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Abstract

We construct a new efficient algorithm for finding Grobner—Shirshov bases for noncommutative algebras
and their representations. This algorithm uses the Macaulay matrix [F.S. Macaulay, On some formula in
elimination, Proc. London Math. Soc. 33 (1) (1902) 3-27], and can be viewed as a representation theo-
retic analogue of the Fy algorithm developed by J.C. Faugeére. We work out some examples of universal
enveloping algebras of Lie algebras and of their representations to illustrate the algorithm.
© 2007 Elsevier Inc. All rights reserved.
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Introduction

The Grobner basis theory introduced by Buchberger provides an effective algorithm for solv-
ing the reduction problem for commutative algebras [7]. In [1], Bergman generalized this to the
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Diamond Lemma for associative algebras. On the other hand, in [15], Shirshov independently
established an equivalent theory for Lie algebras by proving the Composition Lemma, and in [2],
Bokut applied this method to associative algebras. Since then, the Grobner—Shirshov basis theory
has been a useful tool for understanding the structure of associative algebras and their represen-
tations.

For finite-dimensional simple Lie algebras, the Grobner—Shirshov bases were completely
determined by Bokut and Klein [4-6]. For classical Lie superalgebras and their universal en-
veloping algebras, Bokut, Kang, Lee and Malcolmson developed the corresponding theory and
gave an explicit construction of Grobner—Shirshov bases [3].

The Grobner—Shirshov basis theory for representations of associative algebras was developed
in [9], where the notion of the Grobner-Shirshov pair was introduced. More precisely, let Ay
be the free associative algebra generated by a set X over a field. Suppose that (S, T') is a pair of
subsets of Ay, I is the two-sided ideal of Ax generated by S, and J is the left ideal of the algebra
A = Ay /I generated by (the image of) 7. Then the left A-module M = A/J is said to be defined
by the pair (S, T), and the pair (S, T) is called a Grobner—Shirshov pair for M if the set of (S, T)-
standard monomials forms a linear basis of M, or equivalently, if it is closed under composition.
In [9], Kang and Lee proved a generalized version of Shirshov’s Composition Lemma for a
Grobner—Shirshov pair (S, 7). A Grobner—Shirshov pair yields an explicit monomial basis of
the left A-module. The monomial basis is useful in many respects; for example, one can easily
compute the weight of each element in the basis. Moreover, one can give a colored oriented graph
structure on the monomial basis, which is called the Grobner—Shirshov graph.

The Grobner—Shirshov basis theory for representations of associative algebras is quite gen-
eral, and can be applied to the representation theory of various interesting algebras including
finite-dimensional simple Lie (super)algebras, Kac—-Moody (super)algebras and (affine) Hecke
algebras. The Grobner—Shirshov basis theory was successfully applied to the representation the-
ory of Hecke algebras (of A-type) and Ariki—Koike algebras in [11] and [12], respectively.

A new efficient algorithm, called the F4 algorithm, for computing Grobner bases in commu-
tative algebras was introduced by Faugere [8]. The core step in the Fy4 algorithm is the reduction
process by performing the elementary row operations on the Macaulay matrix. In this paper, we
construct an analogue of the Fy algorithm for noncommutative algebras and their representa-
tions. The main idea is essentially the same as in the commutative case. However, in our setting,
we need to deal with a mixture of reduction procedures on two-sided ideals and on one-sided
ideals. To illustrate the algorithm, we work out some examples of universal enveloping algebras
and of their representations.

This paper consists of three sections. In the first section, we present a summary of the
Grobner—Shirshov basis theory for noncommutative algebras and their representations developed
in [9,10]. In the next section, we describe an analogue of the Fy algorithms for noncommutative
algebras and for their representations, respectively, and we prove the validity of the algorithms.
In the last section, we give illustrations for finding Grébner—Shirshov bases in the cases of
universal enveloping algebras of Lie algebras and their representations. The examples on the
finite-dimensional simple Lie algebras of type Ay and G, are given. Another explicit calculation
of Grobner—Shirshov pairs for irreducible B-modules has been done in [13].

1. Grobner-Shirshov basis theory

Let X be a set and X* be the free monoid of associative monomials on X. We denote the
empty monomial by 1 and the length of a monomial u by /(). Thus we have I(1) = 0.
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Definition 1.1. A well-ordering < on X* is called a monomial order if x < y implies axb < ayb
foralla,b e X*.

Fix a monomial order < on X* and let Ax be the free associative algebra generated by X over
a field F. Given a nonzero element p € Ay, we denote by p the maximal monomial (called the
leading monomial) appearing in p under the ordering <. Thus p =ap+)_ Biw; withe, B; € T,
w; € X*, o #0and w; < p. The « is called the leading coefficient of p and is denoted by lc(p).
Iflc(p) =1, p is said to be monic.

