CHARACTER EXPANSION OF KAC-MOODY CORRECTION FACTORS

KYU-HWAN LEE*, DONGWEN LIU, AND THOMAS OLIVER'

ABSTRACT. A correction factor naturally arises in the theory of p-adic Kac—Moody groups. In
this paper, we expand the correction factor into a sum of irreducible characters of the underlying
Kac—Moody algebra. We derive a formula for the coefficients which, lie in the ring of power series
with integral coefficients. In the case that the Weyl group is a universal Coxeter group, we show
that the coefficients are actually polynomials.

1. INTRODUCTION

Let W be a Coxeter group, and consider its Poincaré series

_ Z )

weWw

where ¢ is an indeterminate and ¢(w) is the length of w. R. Steinberg showed in [St] that the series
x(q) represents a rational function in g. When W is the Weyl group of an irreducible, reduced,
finite root system ®, I.G. Macdonald [M72] found the following identity:

(1.1) > 11 <1_q: ;U:> = x(9),

weW acd+

where ®1 is the set of positive roots and e” is a formal exponential associated to 8 in the root
lattice Q. Macdonald’s identity reflects the geometry of the flag manifold.

A generalization of the left-hand side of (1.1) to a Kac-Moody root system ® would be

1— qe —wa\ m(a)
-> I (F7)
weW acdt+
where m(a) is the multiplicity of a. The identity (1.1) is no longer true for M(q), and so it is
interesting to compute the correction factor* M(q)/x(¢q). Macdonald [M03] computed this quotient
for the affine Kac—-Moody case. The computation turns out to be equivalent to the Macdonald
constant term conjecture [M82], which was proven by I. Cherednik in [Ch95].

The correction factor appears in the study of p-adic affine Kac—-Moody groups, namely in the
formal computation of Fourier coefficients of Eisenstein series and in the study of corresponding
Hecke algebras. For example, it was shown by Braverman—Finkelberg-Kazhdan that this correction
factor appears in the Gindikin-Karplevich formula for affine Kac-Moody groups [BFK] (see also
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[BGKP, BKP, GR, BPGR]). The correction factor in the general case was studied by Muthiah—
Puskas—Whitehead [MPW]. They encoded the data of the correction factor into a collection of
polynomials indexed by positive imaginary roots and derived formulas for these polynomials.

In this paper, we study the correction factor M(q)/x(q) for arbitrary Kac-Moody root systems,
which we write as a sum of characters ch (L()\)) of integrable irreducible representations L(\) of
the Kac—Moody algebra g with root system ®. As the first main result of this paper, we prove that
the sum is supported on A € Pt N Q;,, where P is the set of dominant integral weights and Q;
is the cone generated by negative imaginary roots. More precisely, we obtain

Theorem 1.1. Given a Kac-Moody algebra g, let Pt denote its set of dominant integral weights
and Q. its negative imaginary root cone. Then there are dy € Z[[q]], » € PT N Q;,,, such that

(1.2) M(Q)/x(@)= > drch(L(N).

AePTNQL,

im’

Actually, we prove this result for any W-invariant functions with support in the negative root
cone @~ (see Theorem 2.13). We recover (1.1) as an immediate consequence, since PTNQ; = {0}
for finite root systems. This result also explains why the known formulas in the affine case only
involve imaginary roots.

The coefficients d) are related to the function H(u;q), n € Q, which was introduced by Kim
and Lee [KL11, KL12] in a study of p-adic integrals using canonical/crystal bases from the context
of Weyl group multiple Dirichlet series ([Bu] for a survey). See Definition 3.1 for the definition of
H(u;q). We prove the following formula (Theorem 3.5):

(1.3) X(@dx= > (=) H(—wo X;q),
weW

where w o X := w(\ + p) — p with a Weyl vector p.

Using (1.3), one can compute dy explicitly. In particular, in the rank 2 hyperbolic case, we
observe that they are actually polynomials in ¢q. Generalizing this observation, we prove that d)
are always polynomials when W is a universal Coxeter group, or equivalently, when a;;a;; > 4 for
all 4,7 € I with the generalized Cartan matrix A = (a;j); jer of g. Formally, we obtain

Theorem 1.2. Assume that the Weyl group W of g is a universal Cozeter group. Then we have
dy € Zlg] for all X € PTNQ;,.

It would be very interesting to see if d) are polynomials for arbitrary Kac—-Moody root sys-
tems. We expect that these coeflicients carry important combinatorial, representation-theoretic
information, which is yet to be revealed. We hope that we can investigate these issues in the near
future.

The main text proceeds as follows. In Section 2 we review standard background material and
construct a large ring containing M (q) equipped with a W-action. We conclude with the statement
that W-invariant elements admit a character expansion, which applies in particular to M(q). In
Section 3 we compute the character coefficients in terms of the function H. Though the formula
deduced involves an infinite sum, it exhibits a large amount of cancellation and in Section 4 we
show that it is in fact a polynomial when W is a universal Coxeter group. In the Appendix, we
give compute the coefficients for certain small imaginary roots of a rank 2 hyperbolic Kac—-Moody
algebra.
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2. EXISTENCE OF CHARACTER COEFFICIENTS

We will use the conventions and terminology of [Ka90]. Let I = {1,---,n} and let A be
a generalized Cartan matrix with realisation (h,II,1IV). In particular, the elements of the set
II={ai,...,an} CbH* (resp. IIY ={af,..., o/} C h) are the simple roots (resp. simple coroots).
The root lattice @ (resp. positive root cone QT) is the Z-span (resp. Zs¢-span) of II. We set

~ = —QT. A partial order > on b* is defined by > v if p —v € Q. We say a € h* is positive
(resp. negative) if @ > 0 (resp. o < 0).

