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0. Introduction

Introduced by Khovanov and Lauda [11] and independently by Rouquier [16], the Khovanov—Lauda—
Rouquier (KLR) algebras (also known as quiver Hecke algebras) have attracted much attention as these
algebras categorify the lower (or upper) half of a quantum group. More precisely, the Cartan datum as-
sociated with a Kac—Moody algebra g gives rise to a KLR algebra R. The category of finitely generated
projective graded modules of this algebra can be given a bialgebra structure by taking the Grothendieck
group, and taking the induction and restriction functors as multiplication and co-multiplication. It turns
out that this bialgebra is isomorphic to Lusztig’s integral form of U~ (g), and in this sense we say that the
KLR algebra R categorifies the negative part U, (g) of the quantum group.

In the study of the category of representations, it is of fundamental interest to construct irreducible
representations of R. In the paper [12], Kleshchev and Ram defined a class of cuspidal representations for
finite types, showed that every irreducible representation appears as the head of some induction of these
cuspidal modules, and constructed almost all cuspidal representations. Hill, Melvin, and Mondragon in [6]
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completed the construction of cuspidal representations in all finite types, and re-framed them in a more
unified manner. Using a different approach, Benkart, Kang, Oh, and Park in [2] also constructed irreducible
representations utilizing a crystal structure on the isomorphism classes of irreducible representations of a
KLR algebra obtained by Lauda and Vazirani in [13].

Along these developments, the case of Kac-Moody superalgebras has been considered. As a foundational
work in the superalgebra case, Kang, Kashiwara, and Tsuchioka generalized the KLR algebras to the spin
quiver Hecke algebras [10]. Subsequently, Hill and Wang [7] and Kang, Kashiwara, and Oh [8,9] showed
that the spin quiver Hecke algebras provide a categorification of half of quantum Kac—Moody superalgebras
without isotropic roots. It is well known that a Kac-Moody superalgebra can be associated to a generalized
Cartan matrix. The only finite-dimensional Kac-Moody superalgebras, which are not Lie algebras, are
the orthosymplectic Lie superalgebras osp(1]2n). Naturally, it is an important task to construct all the
irreducible representations of the spin quiver Hecke algebras corresponding to osp(1|2n).

In this paper, we construct all the irreducible representations of spin quiver Hecke algebras for or-
thosymplectic Lie superalgebras osp(1|2n). Our method is similar to that of Kleshchev and Ram [12] and
is based on the work of Clark, Hill, and Wang [5] on quantum shuffles and dominant Lyndon words. Both
of these papers are closely related in the work of Leclerc [14]. We present an explicit construction of cus-
pidal representations in Proposition 3.2 and use the cuspidal representations as building blocks to obtain
other irreducible representations. In this process, the computation of the leading coefficients of canonical
basis elements is crucial and requires a careful analysis of signs and degrees for the corresponding repre-
sentations of the spin quiver Hecke algebra in categorification. With cuspidal representations at hand, we
construct standard representations through induction from cuspidal representations, and show that they
have irreducible heads. Finally, as the main result (Theorem 4.5) of this paper, we prove that these ir-
reducible heads form a complete set of irreducible representations of the spin quiver Hecke algebra for
osp(1|2n).

With the results of this paper, we can consider some future directions. First, as in [4], one can use a
general convex order to construct standard representations and study their homological properties. Next,
one can obtain a concrete crystal structure on the category of representations of osp(1|2n), following [13]
and [9]. We hope that these directions may be pursed in the near future.

The outline of this paper is as follows. In Section 1, we fix notations for osp(1|2n), consider quantum
shuffle products and combinatorics of Lyndon words, and recall the construction of the canonical basis.
In Section 2, spin quiver Hecke algebras are introduced and properties of their representations are pre-
sented. The next section is devoted to the construction of cuspidal representations of the spin quiver Hecke
algebras. In the last section, we construct standard representations and obtain all the irreducible represen-
tations.

1. Quantum superalgebras and canonical bases
1.1. Root data

Let I = I3 U I7 be a Z/2Z-graded finite set of size n, and let p : I — {0,1} be the corresponding parity
function. We assume that I; # (). Consider a generalized Cartan matrix A = (a;;); jer such that (C1) a;; = 2
for each i € I; (C2) a;; € Z<g for i # j; (C3) a;; = 0 if and only if a;; = 0; (C4) a;; € 2Z fori € I and j € I.
We assume that the matrix A is symmetrizable, i.e. there exists an invertible matrix D = diag(sy, ..., s,)
with DA symmetric. Furthermore, we choose D such that s; € Z~o and ged(sy,...,s,) = 1, and assume
that the integer s; is odd if and only if ¢ € I3.

In this paper, we will be primarily interested in the following case: the index set I = {1,2,...,n} with

I; = {n},
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2 -1 0 --- 0 0 0
-1 2 -1 --- 0 0 0
0 -1 2 - 0 0 0
A= . : (1.1)
0 0 o0 1 2 -1
0 0 o0 0 -2 2

and D = (2,2,...,2,1). Throughout this paper, we let g be the Kac-Moody superalgebra associated to
a symmetrizable generalized Cartan matrix A as in (1.1) and let Uy(g) be the corresponding quantized
enveloping superalgebra defined as in [1]. The generators of g will be denoted by e;, f; and h; (¢ € I). The
subalgebra of U,(g) generated by the elements e; (i € I) will be denoted by U,". Let ® = 5 U b7 be the
root system for g and let

P=0Ud;={Bc®|if¢ P}

be the reduced root system for g, where &5, = & N <I> for s € {0,1}. Denote the set of simple roots by
IT = II; UTl; = {as]i € I} and the set of positive roots by ®*. Then we put ®+ = & N . We also have
the corresponding sets <I>+ <I>+ (resp. <I>+ <I>+) of positive even (resp. odd) roots. For example, when n = 2,
we have I7 = {2} and

ot = {a1, az, a1 + a2, a1 + 209, 202, 200 + 202}, 1 ={aq, a2, a1 + a2, a1 + 2},
&)g ={a1, a1 + 22, 209, 201 + 205}, (I>g = {a1, a1 + 2as},
(P% = (I);r = {042, a1 + 042}.