Let (S, T) be a pair of subsets of monic elements in Ay, let I be the two-sided ideal of Ay
generated by S, and let J be the left ideal of the algebra A = Ay /I generated by (the image of) T'.
Then we say that the algebra A = Ay /I is defined by S and that the left A-module M = A/J is
defined by the pair (S, T). The images of p € Ay in A and in M under the canonical quotient
map will also be denoted by p.

Definition 1.2.

(a) Given a subset S of monic elements in Ax, a monomial u € X* is said to be S-standard if
u # asb for any s € S and a, b € X*. Otherwise, the monomial u is said to be S-reducible.

(b) Given a pair (S, T) of subsets of monic elements in Ay, a monomial u € X* is said to be
(8, T)-standard if u # asb and u # ct forany s € S, t € T and a, b, c € X*. Otherwise, the
monomial u is said to be (S, T)-reducible.

Lemma 1.3. (See [9,10].)

(a) Given a subset S of monic elements in Ay, every p € Ax can be expressed as

p:Z(xiaisib,- +Zykuk, (1.1)

where a;, yx € F, a;, bi,u; € X*, s; €S, a;5;b; < p, ux < p and uy, are S-standard.
(b) Given a pair (S, T) of subsets of monic elements in Ay, every p € Ax can be expressed as

p:Zaiaisibi+Z,3jcjtj+2ykuk, (1.2)

where a;, Bj, vk €F, a;, bi,cj,ur € X*, 5, €8S, t; €T, a;5;b; X P, cjtj < P, ux < p and uy
are (S, T)-standard.

Remark 1.4. The proof of the above lemma actually gives us an algorithm of writing an element
p of Ay in the form (1.1) and (1.2). Thus it may be considered as a division algorithm.

The term ) yxuy in the expressions (1.1) and (1.2) is called a normal form (or a remainder)
of p with respect to the subset S and the pair (S, T), respectively. Note that it depends on the
monomial order <. In general, a normal form is not unique.

As an immediate corollary of Lemma 1.3, we obtain:

Proposition 1.5. (See [9,10].) Consider the algebra A = Ax/I defined by S and the left
A-module M = A/ J defined by the pair (S, T), and view them as F-vector spaces. Then,
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(a) the set of S-standard monomials spans A.
(b) The set of (S, T)-standard monomials spans M = A/ J.

Definition 1.6.

(a) A subset S of monic elements in Ay is a Grobner—Shirshov basis if the set of S-standard
monomials forms a linear basis of the algebra A = Ay /I defined by the subset S. In this
case, we say that S is a Grobner-Shirshov basis for the algebra A = Ay /I defined by S.

(b) A pair (S, T) of subsets of monic elements in Ay is a Grobner—Shirshov pair if the set of
(S, T)-standard monomials forms a linear basis of the left A-module M = A/J defined by
the pair (S, 7). In this case, we say that (S, T) is a Grobner—Shirshov pair for the module
M defined by (S, T).

Let p and ¢ be monic elements of Ay with leading monomials p and g. We define the
composition of p and g as follows.

Definition 1.7.

(a) If there exist @ and b in X™* such that pa = bg = w with [(p) > [(b), then the composition
of intersection is defined to be (p, q)y = pa — bq. Furthermore, if a = 1, the composition
(p, q)w is called right-justified.

(b) If there exist a and b in X* such that a # 1, apb = g = w, then the composition of inclusion
is defined to be (p, ¢)a.r =apb —gq.

Remark 1.8.

(1) In contrast to the commutative case, the role of a, b is important since there can be different
choices of overlaps for given p and g.

(2) We do not consider a composition of the type (p,q)qap = p —aqb with b # 1, p = agb.
This becomes critical when we consider the notion of closedness under composition for a
pair (S, T).

(3) Given p, g and w = apb = g, denoting the composition of inclusion by the notation (p, q)y
is ambiguous. For example, if p = xp+x3 and g = x1x§x3, then (p, g), may be x| px2x3 —q
or x1x2 px3 — q. So the monomials a and b must be specified.

Let p,qg € Ax and w € X*. We define the congruence relation on Ax as follows: p =
gmod (S, T;w)ifandonlyif p—g =) wa;s;bj+)_ Bjcjtj, wherea;, B € F,a;,bi,cj € X*,
si€S,tjeT,a;sib; <w, and cjﬁ < w. When T =@, we simply write p = ¢ mod (S; w).

Definition 1.9.

(a) A subset S of monic elements in Ay is said to be closed under composition if
(1) (p,q)w=0mod (S; w) and (p, q)ap =0mod (S; w) forall p,q € S, a,b € X* when-
ever the compositions (p, g)y, and (p, q)q.p» are defined.
(b) A pair (S, T) of subsets of monic elements in Ay is said to be closed under composition if
the subset S satisfies the condition (i) and
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(i) (p,q)w =0mod (S, T; w) for all p,g € T, w € X* whenever the right-justified com-
position (p, q)y, is defined,

(iii) (p,q)w =0 mod (S,T; w) and (p,q)ap =0 mod (S, T;w) forall pe S, qeT,
a, b € X* whenever the compositions (p, ¢)w and (p, q)4.» are defined.

