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4.2TheDotProductandProjections

1.InR
3

thedotproductisdefinedby

u·v=‖u‖‖v‖cosθ.

2.Foru=(x1,y1,z1)andv=(x2,y2,z2),wehave

u·v=x1x2+y1y2+z1z2.

3.

cosθ=
u·v

‖u‖‖v‖
,

anduandvareorthogonalifandonlyifu·v=0.

Kyu-HwanLee



LinearAlgebra[2]

4.3Planes

Anonzerovectorniscalledanormaltoaplaneifitis

orthogonaltoeveryvectorintheplane.

ApointPisontheplanewithnormalnthroughthepoint

P0ifandonlyif

n·(−−→P0P)=0.
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Ifn=(a,b,c),P0(x0,y0,z0)andP(x,y,z),then

−−→P0P=−−→OP−−−→OP0=(x−x0,y−y0,z−z0)

and

(a,b,c)·(x−x0,y−y0,z−z0)=0.

Hence,theplanethroughP0(x0,y0,z0)withnormaln=

(a,b,c)isgivenby

a(x−x0)+b(y−y0)+c(z−z0)=0.

Eg.AnequationoftheplanethroughP0(1,−1,3)with

normaln=(3,−1,2)is3(x−1)−(y+1)+2(z−3)=0.

Thissimplifiesto3x−y+2z=10.
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7.1OrthogonalityinR
n

GivenX=







x1

...

xn





andY=







y1

...

yn





inR
n
,thedotproductof

XandYisdefinedby

X·Y=X
T
Y=x1y1+x2y2+···+xnyn.

Thelength‖X‖ofXisdefinedby

‖X‖=
√

X·X=
√

x
2

1+x
2

2+···+x
2
n.
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Eg.IfX=











1

−1

1

2











andY=











−1

2

2

1











,then

X·Y=
[

1−112
]











−1

2

2

1











=−1−2+2+2=1,

and‖X‖
2

=1+1+1+4=7and‖X‖=
√

7.
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Thm.

1.X·Y=Y·X

2.X·(Y+Z)=X·Y+X·Z,(X+Y)·Z=X·Z+Y·Z.

3.(kX)·Y=X·(kY)=k(X·Y),k∈R.

4.‖X‖≥0,and‖X‖=0⇔X=O.

5.‖kX‖=|k|‖X‖,k∈R.
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Eg.

‖X+Y‖
2

=(X+Y)·(X+Y)

=X·X+X·Y+Y·X+Y·Y
=‖X‖

2
+‖Y‖

2
+2(X·Y).

X

‖X‖
haslength1.Indeed,

∥

∥

∥

∥

X

‖X‖

∥

∥

∥

∥=
1

‖X‖‖X‖=1.
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Def.1.TwovectorsXandYareorthogonalifX·Y=0.

2.Aset{X1,X2,···Xm}ofnonzerovectorsinR
n

iscalledan

orthogonalsetifXi·Xj=0fori6=j.

3.Anorthogonalset{X1,X2,···,Xm}isorthonormalif

‖Xi‖=1foralli.

Rmk.If{X1,X2,···,Xm}isorthogonal,then

{

X1

‖X1‖
,

X2

‖X2‖
,···,

Xm

‖Xm‖

}

isorthonormal.
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Eg.

X1=







0

2

0





,X2=







3

0

3





andX3=







−4

0

4







formanorthogonalsetand

X1

2
=







0

1

0





,
X2

3
√

2
=







1
√

2

0
1
√

2





and
X3

4
√

2
=







−
1
√

2

0
1
√

2







formanorthonormalset.
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Thm.EveryorthogonalsetofvectorsinR
n

islinearly

independent.

Proof.Let{X1,X2,···,Xm}beorthogonal.Consider

r1X1+r2X2+···+rmXm=O.

0=Xi·O=Xi·(r1X1+r2X2+···+rmXm)

=r1(Xi·X1)+r2(Xi·X2)+···+rm(Xi·Xm)

=ri‖Xi‖
2
.

Henceri=0foreachi.2
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Thm.If{X1,X2,···,Xn}isanorthogonalbasisofR
n
,then

X=
X·X1

‖X1‖
2X1+

X·X2

‖X2‖
2X2+···+

X·Xn

‖Xn‖
2Xn

foreveryXinR
n
.

Proof.IfX=r1X1+r2X2+···+rnXn,then

X·Xi=ri(Xi·Xi)=ri‖Xi‖
2
.

Therefore,

ri=
X·Xi

‖Xi‖
2.

2
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Eg.X1=







0

2

0





,X2=







3

0

3





andX3=







−4

0

4





forman

orthogonalbasisofR
3
.

X=







1

1

1





=r1X1+r2X2+r3X3.

r1=
X·X1

‖X1‖
2=

1

2
,r2=

X·X2

‖X2‖
2=

1

3
,r3=

X·X3

‖X3‖
2=0.

Hence,

X=
1

2
X1+

1

3
X2.
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•Projections

Def.IfUisasubspaceofR
n
,wedefinetheorthogonal

complementU⊥ofUby

U⊥={X∈R
n
|X·Y=0forallY∈U}.