Let g be the Kac-Moody algebra associated to A, which admits the root space decomposition
g = BacQba, With go = b. Given a € @, its multiplicity m(a) is the dimension of the vector space
go- A non-zero a € @ is a root if m(a) # 0. We will denote the set of roots by ®, and the set of
positive (resp. negative) roots by ®* (resp. ®7).

Let W denote the Weyl group of g, which is the subgroup of Aut (h*) generated by the simple
reflections s;, ¢ € I. A root o € @ is called real if there is w € W such that wa is a simple
root. A root that is not real is called imaginary. If « is real, then m(a) = 1. The set of real
(resp. imaginary) roots is denoted by @y, (resp. ®in), and the set of positive real (resp. positive
imaginary) roots is denoted by ®f (resp. ®;" ).

Let ¢ denote a formal variable, and let Z[[¢]] be the ring of power series in ¢ with integer
coefficients. Recall that f(q) € Z[[q]] is invertible if and only if the constant term f(0) of f is equal
to £1. The inverse of a unit in Z[[¢]] will be written as a fraction whenever it is convenient. For
example, we write

1
=14 q4+¢F+-.

l—q
Example 2.1. The Poincaré series of the Weyl group W is defined as follows:
(2.1) x(@) =Y ¢"™ e z]q]],
weW

where the length ¢(w) of w € W is the minimal ¢ such that w = s;, ---s;, is a product of simple
reflections. As the only word of length 0 is the identity element, the constant term of x(q) is 1.
Thus, x(q) € Z[[q]]*-

Notation. To each A € h*, we associate a formal exponential denoted by e*, and define e*e# =
A for A\, u € h*. Let Z((q)) denote the ring of Laurent series with integral coefficients, and let
R be a subring of Z((g)). We denote by S(R) the additive group of formal sums >, . a xe with
ay € R for all A € bh*.

Definition 2.2. The support of a formal sum ). axe € S(R) is the set of A € h* such that
ay # 0.

If f= Z)\GQ axe? is a unit of S(R) and has support in a translate of Q~, then f has a unique
product expansion as in [MPW, Proposition 2.2]:

(2.2) Z are® = ue H H(l — "M,
AEQ AeQ~\{0} n€Z

for some u € R* and m(\,n) € Z such that, for every A, the set {n € Z : m(A\,n) # 0} is bounded
below.
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Definition 2.3 (Section 2.3 in [MPW]). A product of the form (2.2) is called a good product if all
A appearing in its factors are multiples of roots o € ®, and the set of factors corresponding to any
real root o € Py, is finite. We will denote by G(R) the multiplicative group of good products with
coefficients in R.

Definition 2.4. We define an action of W on G(R) by extending the following action on the factors
of (2.2) multiplicatively:

| gnew® w(\) <0
2.3 1—q"e?) = : 7
(23) wil = g'e") {(—qnewma e ™), w() >0,

for w € W. Given f € G(R), we will sometimes write f* = w(f). We will denote by GV (R) the
ring of W-invariant elements of G(R).

Following [MPW], define the negative imaginary cone @);, to be the cone generated by negative
imaginary roots. We have Q; = (e w(Q™). Thusif f € GW(R) is supported on Q~, then it is
in fact supported on Q. It was noted in [MPW] that, for w € W and f = >\ . axe* € G(R),
we have

(2.4) w(f) = Z aye™ .

Remark 2.5. The set of f € S(R) supported on @~ is not closed under the action of W defined
by (2.4), but G(R) is.

The basic good product in this paper is

—Q

ey (@)
(2.5) a1 (%) o,

acdt

We have A = AeAjm, where

—a\ m(a)
_ 1—gqe
ae= 11 (0)
a€¢$
—a\ m()
_ 1—gqe
soe T (A22)™

+
acd

(2.6)

A natural strategy for constructing Weyl-invariant good products is to take the average over the
action of W. Applying this to A, we define

(2.7) M(q):= Y A¥ e S(Z]q]]).

weW

We have the following identity in S (Z[[g]]):
(2.8) mM(q) = Aimx(9);
where m is as defined in [MPW, equation (3.5)] or we take (2.8) as the definition of m.