The following theorem is the main result of [9,10], which is a generalization of Shirshov’s
Composition Lemma (for Lie algebras and associative algebras) to the representations of asso-
ciative algebras.

Theorem 1.10. (See [9].) Let (S, T) be a pair of subsets of monic elements in the free associative
algebra Ax generated by X, let A = Ax/I be the associative algebra defined by S, and let
M = A/J be the left A-module defined by (S, T).

(a) If S is closed under composition and the image of p € Ay is trivial in A, then the word p is
S-reducible.

(b) If (S, T) is closed under composition and the image of p € Ay is trivial in M, then the word
p is (S, T)-reducible.

As a corollary, we obtain:
Proposition 1.11. (See [10].)

(a) Let S be a subset of monic elements in Ax. Then the following conditions are equivalent:
(1) S is a Grobner-Shirshov basis.
@ii) S is closed under composition.
(iii) For each p € Ay, the normal form of p with respect to S is unique.
(b) Let (S, T) be a pair of subsets of monic elements in Ax. Then the following conditions are
equivalent:
(1) (S, T) is a Grobner-Shirshov pair.
(i) (S, T) is closed under composition.
(iii) For each p € Ay, the normal form of p with respect to (S, T) is unique.

The part (ii) of (a) and (b) in Proposition 1.11 gives an analogue of Buchberger’s algorithm
as we describe in the following. Suppose that (S, T') is a pair of subsets of monic elements in
Ax, A = Ax/I is the associative algebra defined by S, and M = A/J is the left A-module
defined by (S, T'). We will show how one can enlarge the pair (S, T) to get a Grobner—Shirshov
pair for the A-module M. This can be considered as an analogue of Buchberger’s algorithm.
However, in general, there is no guarantee that this process will terminate in a finite number of
steps. Nevertheless, such an algorithm works in many interesting cases.

For any subset R of Ay, we define

R= {p/a | a € F is the leading coefficient of p € R}.
Let S =85 =75, Fori >0, set

Siy=1{(f,©)w#0, (f,8ap#0mod (SV;w) | f,ge 5V},
s+ = g® U§(,’).
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Then, clearly, the set S = Ui>0 §@ is closed under composition. Note that the algebra A is
defined alsoby S.
Let 7O =T =T.Fori >0, set

Ty ={(f, 9w Z0mod (8, T w) | £, 6 € TV, (f, g)w is right-justified},
70D =10y 7:(1').

Then the set 7¢ = Ui>0 T@ is closed under the right-justified composition with respect to S.
We now consider the compositions between S and T¢. Let X ©) = T7¢. Fori >0, set

X(t) = {(f1 g)w ;éo, (f9g)a,b ;—éomOd (S’X(l)’ U)) | f681 8 € X(l)}»
XD — (X(i) U X\(i))c.

Let 7 =U;> X® _ Then the A-module M is defined also by the new pair (S, 7), and (S, 7) is
a Grobner—Shirshov pair of M by construction.

2. Description of a new algorithm

In [8], J.C. Faugere introduced the Fy algorithm, a new efficient algorithm for computing
Grobner bases in the commutative case. We construct an analogue of the Fy algorithm for non-
commutative algebras and their representations. The basic steps in the Fj algorithm are the
setting of reduction data, the reduction process by the elementary row operations and the ad-
junction of nontrivial compositions. We begin with some notations and definitions.

Let X be a finite set. We fix a monomial order < on X*. For a subset F of Ay, we define
F={f|feF)and M(F) = UfGFM(f), where M(f) C X* is the set of all monomials
appearing in f. We denote by Id(F) the two-sided ideal of Ay generated by F. For given monic
subsets S, T, T’ of Ay, the left ideal of Ay generated by T is denoted by Ld(T), and we denote
by Ld(T) = Ld(T’) if they are equal mod Id(S), i.e., if they are equal in A = Ay /Id(S).

Definition 2.1. Consider noncommutative polynomials f, p,q € Ax with p,q # 0 and a pair
(P, Q) of subsets of Ax.

(a) We say that f reduces to g mod p, and denote it by f —> g, if there exist m € M (f) and

s,s' € X* such that sps’=m and g = f — lc(p) sps’ where ¢ 18 the coefficient of m in f.
f is reducible mod p if there exists g € Ay such that f —> g, and in particular, f is top-
p

reducible mod p if there exists g € Ay such that f —> g and § < f. We say that f reduces
p
to g mod P, denoted by f —> g, if there exist sequences pi,...,p, € Pand g1,...,8, =

g € Ax such that f — g —> -—> g. f is reducible mod P if there exist sequences
pi P2 Pn

Pl,---,pn € Pand gy,..., g, € Ax such that f —> g; —> --- —> g,;, and in particular, f
pi P2 Pn

is top-reducible mod P if there exist sequences pi,...,pn € P and g1,...,8n € Ax such

that f — gy —> ---—> g, and g, < f.
pi P2 Pn
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(b) We say that f reduces to g mod (p, q), denoted by f (—>)g, if there exist m,m’ € M(f)
P-4

and s, s’,s” € X* suchthat sps’ =m, s"g=m’'and g = f — %sps’ — lg(iq/)s”q where ¢,
and c,, are the coefficients of m and m’ in f, respectively.

