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1. Introduction

An element w of a finite Coxeter group is said to be fully commutative if any reduced
word for w can be obtained from any other by interchanges of adjacent commuting
generators. In [11], Stembridge classified the finite Coxeter groups that have finitely many
fully commutative elements. His results completed the work of Fan [3] and Graham [5],
who had obtained such a classification for the simply-laced types and had shown that the
fully commutative elements parameterize natural bases for the corresponding quotients of
Hecke algebras. In type A,,, the quotients are isomorphic to the Temperley—Lieb algebras
(see [6]). Fan and Stembridge also enumerated the set of fully commutative elements. In
particular, they showed the following.

Proposition 1.1 (/3,12]). Let C,, be the nth Catalan number, i.e. C, = #_1(27?) Then

the numbers of fully commutative elements in the Coxeter groups of types A,, B, and
D,, are given as follows:

Chi1 if the type is A,,,

(n+2)Cp, —1 if the type is By,
3 . .

% C,—1 if the type is D,,.

This paper focuses on the complex reflection groups G(d,r,n), where d,r,n € Zsq
such that r|d. These groups are generated by complex reflections and have the Coxeter
groups of types A,,_1, B, and D,, as special cases. As the complex reflection groups can
be presented by analogues of simple reflections and braid relations, one can attempt to
generalize the notion of full commutativity to these groups. However, a direct general-
ization using the usual set of braid relations does not work even for G(d,1,n) if d > 3.
A breakdown comes from the fact that some reduced words may not be connected to
others strictly using braid relations.

In this paper, we overcome the difficulty and define fully commutative elements for
G(d,1,n), by proving that a slightly extended set of braid relations connects all the
reduced words for an element of G(d, 1,n) (see Example 3.2). The next task is to describe
and enumerate all the fully commutative elements, and we take the approach of the paper
[4] where the first and third named authors studied fully commutative elements of the
Coxeter group of type D,,.

More precisely, we decompose the set of fully commutative elements into natural
subsets, called collections, according to their canonical words, and group them together
into packets P(n,k), 0 < k < n, so that all the collections in a packet have the same
cardinality. We show that the number of fully commutative elements in any collection
belonging to the packet P(n, k) is equal to the Catalan triangle number C(n, k). Then
the total number of fully commutative elements in G(d, 1,n) can be written as
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n

> Cn, k) [P(n, k)| = d(d — 1)Fn.n—2(d) + (2d — 1)Cp, — (d — 1), (1.1)
k=0

where |P(n, k)| is the number of collections in the (n, k)-packet and §y, x(z) is the Catalan
triangle polynomial defined by

k

Snk(z) = Z C(n,s)x . (1.2)

s=0

When d = 2, the group G(2, 1,n) is isomorphic to the Coxeter group of type B,,, and our
definition of fully commutative elements coincides with the usual definition for Coxeter
groups, and we recover the known number (n +2) C,, — 1 from (1.1).

Our method exploits combinatorics of canonical words and establishes bijections
among collections. In particular, we realize the Catalan triangle (Table 4.2) using collec-
tions of fully commutative elements.

For the group G(d,r,n), r > 1, we fix an embedding into G(d,1,n) and define w €
G(d,r,n) to be fully commutative if its image under the embedding is fully commutative
in G(d, 1,n). The main benefit of this definition is that the decomposition into collections
and packets still works without any complications, and we obtain complete description
and enumeration of fully commutative elements for all G(d,r,n). On the other hand, a
drawback of this definition is that some fully commutative elements in the Coxeter group
of type D,, or G(2,2,n) are not fully commutative in G(2,1,n) after being embedded.
That is, the usual definition of full commutativity for D,, is not compatible with the new
definition.

Though it is not clear at the present, an intrinsic definition of full commutativity for
G(d,r,n), r > 1, which does not use an embedding, may be found. For such a definition,
precise information about a complete set (or Grobner—Shirshov basis) of relations would
be very helpful. We leave it as a future direction.

The organization of this paper is as follows. In Section 2 we determine canonical words
for the elements of the complex reflection groups. In the next section, we define fully
commutative elements. Section 4 is devoted to a study of decomposition of the set of
fully commutative elements into collections and packets for G(d, 1,n). In Section 5, we
consider the packets of G(d, r,n). The next section provides some examples, and the final
section is an appendix with the list of reduced words for G(3, 3, 3).
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2. Canonical forms
2.1. Complex reflection groups

For positive integers d and n, let G(d,1,n) be the finite complex reflection group

generated by the elements s, s2,- - , s, with defining relations:
st =s2=1 for1<i<n-—1, (2.1a)
8i8; = 8;8; for j+1<i<n, (2.1b)
Si+15iSi+1 = SiSi4+15i for 1 <i1<n-— 2, (2.1C)
SnSn—15nSn—1 = Sn—15n5n—15n- (2.1d)

The group G(d, 1,n) is isomorphic to the wreath product of the cyclic group Z/dZ and
the symmetric group S,,. The corresponding diagram is given by

O—0O— O0O0=0

1 2 n—2 n—1 n

For each d > 2 and n > 3, let G(d, d,n) be the complex reflection group generated by

the elements §1, §o, - - , §, with defining relations:
52 =1=(5,8,_1)" for 1 <i<n, (2.2a)
5:5; = 5,5 forj+1<i<n-—1, (2.2b)
3,85 = 8;5, for j <n -3, (2.2¢)
8i418i8i01 = 8i8i115; for1<i<n-—2, (2.2d)
58n—28n = 8n—28n8n_2, (2.2¢)
(3n3n-15n-2)% = (Bn_28n5n_1)% (2.2f)

The corresponding diagram is the following.

Note that the complex reflection groups G(2,1,n) and G(2,2,n) are the finite Coxeter
groups of types B,, and D, respectively.

