RIGID REFLECTIONS OF RANK 3 COXETER GROUPS AND
REDUCED ROOTS OF RANK 2 KAC-MOODY ALGEBRAS
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ABSTRACT. In a recent paper by K.-H. Lee and K. Lee, rigid reflections are defined for any
Coxeter group via non-self-intersecting curves on a Riemann surface with labeled curves.
When the Coxeter group arises from an acyclic quiver, the rigid reflections are related
to the rigid representations of the quiver. For a family of rank 3 Coxeter groups, it was
conjectured in the same paper that there is a natural bijection from the set of reduced
positive roots of a symmetric rank 2 Kac—Moody algebra onto the set of rigid reflections

of the corresponding rank 3 Coxeter group. In this paper, we prove the conjecture.

1. INTRODUCTION

Let @ be an acyclic quiver of rank n, and mod(Q) be the category of finite dimensional
representations of Q). In order to understand the category mod(Q), one needs to consider
the indecomposable representations without self-extensions, called rigid representations.
Their dimension vectors form a special subset of the set of positive real roots of the Kac—
Moody algebra g(@) associated to @, and are called real Schur roots. These roots also
appear in the denominators of cluster variables, or as the c-vectors of the cluster algebra
associated to (), and can be described combinatorially in terms of non-crossing partitions.
See [1, 5, 6, 7, 9, 11, 20, 21, 22] for more details on these connections.

As a new geometric/combinatorial approach to describe rigid representations and real
Schur roots, K.-H. Lee and K. Lee conjectured in their paper [16] a correspondence between
rigid representations in mod(Q) and the set of certain non-self-intersecting curves on a
Riemann surface ¥ with n labeled curves. The conjecture is now proven by A. Felikson
and P. Tumarkin [8] for acyclic quivers with multiple edges between every pair of vertices.
Very recently, S. D. Nguyen [19] informed us that he proved the conjecture for an arbitrary
acyclic quiver.

The conjecture actually characterizes the family of reflections in the Weyl group of g(Q)
which are associated to real Schur roots via non-self-intersecting curves in . Since re-
flections make sense for any Coxeter groups, the geometric characterization can be carried
over. Indeed, the rigid reflections are defined in [17] for any Coxeter group W to be those
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corresponding to non-self-intersecting curves in . Unexpectedly, an interesting phenom-
enon was observed that the rigid reflections of W are parametrized by the positive roots
of a seemingly unrelated Kac—Moody algebra H, and the phenomenon was investigated in
detail for a family of rank 3 Coxeter groups.

To be precise, for each positive integer m > 2, consider the following Coxeter group

W(m) = (s1,82,83 : s] = 5% = 5% = (5152)™ = (s283)™ = e).

—m

Let H(m) be the rank 2 Kac-Moody algebra associated with the Cartan matrix )
Denote an element of the root lattice of H(m) by [a,b], a,b € Z, where [1,0] and [0, 1] are
the positive simple roots. A root [a,b] of H(m) is called reduced if gcd(a,b) = 1 and ab # 0.
A reduced root determines a non-self-intersecting curve 7 on the torus ¥ with triangulation
by three labeled curves.

Now define a function, [a,b] — s(]a,b]) € W(m), by reading off the labels of the in-
tersection points of 1 with the labeled curves on ¥ and by writing down the products of
simple reflections accordingly. See (3.1) for an example. In [17], it was conjectured that
this function [a,b] — s([a,b]) is a bijection from the set of reduced roots of H(m) onto
the set of rigid reflections of W(m). If established, it would show that the set of rigid
reflections in W (m) has a structure coming from the set of reduced roots of H(m). Most
importantly, the Weyl group action on the set of roots of H(m) would be transported to
the set of rigid reflections on W(m). In the same paper [17], as a main result, it was shown
that the function is surjective; however, injectivity was checked only for m = 2.

One of the main difficulties in showing injectivity is directly related to the word problem
for W(m). Since s([a,b]) are given as words in simple reflections, one needs to determine
when such two words represent the same (or different) elements in W (m). A solution to this
problem may be given by an algorithm to write s([a, b]) into a canonical form or a standard

word.
In this paper, we obtain such a reduction algorithm and prove the conjecture of [17].

Theorem 1.1. For m > 2, the function, [a,b] — s([a,b]), is a bijection from the set of
reduced positive roots of H(m) onto the set of rigid reflections of W(m).

The canonical forms or standard words of the elements in W(m) are determined by
applying Grobner—Shirshov basis theory. In the first substantial step, canonical sequences
of positive integers are assigned to each [a, b] and a reduction is accomplished accordingly.
The result is described in Corollary 4.17. This reduction through canonical sequences can
be visualized naturally in terms of associated curves on the torus ¥ and are related to the
aforementioned Weyl group action on the set of rigid reflections in W(m). Moreover, we
note that the canonical sequences was used in a study of 2-bridge link groups [18] in a
slightly different form.



However, this reduction through canonical sequences are not sufficient for our purpose,
and we need to perform further reduction until we obtain standard words for the elements
in W(m) to distinguish them explicitly and to show injectivity of the map [a, b] — s([a, b]).

As is well known, the word problem for a group is intractable, in general. Surprisingly,
Grobner—Shirshov bases for W (m) are not much different from the original set of defining
relations, though W (m) is infinite, and our reduction process becomes feasible. It would
be interesting to see if there are other families of infinite Coxeter groups with relatively
simple Grobner—Shirshov bases. To such families, the method of this paper will generalize
to reveal precise connections between rigid reflections and roots of Kac—-Moody algebras.

The organization of this paper is as follows. In Section 2, we recall the definition of rigid
reflections. In the next section, we consider the rank 3 Coxeter groups W(m) and collect
known results from [17] about the rigid reflections of W(m). In Section 4, the canonical
sequence and level of a reduced root [a,b] are defined and their properties are studied.
Using the canonical sequence, we achieve a substantial reduction of s([a,b]). In Section 5,
we complete the reduction process to obtain the standard words for the elements of W (m)
and prove Theorem 1.1, up to computation of Grobner—Shirshov bases for W (m) which is

accomplished in the last section.

Acknowledgments. We are grateful to Jae-Hoon Kwon and Kyungyong Lee for helpful

discussions.

2. RIGID REFLECTIONS

In this section we recall the definition of a rigid reflection from [17].

Let

2 _ _ 2
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W = (s1,82,...,8p : § =e, (si5;)"7 =e)

be a Coxeter group with m;; € {2,3,4,...} U{oo}. In order to define the rigid reflections
of W, we introduce a Riemann surface X equipped with n labeled curves as below. Let G
and G be two identical copies of a regular n-gon. Label the edges of each of the two n-gons
by T1,Ts, ..., T, counter-clockwise. On G; (i = 1,2), let L; be the line segment from the
center of GG; to the common endpoint of T;, and 77. Later, these line segments will only be
used to designate the end points of admissible curves and will not be used elsewhere. Fix
the orientation of every edge of G (resp. G2) to be counter-clockwise (resp. clockwise) as

in the following picture.
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Let X be the Riemann surface of genus L"T_lj obtained by gluing together the two n-gons
with all the edges of the same label identified according to their orientations. The edges of
the n-gons become n different curves in 3. If n is odd, all the vertices of the two n-gons are
identified to become one point in 3 and the curves obtained from the edges become loops.
If n is even, two distinct vertices are shared by all curves. Let T =T1U---T, C X, and V'
be the set of the vertex (or vertices) on 7.

Let 20 be the set of words from the alphabet {1,2,....,n}, and let /&8 C 20 be the subset
of words 1o = 41y - - - if, such that k is an odd integer and i; = ix41—; for all j € {1,...,k}, in
other words, s;,s;, - - 85, is a reflection in W. For w = i1ig - - i € 0, denote s;,5;,...5i, €
W by s(to).

Definition 2.1. An admissible curve is a continuous function 7 : [0, 1] — ¥ such that

1) n(z) € V if and only if z € {0,1};

2) n starts and ends at the common end point of 77 and T,,. More precisely, there exists
e > 0 such that n([0,€]) C Ly and n([1 —€,1]) C Lo;

3) if n(z) € T\ V then n([x — €,z + €]) meets T transversally for sufficiently small € > 0.

If n is admissible, then we obtain v(n) := i1 - - i € 2 given by
{re(0,1) : nx)eTt={z1 <--- <z} and n(z,) €T, for L e {1,.., k}.

Conversely, note that for every o € 20, there is an admissible curve n with v(n) = w.
Hence, every element in W can be represented by some admissible curve(s). For brevity,

let s(n) = s(v(n)).

Definition 2.2. An element w € W is called a rigid reflection if there exist an expression
W = 8, Siy - - - 5, and a non-self-crossing admissible curve n such that v(n) = i;...i € R.

Example 2.3. Let n = 3, and W = (s1, 89,83 : s = s3 = s3 = e), i.e., my; = oo for i # j.