The following are similarly defined: f is reducible mod (p, q), f is top-reducible mod (p, q),
f reduces to g mod (P, Q), f is reducible mod (P, Q), and f is top-reducible mod (P, Q).

Let A = (a;;) be an s x n matrix over the field F and M4 = (m1, ..., m,) be an ordered set
of distinct monomials. We define Rows(A, M4) to be {Z;f:l ajjmj|i=1,...,s}\ {0}, the set
of polynomials given by (A, My).

Conversely, for a set F of polynomials in Ay, we make M (F) an ordered set using the given
monomial order. Then we obtain the |F| x |M (F)| matrix A, so-called the Macaulay matrix
of F [14], whose (i, j)-entry is the coefficient of jth monomial in the /th polynomial. The matrix
A denotes the unique reduced row echelon form of A, and we call the set F= Rows(Afr, M(F))
the reduced row echelon form of F.

Let (S, T) be a pair of finite subsets of monic elements in Ay.

Definition 2.2. We define the composition pairs of several types as follows.

(a) Comp'(p,q;w):= (pa,bq)forall p,q €S, w € X* whenever the composition of intersec-
tion (p, q)w = pa — bq is defined.

(b) Comp*(p,q;a,b) = (apb,q) forall p,q € S, a, b € X* whenever the composition of in-
clusion (p, q)q,b = apb — g is defined.

Comp'(p, q; —) (i =1,2) are called the composition pairs from S. The set of all composition
pairs from S is denoted by Z(S).

(c) Comp®(p,q;w) = (p,bq) forall p,q € T, w € X* whenever the right-justified composi-
tion (p, q)w = p — bq is defined.

(d) Comp*(p, q;w) := (pa,bg) for all p € S, g € T, w € X* whenever the composition of
intersection (p, g), = pa — bq is defined.

(e) CompS(p, q;a,b):=(apb,q) forall pe S,q €T, a,b e X* whenever the composition of
inclusion (p, q)q.» = apb — q is defined.

Comp' (p,q; —) (i =3,4,5) are called the composition pairs from (S, T). The set of all com-
position pairs from (S, T') is denoted by (S, T).

Definition 2.3.
(a) The set of all composition data from S is defined by

2(S) ={f € Ax | there exists g € Ay such that (f, g) € Z(S) or (g, f) € Z(5)}.
(b) The set of all composition data from (S, T) is defined by

(S, T):{feAx | there exists g € Ay such that (f, g) € Z(S,T) or (g, f) e Z(S, T)}.
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2.1. A linear algebraic algorithm for computing Grobner—Shirshov bases for noncommutative
algebras

Let us describe an analogue of the F4 algorithm for Grobner—Shirshov bases for noncommu-
tative algebras. '

Let S© = §. Assume, inductively, that the set S of monic polynomials is given for i > 0.
We set

D,’Z@(S(i)), and P,=D;\Di—1 (D_1=0).

Let a; = min{deg f | f € P;} and b; = max{deg f | f € P;}, and let P;(d) C P; be the subset
consisting of elements of degree d, a; < d < b;. Define F;(d) to perform the reduction process,
and one obtains E\(?d/)*‘, the set of nontrivial compositions, for each d inductively from a; to b;,
as described in the following:

Let P;(a;)® = P;(a;), and assume, inductively on k, that P;(a;)® is given for k > 0. Note
that the monomials in P; are reducible mod S®. For each m € M (P; (a;)®) \ P;(a;)® which is
reducible mod S, choose a polynomial f € S%) and m’, m” € X* such that m = m’ fm”. Set
P; (ai)(kH) to be the set of all such m’ fm”, and define the set of all reduction data of degree a;
to be

Fi(a) = Pita)®.

k>0

Then perform the elementary row operation, the core step in the Fy4 algorithm, to obtain Fj(a;).
Define

Fitant ={f e Fita) | F ¢ Fi@an}.