For r | d and e = d/r, let G(d,r,n) be the complex reflection group generated by the
elements 51,89 -+, §,,§ with defining relations:



G. Feinberg et al. / Journal of Algebra 558 (2020) 371-394 375

#=35=1 for 1 <i<n, (2.3a)
58 = §;5 for j+1<i<n-—1, (2.3b)
55, = ;5 for j <mn—2, (2.3¢)
5p,8; = 8,5, for j <n-—3, (2.3d)
§i418i5i41 = 8iBi415: for 1 <i<mn-—2, (2.3¢)
83,80_1 = $nBn_13 (2.3f)
Bn8n_28n = Sn—05ndn_a; (2.3)
(328n-18n-2)% = (5n_28n8n_1)* (2.3h)
55, (8,_15,)" "t = 3,15 (2.31)
2.2. Canonical reduced words for G(d,1,n)
Every element s;, ---s; € G(d,1,n) corresponds to the word [iy,...,4,.] in the alpha-

bet I:={1,2,...,n}. For 1 <4,j <mn, we define the words s; ; by:
[ii—1,...,4] ifi> ],
sij =4 [l if i = j,

[] if i < 7,

where [ ] denotes the empty word that corresponds to the identity element of G(d, 1, n).
We will often write s; ; = s;. We also define

glkg—ssn 1. for k > 1.

The following lemmas are useful to obtain a canonical form of the elements of
G(d,1,n).

Lemma 2.1. The following relations hold in G(d,1,n):

8ijSi = $i—15;; forj<i<n-—1, (2.4a)
ffil) 1 flkfl) 1= Sn— 1351 n) 13’c for ki, ko > 1. (2.4b)

Proof. We use downward induction and the commutative relation (2.1b) to establish
(2.4a). When j =i — 1, (2.4a) is nothing but (2.1c). By induction we have

8i,j—15i = 8i,jSj—15; = S;,jSiSj—1 = 8i—15i,j5j—1 = Si—15ij—1-
To prove the relations (2.4h), we first establish

Snon—1 s;kzb 1= Sn— 18%% 15n for k> 1. (2.5)
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When k = 1, (2.5) is just the defining relation (2.1d). For k > 2, we use induction on k
and we obtain

Snn—1 sflzl 1= Snn—1 551 nl)lsn 18n8n—1 (using si_l =1)
= sn,lsgc;i)lsnsn,lsnsn,l (induction)
= Sp_ 13( -~ )15n 18n8n—15n (using (2.1d))
= Sn718£ﬁl,18n (using s2 |, = 1).

We now prove (2.4b) by using induction to ki. The case k; = 1 is obtained above,
and when k; > 2, we see

sk ((k2) gth1—1) ((k2) (k2)  k1—1

n n—1 Sn n—1 = 5nS n,n—1 Sn n—1 = Sn,n— 1871 n—15n (induCtion)
= Sp_ 132 Z) st (relation (2.5)). O
Lemma 2.2. The following relations hold in G(d,1,n):
s ’]) (lfj) = sn_ls(’”)sglkjll forj<n—1and ki, ko > 1. (2.6)

Moreover, these relations are derived from (2.1b), (2.1c) and (2.4b).

Proof. We use downward induction on j. For j = n — 1 the result follows immediately

from (2.4b). For j < n—1 we notice that sglk; = 5:24-15]’ = S,EL]j:;+28j+1Sj7 for every k£ > 1.
Therefore,
gc;) Sv(wk;) = S;k;)ﬂsﬁv(z jzrzsﬁl%

- s(k,;lrlsgzkarzsjsﬁrl% (relation (2.1b))
S(k,;)+15£zk]zr251+1sj%+l (relation (2.1¢))
S(kéllsikarlsjsﬁ'l = S,_ 15£ij)+15;;)+25]sj+1 (induction)

= Sp_ 15(k2)s(1f;zrl (relation (2.1b)). O

Let R be the following set of relations:

st =s2=1 for 1<i<n-—1, (2.7a)

5i8; = 8j5; for j+1<1i<mn, (2.7b)
8i,jSi = Si—15i; forj<i<n-—1, (2.7¢)
s(kj) sUfj) = sn_ls(kz)s(lf;zrl for j <mn—1and ky, ko > 1. (2.7d)
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Proposition 2.3. Using only the relations in R, any element of the group G(d,1,n) can
be uniquely written in the following reduced form

(k1) g(k2) - (ke)
81;i182,i2 T 8n—-1 yin— 1sn jlang o n,je (28)

where 1 <ip <p+1forl1<p<n—-1,andl1 <j; <jo<---<je<nm forl >0, and
1<k, <d-1for1<p<{.

Proof. Consider w € G(d, 1,n) and an expression of w written in generators. Let £ be the

number of occurrences of s¥ in the expression of w for various k’s, where k is maximal

for each occurrence, i.e., if w = -~-sisﬁsj -+, then ¢ #n and j # n. If £ =0 then w is

an element of the subgroup of type A, _1 and it is well known that one can use only the

relations (without s,) in R to obtain the reduced form (2.8) (see, for example, [1]).
Assume that ¢ > 0. Then we can write

_ k
W = W18,51,p152,p2 " Sn—1,pn_1>

where s¥ is the last occurrence of a power of s, in the expression of w. By the commu-
tativity relation (2.7b), we have

s(F)

_ k
w = wlsl;}?l 82’172 T 5n—2,pn,25n5n—1,pn,1 w2 s n,Pn—1"

where we set wo = W151,p,52,p, - Sn—2,p,_,- By induction, the element w, can be written
in the form (2.8), and we have

(k1) (kz) . S(ke—l)s(k)

W = 81,i152,i2 * " " Sn—1,in_15n j; Sn js n,Je—1"M:Pn—1"

If jo—1 < pn—1 or je—1 = n then we are done. If j,_1 > p,—1 and jy_1 < n then we use
the relations (2.7b) and (2.7d) to obtain

(ke—1) _(k) (kz 1) (k)
Snge—15m,pn—1 = Sn,je_15n,je_15de—1—1,pn—1

_ (k) (ke—1) (k) (ke—1)
_8"_18njz 18%]@ 14187e-1=1,pn—1 _sn_18n7pnf1sn,jz—1+1' (2'9)

Using (2.9), we rewrite w and apply the induction hypothesis again. We repeat this
process until we get the canonical form (2.8) in a finite number of steps.