The Z-lattice spanned by II is denoted by Q. We define p(«;) = p(i), ¢ € I, and extend it to the additive
monoid Q1 := Y, Z>o«;. Define a symmetric bilinear form (-,-) : @ X Q@ — Z by (o, oj) = b;;, where
B =DA= (by).

1.2. Quantum shuffle superalgebras

Let W be the set of words on the alphabet I with the empty word (). An element i € W will be denoted
by

1= (il,ig,...,id) :legld

Define |i| = |(i1,...,i4)| = aiy, + -+ a;, € QT and p(i) = p(]i]) for i € W. The length of i will be denoted
by £(i), i.e. £(i1,42,...,iq) = d. For « € QT, set W, = {i € W||i| = a}. Let F be the free associative
superalgebra over Q(q) generated by I, where ¢ is an indeterminate. Note that F has a weight decomposition
F = @ Fa, where Fp, = F N W,. The set W is naturally considered as a Q(g)-linear basis of F.

aeQt
We define the quantum shuffle product ¢ : F x F — F inductively by

() © (yj) = (x o ()i + (1D gD (@) 0 ) 5 (1.2)

for z,y € W and i, 5 € I and by extending it linearly, where we set oz =20 () = x for x € W.

Thus we have two different products on F; one is juxtaposition for the free algebra structure and the
other is the quantum shuffle product ¢. When we consider a kth power of an element x € F, we will write
x¥ for juxtaposition and 2°% for the quantum shuffle product.

Proposition 1.3. (/5, Corollary 3.4]) There exists an algebra embedding ¥ : Ul — (F,o) such that
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Define U = ¥(U,") to be the subalgebra of (F, o) generated by I. The algebra U is Q*-graded with
U, =U N F,. We define the shuffle product on F ® F by

(w@xz)o(y® z) = (—1)P@PW =D (o ) @ (x 0 2)  for z,y, z,w € W,

and define the map A : F — F® F by

Ain,...yia) = Y (ikp1s---ia) @ (i1, .. ik).

Proposition 1.4. (/5, Proposition 3.13]) There exists a nondegenerate symmetric bilinear form
() UxU— Qq)

that satisfies the following properties:

(1) (1,1)=1;
(2) (Zvj):(sl] fOT”L,]EI,
(3) (z,yo2) = (A(x),y ® z) for x,y,z € U, where the induced bilinear form is given by

(z@a,yey) = (z,y)(y).

In the following proposition, we recall some linear maps on F, which give rise to important (anti-)auto-
morphisms on Y. For v =Y, c;oy; € Q7 let

N@w) = 3 (r0) = S elowar) and P) = S(pw)? 3 eiplan)), (15)

el i€l

where p(a;) € {0,1} and Zcip(ai) are interpreted as integers. For any i € W, we set P(i) = P(]i).
iel

Proposition 1.6. (/5, Proposition 3.10])
(1) Let 7: F — F be the Q(q)-linear map defined by

T<i1u- -.7id> = (id,...,il).

Then T(xoy) =1(y) o7(x) for all x,y € F.
(2) Let :F — F be the Q-linear map defined by q = —q~* and

(i1, -, iq) = (—1)Ze<e PUIP() o= Noco(@icai) (i, 4y).

ThenzToy =T<y for all x,y € F.
(3) Let o : F — F be the Q-linear map defined by o(q) = —q~* and

oli,... iq) = (_1)Zs<t p(is)p(it)qf Zs<t(aisfo‘it)(i17 oy ig).

Then o(x) = 7(z), o(zoy) = o(y) o o(x) for all z,y € F, and

o(i) = (=1)PDg=NUED§ for alli e W.
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Remark 1.7. Since E (q;,,q;,) € 27, it is easy to check from the definition that 02 = Idf.
s<t

The following lemma will be useful later.

Lemma 1.8. Let u,v € Q. We have the following properties

(1) N(v) € 2Z for allv € QT;
(2) N(p+v)=N(p)+Nw)+ (uv);
3) P(u+v)=P(u)+ P)+p(p)pv).

Proof. It is easy to see from (1.5) that N(ay, +...+ay, ) = Z (a,, @;,). Now statement (1) follows from
1<s<t<k
the fact that (a;, ;) € 2Z for all 4,j € I. The equalities (2) and (3) follow from (1.5) by straightforward

computations. 0O
1.83. Dominant words and Lyndon words

Fix a total ordering < on I to be 1 <2 < --- < n, and put the induced lexicographic ordering < on W.
A word i € W is called dominant if i = max(u) for some u € U. Denote the set of dominant words by W,
and define W = W NW,. A word i = (i1,...,iq) € W is called Lyndon if it is smaller than any of its
proper right factors. Let £ be the set of Lyndon words in W, and let £ be the set of dominant Lyndon
words in W. Recall that every word i € W has a canonical factorization as a product of non-increasing
Lyndon words:

iy i, dp..,ig €L, i x> ig.
Theorem 1.9. (/5, Theorem 4.8])

(1) The map i — |i| is a bijection from LT to ®T. Given B € ®T, we write v*(B) for the pre-image of
under this bijection.

(2) Assume that i = iy ---ig is the canonical factorization. Then i € WT if and only if iy € LT for each
s=1,2,...,d.

The set of dominant Lyndon words was computed in the work of Clark, Hill and Wang;:
Proposition 1.10. (/5, Proposition 6.5]) The set of dominant Lyndon words for g is given by
LT={(,....,H1<i<ji<n}U{(i,...,n,n,...,5)|1 <i<j<n}

Remark 1.11. As a related result, a basis for g arising from Lyndon words was obtained by Bokut, Kang,
Lee and Malcomson in [3].

The following corollary is similar to [12, Lemma 5.9] and slightly generalizes [5, Corollary 4.17] in our
context.

Corollary 1.12. Let 8 € @ and m € Z>o. Then ¢ (B8)™ is the smallest dominant word in W,s.

