define

kA = [kam]
3 0 4 1
A‘[zz —1+ 24 3]’ 5‘4_[
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Thm. A, B, C : matrices of the same size,

1. A+ B=B+ A,

A+ (B+C)=(A+B)+C

.10 st. O+ A= A for each A.

. Foreach A, 3 —A st. A+ (—A)=0.

S 0~ WIN

. (kp)A = k(pA),
1-A=A

N
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k.,peF

k(A+B)=kA+kB, (k+pA=FkA+pA
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Roughly, we can manipulate matrices as if they are variables
w.r.t. addition and scalar multiplication.

Eg.

2(2A —3B) —3(A— B) =4A—6B—3A+3B = A— 3B

Eg. Find X andY s.t.
X+2Y=[1 3 =2], X+Y=[20 1].

= X=[3 -3 4], Y=[-1 3 -3].
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Linear Algebra
e Transpose of A = [a;;] :

A" =Taj;] interchanging the rows and columns of A

Thm.

L (AT =4, (kAT = kAT
2. (A+B)t = AT + BT
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Def.
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A

A

symmetric & AT = A

skew symmetric & AT = —A
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2.2 Matrix Multiplication

e Definition

If A: m xnand B : n X p, we define the product AB to be
the m X p matrix whose (%, j)-entry is computed as follows:

1. ith row of A, jth column of B
2. products of corresponding entries
3. adding the results
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Eg.

0 —1 1 1 0
— — /
BA [ .9 3] [_ . 2] Nonsense!

Assume that A : m x n and B : n/ x p.

Only if n = n/, AB is defined and of the size m x p.
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Eg. o
—1
A=11 2 3], B=|0
1
AB = |2]
=l 1 -2 -3
BA=|0]|[1 23=|0 0 0
1 1 2 3
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— Identity matrix [ :
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|

Al =TA= A forall A

1 0
0 1

|

1
0
0

S = O

0
0
1

[14]



Linear Algebra [15]

— summation notation

mn mn
a1+a2+---+anzg ai:E a;
i=1 j=1

1.
Z(ai+bi) — Zwﬁ-zbi
” =1 ) zzln 1=1
Z ca; = C Z a;
3. 1=1 1=1
y: Qi | = Z Z Qi
7=1 \:1=1 =1 \ =1
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— product revisited
Let A = |a;;] : m xn, B=1b,]: nxp, AB = [c;;].

1th row of A D A1 A9 Qyn
jth column of B blj bgj e bnj

Cij = @i1b15 + @igboj + - -+ + Ainbnj = Z QiDL
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Thm.
1. A(BC)=(AB)C

2. A(B+C) = AB+ AC, A(B-C)= AB— AC
3. (B+C)A=BA+CA, (B—C)A=BA-CA
4. k(AB) = (kA)B = A(kB)

5. (AB)T = BT AT
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Proof. Let
A=laiz] . B=lby], AB=|c]
AT = [aT], BT = [bT], (AB)T = [T}, and BTAT = [d,;]
Note that

CL;-Z;- — Ujq, bz; — bji, C;-Z;- — Cyji-
Now

N
g bzkakj E briajr, = E aipbr; = cji = Cij-

k=1
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— Danger! Watch! Beware!

1. AB£BA
2. AB=0#A=0o0rB=0

3. A0 and AB=AC + B=C
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e Linear system and matrix

a11°1 + a19r2 + - - a1nT, = b1
a21T1 + QooTo + - - - a9y, = bo
Am1T1 + Am 2T + .- AmnLn — bm
aijx a2 ais A1in X1
az21 A22 423 an Lo
A p— n , X _—
Aml Am2 am3z - Amn Ln

Then we have AX = B.
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For AX = B, we call
A : coefficient matrix, B : constant matrix.

Note that AX = O : homogeneous system.
Eg.

3r1 — o +x3 = 1

—x1 + 219 —23 = —1

Clearly, AX = B.
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Thm. AX =B, X, : a particular solution
If X, is any solution to AX = B, then 3 a solution X}, to

AX =0 s.t.
Xo = Xp + X
Proof. X, and X, are given. Set X;, = X, — X,

AX, =AX,—X,) =AX,—-AX,=B—-B=0.
Thus X}, is a solution to AX = O, and X, = X}, + X,,. O

{solutions to AX = B} = X, + {solutions to AX = O}
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— homogeneous systems

r1+x2+x3+24 = 0

r1+x4 = 0
.CL“1-|-2ZEQ—|—333 = 0
111 1] 100 1]
A=11 0 0 1= (0 1 0 -1
1 2 1 0 0 01 1
r1+x4 = 0
ro—xy4 = 0

r3+x4 = 0
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x1,T2,x3 . leading variables

x4 = T : parameter

( _ - _ -
L1 = —T 1 —1
Ty =T €T 1

4 , X = | =»
ajg = —Tr CIZ’3 —1
\5134 =T _5134_ L 1 .
—1
1 . .
! - basic solution
1

Kyu-Hwan Lee



Linear Algebra [25]

1 1 4 1 2| [z 0
0 1 2 1 1| |z 0
0 0 0 1 2| |z3| =10
1 —1 0 0 2 L4 0
2 1 6 0 1] [x5 0
1020 1
0120 —1
— |0 001 2
0000 O
0000 O

x1, T2, 24 . leading variables
T3 = 7T,r5 = S . parameters
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Kyu-Hwan Lee

—2r — s
—2r + s

) I |
—9 1
1|, 10

0 —9
0 1

—2 —1
—2 1
=r| 1| +s]|0
0 —2
0 1

- basic solutions
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Def. An expression
is called a linear combination of X1, Xo,--- , X, (a; € F).

Thm. AX = O, n variables, rankA = r
1. n — r basic solutions
2. Every solution is a linear combination of the basic solutions.
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