Now we claim that the number of the canonical words is exactly n! - d"™. Indeed,
since each i, runs over the set {1,---,p + 1}, there are 2-3---n = n! choices for
the part $1.4,82,i, -+ Sn—1,i,,_,- Now for the part sglk;z EL J; - gcj)
1<ji<jo<-<je<n (f > 0) and 1 < k, < d — 1, we just need to consider the
number of forms sflki)s; 2) . s%kfl) with each k, running over the set {0,1,---,d — 1},

setting 352‘,,

with the conditions

= 1 for convenience. In this way, this part has d" elements. Thus altogether,
we have n! - d"™ canonical words as claimed.
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We recall that n!-d" is the order of G(d, 1,n). Thus we have shown that every element
of G(d,1,n) is uniquely written in the canonical form (2.8). O

Remark 2.4. Proposition 2.3 shows that R is a Grobner—Shirshov basis for the group
G(d,1,n). For details about Grobner—Shirshov bases see [1]. For the group G(2,1,n),
which is the Coxeter group of type B,, the canonical form (2.8) is obtained by Bokut
and Shiao [1, Lemma 5.2]. A different canonical form for the group G(d,1,n) can be
found in [2,7,10].

Definition 2.5. The set of canonical words in (2.8) for G(d,1,n) will be denoted by
W(d,1,n). The left factor s1 82, - Sn—1,i,_, of a canonical word will be called the
prefiz, and similarly the right factor sglszs;kjg sglka will be called the suffiz of the

reduced word. Given a reduced word w in the canonical form, we will denote by wy and
w'’ the prefix and the suffix of w, respectively. We write w = wow’.

2.8. Canonical reduced words for G(d,d,n)

For 1 < i < n —1, we define the words 5; ; in the same way as with s; ; using the
generators §;. When ¢ = n, we define

[n,n—2,...,4] if j <n-—2,
Snj =14 [n] if j € {n,n —1}, (2.10)
[] if j > n.

The group G(d, d,n) can be embedded into G(d, 1,7n) as a subgroup of index d. Indeed,
we define ¢ : G(d,d,n) — G(d,1,n) by

1(8,) = s‘i—lsn,lsn and (§;) =s;for 1 <i<n-—1

Then one can check that ¢ is a well-defined group homomorphism. Furthermore, we have
the following lemma.

Lemma 2.6. The homomorphism ¢ is an embedding and its image consists of the elements
whose canonical words are in the set

{81,i182,0, - Sn_lzfls;k;zsglkjg stk ¢ W(d,1,n): k1 +ka+---+ ke =0(mod d)}.

n,Je

This set of reduced words will be denoted by W(d,d,n).

Proof. Since ¢(5,) = 5557:915717 it is clear from (2.7d) that the elements in the image of
¢ have reduced forms in W(d, d,n). We have that W(d,d,n) has n! - d"~! elements and,

since the order of G(d,d,n) is n!-d"~!, 1 is an embedding. O
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The preimage of an element with a reduced word in W(d, d,n) can be found in the
following way. We note that

s = E_ (k) d—Fk
L(Snsﬂfl) = Sn—15, n—15n
and
(k1) (k2) _ (k1) d—ki k1 (k2)
n,jlsn,j2 - Sn—ls'rl—lsn,n—lsn Sn Sn—zvjlsn,jg

- .o - k1+k
=1(8p-1) L(snsn_l)’cl t(8n—24,) s;;j 2)

. - k1+F
= 1(8n130)"1 1(Bnon g,) SO, (2.11)
Using (2.11) repeatedly, we can write

(kl)s(k2) . S(kg) _ L(w)s(k1<+k2+m+k[) _

81,i182,i2 " Sn—Lyin_15m.j1Sng0 """ Sngs noje L(W3n-1,5,)

for some w € G(d,d,n) with the condition k1 + ko + - -+ 4+ k¢ = 0 (mod d).

From now on, the group G(d,d,n) will be identified with the image of + and the set
W(d,d,n) will be the set of canonical words for G(d,d,n). As in the case of G(d,1,n),
we write w = wow’ € W(d, d,n) as a product of the prefix wq and the suffix w’'.

Remark 2.7. One can try to obtain canonical words for G(d,d,n) without using an
embedding into G(d,1,n). Indeed, we obtain a set of reduced words for G(3,3,3) in
Appendix. However, we find that the set of reduced words is not compatible with the
packet decomposition defined in Section 5.

2.4. Canonical reduced words for G(d,r,n)

The group G(d, r,n) can be embedded into G(d, 1,n) as a subgroup of index r. Indeed,
we define 7 : G(d,r,n) — G(d,1,n) by

T S

7(3) =5", 7(5,) =5 1s,_15, and 7(5)=s;for 1 <i<n-—1.
Then one can check that 7 is a well-defined group homomorphism.

Lemma 2.8. The homomorphism 7 is an embedding and its image consists of the elements
whose canonical words are in the set

(k1) _(k2) (ke)
n,j15n,gs T Sn,ge

eW(d,1,n): ki +ka+---+ke=0(modr)}.

W(d,r,n) := {51,525 *** Sn—1,i, 8

Proof. Since 7(5,) = sfj;i)lsn and 7(8) = 7, it is clear that the image of 7 is contained

in W(d,r,n). One sees that the number of elements of W(d,r,n) is n! - d"/r which is
equal to the order of G(d,r,n). Thus 7 is an embedding. O
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As with the map ¢ for G(d, d,n), we have

k k ~ ~ ~ ki1+k
sV ) = (5, 18,5 (B, ) s (2.12)

Using (2.12) repeatedly, we can write

k1) (k k _\ (k1+kat-tk ko~
$1,i152,ip " 'Snfl,in—lsg,;'zsfljg) T 551;2, = T(w)si}j k) - (W g Sn-1,,)
for some w € G(d,r,n) and k € Z>( with the condition k1 + ko + - - + k¢ = 0 (mod 7).
From now on, the group G(d, r,n) will be identified with the image of 7. An element of
the set W(d, r,n) will be called a canonical word. As in the case of G(d, 1,n), a canonical
word w will be written as w = wow’, where wy is the prefix and w’ the suffix of w.