Proof. Let i = ¢7(3), and let j be a dominant word of weight m/ such that j < i™. We show that this is
impossible by checking the different cases for i € £LT. Let j = jija2 .. .js be the canonical factorization of j,
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where ji,j2,...,js € LT and j1 = jo = ... = js. Since j < i™, there exists k such that j, = i for r < k
and j, < i (see the discussion before Lemma 4.1 in [15]). Clearly & < m. Suppose j = i*71j; ...js, where
i=jk=...=Js Set ys = |js| for all s. By assumption v; + ...+ s = mf3. Recall that LT = {(4,..., 7)1 <
i<j<ntu{@...,nmn,...,J)|1 <i<j<n} Assume thati= (i,...,j) for some 1 <i < j < n. Thus
mp = moy + ...+ maj . Since j, < 1ifor k < r <'s, and the coeflicient of ay for £ < ¢ in mf is zero, it
follows that j, € {(i,...,t)]i <t <j—1} for all k <r < s, and from the coeflicient of a; in mf we conclude
that s = m. But then the coeflicient of o in 7y + ... 4+ 7, will be K —1 < m, which is a contradiction.
Next, suppose that i = (4,...,n,n) for some 1 < i < n — 1. Then mf = ma; + ... + 2ma,. By a similar
argument it follows that j. € {(i,...,¢)|i <t < n} for k < r < s, s = m, and the coefficient of a,, in
Y1+ ...+ 7 is 2(k — 1) < 2m, which is again contradiction. Finally, assume that i = (¢,...,n,n,...,J)
for some 1 <4 < j <n—1. Then mB = ma; + ... + moj_1 + 2ma; + ... + 2maoy,. Similarly as above it
follows that j, € {(3,...,t)]i <t <n}U{@,...,n,n,..., )i <t <j+1}, for k <r < s, s =m and the
coefficient of a; in v + ...+ 7, will be at most 2(k — 1) + m — k + 1 =m + k — 1 < 2m, which is another
contradiction. 0O

1.4. Maximal elements in shuffle products

Let A= Z[q,q7]. Forie LT set ¢ := ¢"™ | and define

—m

qim*qi

=) if p(i) =0,
[m]; = QI_:,]; —m and [m]i! = [m]i[m —1];... [1];. (1.13)
(—a) — 4 o T
———0— ifp(i)=1
—qi — q;
In particular, [2],, = —(¢ — ¢1),
2m —2m
" —q o -
¢ ifp(i) =0, @ —q2 if p(i) =0,
= if p(i) =1 and. [ml; = (g™ —q ™
if p(i) =1, — - oo
q p — if p(i) =1

The following lemma follows as in [12, Lemma 5.1].

Lemma 1.14. Let w,w’, £,g € W with |w| = |{|, |w'| = |g], w = ¢ and w’ < g. Then max(wow’) < max(log).
Moreover, if w < £ or w' < g, then max(w o w’) < max(l ¢ g).

The next result generalizes [5, Lemma 4.5] and will be useful in computing leading coefficients in quantum
shuffle products for canonical factorizations.

Lemma 1.15. Assume thati € £, j € WT, i = j and m € Z~o. Then max(i™ ¢ j) = max(j ¢ i™) = i™j.
Moreover:

(1) Ifi > j, then the coefficient of i™j in i™ o j is (—1)P(mDPd) g=0mlilLD)
(2) Ifi>j, then the coefficient of i™j in joi™ is 1.
(3) The coefficient of i™+1 in i™ o1 is (—=1)P™g " [m + 1];.

Proof. Let i > j. We will prove that max(i”™ ¢ j) = i™j and (1) by induction on m. The case m = 1 follows
from [5, Lemma 4.5]. Assume that max(i™~! ¢ j) = i™~!j for all j € W7 such that i = j. Suppose that the
word k occurs as a nontrivial shuffle in i™ ¢ j (i.e. k # i™j). Then there exists a factorization j = jijo such
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that k occurs in (i™ 1o ji)(ioja). Clearly i = j = j; and j; € WT (as a factor of a dominant word). Hence
by the inductive assumption

k < i™ i max(io ja).

Now, since any word occurring in ji (i¢ j2) is a proper shuffle in i ¢ (jij2) = i¢j and the maximum word in
iojis ij we have

k < i 1j; max(io jo) < i™ Tmax(ioj) = i™j

which proves that max(i™ ¢ j) < i™j.

Next, we prove that the coefficient of i™j in i™ o j is (—1)P(mDPW)g=mlLUD by induction on £(j). Let
i=(i1,...,%4), j = (41,...,Jx) and assume that i > j. Suppose that £(j) =1,s0j=j1 =j€ [ and i > j.
Then we have j < i;. We claim that the coefficient of i”j in i™ o j is (—1)P(mDP() g=(mil.as) We have

imoj=1""1(iy,...,iq) 0]

_ (imfl(il, e yige1) o )ia + (71)p(mi)P(j)q*(lmilﬁaj)imj.

We claim that max((i™ 1(i1,...,iq-1) ¢ j)iq) < i™j. Indeed, i™ 1(iy,...,iq_1)jiq < i™j and any

mfl(' sm—1

nontrivial shuffle in i i1,.-.,04—1) © j occurs as a shuffle in either (i o j)(i1,. .. ig—1) or in

i Y((i1,...,iq-1) © j). By the above and Lemma 1.14 we have that max((i"~! ¢ 5)(i1,...,i4—1))iq < i™j
and max(i™~((i1,...,9q-1) © j))ig < i"™j. Therefore, max((i™ 1(i1,...,94-1) ¢ j)iq) < i"™j which proves
that the coefficient of i”j in i” o j has to be (—1)P(mIp(7)g=(Imilay),

For the inductive step, assume that the coefficient of i"w is (—1)P(m)P(W)g=(mlilIwh for all m and

w € WT such that i = w and £(w) < £(j). We have

i <>j = im_l(’il, e ,id) < (jl, e 7jk:)
= (i" (i, ... ig_1) 0 j)iq + (—1)PmIPGR) g=Umibes) (5m o (5o G 1))k (1.16)
Again we show that max((i"™ " !(i1,...,iq-1) ¢ j)ia) < i™j. Clearly, i™ (i1, ... ,iq-1)jiq < i™j, and if k
is any nontrivial shuffle in i™ (i1, ...,i4_1) ©j, then there exists a factorization j = jij» such that k occurs
in (i™ 1 oj1)((i1,...,94-1) ©j2). Again i = j = j; and j; € WT. Since max(i™~! o j;) = i 1j;, it follows
that
k = im_ljl max((il, ce ,Z'dfl) <>j2).
Now, since any word occurring in ji((é1,...,%4—1) © jo) is a proper shuffle in (i1,...,45-1) ¢ (jij2) =
(i1y...,14-1) ©j, we have
k < i™ tmax((iy,...,ig_1) 0j) <i™ ! max(ioj) =i"j.