Consider the universal cover of 3 and a curve n as in the following picture.
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Here each horizontal line segment represents 17, vertical T3, and diagonal T5. One sees that
1 has no self-intersection in 3. Thus we obtain the corresponding rigid reflection

s(n) = (535251)452535251525382838281828382(518253)4-

On the other hand, the reflection sos3s1s3s2 comes from the following curve n’ which
has a self-intersection. The picture on the right shows several copies of 7’ on the universal

cover.

Consequently, the reflection s(n’) = sos3518382 is not rigid.

Let @ be the root system of W, realized in the real vector space E with basis {aq, ..., a,}
with the symmetric bilinear form B defined by

B(ai, aj) = —cos(m/m;j) for 1 <i,j <n.
For each i € {1,...,n}, define the action of s; on E by
5i(A) = A =2B(\, )i, A €E,

and extend it to the action of W on E. Then each root o € ® determines a reflection
sq € W. (See [10] for more details.)

Definition 2.4. A positive root a € ® of W is called rigid if the corresponding reflection
So € W is rigid.

Example 2.5. In Example 2.3, we obtained the rigid reflection
(838281)482838281525352535251828382(818283)4.
It give rises to a rigid root

166249001 + 43526630 + 1139521203 = (s35251) 5253525159530

3. A FAMILY OF RANK 3 COXETER GROUPS

In this section we focus our attention to the rank 3 groups W (m) and collect known
results from [17] about the rigid reflections of W (m).

As in the introduction, fix a positive integer m > 2 and set

W(m) = <31a 52,83 5% = Sg = Sg = (5152)m = (3233)m = e>_



Note that we put, in particular, mi3 = mg; = oco. Let H(m) be the rank 2 hyperbolic
Kac—Moody algebra associated with the Cartan matrix (jn 72m ) We denote an element
of the root lattice of H(m) by [a,b], a,b € Z, where [1,0] and [0, 1] are the positive simple
roots. A root [a,b] of H(m) is called reduced if gcd(a,b) =1 and ab # 0. One can see that
every non-simple real root is reduced.

Let P = {[a,b] : a,b € Z~g, ged(a,b) = 1}. For every [a,b] € PT, let n([a,b]) be the
line segment from (0,0) to (a,b) on the universal cover of the torus, which automatically
has no self-intersections. Write s([a, b]) := s(n([a,b])) € W (m) for the corresponding rigid

reflection. For example, we have
(3.1) s([5,3]) = $2535281525352535251528382

as one can check in the following picture.

-
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Recall from [12, 15] that
(3.2) [a,D] is a root of H(m) if and only if a4 b* —mab < 1.

Define a sequence {F},} recursively by Fy =0, F} =1, and F,, = mF,,_1 — F,,_3. Note that
[a,b] is a real root if and only if [a, b] is either [F,,, Fyq1] or [Fp41, Fp], n > 0. (See [12, 15].)
A non-real root is called imaginary. Define another sequence {E,} by Ey = F; = 1 and
E,=mE, 1— FE, o.

Definition 3.1. Let (a1, a2) be a pair of positive integers with a; > as.

(1) A mazximal Dyck path of type a1 X az, denoted by D> is a lattice path from
(0,0) to (a1, az) that is as close as possible to the diagonal joining (0,0) and (a1, az)
without ever going above it.

(2) Assign sas3 € W(m) to each horizontal edge of D**?2  and sas1 € W{(m) to each
vertical edge. Read these elements in the order of edges along D% > then we get

a product of copies of s9s3 and sgs7. Denote the product by s*1*?2,

Lemma 3.2 ([17]). Assume that [a,b] € Pt with a > b. Then we have the following

formulas.

(1) s([a,b]) = s3s25“""s1.



(2) sPeXFy — go51 and  sEF2XE1 — ¢34,

—3)/2 .

GFuxFaoy _ 51(535251) "3/ 25953(s15053) "3/ 25y, for n >3 odd,
51(533231) 4/2 33313233(518253)("_4)/251 for n > 4 even.

3)/ —3)/2 :

Eax Bt _ 51(333231)(" 32313233(515253)(" )2, form > 3 odd;
1(535251)(” 4/2 535255515255(513233)(”_4)/231, form > 4 even.

(3) (szs2s18([Fn, Fn_1]))™ = (s152535([Fn, Fn_1]))™ =€ foralln > 1.
We now state the main theorem of this paper.

Theorem 3.3. The function, |a,b] — 5% is an injection from the set of reduced positive
roots of H(m) into W (m).

Combining this theorem with Lemma 3.2 (1) above and Theorem 1.2 in [17], we obtain
Theorem 1.1 which we state again:

Corollary 3.4. For m > 2, the function, [a,b] — s([a,b]), is a bijection from the set of
reduced positive roots of H(m) to the set of rigid reflections of W(m).

Equivalently, if we let 3([a, b]) be the rigid root determined by the rigid reflection s([a, b]),
the function, [a,b] — B([a,b]), is a bijection from the set of reduced positive roots of H(m)
to the set of rigid roots of W (m).

The rest of this paper is concerned with a proof of Theorem 3.3.

4. CANONICAL SEQUENCES AND LEVELS

In this section we introduce canonical sequences and levels attached to a reduced root of
‘H(m) which will play an important role in classifying reduced roots and rigid reflections.
Recall that a positive real root [a,b] (a > b) of H(m) is of the form [F,,, Fj,_1]. Since we

FoxFn—

already have s I in Lemma 3.2, we only consider imaginary roots of H(m) whenever

simplicity is attained.
We start with some definitions.

Definition 4.1. Let N be a positive integer. Suppose that ¢ = (a1, as,...,aq) is a finite
sequence such that a; = N or N + 1 for all 4.

(1) If d > 1 and (a4, a;41) # (N, N) for any 4, then ¢ is called type +.

(2) If d > 1 and (a;,a;4+1) # (N + 1, N + 1) for any 4, then c is called type —.
(3) If d > 1 and a; # a;41 for any 4, then ¢ is called type =.

(4) If d =1, then c is called type 0.

Throughout this section, let [a,b] be a reduced positive root of H(m) with a > b.



Definition 4.2. Define a sequence ¢; = (a1,1,a12,...,a1y) of positive integers to be such
that

(4.1) D = pULIyhM2y - by,
where h is a horizontal edge and v is a vertical edge and the product means concatenation.

Lemma 4.3. We have
(4.2) a; = Fﬂ - V(Zb_ﬂ (1<i<b).

Proof. Since the slope of the line n([a, b]) is 3, the number a; ; is the smallest positive integer
such that 3@171 > 1. Thus, we obtain a;,; = [§]. Since the y-coordinate of the point on the

line with the x-coordinate a2 is greater than or equal to 2, the number aq 2 is the smallest

positive integer such that g(am +a12) > 2. Thus, we obtain a; 2 = (%1 —[%]. Now assume

that a;; = [%4] — [a(ib_l)} for 1 < ¢ < k. By a similar argument, a; 41 is the smallest

positive integer such that g(am +---4ay k1) > k+1. Since (a1 +---+ary) = (%L we

obtain aj jy1 = (@1 — [2E]. By induction, we are done. O
Lemma 4.4. The function [a,b] — (a1,1,...,a1) s an injection from the set of reduced

positive roots into the set of finite sequences in Zq.

Proof. It follows directly from (4.2). O
Recall the assumption that [a, b] is a reduced positive root of H(m) with a > b.

Lemma 4.5. Assume that § # m. Let

(4.3) % =Ny +p1 with Ny = {%J .
Then we have
(1) 1< Ny <m-—1;
(2) a1, =Ni or Ny +1 for all 1 <i <b;
(3) a1 = N1 + 1 and au, = Nl,'
+ prl > %}
(4) c1 = (a1;) is of type ¢ — if 0 < p; < %,
= ifp=3.

Proof. (1) Since [a, b] is a reduced positive root of H(m), we have a? + b*> — mab < 1 from
(3.2). Thus we have 1 < § < m. Since we assume that § # m, we obtain the desired result.
(2), (3) It is clear from the fact that a1, = N1 + [p1i] — [p1(i — 1)].
(4) Suppose p; > i. We will show that (a1, a1,41) # (N1, N1) for all i. Note that
a1; = Ny if and only if [p1i] — [p1(i —1)] = 0. If (a1,,a1,i+1) = (N1, N1) for some i, then

[o1(i+ D] = [pri] = [pri] = [p1(i =1)] =0 <= [p1(i +1)] = [pri] = [p1(i = 1)]



which implies that there exists an integer ¢ such that ¢t < p1(i—1) < p19 < p1(i+1) < t+1.
This contradicts to p; > % The other cases can be proved similarly. O

Definition 4.6. Let [a, b] be a reduced positive root of H(m) with a > b. For n > 1, define
inductively py,, Ny, and ¢, = (an,1,0n2, " ,and,) as follows.
(0) Note that pi, Ny and ¢ = (a1,1,...,a1,4,) with di = b are already defined in (4.1)
and (4.3).
(1) If ¢,—1 is of type = or 0, stop the process. Otherwise, ¢, = (an i)1<i<q, are defined

to be the sequence recording the numbers of consecutive occurrences of

(Np—1+1)sin ¢p—1 if ¢,—1 is of type +,

Np_1'sin ¢,_1 if ¢,,—1 is of type —,

where d,, is the number of N,,_1 (resp. N,_1 + 1) in ¢, if it is of type + (resp.
type —).