Lemma 2.6. The formal sum M(q) is a W-invariant good product, i.e. M(q) € GV (Z[[q]]).
Moreover, M(q) is supported on Q; ..
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Proof. If a € ¥y, then m(a) =1 and so

(29) A = J[ {1+ 0-@em| = 14+ >0 -gr| > et

acdk n>1 > Q1 ey €D
We may write
Y
(2.10) Are= Y Xy,
e+

where, for A € QT,

(2.11) X\ = Z(l —q)" - # {(ao, can) € (@R) A =n- Zal} € Z[[q])-
=0

n>0

Similarly, we compute

(2.12)

Am= I (Z (= 1)+ <m](€a)> (ﬂ”;(a)>qke(k+e)a)

+
aed k>0

=2 >

n>1 kl,...,kgnzo ahm’angq);;n

(—1)frtkan gl dhn man) ) (=mlaa)) - (mlan)) (=m(en)\ (tothon)(rt-tan)
k1 kn+1 kn kan

Similar to above, we may write

(2.13) A= > Yae ™,
xeQt

where, for A € Q,

S

n20 - (ag,..,an)e(@)"

(2.14) A=(ki4Ak2n)>p_y @i
() (E) - () i) e
We deduce
(2.15) A=AeAim= Y (Xa+Ya) e eg(R).
AeQt

Since the set ®;" is W-invariant, and m(wa) = m(a) for w € W and o € ®, we have AV = Ay,,.
It follows that A" = (AreAim)" = AY Ajp. The sum M(q) is supported on Q~, because

— ge—w(®)
% if w(e) >0,
<1 B qe_o‘> 1—e¢
w -+ fd
1 _ p—
c ge—v@) (1 — g lew(@) _ q(1 — g tew(@) if w(a) < 0.

e—w(a)(l _ ew(a)) 1 — ew(a)
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Equation (2.15) implies that

(2.16) M(g)= D Ae?,
AeQt
where
(2.17) Ay = > (Xu +Y,) € Z[[q]]-

{(w,p)EWxQF [wu=X}
Note that each A is a well-defined element of Z[[g]], because there are finitely many w € W of a
given length. Using [MPW, Proposition 2.2], we may write M(q) as a product of the form (2.2).
To see M(q) is a good product, recall equation (2.8). Because m, Ay, and x(g) are all elements

of G (Z][[q]]), we see that M(q) € G(Z][[q]]). Recall that W is generated by simple reflections s;.
Multiplying both sides of equation (2.8) by A, acting by s;, and simplifying, we get

(2.18) si (A) x(g) = e” ™ Ax(?).
It follows that M(q)% = M(q) and so M(q) € GV (Z[[q]])- O

Remark 2.7. Each of the W-invariant good products m~!, A;, and M(q) expands to a formal
sum supported on @, . In other words, we could rewrite Lemma 2.6 with M(q) replaced by m~!
or Aim.

Definition 2.8. Fix a Weyl vector p € h*, i.e. a vector satisfying p(o) = 1, for all i € I. The
circle action? of W on b* is defined by

(2.19) wol=w(A+p)—p.

Example 2.9. We have

(2.20) wo(=wp—p,

which can be written as a sum of negative roots. Indeed, one has

(2.21) p—wp = Z a,
aed(w1)

where, for w € W,

(2.22) d(w) :=d  Nw e,

Denote by P the weight lattice of g, and by P* C P the subset of dominant integral weights.
For \ € P, define

\ Zwew(—l)é(w)ew(Hp)
D pew (— DA ®Wewe

Recall the denominator identity

(2.23) Z (_1)5(“))61%*[) — H (1 _ efa)m(a)'

weW acdt
For A € P, define

(2.24) = 3 (—1)fweuer

weW

2This action is slightly different to the action with the same notation in [KL12].
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Lemma 2.10.
(1) For w € W, we have

w H (1 _e—oc)m(a) ( ep wp H 1 e m(a

acdt acdt

(2) For A\ € P and w € W, we have

5)\ — (_1)Z(w)£wo)\,
7'('/\ — (_1)£(w)ﬂ_wo)\.

Proof. (1) From the denominator identity (2.23), we have

w H (1 _ efa)m(oz) — Z (_1)£(w1)eww1p7wp

acdt w1 EW
- Z (_1)é(w)+f(ww1)ewwlp—p6p—wp
w1 €W
= (—1 Z(w eP—wp Z L(wwr) gwwip—p
w1 EW
— (_1)Z(w)ep—wp H (1— e—a)m(a).
acdt

(2) Let wo A = p. Then w(X+ p) = p+ p. Now we have
Z (_1)£(w1)€w1(>\+,0) — Z (_1)€(w)+€(w1w71)ew1w71w(>\+p)

w1 EW w1 EW
= £(w) Z f(wl’w ) ewiw ™ (putp)
w1 EW
Multiplying both sides by e=?, we get &* = (—1)/ ¢t = (—1){w)gwer Dividing both sides by
Zwlew(—l)g(wl)ewlp_p, we obtain 7 = (—1){w)gweA, O

Consider the following subset of Q~:
(2.25) Q = ﬂ wo Q.
weW

The Weyl group W acts on @’ by the circle action, and so Q;, C Q"
Lemma 2.11. Assume that A\ € Q'. Then the following hold.

(1) There exists a unique p € Q= and v € W such that p+ p € PT and vo X = p.
(2) The stabilizer subgroup

WY ={weW:wol=M\}

s generated by reflections in W.
(3) If xe Pt NQ™, then Wy = {1}.
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Proof. Write A = Y. m;a; with m; <0 for all i. If A+ p € PT, there is nothing to prove. If not,
there exists j such that A(h;) < —2. We have

sjod=siA+p)—p=A—(Ahj) +a; € Q™.

Since A(h;) +1 < 0, we have m; < mj — (A(hj) +1) < 0. If (sj o A\) + p is in P, we are done.
Otherwise, repeat the process with replacing A with s; o A. Since the coefficients are increasing and
bounded above by 0, this process must end.