By induction on £(j) and (1.16), it follows that the coefficient of i™j in i oj is (—1)P(mPW) ¢=UmilliD  which
proves (1).

Next, we prove that max(j o i) = i™j. By Proposition 1.6, we have o(j) = (—1)7Wq=NWUiDj and
o(i™) = (—1)Pmg=N0nliDi™ Since o is an anti-automorphism, we have

o(joi™) =a(i)" o a(j) = (—=1)PDHPE) = (NEmID+N D) jm ¢ 5. (1.17)
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By Proposition 1.6, max(o(u)) = max(u) for all w € U. Therefore by (1.17) we have max(j ¢ i™) =
max(i™ o j) = i™j. Moreover, the coefficient of i”j in i™ ¢ j is (—1)P(mDPW)g=(nlLIED by (1), Lemma 1.8
yields

N(mlil) + N (i) + (Imil, [3[) = N(i"j])  and  P(mi) + P(j) + p(mi)p(j) = P(I")).
Consequently, for some coefficients ay € A, we have

o(joi™) = (=1)PE"D = NU"ihmy 4 Z axk. (1.18)
k<imj

Since 0% = Idz, o(q) = —¢~ ', a(ij) = (=1)PE"Dg=N"iDimj and by Lemma 1.8(1) N(|i™j|) is even, it
follows by (1.18) that

jeim=i"j+ Y o

o(k)=<imj

This proves (2).
Next, we prove that max(i™ ¢ i) = i™*! and (3) by induction on m. Let i = (i1,...,i4). Suppose that
= 1. By [5, Lemma 4.5], max(io i) = i® and the coefficient of i? in io1 is

14 (—1)PDg LD — 1 4 (—1)P0 =2 = (—1)PD g [2];.

For the inductive step, assume that max(i™~! ¢ i) = i™ and that the coefficient of i in i™ ! oi is
(—1)(m=Dp (‘)qi (m )[ Ji- If d = 1, then the result follows easily by induction on m and the fact that

(—1) (PO g - (1) mDr =D = (1) g m 1, (1.19)

which can be easily verified from (1.13). Assume that d > 1 and let j = (i1,...,i4—1). Then j € W and
i > j. Moreover,

imoi= (im_lj oi)ig+ (_1>P(mi)P(id)q—(m|i\7|id\)(im oj)ia
By part (2) there exist b, € A such that
imly=joim 4 Y bk (1.20)
k<im—1j
Hence, using (1.20), induction on m, (1), and (2), we obtain for some ap,c € A
moi=(Goim ) oi)ig+ Z bic(k 0 i)ig 4 (—1)P0mDplia) g=(mlillial) (jm ¢ ),
k=<im—1j

= (jo (i™ ! oi))ig 4 (—1)pmirGa) g=(mlillial) (5m o )5, 4 Z bic(koi)ig

k<im—1j
= (1) DP@ =D (56§ 4 (—1)POmDR(ia I =l lia D (57,
+ Z aphig + Z br(koi)ig
h<imj k<im—1j
- (<_1>p((m—1)i>q;<mfl>[m]i I (_1)p(mi)p<i>q—(m|i\,|i|)> {1

+ Z cnhig + Z bk(koi)id

h<imj k<im—1j
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Moreover, higz < i"jig = i™*! for all h < i™j and by Lemma 1.14 we get that max(k o i)ig <

sm—+1

max(i™1joi)ig = (i™j)iq = i™T! for all k < i™71j. Hence max(i™ o i) = i and the leading coef-

ficient is (—1)™PW g, " [m + 1]; by (1.19).

sm—+1

Finally, max(i¢i™) =i since max(o(u)) = max(u) for allu e Y. O

Corollary 1.21. Leti € L, j € W', i j, and m € Z~q. Then we have max(joi®™) = i"™j and the coefficient
m(m— o —mm—1)
of iMj in joi®™ is (—1)" 5 PMg T 2 [m]yl.

Proof. First, we claim that max(i®”*) = {i™ and that this top word appears with coefficient

m(m— o —mm—1)
(-1) 3 1)T’(‘)qi Z [m]il. The case m = 1 is trivial. Assume that m > 1. Then by induction,

Lemma 1.15(3), and Lemma 1.14, we have that for some ap € A,

oM — io(mfl) oi
= (_1)p(i)(m—l)(m—2)/2qi—(m—1)(m—2)/2[m_ 1]i!(_1)(m—1)p(l)q (m— 1) moy Z aph
h<im
= (=1)POmim=1)/2 :m(m 1)/2 m o Z aph.

h<im™

Now the statement of the corollary follows from the above computation and Lemma 1.15(2). O

Let i € W with canonical factorization i = i ---i}?, where ni,...,ng € Zso, i1,...,iqg € LT and
ip > - > ig. We define

d

d
€)= plir)nr(nk —1)/2 and  s(i) =Y (ixl, [ix])ne(ne — 1)/4. (1.22)
k=1

k=1

Corollary 1.23. With the notations above, we have, for some ayx € A,

d
io- - odi™ = < 1)s@gsl H >1+Zakk

Proof. We will prove the statement by induction on d. If d = 1, then i = i}"* and the result follows from
Lemma 1.21 (1) since £(i) = p(iy)ng(ny — 1)/2 and g0 = ¢ (hliDni(na—1)/4 =g mmD/2,