3. Fully commutative elements
3.1. Case G(d,1,n)

In this subsection, let W := G(d,1,n) be the complex reflection group defined in
Section 2.1, with S := {s1,...,Sn_1, $n} the set of generators and (2.1a), (2.1b), (2.1c)
and (2.1d) the defining relations. We consider the free monoid S* consisting of all finite
length words w = s;, i, - - 55, with s;; € S. The multiplication in S* is defined by the
concatenation

(Sil.'.siz).(sml ...Smt) :Sil "'Sigsml"'smt-

We define a binary relation ~ on S* generated by the relations

5i5; = 8jS; for j+1 <i<n, (3.1a)
Si+15iSi4+1 = SiSi+15¢ for 1 < ) <n-— 2, (31b)
sﬁlsn,ls%sn,l = sn,lsffsn,lsfll for 1 < kq, ke < d. (3.1c)

We will call (3.1a), (3.1b) and (3.1¢) the (generalized) braid relations. Define R(w) C S*
to be the set of reduced expressions for w € W. Here, as usual, a reduced expression is
a word of minimal length for w.

The following proposition is a generalization of Matsumoto’s Theorem and is crucial
to define fully commutative elements.

Proposition 3.1. For any w € W, the set R(w) has exactly one equivalence class under

~
~.

Proof. Suppose that w € R(w). We will show that w is related to the canonical word
in W(d, 1,n) under ~. We follow the proof of Proposition 2.3. Let £ be the number of
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occurrences of s¥ in w for various k’s, where k is maximal for each occurrence. If £ = 0
then w is a reduced word of an element of the subgroup of type A, _; and one can use
only relations (3.1a) and (3.1b) to obtain the canonical word by Matsumoto’s Theorem.

Assume ¢ > 0. Then the proof of Proposition 2.3 shows that the relations (2.7b)
and (2.7d) are used to obtain the canonical word. As the relation (2.7b) is nothing but
(3.1a), we have only to check if the relation (2.7d) is derived from (3.1a), (3.1b) and
(3.1c), which follows from Lemma 2.2. O

Example 3.2. Consider W = G(3,1,2) =< s1,82|53 = 87 = 1, 52515251 = 51528182 >.
Then the two reduced expressions s251 3351 and 51535182 represent the same element in
W. One cannot be transformed into the other, using only the defining braid relations
(2.1b), (2.1c) and (2.1d). However, under =, the two expressions are related through
(3.1¢).

We define a weaker binary relation ~ on S* generated by the relations (3.1a) only.
The equivalence classes under this relation are called commutativity classes. This gives
the decomposition of R(w) into commutativity classes:

R(w) :C1U CQU C@.

Definition 3.3. We say that w € W is fully commutative if R(w) consists of a single
commutativity class; i.e., any reduced word for w can be obtained from any other solely
by using the commutation relations (3.1a) that correspond to commuting generators.

Throughout this paper, a subword always means a subword with all its letters in
consecutive positions. We obtain the following lemma which is an analogue of Proposition
2.1 1in [11].

Lemma 3.4. An element w € W is fully commutative if and only if no member of R(w)
k1

contains si4+18;Si+1, 1 <i<n—2, or s, sn_ls’ffsn_l, 1<k, ke <d, as a subword.

Proof. We will prove the contrapositive. If a word w € R(w) has such a subword, the
word w cannot be transformed into the canonical form only using commutative relations.
Thus w cannot be fully commutative. Conversely, if w is not fully commutative, there
must be a word w € R(w) to which one of the relations (3.1b) and (3.1c) is applied. Then
we see that there exists a word w; obtained from w, which has s;115;8;41, 1 <7 <n—2,

or sﬁlsn_lsf?sn_l, 1 <ki, ke <d, as a subword. O

The following proposition provides a practical criterion for full commutativity.

Proposition 3.5. An element w € W is fully commutative if and only if there exists
w € R(w) whose commutativity class has no member that has as a subword any of the
following
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Si418iSi+1, 8i8i4+15; (1<i<n-2), (3.2a)
sﬁlsn_lsffsn_l, sn_lsﬁlsn_lsff (1 < ki, ko < d). (3.2b)

Proof. Assume that w is fully commutative. Consider w € R(w). Then by Lemma 3.4,

the word w does not contain s;418;8,41, 1 <i <n—2,or skis, 152, 1,1 <k, ko <d,

ko
n

1 < k1,ks < d, either. If it does, we obtain w; € R(w) from w by applying (3.1b) or
(3.1c), which contains s;418;5;41, 1 <i <n—2, or s¥1s, 1525, 1,1 <k, ky < d. That

as a subword. Moreover, w cannot contain s;s;118;, 1 <t <n—2, or sn_lsﬁlsn_ls

is a contradiction. Thus any w € R(w) does not contain any of the words in (3.2a) and
(3.2b).

Conversely, assume that there exists w € R(w) whose commutativity class C has no
member that contains any of the words in (3.2a) and (3.2b). Then neither (3.1b) nor
(3.1c) can be applied to any of the member of C, and we must have C = R(w). Thus, by
definition, w is fully commutative. O

As in Section 2, an expression s;, ---s;, € W will be identified with the word
[i1,...,%r]. For w € W, let w = [i1,...,i;] € R(w). Define {i,7 + 1}-sequence of w
to be the sequence of i’s and i + 1’s obtained by ignoring all entries of w different from
i and i + 1. For example, the {1,2}-sequence of w =[1,2,1,3,4,3,2] is [1,2,1,2].

We have the following useful lemma due to Kleshchev and Ram.

Lemma 3.6 (/8]). The reduced words w and v are in the same commutativity class if and
only if their {i,i+ 1}-sequences coincide for each i =1,2,...,n— 1.