ObservethatifU=span{X1,···,Xm},then

U⊥={X∈R
n
|X·Xi=0foralli}.
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Eg.FindU⊥ifU=span





























1

−1

2

0











,











1

0

−2

3





























inR
4
.

Solution.LetX=











x

y

z

w









∈U⊥.

ThenX·











1

−1

2

0











=0andX·











1

0

−2

3











=0yield

x−y+2z=0,x−2z+3w=0.
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[

1−120

10−23

]

⇒
[

10−23

01−43

]

,











x

y

z

w











=s











2

4

1

0











+t











−3

−3

0

1











.

U⊥=span





























2

4

1

0











,











−3

−3

0

1





























.
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Def.Let{X1,X2,···,Xm}beanorthogonalbasisofa

subspaceUofR
n
.GivenXinR

n
,wedefine

projU(X)=
X·X1

‖X1‖
2X1+

X·X2

‖X2‖
2X2+···+

X·Xm

‖Xm‖
2Xm

andcallittheorthogonalprojectionofXonU.
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Thm.IfUisasubspaceofR
n

andX∈R
n
,write

P=projU(X).Then

1.P∈UandX−P∈U⊥.

2.‖X−P‖≤‖X−Y‖forallY∈U.

3.dimU+dimU⊥=n.

Proof.1.Clearly,P∈U.

(X−P)·Xi=X·Xi−P·Xi

=X·Xi−
X·Xi

‖Xi‖
2Xi·Xi=0

ThusX−P∈U⊥.
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2.WriteX−Y=(X−P)+(P−Y).ThenP−Yisin

UandX−P∈U⊥.

‖X−Y‖
2

=‖(X−P)+(P−Y)‖
2

=‖X−P‖
2
+‖P−Y‖

2
+2(X−P)·(P−Y)

=‖X−P‖
2
+‖P−Y‖

2
≥‖X−P‖

2
.

3.Let{X1,···,Xm}and{Y1,···,Yk}beorthogonalbasis

ofUandU⊥,respectively.Then{X1,···,Xm,Y1,···,Yn}
isorthogonal,solinearlyindependent.IfX∈R

n
,then

X=P+(X−P).Thus{X1,···,Xm,Y1,···,Yn}spans

R
n
.2
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Eg.LetU=span





























1

1

0

1











,











−1

0

1

1





























.IfX=











3

−1

0

2











,find

thevectorinUclosesttoXandexpressXasthesumofa

vectorinUandavectorinU⊥.

Solution.Notethat





























1

1

0

1











,











−1

0

1

1





























isorthogonal.
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P=projU(X)=
X·X1

‖X1‖
2X1+

X·X2

‖X2‖
2X2

=
4

3
X1+−1

3
X2=

4

3











1

1

0

1











+−1

3











−1

0

1

1











=
1

3











5

4

−1

3











.

X=P+(X−P)=
1

3











5

4

−1

3











+
1

3











4

−7

1

3











.
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•Gram-SchmidtOrthogonalizationAlgorithm

Question:GivenabasisB={Y1,···,Ym}ofU,howcan

weobtainanorthogonalbasisfromB?

Answer:ConstructX1,···,XminUasfollows.

X1=Y1,

X2=Y2−
Y2·X1

‖X1‖
2X1,

X3=Y3−
Y3·X1

‖X1‖
2X1−

Y3·X2

‖X2‖
2X2,

···
Xm=Ym−

Ym·X1

‖X1‖
2X1−

Ym·X2

‖X2‖
2X2−···−

Ym·Xm−1

‖Xm−1‖
2Xm−1.

Then{X1,···,Xm}isanorthogonalbasisofU.
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Proof.LetU1=span{X1},U2=span{X1,X2},···,

Um−1=span{X1,···,Xm−1}.
{X1}isorthogonal.

X2=Y2−projU1(Y2),X2∈U⊥
1⇒{X1,X2}isorthogonal.

X3=Y3−projU2(Y3),X3∈U⊥
2⇒{X1,X2,X3}is

orthogonal.

Continuetheprocess.

Xm=Ym−projUm−1(Ym),Xm∈U⊥
m−1⇒{X1,···,Xm}

isorthogonal.2
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Eg.LetUbethesubspaceofR
4

withbasis{Y1,Y2,Y3},
where

Y1=











1

1

1

0











,Y2=











−1

0

−1

1











,Y3=











−1

0

0

−1











.

Findanorthogonalbasis.

Solution.

X1=Y1,

X2=Y2−
Y2·X1

‖X1‖
2X1=











−1

0

−1

1









−(−
2

3
)











1

1

1

0











=











−
1

3
2

3

−
1

3

1









⇒











−1

2

−1

3











,
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X3=Y3−
Y3·X1

‖X1‖
2X1−

Y3·X2

‖X2‖
2X2

=











−1

0

0

−1









−(−−1

3
)











1

1

1

0









−(−−2

15
)











−1

2

−1

3











=











−
4

5
3

5
1

5

−
3

5









⇒











−4

3

1

−3











.

Thus





























1

1

1

0











,











−1

2

−1

3











,











−4

3

1

−3





























isanorthogonalbasis.
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Howcanwegetanorthonormalbasis?



















1
√

3











1

1

1

0











,
1

√
15











−1

2

−1

3











,
1

√
35











−4

3

1

−3




























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