11

We now proceed to the inductive step. Suppose that d > 1 and let j = i3 ...i}?. Theni; > jand j € W+
by [5, Lemma 4.2]. By the inductive hypothesis we obtain

d
i 0. 015 0 15 = ((—nﬂﬁq-s“’) H[nmk!) joiit + Y bu(hoi™). (1.24)
k=2

h<j

By Lemma 1.14, hoij™ < joi}"* for all h € W such that h < j, |h| = |j|. Moreover, by Lemma 1.21(2),
max(joi®") =i7'j =i and the coefficient of i'j in j©i°™ is

(—1)pim (m=1)/24=n1(n1=1)/2 [naly,! = (—1)80) g0,

11

The statement of the corollary now follows from (1.24) and the equalities £(i) = £(i") + £(j) and s(i) =
s(if) +s(). O



3742 K. Christodoulopoulou, K.-H. Lee / Journal of Pure and Applied Algebra 220 (2016) 37333751

1.5. PBW and dual canonical bases

For 1 <i <5 <n, we set

1) B =1 1) =1(q? — q~2)7 1~ NUiDi ifi=(i,....5),
O (—1)ii(g2 = )i NI i = (h . un,. . ), § < G

@) E.*:{i ifi=(i,...,5),

! 2], ifi=(i,...,n,n,...,7), i <]

Let i € W™. As before, we write the canonical factorization of i in the form:

=i (1.25)
where ny,...,nq € Zso, i1,...,ig € LT and i; > --- > ig. We define
Ey=E")6...0 B™), (1.26)
1q 17

where Ej(m) = Ey™/[m];! for j € L7, and define
Ef = Ei/(E;, E3),

where (-,-) is the nondegenerate bilinear form on U from Proposition 1.4. Explicit computations of the
bilinear form can be found in [5, Theorem 5.7]. In particular, for i,j € W™, we have (Ei, E;) = 0 unless
i=j, and

(B, B5) = (—1)*® _S(I)H lk’ (1.27)

where £(i) and s(i) are defined in (1.22).
The sets {F;|i € Wt} and {E;|i € Wt} are bases for U, called the PBW basis and the dual PBW
basis, respectively.

Lemma 1.28. For i € W with canonical factorization as in (1.25) we have
B = (CDS0g O, oo (). (1.29

Proof. It follows from (1.26) and (1.27) that

2 d
g B )60 g5 B
! (EiaEi) H

k::l

lk

d
E(l) s() <H i nk lk > E <>E(nl)

d ONg oONng
(1)) [ E, L B
k 1 lk7 nd ld [nllil!
0N On g
BRSO — E
(Eiy, By, (EmE )™
= (OGO oo (B
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Define U4 and U% to be the A-subalgebras of U generated by {E;|i € W'} and {E;f |i € WT}, respec-
tively. Then we have

Uy={vel|(u,v) e Aforall uelUa}.

For i = if" ---i}? as in (1.25), set ¢; = [n1];,!- - - [nali,! and consider the free A-module F4 = @;¢)y, A
Then we also have

Uy =Fanl,
and U is QT -graded with (U)o = Fa NUa.
Theorem 1.30. (/5, Theorem 7.11]) There exists a basis {bf |i € W} for U characterized by the properties:

(1) b — EY is a linear combination of vectors EY, j < i, with coefficients qZ[q];
(2) If we write bf = 3¢5 j, ¢ € A, then we have G = ¢;. (Recall g = —q~".)

Furthermore, we have max(bf) =1i for alli € W*, and b} = E; forie LT,

The basis B* = {b} |i € Wt} is called the dual canonical basis for U%. Let § € 1 and m € Z>(. Clearly,
Ery (gym € (UZ)mp- Since {b] | [i = m/3} is a basis of (U} )mp and by Corollary 1.12, tT(B)™ is the smallest
dominant word in W;; g, it follows from Theorem 1.30 that

Corollary 1.31. E* (B = bL+(ﬂ)m.

2. Spin quiver Hecke algebras
2.1. Generators and relations

Let K be a field with char K #£ 2, and let I bea qu1ver with compatible automorphlsm a:T = T. Denote
the set of vertices of I by I and the set of edges by H. We have maps s : H — T and t: H — I such that
s(a(h)) = a(s(h)) and t(a(h)) = a(t(h)) for all h € H. Set I to be a set of representatives of the orbits of I
under a and let I' = f/ a be the Dynkin diagram with nodes labeled by I, assuming I' has no loops. For
eachi eI, let o; € f/a be the corresponding orbit. For i # j, we set

(i, a5) = 2|y and (i, ) = —|{(7',5) € PNI\Z’ € a;,j € aj}.

Then we obtain a generalized Cartan matrix A = (a;;) and a matrix D = diag(si,...,s,) by setting
s; = |oy| and a;; = (a4, a;)/s;. Note that DA is symmetric.

Now we assume that the matrix A is the same as in (1.1), and put the same Z/2Z-grading on I, i.e.
I; = {n}. The orbit «; is to be identified with the simple root «; of the Kac—-Moody superalgebra g associated
to A, and we keep all the notations in the previous section.

Define d;; = |{h € H|s(h) € oy and t(h) € a;}/a| for i # j. For i,j € I, set
Kij{u, v} = K(u,v)/(uv — (—1)POPGyy),
and define @Q;;(u,v) = 0 and

Quj(u,v) = (—1)% (/5 —02/%) € Kijfu, v} fori# j.



3744 K. Christodoulopoulou, K.-H. Lee / Journal of Pure and Applied Algebra 220 (2016) 3733-3751

Assume v =3, c;a; € Q1 with Y, ¢; = d. Set
I" ={i=(i1,...,iq) €I a;, +-- +a;, = v}
The symmetric groups Sy act on I¥ by place permutations; in particular, the transposition s, acts as
Spt (81 e v ey by g1y ooy 8d) = (B0, ooy Gty By e -« 0dd)-

The K-algebra H~(v) with the identity 1, is defined by the generators e(i) (i € I*), y. (r=1,...,d), 7s
(s=1,...,d— 1) satisfying the following relations:

e(ie(j) = dyze(i) for alli,j € I"; Y e(i) = 1,; (2.1)
ielv
yre(i) = e(D)yy;

Tre(i) = e(sy - 1)7;

Tryse(i) = (~1)PEIPUrPEdy e(i) for s # e+ 1;

rerse(i) = (=1)PErPlrs)PG)pir) - 7 o(i) for |s—r| > 1;