Combining Proposition 3.5 and Lemma 3.6, we can easily check whether an element
w is fully commutative or not.
In Proposition 2.3, we prove that any element of W can be written as
k1) (k k
SLirS2i3 " SnLiin_1 S s02) o s (3.3)
where 1 <i, <p+1lforl1<p<n—-1,and1<j; <jo < - <je<nforf>0,and
1<k, <d—-1for1<p< L Here we write

(k) k

Spj = SnSn—1,j = SpSn—1-..8; fork>1 and j <n.

Recall that the part siﬁfsﬁf?i e sflka in the canonical form (3.3) is called its suffix. Now

we prove the following proposition.
Proposition 3.7. Every suffix is a fully commutative element.

Proof. By Proposition 3.5, we have to show that no member in the commutative class
of a suffix contains as a subword any of the words in (3.2a) and (3.2b). By Lemma 3.6,
we need to investigate relative positions of a letter p and their neighbors p—1 and p+ 1.
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Assume that 1 < p < n — 2. Every consecutive occurrence of p in a suffix is of the
form

D0 =1, gp,® o+ 1,p, ] with Gy < pin <p+ 1 (3.4)

Thus, neither the word s,spy15, nor the word spi15,5,41 can appear in any suflix
or in any member of its commutative class. Similarly, one sees that neither the word
Sp_1581s, 158 nor the word skis, ;s¥2s, | can appear in any suffix or in its commu-
tative class. Hence our assertion follows. 0O

3.2. Cases G(d,d,n) and G(d,r,n)

Recall that we fixed embeddings of G(d,d,n) and G(d,r,n) into G(d,1,n) and that
these groups are identified with the images of the embeddings.

Definition 3.8. Let W = G(d,d,n) or G(d,r,n) be considered as a subgroup of G(d, 1, n)
through the embedding ¢ or 7 defined in Section 2, respectively. An element w of W is
called fully commutative if w is fully commutative as an element of G(d, 1, n).

As mentioned in the introduction, this definition of fully commutative elements coin-
cides with the usual definition for the Coxeter groups of type B,, when d =2, r = 1. On
the other hand, it is not compatible with the usual definition for the Coxeter groups of
type D,, when d = 2, r = 2. This will be made more clear in the following sections.

4. Packets in G(d,1,n)
4.1. Collections

The words in W(d, 1, n) which correspond to fully commutative elements will be called
fully commutative and will be grouped based on their suffixes.

Definition 4.1. A collection ¢, C W(d,1,n) labeled by a suffix w’ is defined to be the
set of fully commutative words in W(d, 1,n) whose suffix is w’.

As in the case of type D studied in [4], some of the collections have the same number
of elements as we will prove in the rest of this subsection. Since the proofs are essentially
the same as in the case of type D, we will only sketch them here, referring the reader to
[4] for more details.

Lemma 4.2. For a fired k, 0 < k < n — 2, any collection labeled by a suffix of the form

sl glta) glta) S(ta) | (te) (£>2) (4.1)

n,k+1°n,j2°n,j3°n,ja n,je
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has the same set of prefixes. In particular, these collections have the same number of
elements.

Proof. Let w’ be a suffix of the form (4.1). Then w’ has the suffix w; := sg}/)ﬂsn as a
subword, and any prefix appearing in the collection c,, also appears in cy, .

Conversely, assume that wy is a prefix of a fully commutative word appearing in the
collection ¢y, . Since the prefix and suffix of a fully commutative word are themselves
fully commutative, we only assume that there is some letter » < n — 1 which appears in
both wq and w’. From the condition

I<jii<jpp<---<js<n

on the suffix w’, we see that the letter r also appears in w;. Then the full commutativity
of wow; implies that wow’ is also fully commutative and that wyq is a prefix of w’. O

Proposition 4.3. For 1 < k < n — 2, the collection labeled by the suffix sffllz, 1<t <d,
has the same number of elements as any of the collections labeled by the suffix of the
form

(f) s(t) () (b)) ((t) (5 9y

S, k+1n,52 51,55 5n,ja n,je Z

(t1)
n,k+

bijection between the collections cy,, and cy,,. We define a map o : ¢y, — ¢, as follows.

(t/lz. By Lemma 4.2, it is enough to establish a

n’

Proof. Let w; = s 150 and wy = s

Suppose that wq is the prefix of the word w = wows = 'wo[nt/,n —1,...,k] €cy,, and
let r be the last letter of wg. Then by the condition of full commutativity, we must have
r<korr=n-—1.

If r < k we simply define o(w) = wows. If r = n — 1, we take m > k to be the
smallest letter such that the string [m,m+1,...,n—1] is a right factor of wg. Then we

have w = 514, *** Sm—1,ipn_15mSm+1 - - Sn—1W2, and we define

O'(w) = 81,47 " " Sm—1,ipm_15m, kW1

Then we have o(cj,,) C ¢, .

Now we define a map 7 : ¢y, — ¢y, . Suppose that w = wow; = woln't,n—1,... k+
1,n] € cy,,, and let r be the last letter of wq. Then by the condition of full commutativity,
we must have 1 < r < k.

If r < k, then we define n(wow;) = wows. If r = k, then the final non-empty segment
of the prefix is s,, ; for some m with £ <m <mn — 1. We define

(W) = N(S1,i; *** Sm—1,im_1 SmkW1) = S1,iy *** Sm—1,im_1SmSm+1 " * Sn—1W2.

n
w2

One sees that n(cy, ) C c,,, and that 7 is both a left and a right inverse of 0. O
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Lemma 4.4. The collections labeled by the suffizes st, and s (1 <t < d) have the

n,n—1
same set of prefizes.