(2) pp is defined to be a rational number with 0 < p,, < 1 and N, is to be a positive
integer such that

n— 3 1
]-fpnil lf pnfl Z 57
Nn + Pn = 1 L
—Pn—1 :
o 1 <3
The sequences ¢,, n = 1,2,..., are called the canonical sequences of [a,b].

Example 4.7. (1) Let m = 3 and [a,b] = [5,3]. Then Ny =1, py = 2 and dy = b = 3.
From the definition or by Lemma 4.3, the sequence ¢; is given by

c1 = (a11,a12,a13) = (2,2,1),

which is of type +. Since

Wi

1—p1 1-

Wl

we have ¢ = (az1) = (2), which is of type 0.
(2) Let m = 3 and [a,b] = [8,5]. In this case, Ny = 1,p; = 2,d; =b=5 and

c1 = (a1,1,a1,2,013,a14,015) = (2,2,1,2,1),
which is of type +. Then Ny =1, p2 = %,dg = 2 and
ey = (az1,a22) = (2,1),

which is of type =.



(3) Assume m = 3 and [a, b] = [59,23]. Then we have
e =(3,3,2,3,2,3,2,3,3,2,3,2,3,2,3,3,2,3,2,3,2,3,2), Ni=2, p=13/23, type +,

e =(2,1,1,2,1,1,2,1,1,1), Ny=1, py=3/10, type —,
c3 = (2, 2,3), N3 =2, p3= 1/35 type —,
cy = (2), Ny=2, py=0, type 0.

(4) Suppose m =5 and [a,b] = [62,13]. Then we obtain

¢ = (5,5,5,5,4,5,5054,5,554), Ni=4,  p=10/13,  type +,
co = (4,3,3), Ny = 3, p2 = 1/3, type —,
C3 = (2)’ N3 =2, p3 =0, type 0.

For a positive rational number r, let D(r) = ¢ when r = % and p, ¢ are relatively prime
integers.

Lemma 4.8. The following holds for n > 2.
(1) en = (ans)1<i<d, is given by

[1p_"p;1j1-| - [’)’{:L(j;l)-‘ : when ¢,_1 is of type +,

e = {(1 >'J Vl )(i-1)
i || (epan)ic

Pn—1 Pn—1

J ,  when ¢,_1 is of type —,
for 1 <i<d,, and we get d,, = D(py).

(2) We have ayni = Ny, or N+ 1 for 1 <i <d,.

(3) an1 = Np+1 (resp. Ny) and ay 4, = Ny, (resp. Ny + 1) if pp # 0 and cp—1 is of
type + (resp. type —).

+ ifpn >,

— if0< pp < 1,
(4) ¢, = (any) is of type f pq 2

= prn = 27

0 i pp=0.

Proof. (1) Suppose that ¢, is of type +. We have
an—1, = [(Np—=1 + pn—-1)i] = [(Np—1 + pn—1)(@ — 1)]
= Np-1+ [pn-1i] — [pn—1(i — 1)].
Since a1 is the number of first successive N, _1 + 1 in the sequence c,,—1, we have
1 ifi=1,2,-,an1,

0 ifi=an,+1.

[on—11] = [pn-1(i = 1)] =

This implies that

(an,l - 1)pn71 < Gp,1 — 1< An,1Pn—1 < (an,l + 1)pn71 < an,1-

10



So we obtain

—1 1
AAEEAAA, <:a/n’1 <

an1 > 1 T

= 1—pn-1 - pn—I’
Pn—1

I_Pnflw'

Since a2 is the number of successive N,,_1 + 1 in ¢,,—1 between the first and the second

and hence a,, 1 = |

N,_1, we have

1 ifi=ap1+2,a,1+3,- ,an1+ap2+1,

[pn—lﬂ - [pn—l(i - 1)—‘ = .
0 ifi=ap1+an2+2.

This implies that
(ani+an2)pn—1 < ani+ana—1 < (api1+an2+1)pp—1 < (an1+an2+2)pn—1 < ani+ans2.

Hence, we have

20— 1+1
_EPn-1 p1 < Gng < —p + Pn1 2
1—pn_1 1—pp_1

Pn—itl _ 2pp_1
l_pnfl 1—Pn71

a22{2%4w_{f%4w
" 1—pn-1 1—pn .

By a similar argument, we have

_11 _1(z—1
Upi = [ Pn—1% -‘ — [p” 1 (i )-‘ for ¢ > 3.
1—pp 1—pp_1

Since a2 is an integer and = 1, we obtain

Next, we show that d,, = D(py). By the definition of ¢, = (an)1<i<d,, we have

’V Pn—ldn

dn-1 = Z n i + dn = 1—pp
o

1<i<d,

[ +a

n—1

Suppose that p,_1 = Zn_l, where e,_1 and d,_; are relatively prime. Then we have

— En—
N, + pn = Pn—1 _ n—1 ‘
1—pp—1 dp—1— en—1

Since d,,—1 and e, 1 are relatively prime, D(p,) = D(3 nl ) =d,_1—ey_1. Hence, we

n—1—"€n—1
obtain
en—1dp

%4—{w+%1¢©c%—%4—%4—D@”
dp—1—en_1

The proof for the case when ¢,,_1 is of type — is similar, and we omit the details.
Pn—1

(2) Suppose that ¢, is of type +. Since T = Ny + pn, we have

An,i = [Nni + pni] = [Nn(i — 1) + pu(i = 1)] = Np + [pni] — [pn(i = 1)].
Since 0 < p,, < 1, we obtain a,,; = N,, or N, + 1 for 1 < ¢ < d,,. The case ¢, is of type

— 1s similar.

11



€n—1

(3) Suppose that p, # 0 and ¢, is of type +. Write p,_1 = 7 with e,_1 and d,_1
relatively prime. Then Ny, + p, = En—1 - Since p,, # 0, we have

n—1"€n—

an,1 =N, + (in =N, + 1;
an,dy, = [(Nn + pn)dn] — [(Nn + pn)(dn — 1)]

€n—1 €n—1
=|———dy| - |577————dn -1
’Vdn—l — €n—1 d -‘ ’Vdn—l — €n—1 (d )-‘

= [en—l] - (en—l - Ny — pn] =ep—1—€epn—1+ Np =N,

The case ¢,,_1 is of type — is similar.
(4) The proof is similar to that of Lemma 4.5 (4), and we omit the details. O

Lemma 4.9. Let [a,b] be a reduced positive root of H(m) with a > b, and Nj and ¢ be
defined as in Definition 4.6. Denote the type of cp by €. For each k > 0, the data

(Nl, €1, NQ, €2, ..., Nk, €k, Ck+1)
determines [a, b] uniquely.

Proof. By Lemma 4.8 and Definition 4.6, we obtain ¢, from (Ng, €k, ¢x+1) and continue the
process to obtain ¢;. Now the assertion follows from Lemma 4.4. O

After establishing another lemma below, we will define the level of [a, ].

Lemma 4.10. Assume that [a,b] is an imaginary reduced positive root of H(m) with a > b.
Forn > 2, if N =m — 2461 and ¢, is of type + for 1 <k <n —1, then

1< Np+pp<vy-—-1
where we set y 1= MM =4 V2m2_4. In particular, 1 < N, <m —2 forn > 2.

Proof. We use induction on n. It follows from the assumptions and Lemma 4.5 that 7 =
N1+ p1 = m—1+ p; with % < p1 < 1and Ny + py = 1f1p1' Since [a,b] is a reduced
positive root of H(m) and [a,b] # [F};, F;_1] for any i = 2,3,..., we have 1 < ¢ < v and
% < p1 <y —(m—1). Note that y(m —v) = 1. Since y = % is an increasing function for

0 < x < 1, we obtain

pP1 <7—m+1
IL—=p -y +m

D=

=1<No+p2= =y—1<m-—1.

1—

N[ —

Hence, 1 < Ny <m — 2.

Now assume that we have 1 < N,_1 + pn—1 <y — 1. Since N,_1 = m — 2 and ¢, is of
type +, we have % < pn—1 <y — (m —1). By the same argument as in the case n = 2, we
have

1<Np,+ppn<y—1 and 1< N, <m-—2.
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Let us consider the sequence {7,} given by

1 1
’YOZO7 71:m—§7 Yn =M — (’I’ZZ2)
Tn—1

It is straightforward to check that 7, < v,4+1 <~y for n > 1, and

Yn —> Y as n — oo,

m-i-\/i—

where v = as before.