(=1)PEr)PGri)y 7 4 1)e(i)  if i, = dpg1,
Tyrare(i) = iy s . (2.7)

(71)1) )Pt yTTTe(l) if 1, 7é Tr41;

—1)PrpCrt) s o+ 1)e(i) if i, =i

Yri17re(l) = ((=1) L i Jed) ifir =irps, (2.8)

(_1)p(1r)p(lr+1)7-ryre(i) lf i’r 7é iT+1;
TE@(I) = Qir,irJrl(ymerrl)e(i); (29)

(TTTT+17-T - TrJrlTrTrJrl)e(i)
(Lol Stens W)y o) iy — ires £,

(2.10)

= (_1)p(ir+1)(yr+2 — ) (Qir,i,,.ﬂ(y1v+2’y;§:2):yQ£T,w+1(ymyv-+1)) e(i) ifi, =i,40=mn,

0 otherwise.

Now the spin quiver Hecke algebra is defined to be H™ = @ H~(v). We define a Z-grading on H~
vet
by dege(i) = 0, degyre(i) = (a,,q;,) and deg e(i) = —(ai,, ., ), and a Z/2Z-grading by p(e(i)) = 0,

p(yre(i)) = p(ir) and p(rre(i)) = p(ir)p(ir+1)-
2.2. Module categories

Let Mod™ (v) be the abelian category of finitely generated (Z x Z/27)-graded left H~ (v)-modules. We
write Hom,, for Homy;-(,y. For any M € Mod™ (v), define its g-superdimension by

dim, M = (dim M;[k] — dim M;[k])¢" € Z((q)),
keZ

and define the graded character by

chy M =" (dim; e(i)M)i.

q
ielv
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The parity shift functor II : Mod™ (v) — Mod™ (v) is defined by (IIM )5 = M7 and (IIM); = M. We denote
by M{m} the same H~ (v)-module M with the Z-grading shifted by m € Z, i.e. M{m}[k] = M[k — m)] for
k € Z. Then the grading shift functor ¢ : Mod™ () — Mod™ (v) is defined by ¢M = M{1}.

Set Hom,, (M, N) = Hom, (M, N) ® Hom, (M,IIN) with Z/2Z-grading given by

Hom, (M,N); = Hom,(M,N) and Hom, (M,N); = Hom, (M,IIN),
and define

HOM,, (M, N) = € Hom,, (M,1I"™ N {m}).
meEZ

Let A = Z[q, ¢~ '] as before. The full subcategory of Mod ™ (v) consisting of finite dimensional (resp. finitely
generated projective) modules is denoted by Rep™ (v) (resp. Proj™ (v)), and the corresponding Grothendieck
group by [Rep™ (v)] (resp. [Proj™ (v)]). The functors IT and ¢ define A-module structures on both Rep™ (v)
and Proj™ (v) via ¢[M] = [¢M] and —[M] = [IIM].

There is a unique K-linear anti-automorphism ¢ : H~(v) — H ™~ (v) defined by ¥ (i) =i, ¥(y,) = v, and
P(rs) =1, foralli€ I and 1 <r < d, 1 < s < d. For a graded right %~ (v)-module M, we define M?
to be the left module with the action given by z.m = m.ip(x) for m € M and x € H~(v). Similarly, for a
graded left %~ (v)-module, we denote by the same notation M¥ the right module with the action twisted
by . Define P# = HOM,, (P, H~(v))¥ for P € Proj~ (v), and the Z-linear bar-involution on [Proj~ (v)] by

G = —q ! and [P] = [P*]. We define a bilinear form (-,-) : [Proj” (v)] x [Proj” (v)] = Z((q)) by
([P],[Q) = dim, (P¥ ®4- Q) = dim; HOM, (P*,Q).

For M € Rep™ (v), we define its graded dual M® = HOMy (M,K)¥ with the H~(v)-action given by
(z.f)(m) = f(¥(z).m) for x € H™(v), f € M® and m € M, where we set K = K. Then we obtain

M® € Rep™ (v). A bar-involution on [Rep™ (v)] is defined by § = —¢~! and [M] = [M®]. Define an
A-pairing (-,-) : [Proj” (v)] x [Rep™ (v)] — A by

([P],[M]) = dim; HOM,, (P#, M).

For each irreducible representation L € Rep™ (v), there exists a projective indecomposable cover Pr €
Proj™ (v), which is dual to L with respect to the pairing. Every element of Proj™ (v) is a direct sum of
indecomposable representations of the form Pr{m} for some irreducible L and m € Z. Thus the pairing
(+,-) is a perfect pairing.

2.3. Induction and restriction

Let p,v € QF, and set 1,, = Z e(ij). We have the natural embedding H™ (1) @ H™(v) —
ieln, jerv
H~ (1 + v). Define the functor Resﬁf/” : Mod™ (u+ v) — Mod™ () ® Mod™ (v) by Resl’jfj”M =1,,M, and
the functor Indfjfy” : Mod™ () ® Mod™ (v) — Mod~ (i + v) by

Ind Y (M@N)=H (u+v)1, Q) (MEN).
H (@M~ (v)

Then we obtain the functors

Ind = @Indﬁjy and Res= @ Resl/\w.
v

A,V
prv=XA
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Set [Proj”] = D, cq+[Proj” (v)] and [Rep™| = @, o+ [Rep™ (v)]. Then [Ind] defines a multiplication on
[Proj~] to make it an .A-algebra. Similarly, [Rep~] becomes an A-algebra with [Ind]. Furthermore, [Res]
defines a comultiplication on both [Proj”] and [Rep™] to make them .A-coalgebras.

2.4. Categorification of U and U

Theorem 2.11. (/7,9]) There exists a Z x Z/2Z-graded A-algebra isomorphism ~y : U — [Proj”| commuting
with the bar-involutions on U4 and [Proj™].

Corollary 2.12. The induced map v* : [Rep”] — Uy is an isomorphism of Z x 7/2Z-graded A-algebras.
For M € Mod™ (1) and N € Mod™ (v), we define
MoN :=Indi?"(MXN)
Proposition 2.13. Let u,v € QT, M € Rep™ (i) and N € Rep™ (v). Then we have
ch, (M o N) = ch, (N)och, (M).