Assume that A+ p € P™. Suppose that wo A = p and p+ p € P for w = s;,8i, - 83, # 1, a
reduced expression. Then we have w(A+p) = p+p. Since (A+p)(hi,) > 0, we have (u+p)(w(h;,)) >
0. Since w = s;, 84, - - - 8, is a reduced expression, we get w(h;,) < 0, and (u+ p)(w(h;,)) < 0. Thus
(1 + p)(w(hi,)) =0 and (A + p)(hi,) = 0. Hence s;,(A+ p) = A+ p and s;, o A = A. By induction,
we obtain p = A, which completes a proof of (1). We have also shown that the subgroup WY is
generated by simple reflections for A + p € P+.

Assume that A\ € Pt N Q~, and suppose that wo A\ = X for w = s;,8i, -+ 8, # 1, a reduced
expression. Then (A + p)(h;,) > 0 and the above argument leads to a contradiction. Thus we must
have w = 1. This proves (3).

Now assume that A € Q'. By Lemma 2.11(1), there exists v € W such that vo A + p € PT.
Then Wy, is generated by simple reflections s;. Hence W7 is generated by v~ 1s;v, which are
reflections. This completes a proof of (2). O

Lemma 2.12. Assume that A € Q'. The series £* € G(Z) defined in (2.24) is non-zero if and only
if the stabilizer subgroup Wy of X under the circle action is trivial.

Proof. Suppose that €* = 0. Then the term e cancels with (—1)4®e®°A for some w # 1. In
particular, A = w o A, and the stabilizer subgroup Wy is not trivial.

Conversely, assume that the stabilizer subgroup WY is not trivial. By Lemma 2.11 there exists
a reflection s € Wy such that so A = A. It follows from Lemma 2.10 that = (—1)“3)580)‘ = &N
Hence &) = 0. (|

Given X\ € PT, let L()\) denote the irreducible highest weight module of g with highest weight \.
The module L(\) admits a weight space decomposition L(\) = @ epLy. The character ch(L()))
of L(A) is defined by

(2.26) ch(L(N) = D (dim L) e,
HED*

If A € P*, then by [Ka90] we have
(2.27) ™ =ch (L())).
Theorem 1.1 is a consequence of the following result.

Theorem 2.13. Given a Kac-Moody algebra g, let PT denote its set of dominant integral weights
and Qy,, its negative imaginary root cone. If f € GV (Z[[q]]) is such that supp(f) C Q~, then there
are ¢y € Z[[q]], € Pt NQy,,, such that

imm’

(2.28) f= Y cch(ZZ).

AEPTNQ;,
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Proof. Since f is supported on Q~, we may write the following product as a sum supported on Q:
(2.29) E=f ] - )™ =3 cgel.
acdt BeEQ™

As f is invariant under W, it follows from Lemma 2.10(1) that

(230) w|f- JJ @=e )™ ) =3 cge??

acdt BeQ~

= (_1)f(w)epprf. H (1— e*a)m(a) - Z (_1)f(w)cveppr+v_

acdt YEQ™
Comparing coeflicients, we see that for 5 € Q~,
cg = (—l)e(“’)cwog.

Moreover, ¢z = 0 unless € @', i.e. Z is supported on Q. If A+ p e PTand A g PTNQ~ for
A\ € Q7 then there exists h; such that (A+p)(h;) = 0 and s;0\ = \. Thus &* = 0 by Lemma 2.12.

By Lemma 2.11(1) and the above argument, we group the terms of equation (2.29) to get a sum
over PTNQ~, which is the subset of representatives \ of the o-action of W on Q' such that ¢* # 0:

(2.31) E= Z cge’ = Z exé.
BeQ’ AEPTNQ~
On the other hand, for A € P™, Weyl’s character formula implies
(2.32) =ch(LW) J] @ -e ™.
acdt

The result follows from combining (2.31) with (2.32), noting that f is in fact supported on Q. . O

Remark 2.14. As mentioned in the introduction, we recover (1.1) as an immediate consequence
of Theorem 2.13, since PT N Q. = {0} for finite root systems. In the affine case, we have
PTNQ;, = Z<p -6 with the minimal positive imaginary root ¢, and the theorem shows that the
right-hand side of (2.28) only involves imaginary roots.

3. A FORMULA FOR THE CHARACTER COEFFICIENTS

In this section, we derive a formula for the coefficients in the expansion of M(q) into a sum of
characters. We begin with the definition of a function which will play an important role in what
follows.

Definition 3.1 ([KL11, KL12]). The function H : QT — Z[q] is defined by the generating series
in G(Z[q]):
(3.1) > H(pqe™ = J] (1 qe®)™,

HEQT acdt

where m(«) is the multiplicity of a. When we do not need to specify ¢, we will frequently write
H(p) = H(ps;q) -
Remark 3.2. In [KL11, KL12], the function H was denoted by H,. See (2-13) in [KL12].
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Definition 3.3. Let u € QT, and & = {(a;i) : « € ®1,i = 1,2,...,m(a)}. An admissible
partition of p is a finite set p C & such that Z(a’i)epa = p. Let P(u) be the set of admissible
partitions of p. Given p € P(u), we will refer to an element («,i) € p as part of p, and denote the

number of parts in p by |p|.
Examples of admissible partitions are given in Appendix A.