The case for a¢; < d < b; can be treated in a similar way. Let P; (d)© = P;(d), and assume,
inductively on k, that P; (d )(k) is given for k > 0. For each

d—1

meM(P(d)®)\ P@®  whichis reducible mod 5 U | F(j)™,

J=ai

choose a polynomial f € @ U U‘;;éi lf*fi\(_j/)+ and m’,m” € X* such that m = m’ fm”. Set
P;(d)**D to be the set of all such m’ fm”, and define

Fitd)y=J Pi@)®.

k>0
After calculating the reduced row echelon form I% of F;(d), define

F@"={feF@|Tf¢F@d}.
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Now write F; = J,_,. Fi(d), Fi =,_,, Fi(d)and Ft= d=a; Fi (d)™. Finally, putting
SU+D — 50 | Fit

completes the ith step. After iterating this process, one obtains S = Ui>0 SO,
In the rest of this subsection, we will prove that the set S is a Grobner—Shirshov basis for the
noncommutative algebra A. We use the same notations as above.

Remark 2.4. For the purpose of illustrations in the next section, we use the degree-lexicographic
order <. For each fixed degree d from a; to b;, note that F;(d) is a finite set because the number
of monomials less than a fixed monomial is finite.

Proposition 2.5. For any set S, we define Vs to be the vector space spanned by S. For any subset
F; C F; suchthat |F; | = |F;| and Fo = F;, the set G; = FU I‘A*“J,-Jr is a triangular basis of VF,.
That is, for any f € VE,, there exist Ay’s in F and gi’s in G; such that f =) Agk, &1 = f and
8k > 8k+1-

Remark 2.6. Note that, in order to have a subset F;, we select only one polynomial from each
set of polynomials in F; with the same leading monomial.

Proof. Let fi_ = fl \ F,-*. We know Vi, = Vi by the properties of elementary row operations,
and clearly Vg, € Vi, = Vi . Since G; consists of polynomials with pairwise distinct leading

monomials and F; = Fi— U Fi+ = EUE:G_,-, we have dim Vi = \Fi| = |G| =dim Vg, .
Hence Vi, = Vi =Vg,. O

Lemma 2.7. For all h € Fit, we have h ¢ 1d(S©). So F+ = {f € F; | f is not top-reducible
mod S®}.

Proof. Suppose that there exists h € F;t satisfying 7 € Id(S®). Then i = mgm’ for some
g€ SD and m,m’ € X*. Since h is in M(F/t) € M(F;) = M(F;) and is reducible mod g,
one gets mgm’ € F; (or another polynomial with the same leading monomial is in F;) by the
definition of F;. But this is a contradiction to & ¢ Fi. O

Lemma 2.8.

(a) Foreachi >0, f,-* is a finite subset of'Id(SN(")).
(b) Forall f € Vp, f reducesto0mod S U Fi*.

Proof. Since the algorithm starts with a finite set S, the sets P;, F;, fl and 17,"|r are also finite.
Clearly, P; C Id(SD), F; C 1d(S) and F; C 1d(S™). This proves part (a). Also F;~ satisfying
the condition of Proposition 2.5 is a subset of 1d(SD). Since G; = F U F{" is a basis of Vp,
and Vp, is a subspace of Vf,, we have proved (b). O

Using Lemma 2.8, we can prove that our algorithm yields a Grobner—Shirshov basis S for the
noncommutative algebra A.
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Theorem 2.9. The algorithm of this subsection computes a Grobner-Shirshov basis S in Ay
such that S C S and 1d(S) = 1d(S).

Proof. We have S = Ui>0 s =5uU Ui>0 Eit. By Lemma 2.8(a), each S is a finite subset
of Ay such that S € §® C 1d(S). For all p,q € S @ for which the compositions are defined,
(p,q)w and (p,q)q,p are in Vp, = @ljzo ij. Hence by Lemma 2.8(b), (p, ¢)w and (p, q)a.b
reduce to 0 mod SU*+D . It follows that the set S is closed under composition, and by Proposi-
tion 1.11, S is a Grobner—Shirshov basis for the algebra A. O

2.2. A linear algebraic algorithm for computing Grobner—Shirshov pairs for representations of
noncommutative algebras

Now let us describe an analogue of the Fy algorithm for a Grobner—Shirshov pair for the
A-module M. The algorithm for the left-ideal part T (i > 0) is essentially the same as the
algebra part except for some necessary modifications.

Assume that S has been obtained for each i by the algorithm described in the previous
subsection. Let 7 = T'. Inductively, assume that we are given the set 7*) of monic polynomials
(i =2 0). Set

D;=2(S“tV, 1D), and P;=D;\Di_1 (D_i=9).
Let a; = min{deg f | f € P;} and b; = max{deg f | f € P;}. Let P;(d) € P; be the subset
consisting of elements of degree d, a; < d < b;. Define the sets F;(d) and F;(d)™ for each d
inductively from a; to b; as follows:

Let Pi(d)© = P;(d), and assume, inductively on k, that P; (d)® is given for k > 0. For
each m € M(P;(d)®) \ Pi(d)® which is reducible mod (ST+1, 7® U (JIZ} Fi(j)*) (mod
(SUHD 7@ if d = a;), choose f € SV and m’, m” € X* such that m = m’ fm”, or choose
feThuU U?;i,- F()t (feTYDifd =a;) and m’ € X* such that m =m’f.