Proof. Choose a homogeneous basis {v1,...,v;} for e(i)M and {uy,...,u;} for e(j)N. Then we obtain a
basis {T,vp Q@ ug: 1 <p <k, 1 <gqg<l,wé€ Sqts/Sa x Sp} of the homogeneous space of M o N. One can
see that we need only to prove

> elrww(i) =jeoi,

WESatb/Sax Sy

where ¢(7,) = (—1)P(Tweli)) gdea(rwelii)),

We use the inductive formula (1.2). Consider i = (i1,...,%,) and j = (ig+1,---,%a+b). Then we have
Y dmuw(i)
wESa+b/Sa><Sb
= Z C(Tw) C(Ta+b—1 e 7—CL+17_11)7177—(1—}-17—1 e Ta+17_a(ij)
WES(a—1)+b/S(a—1)XSb
+ > () w(i(iasts - - iatrs1))iats:

wWESqy (b—1)/SaXSw-1)

On the other hand, we have

j<>i = (iaJrlv'"7ia+b)0(ilv"'7ia)
= (_1)P(Iia+b)17(ia)q—(|wia+b\;liaI)((Z‘a+1, e viags) © (i1, -y iae1))ia
+ ((tas1s -+ s latb—1) © (@15 - s ia) ) la+b,
where & = (igi1,- -+, da1b-1). Since ¢(Tayp_1-Tap17a) = (—1)P@ar0)Pla) g=(I2iatel:lial) e are done by

induction. 0O
We have the following important property of the map ch, , which is proved in [9, Corollary 8.16].

Proposition 2.14. (/9/) Let M, M’ € Rep™ (). If ch, (M) = ch, (M'), then [M] = [M'].
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3. Cuspidal representations

In this section we give an explicit construction of the cuspidal modules with the ordering we fixed on I:
1 <2 < --+ < n. These cuspidal modules will be building blocks for irreducible modules. We begin with the
definition of a cuspidal module.

Definition 3.1.

(1) Let v € QT and M € Rep™ (v). The word i = max(ch, M) is called the highest weight of M.
(2) Let @ € ®*. An irreducible H~ («)-module L is called cuspidal if the highest weight of L is a dominant
Lyndon word.

The set ® of reduced positive roots is
" ={a(i,j) [1<i<j<npU{B(i.j) |1 <i<j<n}

where a(i,j) == S _ a, and B(i,j) := Zfﬂ: oy + Z::j 2ay.. It follows from Proposition 1.10 that the

=1
corresponding dominant Lyndon words are:

ali,9) = (G,...,5), 1<i<ji<n, 7(B(,5)=0(>...,nn,...5), 1<i<j<n.
The corresponding dual canonical bases elements are
i) = (G0 d), 1<i<j<n,
Sy = (At G nn, L), 1<i<j<n.

Proposition 3.2. Let o € ®*. For a = a(i,j), we have the corresponding 1-dimensional cuspidal module
L, = Kv,, with the action of the generators:

e(j)va = i1t (a)Var  TrVa = Yrva = 0 for all r.

For o = B(1,7), i < j, we have the 2-dimensional cuspidal module Lo := Kvi @ Kv_1, where degvy, = g for
g==1, and p(v1) = 1, p(v_1) = 0, and the action of generators are given by:

e(j)vg = 3,0+ () Vg for g = +1;

yrvr =0 for all r;

yrv_1 =0 fr£<n—i+1ln—1i+2;
YrU_1 = U1 fr=n—i+1ln—1i+2;
Trv1 =0 ifr#n—i+1;
Tp—it101 = V_1;

Tv_1 =0 for all r.

Proof. If & = «(i,j), then it is straightforward to check that the action satisfies (2.1)—(2.10). We clearly
have ch, (Lq) = ¢*(a) = (i,..., ). Thus L, is a cuspidal representation.

Assume that o = §(4,7), ¢ < j, and consider the action of generators on L, = Kv; @ Kv_;. Clearly the
relation (2.1) holds. For g = £1, notice that

yre(i)vg = yrvg = e(i)yrvy, ifi= 1T (a);

yre(i)vg =0 = e(i)yrvg otherwise.

Thus the relation (2.2) holds.
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We have

. voyp ifi=¢T(a), r=n—i+1, g=1;

Tre(i)vg =
0 otherwise.

Since e(s, - i) = e(i) for r =n — i+ 1, we get

e(sp vy ifr=n—i+1, g=1,

e(sr - 1)Tvg = {

0 otherwise,

v ifi=dt(a), r=n—i+1, g=1,
0 otherwise.

Thus 7.e(i)vy = e(s, - i)7v4 for g = £1, and the relation (2.3) holds.

For the relations (2.4)—(2.10), we may assume that i = ¢¥(«) and will drop e(i) from consideration.
Since y,ysvy = 0 for any r, s and g = £1, the relation (2.4) is valid. For the relation (2.5), we assume that
s#r,r+ 1. Then

vy fs=n—i+1ln—14+2, g=—1;
TrYsVg =

0 otherwise.

Since r # n — 14+ 1 from the assumption, we obtain 7,ysv, = 0. Similarly, ys7v, = 0, and the relation (2.5)
holds. Next we have 7,7,v, = 0 for any r, s, and the relation (2.6) is valid.
Now we see

v ifr=n—in—i+1, g=—1,
TrYr4+1Vg =

0 otherwise,

{v_l if r=n—i+l, g=—1,

0 otherwise.
On the other hand, if r =n —i+ 1,9 = —1, then i, = i,;,.1 =n and
(=P Pty 7 4+ 1oy = (—yery + D1 = vy
Ifr=n—i+1,g=1, then
((=1)PUnPlrs)y 4 1oy = (—yp7r + Dvy = —ypv_1 +v1 = —v1 + 01 = 0.

If r #n—4i+1 then i, # 4,41 and (fl)p(ir)p(”“)yﬂrvg = 0. Consequently, the relation (2.7) holds. The
relation (2.8) can be verified similarly, and we omit the details.