Lemma 3.4. We have

(32) Hin = Y (~a)"

pPEP (1)

Proof. Equation (3.2) follows from expanding the product in equation (3.1) and computing the
coefficient of e7#. O

We now prove equation (1.3), which we state below as a theorem for ease of reference.

Theorem 3.5. For A € Pt NQ;,, define dy by equation (1.2). Then we have

(33) X(@)dy =Y (=)™ H(—wo ).

weWw

Proof. By definition, we have

w 1 — ge—wa m(a)
M(Q) - Z A Z H e—wa )m(a)
weW weW aed+
_ Zu€Q+ H( ) s
v Haca+ (1 = emworym(e)
e
= H(—p) :
20 2

Using Lemma 2.10 (1), we deduce that
Mig) = 1O (— )
Ha€®+(1 —e a m( Z Z

ueQ weW

As in the proof of Theorem 2.13, put
== M) J[ Q- = 3 3 () H (e,
acedt HEQ— weW
Since Z is supported on @', we may rewrite the above double sum as
== 3 3 0w )
BeQ weW
The theorem then follows from (2.31). O

Example 3.6. Given w € W, write w = s;, - - - 8;, as a reduced expression. If ®(w1) is as defined
in equation (2.22), then

(3-4) (I)(w_l) = {O‘iu Siy (O‘iQ)v cees Syt Sip (aiz)} )
and
(3.5) wol=p—wp= Z a =y +si(0G,) + -+ iy 8, (ag,).

acd(wl)
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Suppose that
p—wp=P1+ P+ + B
for some positive roots fi,. .., B3 € ®*. Note that we have
sin(p—wp) Q.
Since s;, keeps @1 except «;,, one of the 5;’s must be equal to a;,. Then s;, (p —wp — ;) is equal
to p — w'p where w' = s;, - - - 5;,. Arguing by induction on ¢(w), we deduce that (3.5) is the unique
decomposition of w o 0 into a sum of positive roots. Now it follows from (3.2) that
(3.6) H(—wo0) = H(p—wp) = (—q)"™,
and so the formula (3.3) yields
dp = 1.

Lemma 3.7. For all nonzero A\ € PTNQ~ and w € W, the coefficients of H(—wo \) sum to zero.

Proof. From [KL12, Lemma 3.18], we have

(3.7) H(p;1) = {(_1)£(w)’ if p —wp = p for some w € W,

0, otherwise.
Therefore, it suffices to show that

(3.8) —wod=—(wA+p)—p)=p—wA+p)#p—uvp
for any v € W. Equation (3.8) is equivalent to A + p # w™lvp, and so it is enough to show, for any
veWw,

A #vp—p.
If v = 1 there is nothing to prove. Consider an arbitrary v # 1, and write v~
Sy -+ - 8;,,. Then we have

1 as a reduced word

p(v_lhik) < 07

and
(’Up - p)(hlk) = UIO(hik) - p(h"Lk) - p(U_lhik) —1< -2
Thus vp — p & PT. Since A € PT, we have \ # vp — p. O
Definition 3.8. Let A € Q~ and
(3.9) p={(Br;m), (B2;m2), ..., (B;me)} € P(=A).
Given w € W, we define
(3.10) m(p,w) =t —2x#{(8i;j) € p : whi <0}
With p as in equation (3.9), we define
bi(p) = {(siBr;m1),.... (siBe;mu), (s 1)}, if B; # «a for any j,
T A GsiBryma), - (8iBj—3m—1), (8iBja1s M), - -, (siBme)}, i B = ay for some .

Since
—sio A= —s5i(A+p) +p=—si(N) + a,
we see that ¢;(p) € P(—s; o A). In other words, ¢; defines a map P(—\) — P(—s; o A). Replacing

A with s; 0 A, we obtain similarly a map from P(—s; o \) to P(—A). One can check that these maps
are inverses to each other, and so the map ¢; is a bijection from P(—\) to P(—s; o A).
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Lemma 3.9. If {(ws;) = {(w) + 1, then
m(¢i(p), w) = m(p,ws;) + 1.

Proof. Consider ¢;(p) = {(Sf1;m1),...,(Be;me)} € P(—A). First assume that
p={(siBr;m1), ..., (sife;me), (a3 1)}
By applying ws; to the first components, we get wpi,...,wpl:, —waq;. Since —weq; < 0 from the

condition £(ws;) = £(w) + 1, we obtain m(p,ws;) = m(p;(p),w) + 1 — 2 = m(p;(p), w) — 1. Next
assume that

p={(siBrim1),...,(siBj—1:mj—1), ($iBjr1;Mjs1), .-, (SiBr;me) }.

In this case, we have 3; = «;, and obtain m(p, ws;) = m(¢;i(p),w) — 1. O
Proposition 3.10. If A € Q— and w € W, then
(3.11) (DO H(wox) =g Y (o),

PEP(=X)

Proof. Write w = s;, 84, - - - 5i, as a reduced expression. By Lemma 3.9, we have

H(—548i,"-5;,0\) = Z (—q)™ i)
pEP(—siy 31‘2"'82'[0/\)

_ Z (—q)m(¢5i1 (p)oid) _ Z (_q)m(ms,-l)—&-l

PEP(—siy-5i,0N) PEP(—siy-5i,0N)
_ Z (—q)m(¢5i2 (b)siy) _ Z (_q)m(p,silsi2)+2
PEP(—siy--5i,0N) PEP(—sig-+5i,0N)
- .. = Z (_q)m(p78i1~--5iz)+€7
PEP(=A)
which amounts to the identity (3.11). O

4. POLYNOMIALITY

In this section we prove Theorem 1.2. That is, we show that d) is a polynomial when the Weyl
group W of g is a universal Coxeter group.