Definition 4.11. Let [a, b] be a reduced positive root of H(m) with a > b. Then the level
L of [a,b] is defined to be the positive integer uniquely determined by the inequalities

YL-1 < E < 7L
Example 4.12. Let m = 3 and [a,b] = [339,130]. Then we have y; = 5,75 = £ 43 = 32
and 72 < ¢ <73. Thus the level of [a, b] is 3.

Proposition 4.13. Let [a,b] be an imaginary reduced positive root of H(m) with a > b.
Assume that the level of [a,b] is L. Then the following statements hold:

(i) Nk=m—24 01 for 1 <k <L -1, and hence
(N1,No,...,Np)=(m—1,m—-2,m—2,...,m—2,¢)

for 1 <c<m—2+ 011, where 6;j is the Kronecker’s delta.
(ii) ¢k is of type + for 1 <k < L —1,
(il) No +pr <m—2+6 1+ 1.

Proof. Suppose the level of [a,b] is 1. Then we obtain N1 4+ p1 = § <1 = m — 5. If the
level of [a,b] is 2. Then (m — 1) + 3 LaeNM+p<p=m-1)+ 2m 3 Thus we Obtaln
% < p1 < 32 . It implies that 1<N2+p2 plp < (m—2)+2. Hence, Ny =m —1, ¢;

isoftype+andNL+pL§m—2+2.
Now suppose the level of [a,b] is L > 3. Then

1 a 1
(m—1)+1— :7L_1<7§7L:(m—1)—|—1— .
YL-2 b YL-1
Thus we obtain 1— — < p < 1—— It implies that yp o — 1 < Ny + pa = {2

—p1 —
vyr,—1—1. Since m— 2<7L72 1, Wehave N2 m—2and yr_o—m+2 < po < yp_1—1— m+2.

By the recursive relation of {v,}, we obtain

2
Yo-3 —1 < N3+ p3 = 23%-2—1-

1 _
Repeating this argument yields
m_2+1:71_1<NL—1+pL—1 S <7y -1
2 1—pr—2
Hence, 1 < Np + pr = 12;1_1 <m-1 :m—2—|—%. It implies that N, = m — 2 + 01
for 1 < k < L — 1. Moreover, ¢ is of type + for 1 < k < L — 1 because p; > % Since
Np+pr<m-—2+ %, we obtain the desired result. O

13



Corollary 4.14. Assume that L is the level of [a,b].

(1) If Np, =m — 2+ 61,1, then cr, cannot be of type +.
(2) If L >2 and Np =1 then cr cannot be of type 0.

Proof. Part (1) is an immediate consequence of Proposition 4.13 (iii) and Lemma 4.8 (4).
For part (2), assume that N; = 1 and ¢y, of type 0. Then p;, = 0 by Lemma 4.8 (4) and
PL—1= % by the definition of p,. However, pr,_1 > % by Proposition 4.13 (ii) and Lemma
4.8 (4), which is a contradiction. O

4-A. Reduction according to canonical sequences. In this subsection we show that
5%%b can be written through the canonical sequences ¢;. This result will be used in the
next section and has its own interest. In what follows, we write only the subscripts of
simple reflections when we express elements in W(m). For example, we write 23 = s953

and 21 = s957.

Proposition 4.15. Let [a,b] be an imaginary positive reduced root of H(m) with a > b, and

cr = (ak1,0k2, - .., 0kq,) its canonical sequences. Suppose the level of [a,b] is L. According
to the values of k, define Hy, Vi, € W(m) by
] Hy | Vi |
23 21
2 21 31

20+1 (1>1) || 1(321)7123(123) 711 | 1(321)'~12123(123)"11
20 +2 (1 >1) || 13(213)"7112(312)'7131 | 13(213)!-12312(312)!~131
Then, for 1 < k < L, we have

(44 S = VLV B

Example 4.16. Continuing Example 4.7 (4), suppose m = 5 and [a,b] = [62,13]. Since
v = % < % < yo = %, the level of [62,13] is 2. Since c2 = (4,3, 3), we obtain

§02x13 — (21)4(31)(21)3(31)(21)3(31) € W (5).
Proof of Proposition 4.15. If k = 1, then (4.4) follows from the definition of s and (4.1).
Suppose k = 2. By Proposition 4.13, Ny = m — 1 and ¢; is of type +. Then, by Lemma

4.5 and the definition of ¢y, we have
a a a
C1 = (al,laal,%-'wal,ch) = (m 2hom—1,m*2m—1,...,m*%2 m— 1)7

where we write m® = m,m,...,m. Since (23)™ = e and (23)™ 121 = 31, we obtain
—_———

s-times
Saxb :Hlal,l VlHiL:l,zvl oL Hfl,dl‘/l
—(21)% (31)(21)22(31) -+ (21)°2% (31) = H3* Vo H Vo Hy Vi,

14



Suppose that k = 3. By Proposition 4.13, No = m — 2 and ¢3 is of type +. By Lemma
4.8, we have ag; =m —2orm —1for 1 <i <dy, asy =m —1and az g, = m — 2. Then,
by the definition of ¢z, we have

Cy = (CL271, a272, ooy a27d2)

=((m—-1)%'m—-2,(m—1)"2m—2,...,(m—1)%d% m—2),

where we write (m — 1)* = m—1,m—1,...,m—1. Since (21)™ (31) = 1231 and

s-times

(21)™=2(31) = 121231, we have
sP0 —Hy* Vo Hy*2Vy - - Hy 2V
=(1231)%31(121231)(1231)%3:2(121231) - - - (1231)?3.43 (121231)
—Hy* ' VaHy** V3 - - Hy> 5 V3.
The proof for k = 4 is similar to the case k = 3 with
(1231)™1(121231) = 1(3123)1 = 13(12)31,
(1231)™~%(121231) = 1(323123)1 = 13(2312)31.

Now let us use induction on k. Suppose (4.4) is true for k£ = 2/ + 2 and consider
k+1=2l+3 < L. Then N = m—2 and ¢, is of type +. By Lemma 4.8 and the definition
of ¢x41, we have a1 = m — 1, agq, = m — 2 and

(4.5) cr = (ak1,ak2,---,akd,)
= ((m — 1)1 m — 2, (m — 1)™+12 m — 2 ... (m — 1)1 m — 2).

Since we have

H ' = 13(213)1(12)™12312(312) 7131 = 1(321)'23(123)'1 = Hy11,

H"2V;, = 13(213)171 (12)™722312(312) 7131 = 1(321)'2123(123)'1 = Vjy,
it follows from (4.5) and the induction hypothesis that

s = SV HP V- HY PR,
—H ! Ve HY S Vi - H;Zfil’dkﬂ Vi1

The proof for the next step (i.e. k= 2l + 3) is similar, and we omit the details. O

The following corollary will play an important role in the next section and has interest

in its own right.

Corollary 4.17. Let [a,b] (a > b) be an imaginary positive reduced root of H(m) with level
L>2, and cy = (ak1,ak2;--.,a5q,) its canonical sequences for 2 <k < L.
(1) If k = 20 + 2, then

(4.6) 5§90 = (132)1(21)%1(31)(21)%:2(31) - - - (21)%*4x (31)(231)".
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(2) If k =2l + 1, then
(4.7) 590 = (132)1(23) %11 (21)(23) %21 (21) - - - (23)%kax T (21)(231)".

Moreover, we have
(231)'s**0(132)" = s

for |a, B] whose first canonical sequence is (ap1+1,...,a5q, + 1) with level L —k+ 1.

Remark 4.18. The part (2) is related to Lemma 3.3 (2) of [17], which connects the Weyl
group action on the set of roots of H(m) with the set of rigid reflections. Though the above
corollary is not enough to prove injectivity, one may find that the expressions look more
natural than those obtained in the next section after the reduction is completed.

Proof. Assume that k = 20+ 2. If k = 2 then (4.6) is nothing but (4.4). If k£ > 4, we obtain
from (4.4)

5§90 = 13(213)171(12)2%1(2312) - - - (12) ™ (2312)(312)! 7131
= 13(213)"7121(12)%%112(23) - - - (12) ™ 12(2312)(312)' 131
= (132)'1(12)%1(13) - - - (12)%x (13)1(231)"
= (132)1(21)%:1 (31)(21)%:2(31) - - - (21) % (31)(231)".

The case k = 21 + 1 is similar and we omit the details. The last assertion is clear from the
definitions. 0

Though Proposition 4.15 and Corollary 4.17 provide reductions of the initial expression

axb

of s4¥?_ it is not sufficient to prove injectivity of the map [a, b] — s**°. In the next section,

we will further reduce s**? to its standard word to show injectivity.

5. REDUCTION TO STANDARD WORDS

In this section, we reduce each s%*? to its standard word in W (m), starting with an
expression in Proposition 4.15, and prove Theorem 3.3 by showing all the standard words
are distinct.