Clearly, 72v, = 0 for any r and g = +1. On the other hand, if r # n —i,n — i + 2 then we obtain
immediately Qs i, (Yr,Yr+1)vg = 0. If r = n — i then

Qir,irJrl (yra errl)Ug = anl,n(yru errl)Ug = :l:(yr - y3+1>vg = 0.
Similarly, if » =n — i + 2 then

Qir7ir+1(y7'7y7'+1)rug = Qn,n—l(ymyr-i-l)vg = :I:(y?_ - yr—&-l)vg =0.
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Thus we see that the relation (2.9) holds. Finally, (77417 — Ty 17 Tr41)vg = 0 for any r and g = +1,
while i, # 4,49 for any r. Hence it is easy to see that the relation (2.10) is valid.

Now we have shown that all the relations (2.1)—(2.10) are compatible with the action of the generators
on the module L, making it indeed an H~ (a))-module. Furthermore,

chy (La) = (g + ¢ )eF(a) = (=g+q )i, ,nn... ).
Thus L,, is a cuspidal representation for a = 8(i,j), i < j. O
Corollary 3.3. We have ch; (L) = By, for a € 2F.
4. Standard representations

In this section, we use the results of the previous sections and construct all the irreducible representations
of the spin quiver Hecke algebra to obtain the main result of this paper.

Recall that we have the dual canonical basis B* = {b; |i € W} for U%. Denote the coefficient of i in b}
by kj.

Lemma 4.1. Assume that the canonical factorization of i = if*---ij? € W is as in (1.25). Then r; =

d
H Ii;:c [nk]lk‘
k=1

Proof. As in the proofs of [14, Proposition 39, Theorem 40] (see also [5, Theorem 7.11]), we have that
b = Ef + Z%‘J'Ej*' Since max(E;) = max(Fj) = i, it suffices to compute the coefficient of i in Eff =

j=i
—1)ED W (Eryona o ... o (EF)°™ . Since iy, € L, we have that Ef = b for all k = 1,--- ,d, and the
ig i 1k 1k
coefficient of i in E is #j,. Now, by Corollary 1.23, we have that the coefficient of i in 3" o --- ¢ i7" is
d d
(1) g—s0) H[nk]ik!‘ Hence the coefficient of i in E is H Kk ngly ! O
k=1 k=1

Lemma 4.2. Let 8 € ®* and m € Z~q. Then Lg™ is irreducible with highest weight T (B)™, and chy (Lg") =
(_1)§(L+ (B)m)q*S(ﬁ(ﬂ)m)b;(B)m.
Proof. Recall that since ¢*(8) € LT we have b+ (5) = B+ (5)- By Corollary 3.3 we have chy (Lg) = EJ 4.
From Proposition 2.13, Lemma 1.28 and Corollary 1.31, it follows that

chy (L™) = (chy (Lg))*™
= (B (5)°"

(,I)E(LJ’(ﬁ)m)q*S(LJ’(ﬂ)’")E (,1)€(L+(fi)m)q*S(ﬁ(ﬁ)”‘)()z<+

Z:r (B)”L - (B)m.

Hence all composition factors of L™ have highest weight tT(B)™. Recall that the map ch, is injective by
Proposition 2.14. Since {bf | |i| = mf} is a basis of (U})mp and ¢ (3)™ is the smallest dominant word
in W,Z 8 the representation Lg™ is irreducible. O

Consider i € W} and write it in the form of the canonical factorization i = ij* ---i}?. Let 8 = || for
k=1,...,d, and define the standard module A(i) of highest weight i € W over the algebra H~(a) by

A@) = TEO(LY 0 L2 0 -+ 0 LY {s(i)}

where £(i) and s(i) are defined in (1.22).
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Lemma 4.3. Let i € W, Then the highest weight of A(i) is i, and dim, (1A(i)) = ;.

Proof. It is easy to see that £(i) = ZZ=1 €t (Br)™) and s(i) = ZZ=1 s(¢F(Br)™). Tt follows from Propo-
sition 2.13 and Lemma 1.28 that
chy (A1) = (1) Vg Dehy (Lg,)*" o - o chy (Lg, )™
= (*1)5(i)qs(i)(Ef+(Bd))O"d PN (EZ‘+(51))0”1

Hence the highest weight of A(i) is max(E;) = i and dim, (iA(i)) = ; by Lemma 4.1. O

For p,v € Q1, we will write Hom,, ,, for Homy - (,y@n - (v) and recall that we write Hom,, for Homy - ().
For M € Mod™ (1) ® Mod™ (v) and N € Mod™ (i + v), we have the Frobenius reciprocity:

Hom,, 4, (Ind4 %" M, N) = Hom,, , (M, Resii 1" N).

Proposition 4.4. Let i € W, a € Q. Then the standard module A(i) has an irreducible head, which will
be denoted by L(i), and the highest weight of L(i) is i.

Proof. Let L € Rep(a) be irreducible. If L is a component of the head of A(i), then Hom,(A(i), L) is
nonzero and equal to

nafa (MO (LG R LG K- ) LY ){s(i)}, Resqy L)

n1B1,...sndfa

.....

by the Frobenius reciprocity. By Lemma 4.2, the H™ (n181) ® - - ® H ™ (nqf4)-module IT¢M) (Lt RLE? K
- BLY){s(i)} is irreducible and embeds into L. It follows from Lemma 4.3 that the multiplicity of the
weight i in IIE®(LF™ R L5 K-« K L") {s(i)} is equal to that of the weight i in A(i). Thus the head
of A(i) is irreducible. O

Now we state and prove the main result of this paper.

Theorem 4.5. Let o € Q. Then the set {L(i)|i € W} is a complete and irredundant set of irreducible
graded H~ (a)-modules up to isomorphism and degree shift.

Proof. By Proposition 4.4, we have constructed an irreducible module L(i) for each i € W.. Furthermore,
since the highest weights are different, we have L(i) 2 L(j) for i # j. We have the basis B* = {b} |i € W™}
for %, and a basis of the weight space (U%)q is given by {b; € B*|i € W]}. Now the assertion of the
theorem follows from Corollary 2.12. O
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