Assume that W be a universal Coxeter group of rank n € Z~g. By definition, the group W is
isomorphic to the free product of n-copies of Z/27Z. Denote its generators by s;, i = 1,...,n. The
identity element is the only word of length 0, and for any ¢ > 1 there are n(n — 1)~ words of
length ¢. We thus compute the Poincaré series of W to be:

e 14+ q
— (w) _ Do)k =1 "4 — Zllqll.
X@) =Y q +ng» ((n—1)q) +1_(n_1)q T— =17 [[g]]

weW k=0
Given A € PTNQ.,

~ Ywew D W HWoN) (1= (n=1)9) X pew (=)™ H(wo N
(4.1) dy = W e = - +Wq € Z[[q]]-

Fix A € PTNQ,,,, and define
(4.2) N =max{l(w)+1: (way;j) is a part of any p € P(—=\) for 1 <i<mn, j€ Zand w € W}.

our aim is to establish the polynomiality of
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Since W is a universal Coxeter group, the number N is well-defined. For the time being, fix an
arbitrary element v € W of length N. Let W, be the set of elements in W whose reduced word has
v as its rightmost factor. For p € P(—X\), define

(4.3) m(p, Wy) = 1|p| =2 x #{(Bi;j) €p : wB; <0 for some w € W, }.
Write
(4.4) > (=) =3 ay

pEP(=N) k=0

for some ay € Z and r > 0, and define

r—1

(4.5) Qo = Z ((n —DFag+ (n — 1) tar + (n — 1) 2ag + - + ak> i
k=0

(4'6) A, = (n — 1>ra0 —+ (n — 1)r—1a1 + (n — 1)T_2a2 + -+ a,.

It follows from (3.11) that

D) HwoN) = Y ¢ > (=g

weW, weW, pEP(=N)
— " (Qu+Aq (14 (n—1)g+ (n—1)2+---))

— (o),
1—(n
and so

@7 D (-1 H(—wo )

weW
= > ¢ Y ("N Y (Qv + Av - (Zr 1)q) :

weWl(w)<N peEP(=N) vEWL(v)=N
Proposition 4.1. For any w € W, the sum
> (-1 ™ H(—wo )
weWw
1s divisible by 1 + q.

Proof. Let N be defined as in (4.2), and v € W be an arbitrary element of length N. For any
w € W, we have

> 1me) = [P(=A)).

pPEP(—A)
Therefore
SN T e S ey 3 (1,
weWw peP(—=A) weWw
Hw)<N Lw)<N
Since
N-1
D (=D =D (0w e W l(w) =k},
weWw k=0



14 K.-H. LEE, D. LIU, AND T. OLIVER

and
1 k=0
ew /¢ =kl=<"
we deduce
Z (D)™ =1—n+nn-1)—nn—-1)2+ -+ (D) N nmn-1)N2
weW
L(w)<N

=1-n[l+(-Dn-1)+(-1*n-1%+ -+ (-D)" *(n - 1)
=1l-n[l+1-n)+1-n)?+-+(1-n)"7]
—1_-n M — (1 — N1
-1-n (20 ) -
Combining the above, we see that

S D YT e = ()P,

A
Let A, and @, be defined as in (4.6) and (4.5), respectively. Then we have

Y = (1w + (0= 17w 4 ),

and

Qu=ao(l—(n—1)+n—-1>+ +(-1)"'(n—1)""1)
—a(I-(n=1D)+n—-1+ -+ (-1)"2(n=1)" 4+ (=1)"a,_y

= 1_(171_n)r ag — 1_(1_7;1)7071 ai+---+ (—1)7”72 I_(Ini_ny Gr—2 + (_1)7“71(17‘_17
so that
(-1 1

Q’U + A’U
Evaluating (4.7) at ¢ = —1, we get

1
= (oo —artar—ag e+ (1) = PN

(1= PN+ (—1)Van = DY PN = 0.

Proof of Theorem 1.2. 1t follows from (4.7) that
(1—(n—=1)q) Y (~1)™H(-wo )
weW

is a polynomial. By Proposition 4.1, the sum Zwew(—l)e(w)H(—w o A) is divisible by 1+ ¢. Thus
we see from (4.1) that d is a polynomial. O

Remark 4.2. From [KL12, (3-21)], we know that
(48)  H(—woXi—1) = H(p—w(A+ p);—1) = dim V(p)ugrip = dim V(p)rsp.

Taking the alternating sum, we get

Z (—1)€(w)H(—w oA;—1) =dim V(/’)M—p Z (_1)5(10)7
weW weWw
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which does not converge. In Proposition 4.1, the sum Zwew(—l)é(w)ﬂ(—w o A;q) is to be inter-
preted via its analytic continuation given by the rational function in equation (4.7).

APPENDIX A.

In this appendix, we consider the explicit example of the Kac—-Moody algebra g = #(3) associated
to the generalized Cartan matrix

(A1) A= (_23 _23> .