For k € Z>9, define

S(2k —1) ={s? —e,53 — e, 52 — e, (5152) L5y — (s5251) Lso, (5253)F sy — (s350) Ls3},
8(2k) :{8% -6 S% -6 S% -6 (SISQ)k - (8281)k7

k—1

(5253)" — (s352)", (5159)" Ls1(5352)" — (s951)"s3(5253)" 1}

It will be shown in Propositions 6.7 and 6.8 that S(m) is a Grobner—Shirshov basis of
W (m) for m > 3. Thus we take S(m)-standard words or monomials (see Definition 6.1) as
standard expressions of the elements of W (m).
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In this section, as in Proposition 4.15, we write only subscripts of simple reflections when
we express elements in W(m), and the identity element of W (m) will be denoted by e.
Before delving into general cases, let us look at a simple example.

Example 5.1. Suppose [a,b] = [5,3] and m = 3. By definition an S(3)-standard word
cannot have any of 11,22,33,121,232 as a subword. Clearly, the level of [5,3] is 1. By
Example 4.7 (1) and Proposition 4.15, we have

5777 = (23)%(21)(23)%(21)(23)" (21),

which is not §(3)-standard because 232 is a subword. Using the relations 232 = 323,22 =
e, 33 = e, we obtain

5%%0 = (31)(31)(3231),
which is S(3)-standard.

In what follows we obtain S(m)-standard words for s?*° where [a,b] is a positive
imaginary reduced root of H(m). Let L be the level of [a,b]. The canonical sequences

ci = (ak1,ak2,--.,akq,) and the numbers IV}, are defined in Definition 4.6.

Define N := Ny, — 0,1 and £ := |m/2|, where ¢; ; is Kronecker’s delta. According to the
values of N, let wy and we be the elements of W (m) defined by the following table.

N [ w [ w
N<(-3 (23)"*2(21) | (23)M(21)
(5.1) (-2 (32)™ 131 | (23)1(21)
(—1<N<m—3](32)" @31 | (32)" %31
m—2 21 31
Lemma 5.2 (level L = 1). Assume that the level L of [a,b] is 1. Unless m = 3, Ny = 2

and ¢y is of type —, the following expression of s**° is S(m)-standard:
wi‘llu@ .. .wi@*dQ wo if c1 is of type +,
jaxb _ wiwy® - wiwy > if ey is of type —,
wiwa if ¢1 is of type =,
wa, if 1 is of type 0.

The case when m = 3, N1 = 2 and c1 is of type — is covered in Lemma 5.6.

Example 5.3. Continuing with Example 5.1, assume [a,b] = [5,3] and m = 3. Then
N=N—1=0,0=1, p; = 2 and ¢; = (2) from Example 4.7 (1). Thus we have w; = 31
and wo = 3231, and

5970 = wwy = (31)(31)(3231).

This coincides with the standard word in Example 5.1.

17



Proof of Lemma 5.2. By Proposition 4.15, we obtain

(5.2) 5§90 = (23)911(21)(23)42(21) - - - (23)%41(21).

Note that the S(m)-standard word of (23)°(21) is equal to itself
(23)%(21), ifs<f—1, or

(5:3) (32)m571(31), if£<s<m.

Since N = Nj — 1, we have four different cases according to (5.1).

Case 1: 1 < Ny < {—2. Since a;; = N;i or N1+1, the S(m)-standard word of (23)*#(21)
is equal to itself for all 1 < i < d;. Since there are no relations involving w; = (23)N1+1(21)
and wy = (23)V1(21) in the expression (5.2), it is already standard. Thus, if ¢; is of type
+ (resp. —), we obtain

axb __ 021 az,dg a21 a2,dy
S =w,  wy---w; Pwy (resp. WIWy " -+ - W1 Wy )

from the definition of ¢s.
Suppose ¢; is of type =. Since 7 = Ny + %, we obtain b = 2 and

520 = (23)M1F1(21)(23)M(21) = wywy.

Assume ¢y is of type 0. Then § = Nj. Since a and b are coprime, a = b =1 and N; = 1.

By the definition of % we obtain
5970 = (23)(21) = wy.

Case 2: Ny = ¢ — 1. Recall a;; = Ny or Ny + 1. The word (23)V1(21) is S(m)-standard,
while (23)N1*1(21) is reduced to (32)™¢~1(31). These words are wo and w; respectively.
Moreover, there are no additional relations between (23)V1(21) and (32)™~~1(31). Hence,
we obtain the desired expressions of s2*? similarly to Case 1.

Case 3. £ < N; < m — 2. The S(m)-standard words of (23)1(21) and (23)M*1(21)
are wy = (32)™ M~1(31) and wy = (32)™ ™M ~2(31) respectively. Moreover, there are no
additional relations between w; and ws. Hence, we obtain the desired expressions of §**?
similarly to Case 1.

Case 4: N1 = m — 1. Note that
(23)™71(21) = (32)(21) = 31,
(23)™(21) = 21.

As in Case 1, if ¢1 is of type 0, then s**? is equal to ws = 31, and if ¢; is of type =, then

57%b is equal to wywy = (21)(31). If ¢; is of type —, then
c1 = (m,(m—1)""m,(m—1)2 ... ;m,(m— 1)%d2),
where we write (m —1)* =m —1,m —1,...,m — 1, and s**? in (5.2) becomes equal to
s-times ’
(5.4) (21)(31)%21(21)(31)%22 - - - (21)(31)%2%2 = wywy™" - - - wywy ™.
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If m > 3, then this expression is standard and we obtain the desired form. If m = 3, then it
is not standard because of the subword 121 and this case is covered in Lemma 5.6. Finally,
¢ cannot be of type + by Corollary 4.14 (1). It completes the proof. O

Now we move on to higher levels. As before, define ¢ := [m/2]|. According to the values
of N, let v; and vy be defined by the following table.

NL H V1 ‘ V2 ‘
(5.5) N, <(—2 (12)Ve 1 (13) (12)Nr (13)
' (-1 (21)™~=1(23) (12)*~1(13)
C<Np<m—2| 0™ "2(23) | (1) V1(23)
Define
L—4
L _2 132)°7 13 if L >4
=327, 2t =123)%7)  and y= ( )2 e
5 if L =2,

where 2 means 2 if the following letter is different from 2, or removing the following letter
2 otherwise. For example, 213 = 213 and 223 = 3. If L = 3, we do not need to define y.

Lemma 5.4 (level L > 2). Assume that the level of [a,b] is L > 2.
(1) Suppose that L is even. Unless m = 3,4,5 and N, = m — 2, the S(m)-standard

word of s**° is equal to
( ar+1,1—1 ar+1,2 AL+1,dp 4 q -1 .
Yuav; v vy Vg volx if er, is of type +,

if e, is of type —,

ary1,1+1 ar+1,2 AL+1dp 417 1
U [V1v, UV, lx

yvsz ! if cr, is of type =,
y(12)Ne=1132~1 if cp, is of type 0 and Np, </,
\mvgx_l if e, is of type 0 and Np > £+ 1.

Here the expression inside | | is void if diy1 = 1. The case when m = 3,4,5 and
N, =m — 2 is considered in Lemma 5.9.
(2) Suppose that L is odd. Unless m = 3 and cy, is of type —, the S(m)-standard word

of s is equal to

xwgw‘ful’l_lwg [w(llLH’QwQ . -w?LH’dL“wg]ZSx_l if cr, 1s of type +,
xngH’lH[wlw;L“’Q e wlw;LH’d“l]%x*l if cr, is of type —,

rwi23r~! if cr, is of type =,

2(23)Ne 2123271 if er, is of type 0 and N, </ —1,
32w923z ! if cr, is of type 0 and N > 4.

Here wy and wy are given by (5.1) as before and the expression inside [ | is void if
dr+1 = 1. The case when m = 3 and cr, is of type — is dealt with in Lemma 5.8.
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Example 5.5. Let m = 6 and [a, b] = [73,13]. Then
c; =(6,6,5,6,6,5,6,5,6,6,5,6,5), c3=1(2,2,1,2,1), ec3=(2,1),

and Ny =5, Ny =1,p; = %;Pz = % The level L is equal to 2 and ¢ is of type +. Note
that v = 121213 and vy = 12134 from (5.5). By Lemma 5.4 (1), we obtain

sTX13 — yovivvivear ™! = 2(1213)(121213)(1213)(121213)(1213)1.
Proof of Lemma 5.4. Suppose L = 2g + 2 > 2. By Corollary 4.17 (1), we have
§9%0 = (132)9(21)72:1(31)(21)£:2(31) - - - (21)*4z (31)(231)9
= (132)91(12)%£:1(13) - - - (12)%84r (13)1(231)¢
2(12)%:1(13) - - - (12)%Edr (13)z L.