Set P;(d)**D to be the set of all such m’ fm” or m’ f, and define

Fd) =] P@®.
k>0

Define
F@*={feF@|T¢FE@).

where I% is the reduced row echelon form of F;(d).
As in the algebra case, we write

b,‘ bi bi
F=JFR@, F=JR@ ad F=JR@"
d=a; d=a; d=a;
Finally, putting
TE+D — 70 F,'+.

completes the ith step. After repeating this process, we define 7 = Ui>0 T®,
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In the rest of this subsection, we will prove that the pair (S, 7) is a Grobner—Shirshov pair
for the A-module M. We use the same notations as above.

Remark 2.10. Note that F;(d) is a finite set and Proposition 2.5 holds, as in the algebra case.

Lemma 2.11. For all h € F;it, we have h ¢ Id(SG+D) U LA(T®). So Fit = {f € F; | f is not
top-reducible mod (S¢D 7)),

Proof. By Lemma 2.7, /i ¢ Id(SG+D). Suppose that there exists i € Fy™ satisfying /1 € Ld(T®).
Then h =mg for some g € T% and m € X*. Since A is in M(F+) C M(F) = M(F;) and is
reducible mod g, one gets mg € F; (or another polynomial with the same leading monomial is
in F;) by the definition of F;. A contradictionto & ¢ F;. O

Lemma 2.12.

(a) F;t is a finite subset of 1d(S“t1) U Ld(T ®). ~
(b) Forall f € Vp, f reduces to 0 mod (SU*+D T U F).

Proof. Since the algorithm starts with finite sets S and 7, the sets P;, Fj, I?, and~1?i+
are also finite. Clearly, P; C Id(SYtV) U Ld(T®), F; c 1d(S'+V) U Ld(TD) and F, C
1d(SUTDy U Ld(T™). Hence F, satisfying the condition of Proposition 2.5 is a subset of

1d(SUtDy U Ld(TD). Since G; = F, U F;t is a basis of Vg, and Vp, is a subspace of Vg,
part (b) follows. O

Using this Lemma 2.12, we can prove that our algorithm gives a Grobner—Shirshov pair
(S, 7) of the A-module M.

Theorem 2.13. The algorithm of this subsection computes a Grébner—Shirshov pair (S, T) such
that SCS, T C 7T, 1d(S)=1d(S) in Ax and Ld(T) =Ld(T) in A = Ax /1d(S).

Proof. We have 7 = J;5o T =T U ;5 F;". By Lemma 2.12(a), each T is a finite sub-
set of Ax such that T € T € 1d(S) U Ld(T). For all p € SV, ¢,4" € T for which the
compositions are defined, (¢, ¢ )w, (p,q)w and (p,q)ap are in Vp, = @lj:o Vp;. Hence by
Lemma 2.12(b), they reduce to 0 mod (D 7G+Dy 1t follows that the pair (S, 7T) is closed
under composition. O

3. Examples

In this section, we give some examples to show how our algorithms work. The base field is
fixed to be the complex field C, and the degree-lexicographic order < is used throughout this
section. We keep all the notional conventions in the previous sections. Note that Z(S) consists
of all the components pa, bq, apb, ¢ in each composition pair of types Comp'(p, ¢; w) and
Comp*(p, q; a,b), and that Z(S, T) consists of all the components p, bq, pa, bq, apb, q in
each composition pair of types Comp®(p, q; w), Comp*(p, g;: w) and Comp’(p, q; a, b).
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3.1. Lie algebra sl3

Recall that the special linear Lie algebra sl3 is the Kac—Moody algebra associated with the
Cartan matrix (_21 _21 ) Hence the algebra U_ is the associative algebra defined by the set S =
{lLA2A)f1], Lf2Lf2f111} of the Serre relations in Ax, where X = {1, f2} and [xy] =xy — yx.
We define f; < f>.

Let SO =S ={p:=f7 fi —=2/2f1fo+ f1 /3. q:= fof} —2f1.f2/1 + [} ). The possible
composition pair from S© is Comp'(p, ¢; f22f12) = (pf1, f2q), which yields

Po@ ={fFfE—-2hfLh+ AEN BE-20000+ AR}

Note that each polynomial is homogeneous of degree 4.
Since fi f5 fi = fiP and f2f{ f» =g f2, we have

Po@ ={fip,apy =i —2Ahfif+ L bt —2h0AR+ R 7).

None of the monomials in M (Py(4))\ Py(4)(D are reducible mod S . From Fy(4) = Py(4) U
Po(4) D, we get

1 =201 0 0 1 200 2 -1
1 =210 0 0 —— (o 0o 1 0 —2 1
ARO=19 o 01 —2 1| ™ AR@=|y o 01 -2 1
00 1 0 —2 1 00 00 0 0

Since there is no polynomial with new leading monomial, we have 1?071)4‘ = and
S = §O Therefore the algorithm terminates at the first loop; that is, S is already closed under
compositions and is a Grobner—Shirshov basis.