®

n,n—1

(®

nn—1 is fully com-

. t s t
Proof. Assume that wy is a prefix of s} or s i.e., wosy, or wos

mutative. Then replacing the suffix s, with any of the suffixes s, and si%_l (1<t <d
does not affect full commutativity. O

4.2. Packets
The results in the previous subsection lead us to the following definition.
Definition 4.5. For 0 < k < n, we define the (n, k)-packet of collections:

o The (n,0)-packet is the set of collections labeled by suffixes of the form

(t) (1) ((ta) ((ta)  ((b) (5 oy,

Sn,1 Sn,j2 0,53 Snja n,Je =

o The (n, k)-packet, 1 < k < n—2, is the set of collections labeled by sffy)k or by suffixes
of the form ssflk)ﬂsgi)z 85:33)3 85:31 e SSZJ)[ (¢>2).

e The (n,n — 1)-packet contains the collections labeled by s
[nt,n —1].

o The (n,n)-packet contains only the collection labeled by the empty suffix [ ].

(®)

nn—1 =

0 = [0t or s

We will denote the (n, k)-packet by P(n, k). As an example, Table 4.1 shows all packets
for the case of G(2,1,3) (or Bs).

We record the main property of a packet as a corollary.
Corollary 4.6. The collections in a fized packet P(n, k) have the same number of elements.
Proof. The assertion follows from Lemma 4.2, Proposition 4.3 and Lemma 4.4. 0O
We count the number of collections in a packet and obtain:
Proposition 4.7. The size of the packet P(n,k) of G(d,1,n) is
(At —1)(d—-1) ifk=0,
APl d—-1) if1<k<n-2,

2(d—-1) ifk=n—1,
1 if k =n.

[P(n, k)| =

Hence we have Y, _, |P(n, k)| = d".
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Table 4.1
The packets of G(2,1, 3).

c?3,2,1,3] C:[3,2,1,3,2] C?3,2,1,3,2,3]
(3,2,1,3] [3,2,1,3,2] [3,2,1,3,2,3]
C?B,Z,l] Cﬁ3,2,3]
(3,2,1] 2,3,2,1] [1,2,3,2,1] (3,2,3] (1,3,2,3]  [2,1,3,2,3]

cfa.2)

3,2] 2,3,2] 1,3,2] 2,1,3,2] 1,2,3,2]

3
Nl
2,3] [1,3] 2,1,3] [1,2,3]

E |
-
L
J

~
=

(2,1] [1,2]

,
\

Proof. Assume that k = 0. We consider the expression

(k1) (k2) (k3) (kn-1) kn
Sn,l 571,2 Sn,3 T Sn,n—l STLI .

The conditions for (n,0)-packet allows k1 to vary from 1 to d —1 and k; (2 < i < n)
from 0 to d, except from the case ko = ks = --- = k,, = 0. Thus the total number of
collections in P(n,0) is (d — 1)(d"~1 —1).

Similar arguments can be applied to the other packets P(n,k) for 1 < k < n —1,
and it is clear that there is only one collection in P(n,n). The total sum can be checked
straightforwardly. O
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Table 4.2
Catalan Triangle.
1

14 14
14 28 42 42
20 48 90 132 132
27 75 165 297 429 429

el e e
N O UL W N

4.8. Catalan’s Triangle

In this subsection, we will compute the size of a collection in a given packet, and
thereby classify and enumerate all the fully commutative elements.

As in the case of type D studied in [4], the sizes of collections are given by Catalan
triangle numbers C(n, k) which are defined by

(n+k)!(n—k+1)

Clnk) = im0

(4.2)

for n > 0 and 0 < k < n. The numbers form the Catalan Triangle in Table 4.2 to satisfy
the rule:

C(n,k)=C(n,k—1)+C(n—1,k), (4.3)

where all entries outside of the range 0 < k < n are considered to be 0. One also sees
that

Cp=C(n,n—1)=C(n,n), (4.4)
where (), is the nth Catalan number.

Lemma 4.8. For n > 3, the size of each collection in the packets P(n,n) and P(n,n —1)
is equal to the Catalan number C,.

Proof. The proof of Lemma 4.4 shows that prefixes in a collection belonging to one of
the packets P(n,n) and P(n,n — 1) are exactly fully commutative words of type A,_1,
the total number of which is well known to be the Catalan number C,,. O

The following theorem is an extension of Theorem 2.12 in [4] from the case of D,, to
G(d,1,n). The proof is similar to that of type D,,, and we refer the reader to [4] for more
details.
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Theorem 4.9. Assume that n > 3 and 0 < k < n. Then any collection in the packet
P(n, k) contains exactly C(n,k) elements.

Proof. We have already proved the cases when k = n and k =n — 1 in Lemma 4.8. Now
consider the packet P(n,0), which consists of the collections labeled by the suffixes
() g(t2) ((ts) ((ta)  (te) (> 2).

n,1 5n,525n,55 50,50 " Snje

By Lemma 4.2, it is enough to consider the collection c labeled by siffl)sn. If a word

w € c contains a non-empty prefix wy ending with the letter r for 1 < r < n — 1, then
the word w contains as a right factor [r,n,n—1,...,r+1,r,...,1,n] which contradicts
full commutativity. Thus the collection ¢, and hence every collection in P(n,0), contains
only the suffix itself. Thus we have C'(n,0) = 1.

For the other cases, we will combinatorially (or bijectively) obtain the identity (4.3).
One can see that any collection in the packet P(3, k) contains exactly C(3, k) elements
for 0 < k < 3. The case G(2,1,3) is given in Table 4.1 and the case G(3,1,3) in the
second example of Section 6. Thus the assertion of the theorem is true for n = 3, and we
will proceed by induction with the base cases k = 0 or n = 3. Further, by Corollary 4.6,
it is enough to consider a single collection in each of the packets.

Assume that n >4 and 1 < k <n — 2. We define

W1 =Sy pSn = [N,n—1,...,kn], wa=s,=[nn—1,...,k|,

'wgz[n—l,n—Z,...,k].