We have 1 < ar; <m—1for 1 <i<dj by Lemma 4.8 (2) and Lemma 4.10. Note that
the S(m)-standard word of (12)%(13) for 1 <s<m —11is

12)%(13 ifs<l-—1,

56 (12)°(13) <
(21)m=s=1(23) ifl<s<m-—1.

We apply the same argument as in the proof of Lemma 5.2 to

(5.7) by = (12)51(13) - - - (12)%242 (13)

with (5.3) replaced by (5.6) and obtain

ar+1,1 AL+1,dp,4q

vy vtV vy if cf, is of type +,
ar+1,1 aL+1,dL+1 . .
—1.axb_ . ) ViVs < U1Vy if ¢y, is of type —,
x s =
V1V2 if ¢y, is of type =,
V2, if ¢y, is of type 0.

After conjugating both sides by z, we obtain an expression of s**. Assume it is not the
case that m = 3,4,5 and N;, = m — 2. If ¢y, is of type 4+, — or =, we apply zv; = yvg to
the leftmost part of the expression and obtain the desired standard word. For ¢y, of type 0,
the word zvexr~! is standard if Ny > £ + 1; otherwise zvoz ™! reduces to y(12)Ne 113271,
which is standard.

In the case when m = 3,4,5 and N;, = m — 2, the standard word of (12)*%i(13) in (5.7)
is 2123 or 23 since ar; =m —2orm — 1 for i =1,2,...,dr. For example, if ¢, is of type

—, an expression of s*? is equal to

(23)(2123)6+11(23)(2123) 412 .- (23)(2123) P17 L,
(23)(2123)%0+1(23)(2123) (23)(2123)

Since this expression has a subword 23232, it is not standard exactly when m = 3,4,5. This
case will be handled in Lemma 5.9.
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Now suppose L = 2g + 1 > 3. By Corollary 4.17 (2), we have

5970 = (132)9(23)21 71 (21)(23)282T1(21) - - - (23) L4 T1(21)(231)9
= 2(32)(23)*1 T (21)(23) 221 (21) - - - (23) L 1 (21) (23) 2

We apply the same argument as in the proof of Lemma 5.2 to

(5.8) (23)2 102 (32) = (23)2r11(21)(23)%E2H1(21) - - - (23)204 1 (21)
and obtain
w T wg - ~w?L+l’dL+1w2 if ¢y, is of type +,
L axh wywy T -wlw;L+1’dL“ if ¢y, is of type —,
(5.9) (23)z™ s%*"2(32) =
w1Ws if ¢f, is of type =,
wa if ¢f, is of type 0.

Here the shift of ¢;, = (ar1,...,a5,4,) by 1 in the exponents of (5.8) is reflected in the
definition of N = Np, —dr,1, and we still get ¢;41 = (ar41,1,---,0L41,d;,,) in the exponents
of (5.9) since the shift of ¢z, by 1 does not change how many times a number repeats in the
sequence.

We see from (5.1) that

(32)w; = we for 1< N, <m —2.
For example, when Ny = ¢ — 2, we have
(32)w; = (32)™4(31) = (23)(31) = (23)°1(23)(31) = (23)*"1(21) = wy.

Assume it is not the case that m = 3 and ¢y, is of type —. After conjugating both sides
axb

of (5.9) by x(32), we obtain an expression of s**°. If ¢p, is of type +, — or =, we apply
x(32)w; = zws to the leftmost part of the expression and obtain the desired standard word.
For ¢y, of type 0, the word z(32)w(23)x ™! is standard if N > ¢; otherwise z(32)w(23)x ™1
reduces to the standard word z(23)V22123z7L.

In the case m = 3, the standard word of (23)%%i*1(21) in (5.8) is equal to we = 31 or
wy = 21 since ar; = 1 or 2, and the word wow; is not standard. The sequence ¢y, cannot
be of type 4+ or 0 by Corollary 4.14. If ¢y, is of type =, the expression in the lemma does
not have wow; as a subword (and the argument in the previous paragraph is valid). If ¢,
is of type —, the expression in the lemma is not standard since it has wow; as a subword.
This case will be considered in Lemma, 5.8.

O

5-A. Exceptional cases. In this subsection, we deal with exceptional cases in which the
expressions in Lemmas 5.2 and 5.4 are not standard. These cases are restricted to specific
conditions with m = 3,4 or 5.
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Lemma 5.6 (m = 3; level 1). Assume that the level of [a,b] is 1 and suppose that m = 3,
N1 =2 and ¢y is of type —.
(1) If Ny > 1, then the following expression of s°*? is S(3)-standard:

wy [(wz)a2,1—1w3 .. (wz)a2,d2—1_1w3] (wZ)QZ,dz ’

where wi = 21, wy = 31, ws = 3212 and the expression inside [ | is void if do = 1.
(2) If Ny = 1, then the following expression of s**° is S(3)-standard:
wiws(waws)*> 1~ we (wawz) 8271 -+ we(wawz) s~ wy  for ey of type +,
21321 (w4)% 1~ Hws (wy)43:2 - - - ws(wy) 34323131 for ez of type —,
wyw3w3 for co of type =,
where w1 = 21,we = 31, w3 = 3212, wys = 3231, w5 = 231321, wg = 3132132312 and the

expression inside [ | is void if dg = 1.

Example 5.7. Suppose m = 3 and [a,b] = [17,7]. Then the level of [a,b] is 1. Since
1—77 =2 —I—% <2+ %, we get N1 = 2 and ¢; of type —. One can check ¢; = (3,2,3,2,3,2,2).

axb

By Proposition 4.15 or by definition of s**°, we obtain

5970 =(23)3(21)(23)%(21)(23)3(21)(23)2(21)(23)3(21)(23)2(21)(23)?(21)
=21312131213131 = 21321232 123131 = 21321323123131,

where the underlined subwords are replaced using relations 121 = 212 and 232 = 323.
On the other hand, we have co = (1,1,2), No = 1 and ¢y of type —. It is clear that
c3 = (2). By Lemma 5.6 (2),

s = 21321 (wy)' 23131 = 21321323123131.

Thus we get the same standard word.

Proof of Lemma 5.6. Since
(31)%24(21) = (31)°2:7 13121 = (31)°2713212  for 1 < i < do,
we obtain from (5.4)
s7X0 =(21)(31)%21(21)(31)22 - - (21)(31) 22
:(21)(31)(12’1_1(3212)(31)“2’2_1(3212) -+ (31)%2:42-1(3212) (31) 242
(5.10) =wy (w2) 2wy - - - (wg) 221 Lz (wy) 242,
Suppose Ny > 1. It implies that az; > 1 for all 1 < ¢ < dg, and the expression (5.10) is

standard.
Now suppose No = 1. If ¢9 is of type 4+, we have

eo=(1,2,...,2,1,2,...,2,...,1,2,...,2)
~—— ~—— ~——

a3,1-times a3,2-times as,dg -times
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by Lemma 4.8 (3). We start from (5.10) to see that s%*? is equal to
(21)(31)%2171(3212)(31)%2271(3212) - - - (31)92:42-171(3212)(31)22 1 (31)
=(21)(321231)%1(3212)(321231)%82(3212) - - - (321231)%.43 (31)
=(213212)[(313212)%1~1(3132123212)(313212)%>"1(3132123212) - - - (313212)%45~1](3131)
=(213212)[(313212)%1~1(3132132312)(313212)%2"1(3132132312) - - - (313212)%45~1](3131)
—wiws(wow3z ) L wg (wow3z )32 L - - - wg (waws) 4 T (ws)?,

where the underlines are put to indicate the replacements 232 = 323. The remaining cases
can be proven similarly. O

Recall that we set
z=132)"7° 11 and 2t =1(231)L777).
Now we present the remaining cases in Lemmas 5.8 and 5.9 below. Since the proofs of these
lemmas are similar to that of Lemma 5.6, we omit the proofs.

Lemma 5.8 (m = 3; odd L > 3). Assume that the level L of [a,b] is > 3 and odd. Suppose
m =3, N, =1 and ¢, is of type —.
(1) If Npy1 # 1, the S(3)-standard word of s is equal to

1'31[U3GL+1‘1_1U4 . U3aL+1’dL+l_1_1U4]u3aL+l’dL+l 23$—1’
where ug = 31, uqg = 3212 and the expression inside | ] is void if dp41 = 1.
(2) If Npy1 = 1, the S(3)-standard word of s**° is equal to
13132u5%+21  Hugus +22 - - ugus "L+ +2]ur23271  for epyq of type —,
x3132[ug*t+2 1 usugttt2 - - 'U5]u6aL+2’dL+2_IU723$_1 for ery1 of type +,
3132u7232 1 for er+1 of type =,
where us = 1323, ug = 123132, uy = 123131 and the expression inside || is void if dp 4o = 1.
Lemma 5.9 (m = 3,4,5; even L > 2). Assume that the level L of [a,b] is > 2 and even.
Suppose m = 3,4,5 and N, = m — 2. Let
vy =31, wvg4=3231, wv5=2321 and wvg= 323231.