3.2. Irreducible slz-module V(A + Ap)

Let V ()) be the irreducible highest weight module over sl3 with highest weight A = A1 + A».
Then, as a left U_-module, V (}) is defined by the pair (S, 7;), where

S=SO=Ip:=fZfi-2hbHFh+ A a:=hHLfE-2kA+ A
T =TO = {12, f}}.

As computed in the last subsection, SV = S©_ The possible composition pairs from (§V, 7©)
are

Comp4(p, 1 f22f12) = (pf1, f22f12)v
Comp4(q, f12; f2f13) = (‘]fl, f2f13),
Comp4(q, f f2f12) =(q. f2f12)'

Note that each component of composition pairs is homogeneous of degree 3 or 4.



1000 S.-J. Kang et al. / Journal of Algebra 313 (2007) 988-1004

First, observe that Py(3) = {f2f12 -2ff2h+ f12f2, fzflz}. Since none of the monomials
in M(Po(3)) \ Po(3) are reducible mod (S, 7®), we have Fo(3) = Po(3) and M (Fo(3)) =
{Af2, fifafi. £ fo}. Thus

1 -2 1 1 0 O
AF0(3)=<] 0 0) and AF0(3)=<O 1 _%)

Since the polynomial f f> f1 — % f12 f> has a new leading monomial,

—~ 1
F(3) = {n = fifafi — Efffz}.

Next, note that Po(4) = (f2 f2 =22 fifofi + fifdf1, f2 12 S = 2A R fE + AR A,

f f13}. An explicit computation shows that

|
[N

0
0
-2

(=l

SO O OO

ARy = s ARw =

|
[N}
coocoocococo

o o
I—

coococococoo——
[=NeNeNeRall S =Rl
o~ o oo,
coocococo—~—oo
cococo~ococoo—
coo~ocoo
——oo~—~0o00cO0oO
co—~ococoo~oco
coococococoococo—
coocococooco~o
coocococoo~oco
coocococo—~ococo
cocococo~ocococo

|

[\S]
cooco~ocoocoocoo
coo—~ocoococoo
co—~ococoocococo
o—~ococococoocococo

OON

Since the polynomial f13 /> has a new leading monomial, I?(;(Z)+ ={tn = fl3 f2}. Thus
1
T = {ff, fon=fhfi— S h 0= f13f2}.

From $@ = S and T, we compute the set P;. The possible composition pairs are

Comp*(p.11: f3 f1f2f1) = (pfafr. f30).  Comp*(q.tv: fofE 1) = (@f2fi. f2fith),
Comp*(q,t; fof 2) = (@f1 /o, for2),  Comp*(p,t2; f3 £ 1) = (pfE fo, fi12),
Comp*(q.t2; fofy f2) = (afT fo. f2fit2),

which consist of monomials of homogeneous degree 5 or 6. We compute F;(5) and 1?1\(?) to
obtain

RGO ={Afifofifo 211 ).

For the degree 6, we have I%* = (. Thus
o_lp2 2 ) 43 o g2
' =1/ fi, n=hHhhf 2f1f2’ t:=fif2, 3:= fifafifa ta=fifafifay-

From S® =S and 7@, a computation shows 172+ = (, that is, the algorithm terminates.
Finally, we obtain



S.-J. Kang et al. / Journal of Algebra 313 (2007) 988—1004 1001

S=S,

T=T® =, UFR"UF*" {fl 13 f1(f2f1)——f1 Fos FL s (FfD2 s f (f2f1)f2}

Note that the S-standard monomials are of the form f{(f2 fl)b f5 (a,b,c > 0) and that the
set of (S, 7)-standard monomials is given by

(L A1, fo (2D, fLFas £ P2 (B2 D) fon L2 D) )

whose cardinality is 8, equal to the dimension of V(A + A»). This result coincides with that
of [9], and our linear algebraic algorithm works well in this case.

3.3. Lie algebra G;

Let us consider the exceptional Lie algebra G,. Recall that the simple Lie algebra G is a
Kac—Moody algebra associated with the Cartan matrix (_2 _1). Hence the algebra U_ is the
associative algebra defined by the set S = {[[ f2 f11 /1], [f2[ f2[ f2[ f2 f1]111]} of the Serre relations
in Ay, where X = {f1, f»} and [xy] = xy — yx. We define f] < f>.

Let SO =S ={q:= foff =2fifsfi + fifo. p= LN —4BNL+ 6L —
41211 f23 + fi f24}. The possible composition pair from $© is Comp! (p, q; f24f12) =(pf, f23q),
which yields Py(6) = {(f3 f{ — 405 fiafi + 63 il fi = AR5 fi+ Aifi fio KT =
2 f23 fhLh+ f23 f12 Jf2}. Note that each polynomial is homogeneous of degree 6.