Then ¢, € P(n,k—1), ¢l € P(n, k) and ¢l € P(n — 1,k). We will give an explicit
bijection from ¢y, U cﬁ;l t0 Coyy, -
Define a map ¢ : ¢y, — ¢, by

p1(wowy) = p(wp[n,n —1,...,k n]) = wowy = wo[n,n —1,..., k|,

and another map ¢ : ¢yt — ¢l by

(pg(ﬂ)o'lﬂg) = WpSp—-1W9o = wosn_l[n,n — 1, n — 2, ey k}

Then it can be checked that the maps ¢; and @9 are well defined ant that the images

n

are disjoint. Finally, combining ¢1 and ¢2, we define a map ¢ : c3, U cﬁ;l = Chpyy 1-€.

the restriction of ¢ to ¢, is 1 and the restriction of ¢ to cﬁ,;l is wa.

w1
-1

Conversely, define the map p : ¢y, — ¢y,, Uy to be given by the rule:

3

woln —2,...,k] € cﬁ;l, if wg ends with n — 1,

n
wi?

p(wows) = p(wo[n,n—1,... k]) = {

wowi € C otherwise.

One can check that the map p is well defined.
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Now one can see that p is the two-sided inverse of ¢. In particular, if we restrict p to
the words whose prefixes end with n — 1, then we obtain the inverse for @9, while if we
restrict to the prefixes not ending in n — 1, we have the inverse for ;.

This establishes, for each k,

|C:rll02‘ = ‘c’lnbl| + |cz};1|7
which is the same identity as (4.3) inductively. This proves that |cl,
desired. O

C(n,k) as

2‘_

Let us recall the Catalan triangle polynomial introduced in [9, Definition 2.11]:

Definition 4.10. For 0 < k < n, we define the Catalan triangle polynomial F, () by

k
Snk(T) = Z C(n,s)x"*. (4.5)

s=0

We need some special values of the polynomial §,, ().

Lemma 4.11. [9, Corollary 2.9] For 0 < k < n, we have

Fnn(2) = (”ﬂi““). (4.6)

In light of the above lemma, the numbers §, x(d), d > 2, can be considered as a
certain generalization of binomial coefficients. Interestingly, we need F,, ,—2(d) to write
a formula for the number of fully commutative elements in G(d,1,n) in the following
corollary. This is also the case for G(d,r,n). See Corollaries 5.3 and 5.6.

Corollary 4.12. For n > 3, the number of fully commutative elements of G(d,1,n) is
equal to

> Cn, k) [P(n, k)| = d(d — 1)Fn.n—2(d) + (2d = 1)C,, — (d - 1). (4.7)
k=0

In particular, when d = 2, we recover the result of [11] on B,-type using (4.6):

> Cn,k)[P(n, k)| =2 <27?__21> +3C,—1=(n+2)C, —1.
k=0

Proof. The assertion follows from Proposition 4.7 and the definitions. O
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5. Packets in G(d,r,n)

In this section, we assume that 1 < r < d and r|d. Thus the family of groups G(d,r,n)
includes the case G(d, d,n). The results will be presented for G(d, d, n) first for simplicity,
and then will be generalized to the case G(d,r,n).

Recall that we consider G(d,r,n) as subgroups of G(d,1,n) through the embedding
7, and that Lemma 2.8 describes the elements of G(d,r,n). We define the packets of
G(d,r,n) to be those of G(d,1,n) which are contained in G(d,r,n).

Proposition 5.1. The size of the packet P(n, k) of G(d,d,n) is

) arR2(d—1) f0<k<n-2,
|me”_{ 1 if k=n.

Hence we have Y, _, |P(n, k)| = d" .

Proof. We use Lemma 2.6 to determine which packets of G(d, 1,n) in Definition 4.5 are

contained in G(d, d, n). Clearly, the (n,n—1)-packet cannot occur in G(d, d, n), and there
is still only one collection in the (n,n)-packet. For 0 < k < n—2, the suffixes s(t)k cannot

() (ta) ((ta) (ta) | (t2)

appear in G(d,d,n) and the number of suffixes of the form Sy kt15m,725m. 75 Snoja nde

(¢ > 2) that appear in G(d,d,n) is d"~*2(d —1). O
More generally, we have the following.

Proposition 5.2. The size of the packet P(n,k) of G(d,r,n) is

m—1
L @-n-(2-1) ae=o
r T
dn—k—l
|P(n, k)| = . (d—1) fl<k<n-2,
r
1 if k=n.

Hence we have Y, _q |P(n, k)| = d"/r.

Proof. We use Lemma 2.8 to determine which packets of G(d,1,n) in Definition 4.5
are contained in G(d,r,n). Clearly, there is still only one collection in the (n,n)-packet.
For the (n,n — 1)-packet, each of sgf) and 55;%—1 has % — 1 possibilities to satisfy the
conditions ¢ =0 (mod 7) and 1 <t < d.

As for the (n,0)-packet, we consider the expression

(k) (k) (k) | (ko) ik,

nlSnQ n,3 Snnln'
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Then k; varies from 1 tod—1 and k; (2 <i<n—1) from 0 to d and then k,, has d/r

choices, except the cases that k; = 0 (mod r) and ke = k3 = --- = k,, = 0. Thus the

dn—1 d

total number of collections in P(n,0) is (d-1) - (— -1
r

The sizes of (n, k)-packets for 1 < k < n — 2 can be checked similarly. O

Corollary 5.3. The number of fully commutative elements in the group G(d,d,n) is equal
to

> Cn.k) [P(n.k)| = (d = DFnn-2(d) + Co. (5.1)
k=0

In particular, when d = 2, we obtain from (4.6)

. - —1 1
S Cln, k) [P0, k)| = (2" 1) vo,=""lo v, ="la (52
n—2 2 2
k=0
Remark 5.4. The number ”+1C’ in (5.2) is different from the number ";3 C,, —1 of fully
commutative elements of type D,, considered in [12,4] without embedding ¢. Thus our
definition of fully commutative elements of G(2,2,n) is not equivalent to that of D,, in
[12,4]. See the first example in Section 6 for more details.
1-v1-4
Remark 5.5. Let ¢(x) = STV T ™ e the generating function of the Catalan numbers