Then the S(m)-standard word of s**° is given by the following:

form =3, vaHl’l [UngL“’Tl e vngHl’dHl_lp?}x_l if cr, 1s of type —,
042321 if e, is of type =;
zogt i [v4ng+1’271 . U4v;L+l’dL+1_1]23x_1 if er, is of type —,
form =4, rv5232 1 if er, is of type =,
y1213z~1 if e, is of type 0;
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_ -1
zvg T wgug F T to vgngH’dHl 123271 if cr, is of type —,
form =15, 2v5232 7" if e, is of type =,
2212321 if cr, is of type 0.

Here the expression inside [ | is void if dp+q = 1.

Remark 5.10. By Corollary 4.14 (1) the sequences ¢, cannot be of type + in Lemma 5.9.
Moreover, when m = 3, the type of ¢;, cannot be 0 by Corollary 4.14 (2). Thus all the
possible cases are covered.

Example 5.11. (1) Suppose m = 3 and [a,b] = [13,5]. Since ¢; = (3,3,2,3,2) and
¢y = (2,1), we obtain from Proposition 4.15
590 =(23)3(21)(23)3(21)(23)%(21)(23)3(21)(23)2(21)
=(21)2(31)(21)(31) = 12321231 = 13231231,

where we use the relations 121 = 212, 232 = 323 and 22 = e. On the other hand, L = 2,
No=1, py= % and ¢y is of type =. By Lemma 5.9, we have

s = 20,2327 = 13231231,

which is the same standard word.
(2) Let m = 4 and [a, b] = [85,23]. Then

C1 = (474a47 374747374a 4a3747474737474737474737474a 3)7
C2 = (372>2>3727272)7 C3 = (273)7

and Ny =3, Ny = 2,p1 = %,m = % The level L is equal to 2 and the sequence ¢y is of

type —. By Lemma 5.9, we obtain

(5.11) 590 = g3zt = 1(2321)2(3231)(2321)%231.

One can check that the initial word of s9*? indeed reduces to the standard word in (5.11).
5-B. Proof of Theorem 3.3.

Proof. Suppose [a,b] # [c,d]. We will show that s?*° # s¢*¢ by comparing S(m)-standard
words given in Lemmas 5.2, 5.4, 5.6, 5.8 and 5.9.

Let the levels of [a,b] and [c,d] be L and L', respectively. Without loss of generality,
we may assume L < L'. Write g = (%] It is enough to show (231)95%%%(132)9 #
(231)95°¥%(132)9. By Corollary 4.17 (2), an expression of (231)95%%?(132)9 is equal to 5@xb
where [@,b] has level L —2g = 1 or 2. Similarly, (231)95°%%(132)¢ is equal to 54 where
[¢,d] has level L' — 2g. Consequently, we may assume that [a, ] has level L =1 or 2 and
[c,d] has level L' > L, and it is sufficient to prove s**® # s¢*4,

We summarize consequences of Lemmas 5.2, 5.4, 5.6, 5.8 and 5.9 in what follows. Let

[e, f] be an arbitrary positive reduced root of level L".
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o If L” =1, the standard word of s¢*7 starts with one of
(5.12) 2131, 2132, 2321, 2323, 31, 3231, 3232,

as one can see from Lemmas 5.2 and 5.6.
o If I” =2, the standard word of s¢*f starts with one of

(5.13) 12121, 12123, 12321, 13231, 21212, 21213

from Lemmas 5.4 and 5.9. Note that 2131 cannot occur as having ¢y of type 0 and
Ny =1 is impossible by Corollary 4.14 (2). Likewise 12323 cannot occur because
having ¢y of type + and Ny = m — 2 is impossible by Corollary 4.14 (1).

o If I” =2g + 1 > 3, the standard word of s¢*f starts with one of

(5.14) 22323, 231, 23231, 23232

L'’—2

from Lemmas 5.4 and 5.8, where z = (132)L J1. Note that 22321 cannot occur
since having Ny, = 1 and ¢y, of type 0 is impossible by Corollary 4.14 (2).
o If L' = 2g + 2 > 4, the standard word of s¢*f starts with one of

(5.15)  yl1212, 1213, w13, 92121, 32123, 22121, 2123, 22321, 23231,

)2 L' _4

from Lemmas 5.4 and 5.9, where & = (132)L 711 and y=(132)"=z 13.

First assume L < L'. If L = 1, then none of the words in (5.12) appears as a starting
word in (5.13), (5.14) and (5.15). Thus the standard word of s*** must be different from
that of s°*9, and hence 5% # 59, If L = 2 and L' > 4, then none of the words in (5.13)
appears as a starting word in (5.14) and (5.15), and we obtain s%*? # 54 If [, = 2 and
L' = 3, then 13231 is common in (5.13) and (5.14). However, if L = 2, a standard word
of s**b starts with 13231 only when m = 3; now, if L’ = 3 and m = 3, no standard word
actually starts with 13231 by Lemmas 5.4 and 5.8. Thus the standard word s**? is different

cxd cxd

from that s°*¢ in this case, and we have s**b #£ s

Next assume that L = L’ = 1. Let Ni, ¢ and € be defined for [a, b] as in Definition 4.6,
where €, denotes the type of ¢, and use notations N, ¢ and €, for [¢,d]. One can check
that the standard words in Lemmas 5.2 and 5.6 are all different for each m. If m # 3, the

axb cxd

standard words of s**” and s°*® are determined by (N1, €1, ¢2) and (N7, €], c}) respectively
by Lemma 5.2. Since [a,b] # [c,d], we have (N1,e€1,¢2) # (N7, €}, ¢c5) by Lemma 4.9 and
the corresponding standard words are different. Thus s¢*? # 4. If m = 3, the standard
words are determined either by (N1,e€1,¢2) and (N7, €}, ), or by (Ny, €1, No, €2, ¢3) and
(Nj, €y, N5, e, c4). Since [a,b] # [c, d], we have s7*° # s*? by Lemmas 4.9, 5.2 and 5.6.
Finally assume that L = L' = 2. Similarly, as in the case that L = L' = 1, one

can check that the standard words in Lemmas 5.4 (1) and 5.9 are all different for each

axb cxd

m. The standard words of s**” and s“* are determined by (N2, €2, ¢3) and (N3, €, ch)

respectively, and note that Ny = N = m — 1 and ¢; = €} = 4. Since [a,b] # [¢,d], we
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have (Ng,€,¢3) # (N4, €, c4) by Lemma 4.9 and the corresponding standard words are
different. Thus s**? # ¢, This completes the proof. O

6. GROBNER—SHIRSHOV BASIS FOR W (m)

In this section we determine Grébner—Shirshov bases for W (m), which are used in the

previous sections.

6-A. Grobner—Shirshov basis theory. We briefly recall the Grobner—Shirshov basis the-
ory (or Diamond Lemma). See [2, 3, 4, 13, 14] for more details. Let X = {x1,z9, -} be
the set of alphabets and let X* be the free monoid of associative monomials on X. We
denote the empty monomial by e and the length of a monomial u by I(u). Thus we have
l(e) = 0. A well-ordering < on X* is called a monomial order if x < y implies axb < ayb
for all a,b € X*. For two monomials

*
U= Tj Tjy - Tjy, V=TjTjy,--Tj, € X",

define u <geg-lex v if and only if k < [ or k = [ and 4, > j, for the first r such that i, # j,;
it is a monomial order on X* called the degree lexicographic order. We denote the degree
lexicographic order on X* simply by <. In particular, we have x1 > x2 > ....

Let Ax be the free associative algebra generated by X over a field F. Given a nonzero
element p € Ax, we denote by p the maximal monomial appearing in p under the ordering
<. Thus p = ap+ > fyw; with o, 5; € F, w; € X*, a # 0 and w; < p. If a« =1, p is said to
be monic.

Let S be a subset of monic elements of Ay, let J be the two-sided ideal of Ax generated
by S. Then we say that the algebra A = Ax/J is defined by S. The images of p € Ax in
A will also be denoted by p.

Definition 6.1. Given a subset S of monic elements of Ax, a monomial u € X* is said to
be S-standard if u # asb for any s € S and a,b € X*. Otherwise, the monomial u is said to
be S-reducible.

Through inductive steps, every p € Ax can be expressed as

(6.1) p=Y aiaisbi+ > Yk,

where o, v, € F, a;,b;,up, € X*, s; € S, a;8;b; X P, ux X P and uy are S-standard. The
term > yrug in the expression (6.1) is called a standard (or normal) form of p with respect
to the pair S (and with respect to the monomial order <). In general, a standard word is

not unique. Nonetheless, it is clear that the set of S-standard monomials linearly spans the
algebra A defined by S.

Definition 6.2. A subset S of monic elements of Ax is a Grobner—Shirshov basis if the set
of S-standard monomials forms a linear basis of the algebra A defined by S.
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Let p and g be monic elements of Ax with leading terms p and §. We define the compo-
sition of p and q as follows.