An explicit computation shows

1 406 0 0 -4 0 01 0 0 0 0
1 =210 0 0 0 0 00 0 0 0 0
A ~Jo o 00 0 0 0 0 01 —4 6 —4 1
Fo®=1o0o o 10210 000 0 o0 0 0]}°
000 00 0 1 0 -210 0 0 0 0
000 00 0 0 0 0 10 0 0 —2 1
1 00 —6 4 04 —4 00 —46 0 —1
010 -3 1 02100 -23 -1 0
n ~_loo1 0 200 2 00 0 0 —2 1
Fo®=loo0oo0o 0o o 10 -=200 900 2 -1
000 0 0 00 0 10 0 0 -2 1
000 0 0 00 0 01 —4 6 —4 1

By applying the algorlthm in a straightforward manner, we can compute S, §® and @ from
which we obtain F3 =@ and S® = §® That is, the algorithm terminates. Finally,

S=8®=sUF"UFRTUR
= (L fi =2A(2 )+ L.
PBA)=4B )L+ H) S —4HF + A1,
(£ 1) f0) =32 1) + (AR f2 2000 (1) — (RO
=2/ 1) L +3AE RS = AL,
(B MEA) 4B LR +3(HA) L=2EARN) S
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+ 205 0) 2 =20 (5 H) 15+ 16075 —8A(H M) 5

HI1TAUS IS =220 (A0 f +811 15

(2 ALA) ) — 4B RA)+ SR R) = 2060 L +3 A1)
—21(Z RN =TAGD(LER) +6 A1) 2+ (1) f
—17fE(f5 1) 15 H10S7 D =200 15 (5 1) (53 fi ) = 465 £ 0) (£ h)
+3 (2 1) + 8RS LAY 2+ 200002 (f3 1) — 160N A) f2
+6(2 ) 15 = 5A(5 1) (5 1) + 28 (Ff(f5 1) fr =26 il O (5 0) 7

F 1207 = 2502 (5 1) 15+ 46T (F2 1) 15 =362 f3 +10£ 15

Note that the S-standard monomials are of the form fla(fgf])b (f22f1 fzfl)c(fzzfl)d X
(f23 fl)"fzf where a, b, ¢, d, e, f > 0. This result matches with that of [5].

3.4. Irreducible Gy-module V (Aj)

Let V (1) be the irreducible highest weight module over G, with highest weight A = A». Then,
as a left U_-module, V(1) is defined by the pair (S, 7, ), where

§=5©
=lg=hfl-20hA+ i P=RA—46AR+6f A 4606+ A}

T=T%=T={f, 7}
As computed in the last subsection, we have
SV ={a:= Ll =200+ £ fo
pi=f [ =4 N) A+6(5N) 5 =4+ At

sti= (£ 1)) =3(FA) + (A LA) 4200 1) — L
—2fi(E 1) L+3AEN) = LRS-
The possible composition pairs from (S, 7©) are
Comp*(q. fiz f217) = (¢. 2f7).  Comp*(p. fi: f3 1) = (p. 3 1),
Comp*(s1, f1; f5 fifaf1) = (s1, £5 fi 1)
Note that each composition data is homogeneous of degree 3, 5 or 6.

We continue this calculation to obtain S® = §@ and F3™ = @. That is, the algorithm termi-
nates,
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S={(HLMA=2AH) + fLh.
K1) =45 1) A+6(50) 5 =4+ hifs,
(B 1)) =30 + (B ARA) L+ 20 h) - (2
=201 1) 430 0) 5= AR,
(1) (20) =4 A) (B R) +3(20) =22 fiffi) 12
+120H0(F5 1) fa =205 1) 5+ 16007 5 = 8£(f 1) 17
H1TA(SA) L =226 +81L 5 (5 RA) Ff) =4 f(f fiff)
+S(RX(SN) = 2000 o+ 3R 1) = 2A (2 0) f2 = TR O(F 1)
+6 A1 (1) L+ (B A) = 1T A) £+ 10RO = 2f f
(A2 LA) =4 AR 3R A) + 8N LA A
+20A00° (5 1) =16 (5 1) L +6(A00 7 =55 /) (5 h)
+24 1A 0) =26 iDL 0) 7+ 120 = 25125 A) 5
+A6FL(f2 1) 15 =36 fL(FafO) f5 + 1047 13,

T=T® =T, UFtUFTUF"

={f1. £2. F2 2 (B 1) o (R FL12 1) o 12 f0) oo (SR 1) o FrCa SO (SR 11) o

(5 N) 1)

Note that the S-standard monomials are of the form f(f2f)P(fF fi L fO) (f7 )% x
(f;fl)efzf, a,b,c,d,e, f >0, and that the set of (S, 7)-standard monomials is given by

1L A, fLo (Bf0 . (B 1) B A A) s (BB AH) )

whose cardinality is 7, equal to the dimension of V (A;). Hence we conclude that (S,7) is a
Grobner—Shirshov pair for the U_-module V (A»).
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