The Weyl group W is the universal Coxeter group of rank 2, that is, W is isomorphic to the free
product (Z/27) x (Z/27). As there are two elements for a given length > 1, the Poincaré series has
the following closed form:

X(q)=1+2qzq£:1+2q( ! ) Lt € Z[[q])-

=0 1=q 1=q
We denote the simple roots by ai,as and the simple reflections by si,ss as before. When p =
{(B1;m1), (B2;m2),...,(B;me)} is an admissible partition, we will sometimes write

p = (Bi;m1) + (B2;ma) + -+ + (Be; ).
For the root multiplicities of #(3), we refer the reader to [KaMe].

Example A.1. Consider A = —2a1 — 2a9 € Q. Then there are 4 admissible partitions of —A:

) (20[1 + 2a0; )

) (Oél, 1) (Oél + 2a; 1),
) (Ozg, 1) (20&1 + ag; 1)
4) (o1;1) +

o1 (a2;1) + (a1 + ap; 1).

All the roots appearing in the list above have multiplicity 1, and so
H(=)) = H(201 4 202) = ¢+ 2¢° — ¢* = —q(q — 1)
We calculate

—s10A=—=s1(A+p) + p=5a1 + 209,
and see that —s; o A has 4 admissible partitions:

(1) (50[1 + 2q; 1),

(2) (o1;1) + (4oa + 2093 1),

(3) (2a1 + ao; ) (3041 + «o; 1),

(4) (al, ) (041 + «o; 1) + (30[1 + s 1).

Again, all the roots appearing have multiplicity 1. We therefore deduce that
H(=s10)\) = —q(qg—1)*>= H(=)\).

Similarly, we compute
H(—s30)) = —q(q—1)*>= H(=)\).
The circle action of s1s2 on A yields
—8189 0 A = 14 + Ha,

which is not a root. Yet again we have 4 admissible partitions, but the lengths are different:

(1) (a131) 4+ (1301 + bag; 1),
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(2) (al; 1) + (30&1 + «o; 1) + (100[1 + 4daw; 1),
(3) (041; 1) + (5061 + 2a9; 1) + (80[1 + 3aw; 1),
(4) (a1;1) 4+ (201 + a2;1) + (Bag + ag; 1) + (8ay + 3ae; 1),
in which all the roots still have multiplicity 1. It follows that
H(—s1820)) = ¢*(q— 1) = —qH(—s10\) = —qH(-)\).

One can see that this pattern continues as proved in the previous section to yield

(A.2) H(—wo)) = (=)™ H(=\), weW, w#id.
It follows from equations (3.3) and (A.2) that
S )W Hwe ) = HA+ Y () () ()

weWw

and so
1—¢q

=q(q—1)%
T r e q(g—1)

0 s 20y = [(1 g

Example A.2. Let A = —2a; —3as € Q—, which is a root with multiplicity 2. We have admissible
partitions:

(1) (201 + 3az,n), n € {1,2},

(2) (200 + 2a2,1) + (a2,1),

(3) (Oq + 3as, 1 ) + (al, ),

(4) (a1 +2a9,1) + (a1 + a9, 1),

(5) (a1 +2a9,1) + (a1,1) + (ag,1).
Therefore

H(=)\) = —2q+3¢" = ¢* = —q(¢ = 1) (¢ - 2).

We have

—s10 A =8a7 + 3ag,
which is a root with multiplicity 1, and admissible partitions:

(1) (80[1 + 3ao, 1),
(2) (Taq + 3az,n) + (a1,1), n € {1,2},
(3) (50[1 + 2a0, 1) + (30[1 + oo, 1),
(4) (50[1 + 2a0, 1) + (20[1 + o, 1) + (Oll, 1),
(5) (4a1 + 2a, 1) + (30[1 + ao, 1) + (011, 1).
Therefore
H(—s10)) = —q+3¢* —2¢° = —q(qg — 1)(2¢ - 1).

On the other hand

—S9 0 A = 201 + 4ao,

which is a root of multiplicity 1, and admissible partitions:

(1) (2a1 + 4ay,
(2) (20&1 + 3ao,
(3) (a1 + 3ag,1)
(4) (a1 + 3ag,1)
(5) (o1 +20a2,1)

1),

(a27 ) ne {1>2}a
(a1+a27 )a

(a1,1) + (a2,1),

n) +

+
+
+ (a1 4+ az, 1) + (a2, 1).



CHARACTER EXPANSION OF CORRECTION FACTORS 17

Therefore:
H(—s30)) = —q+ 3¢° — 2¢°.
Now
—8951 0 A = 8ag + 2209,
which is not a root. We make a list of all admissible partitions:
(1) (80[1 + 21as, 1) + (012, 1),
(2) (7a1 + 180&2,711) + (041 + 3ap, 1
(3) (5aq + 13a2,1) + (31 + 8ag, 1
(4) (
(5) (

)
)
5a1 + 13as, 1) + (21 4 bao, 1)
4o + 1002, 1) + )

(g, 1), n1 € {1,2},
(042, )
Eal + 3a,1) + (ag,1),

+
+
+
+ (a1 + 3ag, 1) + (g, 1).