Definition 6.3. (a) If there exist a and b in X* such that pa = bg = w with I(p) > I(b),
then the composition of intersection is defined to be (p, q)w = pa — bg.

(b) If there exist a and b in X* such that b # e, p = agb = w, then the composition of
inclusion is defined to be (p, q)w = p — agb.

For p,q € Ax and w € X*, we define a congruence relation on Ax as follows: p = ¢
mod (S;w) if and only if p — ¢ = > aja;s;b;, where o; € F, a;,b; € X*, s; € S, and
a;S;b; < w.

Definition 6.4. A subset S of monic elements in Ax is said to be closed under composition

if (p,q)w = 0 mod (S;w) for all p,q € S, w € X* whenever the composition (p,q), is
defined.

The following is Shirshov’s Composition Lemma.

Lemma 6.5 ([3]). Let S be a subset of monic elements of Ax, and let A = Ax/J be the
associative algebra defined by S. Assume that S is closed under composition. If the image

of p € Ax is trivial in A, then the word p is S-reducible.
As a consequence, we obtain:

Theorem 6.6 ([2, 3]). Let .7 be a subset of monic elements in Ax. Then the following
are equivalent :

(a) & is a Grobner—Shirshov basis;
(b) 7 is closed under composition;
(¢) For each p € Ax, the standard word of p is unique.

6-B. Coxeter groups. Consider a Coxeter group

W == <317827 ceySpt 8% == 5727, =€, (Si5j>mij =€ (Z 7é .])>7
where m;; € {2,3,4,...} U{oo}. Let X = {s1,s2,...,5,}. Then X* has the degree lexico-
graphic order < defined in the previous subsection. In particular, we have
S1 7~ 82 > -+ > Sp.

Let S be the set of relations:
2

s; —e fori=1,2,...,n,
(SiSj)mij/z _ (sjsi)""”'j/2 if s; > s; and my; is even,
(SiSj)Lmij/2J S; — (SjSi)Lm”/2J S5 if s; =~ Sj and M is odd.

As in the previous subsection, let J be the ideal of Ax generated by S, and A = Ax/J be
the algebra defined by S. Then A is nothing but the group algebra F[W] of .
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If S is not a Grobner—Shirshov basis, we extend S by putting all nontrivial compositions
into S, and denote the resulting set of relations by S(). If it is a Grobner—Shirshov basis, we
stop; otherwise, we extend S™) in the same way to obtain S and continue the process. If
this process terminates at S®Y) for some N, we obtain a Grébner—Shirshov basis .77 := (V)
for A = F[W]. By abusing language, we also call . a Grobner—Shirshov basis for W.

It follows from the construction that every element in . is of the form u — v with
u,v € X*, and the identity u = v is valid in the group W. Consequently, an element in
w € W can be written uniquely into an .-standard monomial using the identities © = v in

W foru—ve.”.

6-C. The groups W (m). In this subsection, for each m > 3, we will compute a Grobner—
Shirshov basis for W (m). We need to separate two cases according to the parity of m. In
the proofs, we simply write u = v for u = v mod (5’;w) where S’ and w are clear from the
context.

(i) Assume that m = 2k — 1, k > 2. Let X = {s1,9,s3}. The set S of the defining
relations are given by

(6.2) 52 —e,
(6.3) 53 —e,
(6.4) 52 —e,
(6.5) (5152)¥ sy — (s951)F sy,
(6.6) (s953)F Lsg — (s352)% Lss.

Proposition 6.7. Let m = 2k — 1 for k > 2. The set S of defining relations (6.2)-(6.6) is
a Grébner—Shirshov basis % for W(m). That is, we have . = S in this case.

Proof. There are no possible compositions among (6.2), (6.3) and (6.4). The composition
of (6.2) and (6.5) is

(6.2) X 32(3132)k_231 — 81 X (6.5) = 81(8281)k_182 — 82(8182)k_2

k—

S1

)k—l

= (s152)" 5152 — sa(s152)" %81 = (s251)" a5y — (s251)F 7 =0,

where we used (6.5) and (6.3). The composition of (6.5) and (6.2) is
(6.5) x s1 — (slsg)k_l x (6.2) = —(szsl)k + (8182)k_1 = —82(5251)k_182 + (slsg)k_l
= —(8182)]{71 + (Slsg)kfl =0,

where we used (6.5) and (6.3). Similarly, the composition of (6.3) and (6.6) and that of
(6.6) and (6.3) are all trivial.
The compositions between (6.5) and (6.5) are

(65) X 82(8182)6_181 — (Slsg)z X (65) = —(Sgsl)k_18282(8182)£_181 + (Sng)g(SQSl)k_lSQ

= _(8281)]@7681 + (8281)’9767182 =0
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for 1 < ¢ <k — 1. Similarly, the compositions between (6.6) and (6.6) are trivial.
There is no more possible composition. Thus the set of defining relations (6.2)-(6.6) is
closed under composition, and it is a Grobner—Shirshov basis by Theorem 6.6. O

(ii) Assume that m = 2k, k > 2. Let X = {s1, s2,s3}. The set S of the defining relations
are given by

(6.7) st —e,
(6.8) 55— ¢,
(6.9) 53— ¢,
(6.10) (s152)F — (s251)",
(6.11) (s283)" — (s352)".

Proposition 6.8. Let m = 2k for k > 2. A Grébner—Shirshov basis .7 for W(m) is given
by the set consisting of defining relations (6.7)-(6.11) and one additional relation

(6.12) (s152)F Ls1(s352)" — (s251)"s3(s083)" 1.
Proof. There are no non-trivial compositions among (6.7), (6.8) and (6.9). The composition
of (6.7) and (6.10) is
(6.7) x 32(3132)’“*1 — 51 % (6.10) = 81(8281)k — 52(3132)’“*1 = (slsg)ksl — 32(3132)1“1
= (szsl)ksl — 82(8182)k_1 =0,
where we used (6.10) and (6.7). The composition of (6.10) and (6.8) is

(6.10) x sg — (8132)/!‘C s1 X (6.8) = (8281)k82 + (5152)’“’151 = —sz(slsg)k + (5152)’“151

= —32(3231)k + (3132)k_181 =0,

where we used (6.10) and (6.8). Similarly, the composition of (6.8) and (6.11) and that of
(6.11) and (6.9) are all trivial.
The composition between (6.10) and (6.11) is

(6.10) X S3(8283>k71 — (8182)k7181 X (6.11) = (8182)]67181(8382)1C — (8281)]683(8283)]671.

Thus we have obtained a new relation

(5182)k_181(8382)k - (8251)kS:')(Sz«Sa)k_1

which is the relation (6.12).
The composition between (6.7) and (6.12) is

)

k-1 k

— 82(8182)k_281(8382)
k

(6.7) X 82(8182)k_281(8382)k — 81 X (6.12) = 81(8281)k83(8283)

k_1(8382)k = (8281)k8153(8283)k_1 - (Sgsl)k_1(8382)

— (s251)F 1 (s382)F = 0,

= (8182)k8183(8283)k_1 — (8281)

= (s951)" " (s253)"
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where we use (6.10), (6.7) and (6.11). The composition between (6.12) and (6.8) is

(6.12) X 89 — (Slsg)k_181(8382)k S3 X (6 8)

k-1

— (5251)"s3(5953)" L5 + (s152)F L1 (s350)" Ls3

L1 (s382)" 4 (5152)" L1 (s352)" a3

=— 32(3231)k33(3233)k_1 + (slsg)k_131(3332)k_133

k-1

= — 59(5159)"

= — (5152)" 1s153(5283)" 1 4 (5182)" 151 (83802)" sz = 0,

where we use (6.12) and (6.8).
The compositions between (6.10) and (6.12) are, for 1 < /¢ <k —1,

(6.10) x (s152)  Ls1(s352)% — (s182)¢ x (6.12)

— (5251)"(s152) L1 (s352)" + (s152) (5251)" s3(5253)" !

— (5251)" sy (s352)F + (s251)" Csz(s283) !

— (s251)F (s953)% 59 + (5951)" “(5350)% L83

(3231)k K(s;;sz) S9 + (szsl)k_g(s;;sQ)k_ls;; =0,

where we use (6.11). The compositions between (6.12) and (6.11) are, for 1 < ¢ < k,
(6.12) x (s352) Ls3 — (s152)F Ls1s3(s253) 71 x (6.11)

=(s152)" 's153(5253) ! (s352)F — (s251)Fs3(5283)F T (s352) s
=(8182)k 18183(8332)k_£+1 - (8281)k83(3233)k_£33
=(s5152)" " s1(s253)" “sp — (s251)" (s352)" "
=(s152)" (s352)" " = (s251)"(s352)F* =0,

where we use (6.10).
There is no more possible composition. Thus the set consisting of relations (6.7)-(6.12)
is closed under composition, and it is a Grébner—Shirshov basis by Theorem 6.6. O
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