C),. The generating function of the numbers of fully commutative elements in G(d, d, n)
is given by

1—(d—1)zc(x)

1—dzc(x)
Corollary 5.6. The number of fully commutative elements in the group G(d,r,n) is equal
to
. d(d—1 2d d
> Cn,k)|P(n, k)| = ( )&wz(d)—i—(——l) Cn—<——1>. (5.3)
— r r r
6. Examples

(1) The group G(2,2,n) is isomorphic to the Coxeter group of type D,, which has
its own definition of fully commutative elements without invoking the embedding ¢ into
G(2,1,n). For example, the element 33343251 € G(2,2,4) is fully commutative before
being embedded into G(2,1,4), but we have

1(83545251) = 535453545251,
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which is not fully commutative in G(2,1,4). The number of fully commutative elements
of Dy (without embedding) is 48, whereas the number of fully commutative elements of
G(2,2,4) (after being embedded) is 35.

(2) The group G(3,1,3) has 59 fully commutative elements. We list them below in
packets and collections.

Packets Collections C(3,k)
C[3,2,1,3]s C[3,2,1,32], €[3,2,1,3,2]s C[3,2,1,3,2,3]>
3 0) C[3,2,1,3,2,32], ©€[3,2,1,32,2], €[3,2,1,32,2,3], C[3,2,1,32,2,32], 1
C[32,2,1,3]» C[32,2,1,32], ©€[32,2,1,3,2]» ©€[32,2,1,3,2,3],
C[32,2,1,3,2,32], C[32,2,1,32,2], €[3,2,1,32,2,3], C[3,2,1,32,2,32]
C[3,2,3] = {s35283, 51535253, 5251535253}
Cl3,2,32] = {835253, 51535253, 5251535253}
3,1) C[32,2,3] = {szszsg7 51323233, szslszszsg} 3
C[32,2,32] = {535253, 51555285, 5251555253 }
C[3,2,1] = {s35251, 52535251, 5152535251}
Cl32,2,1] = {835281,52535281,8182835281}

clz) = {53,513, 5253, 515283, 828183}

! _ 2
P(3,2) C[32] = {33,3133,3233,313233,323133} 5
’ 2] = {838273183327825382,51828332752518332}
,2] :{ 5273153527525352,51525332752313352}
P(3,3) cy ={[],s1,52,5152,5251} 5

(3) The set of reduced words for the group G(3,3,3) is given in Appendix. To the
canonical words, one applies the embedding ¢ : G(3,3,3) < G(3,1,3) and sees that
the group has 17 fully commutative elements. We list them all below, where we write
[ilig . ik] for §i1§i2 s §ik S G(3, 3, 3) and <i1i2 . ik> for S 8iy " Sy, € G(S, 1, 3)

I—0, (1] — (1), (2] — (2),
[3] — (3223), [12] — (12), [13] — (13223),
[21] — (21), [31] — (3%231) = (32213), [213] — (213%23),
[232] — (232232) = (323%), [312] — (322132), [1232] — (1232232) = (13232),
[2321] — (3213%), [12132] — (213232), [13123] — (322132232),
[23121] — (321322), [23213] — (321323).

The (3,0)-packet has 6 collections, each of which has only one element:
P(3,0) = {{(3°213)}, {(3%2132)}, {(3213%)}, {(3°213°23%)}, {(3213°2) }, {(321323)} } .
There are 2 collections in the (3, 1)-packet, each of which has 3 elements:
P(3,1) = {{(3%23), (13%23), (213%23)}, {(323%), (1323?), (21323%)} } .

Recall that there is no (3, 2)-packet. There is only one collection in the (3, 3)-packet and
it has 5 elements:



G. Feinberg et al. / Journal of Algebra 558 (2020) 371-394 393

P(3,3) = {{0, (1), (2), (12), 21) }}.

All together we have
I1x6+3x2+5x1=1T7.

Remark 6.1. Before taking the embedding G(3,3,3) — G(3,1,3), we may want to say
that the element 3933 = [23] is fully commutative. After the embedding, we have

[23] — (23%23),
and the element is not fully commutative.
7. Appendix: reduced words for G(3, 3, 3) without an embedding
In this appendix, we write [i1iz ... 4] for §;,3;, -+ 5,
Lemma 7.1. The following relations hold in G(3,3,3):
[31232] = [13123], [32131] = [23213], [213121] = [131213], [213123] = [131231],

[213213] = [132132], [231213] = [123121], [231231] = [123123], [232132] = [132131],
[312131] = [121312], [312132] = [121321], [312312] = [123123], [321321] = [132132].

Proof. All the relations are derived from the defining relations. For example, we have
the defining relation [313] = [131]. Multiplying both sides by 3283 from the right, we

obtain

31323] = [31232) = [13123],
where we use another defining relation [323] = [232]. Thus we obtain [31232] =
[13123]. O

Proposition 7.2. A set of reduced words for G(3,3,3) is given by

[

1], 2], 3],

[12], [13], 21], 23], 31], 32]

[121],  [123],  [131],  [132], [213], [231], [232], [312],  [321],
[1213], [1231], [1232], [1312], [1321], [2131],

[2132], [2312), [2321], [3121], ([3123], [3213],

[12131], [12132], [12312], [12321], [13121], [13123], [13213], [21312],
[21321], [23121], [23123], [23213], [31213], [31231], [32132],

[ [ [ [ [ [

121312], [121321], [123121], [123123], [123213], [131213], [131231], [132132].
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Proof. We set an ordering 1 < 2 < 3 on the alphabet I = {1,2,3} and use the degree-
lexicographic ordering on the set of words on I. Then one can see that the words in the
list above do not contain as a subword any of the leading words of the defining relations
for G(3,3,3) and of the relations of Lemma 7.1. Further it can be checked that the list
has all the words with this property. The number of words in the list is 54, which is
exactly the order of G(3,3,3). Thus it follows from the Grébner—Shirshov basis theory
that the list is a set of reduced words for G(3,3,3). O
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