P

3a1 + 8042, 1
It follows that

H(—s2510A) = ¢* —3¢* +2¢* = ¢*(2¢* — 3¢ + 2).
On the other hand,
—8182 0 A= 11@1 + 40[2,

which is not a root, and its admissible partitions are:

(1) (100&1 + 4o, 1) + (041, 1),

(2) (8ag + 3ae, 1) 4+ (3o + g, 1),

(3) (Bau +3az2,1) + (2a1 + a2,1) + (a1, 1),

(4) (Taq + 3az,n) + (3a1 + a2) + (a1,1), n € {1,2},

(5) (50[1 + 2a0, 1) + (30[1 + 2a9, 1 ) + (2051 + ao, 1) + (Oél, 1)
Therefore:

H(=s1500) =2¢* = 3¢> + ¢" = ¢*(¢ — 1) (¢ — 2).
Next
—818981 0 A = b9 + 2209,
which is not a root. We have
H(—s153510\) = —¢° + 3¢* — 2¢°.
Also
—895182 0 A = 11lag + 30a,
and
H(—s9s1530\) = —=2¢° 4+ 3¢* — ¢

We arrange the information above into a table, in which the columns are indexed by n € N and
the rows are indexed by w € W (written as reduced words, ordered lexicographically). The entry
corresponding to row w and column n is the coefficient of ¢" in H(—w o \). An empty space
indicates that the coefficient is zero. There is one additional column, which lists the image w o A of
A under the circle action by w, written in coordinates with respect to the basis {—a1, —as}.
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| w [[wor [ 1 [2[3[4]5 [---]
id (2,3) [[-2]3]-1

51 (8,3) || -1]3|-2

59 (2,4) || -1]3| -2

S$9281 (8,22) 1(-31]2

s1s9 || (11,4) 2| -3]1

518281 (59,22) —113| -2
5951892 (11,30) 213 -1

Observe that the strings (—2,3, —1) and (—1, 3, —2) repeat with each iteration, shifting 1 space and
switching signs as the word length increases. The coefficient of ¢™ in x(q) d) can be calculated by
taking the sum of the entries in a column multiplied by (—1)£(w). We see that

d72a173a2 =0.

Example A.3. Consider A = —3a; — 3as € Q~. There are 12 admissible partitions of —A:

(1) (Bag + 3ae; 1),

(2) (Bag + 3ae;2),

(3) (3a1 + 3a2;3),

(4) (Bou + 2a2;1) + (23 1),

(5) (a1 + 2a2;2) + (ag; 1),

(6) (201 + 393 1) + (a5 1),

(7) (201 + 3a2;2) + (a5 1),

(8) (2a1 + 225 1) + (a1 + 23 1),

(9) (200 + 23 1) + (1 + 2023 1),
(10) (au; ) (a1 + ag;1) + (a1 + 2a03 1),
(11) (0427 (041 + «o; 1) + (2041 + o; 1),
(12) ((XL ) (042, 1) -+ (2(11 + 2a9; 1)

Note that m(3a; + 3a2) = 3, m(2a1 + 3az) = m(3aq + 2a2) = 2, and the other roots each have
multiplicity 1. We conclude

H(—)\) = H(3a1 + 3as) = =3¢ + 6¢° — 3¢> = —3q(q — 1)2.

We continue to obtain the following table.

| w [woX [ 1]2]3[4]5 [6] ]
id (33) [-3]6]-3

51 (7,3) | —2|5]|-4]1

S9 (3,7) || -2|5]—-4]1

518592 (19,7) 2|1 -54|-1

S981 (7,19) 2| -=5(4|-1

515281 (19,51) 2|5 —-41|1
595189 (51,19) 2|5 —-41|1

Observe that the string (—2,5,—4,1) repeats with each iteration, shifting 1 space and switching
signs as the word length increases. Since —2+5— 4+ 1 = 0, the coefficient of ¢ is 0 for n > 4. As
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it happens, the coefficient of ¢ is 0 too. We conclude

- +q 2
d*3a1*3(12 X(q) q(q 1) :
Example A.4. Let A = —3a1 — 4ag € Q. We produce a table similar to that in Example A.3
| w || woX [ 1]2]3[4]5 6] 7] ]
id (3,4) [[—4[8][—-5]1
51 (10,4) || —1]7|-8]|2
S9 (3,6) || —3|8|—6]1
$281 (10,27) 1| -78| -2
51592 (16,6) 41 -91|5
5182851 (72,27) —1]7|-8|2
S§951592 (16,43) —419|-=5
518281892 (72,190) 1] -7|8| -2
595189281 (114,43) 41-91|5

This time, the strings (1,—7,8,—2) and (4, —9,5) alternate. Note that both strings sum to zero.
We see that for n > 5, the coefficient of ¢ in dy is 0. The coefficients of ¢ and ¢* are also 0.
Altogether we obtain

—2¢*(1 +4q) 2
d—3a;—day = — 5 =2¢"(¢ — 1).
e x(q) £=1)
Example A.5. We may compute other dy’s in a similar way. In the following table, the entry in
the space (m,n) is the polynomial dy for A = —ma; — (m + n)az € PT. From symmetry in H(3),
we have dfmoalf(ern)ag = df(m+n)o¢1fma2-
ol v ] 2 | 3 | 4 |
011 —alg =1 [qle—1)*] q(¢g—1)° 29(q —1)°
1 0 2¢°(¢—1) | —¢*(¢—1)(g—4)
—q(¢—1)* " +q-1)

We also have
50,50, = —q(q — 1)(¢* + 3¢* — Tq + 2).
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