AUTO-CORRELATION FUNCTIONS OF SATO-TATE DISTRIBUTIONS
AND IDENTITIES OF SYMPLECTIC CHARACTERS
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ABSTRACT. The Sato—Tate distributions for genus 2 curves (conjecturally) describe the sta-
tistics of numbers of rational points on the curves. In this paper, we explicitly compute the
auto-correlation functions of Sato—Tate distributions for genus 2 curves as sums of irreducible
characters of symplectic groups. Our computations bring about families of identities involving
irreducible characters of symplectic groups Sp(2m) for all m € Z>1, which have interest in
their own rights.

1. INTRODUCTION

The connection between random matrices and number theory was first conjectured by H.
L. Montgomery [Mon73| in 1973 from the observation made by himself and F. J. Dyson that
the two-point correlation function of the zeros of the Riemann zeta function is the same as
the two-point correlation function of the eigenvalues of random matrices. Since then extensive
research on correlation functions of L-functions and random matrices has been performed. For
example, see [BK96, BK95, Hej94, KS99, Rub98, RS96].

In 2000, Keating and Snaith [KS00b, KS00a] studied averages of characteristic polynomials
of random matrices motivated in part by this connection to number theory and in part by the
importance of these averages in quantum chaos [AS95]. Over the years it has become clear
that averages of characteristic polynomials are fundamental for random matrix models, and
many important developments have been made to the theory [BDS03, BS06, BH00, BHO1,
FS02a, FS02b, MNO1]. In particular, the auto-correlation functions of the distributions of
characteristic polynomials in the compact classical groups were computed by Conrey, Farmer,
Keating, Rubinstein and Snaith [CFK'03, CFKT05] in connection with conjectures for integral
moments of zeta and L-functions, and by Conrey, Farmer and Zirnbauer [CFZ08, CFZ05] in
connection with conjectures for ratios of L-functions. Later, Bump and Gamburd [BGO6]
obtained different derivations of such formulae applying the symmetric function theory and
(analogues of ) the dual Cauchy identity along with classical results due to Weyl and Littlewood.
Their results show that the auto-correlation functions are actually combinations of characters
of classical groups.
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More precisely, Conrey, Farmer, Keating, Rubinstein and Snaith [CFK*03] computed Sel-
berg’s integrals to obtain the following formula (and many other formulae):

m
(1.1) / Hdet([ +av) | dy = Z sx(1,-+ Tm),
USP(29) j=1 A: even
where s) is the Schur function and the sum is over partitions A = (A1,...,\;,) with all parts
Aj even and 2g > A\ > -+ > Ay, > 0. The left-hand side of (1.1) is the average of the products
of characteristic polynomials of random matrices in USp(2¢g) as dvy is the Haar probability
measure on USp(2g). Here, since —y € USp(2g) for v € USp(2g), we may use det(I + x;7).
In a totally different way, Bump and Gamburd [BG06] could compute the same integral to
obtain
m
(1.2) / H det(I +xjv) | dy = (z1...2m)? X(S;%m) (zh, .. athy,
USp(29) j=1

(2m)

where x?gpm) is the irreducible character of Sp(2m)! associated with the rectangular partition
(¢™). The equality of the right-hand sides of (1.1) and (1.2) can be shown directly through
branching of the character X(;(Q)m) In fact, Bump and Gamburd used an analogue of the dual
Cauchy identity due to Jimbo-Miwa [JM85] and Howe [How95]:

(1.3) HH xi+x; —i—t] t_l Z XSp 2m acl ,...,x#)x?p@g)(t{d,...,tgil),
= 1_] 1 m)

where A = (m — Ags - osm — Np) with X' = (A],..., \}) the transpose of A\. This identity can
be considered as a reflection of Howe duality.

While most of the connections of number theory to random matrices are still conjectural,
the celebrated Sato—Tate conjecture for elliptic curves is directly related to random matrices
in nature and has been proved (under some conditions) by the works of R. Taylor, jointly
with L. Clozel, M. Harris, and N. Shepherd-Barron [CHT08, Tay08, HSBT10]. The conjecture
concerns the distribution of Euler factors of an elliptic curve over a number field. It specifically
predicts that this distribution always takes one of the three forms, one occurring whenever
the elliptic curve fails to have complex multiplication, which is the generic case, and two
exceptional cases arising for curves with complex multiplication, and furthermore says that all
three distributions are the same as the distributions of eigenvalues of random matrices in the
compact groups SU(2), U(1) and N(U(1)), respectively, where N(U(1)) is the normalizer of
U(1) in SU(2).

This amazing structural randomness in arithmetic data is not expected to be restricted to
the case of elliptic curves. Indeed, J.-P. Serre, N. Katz and P. Sarnak proposed a generalized
Sato—Tate conjecture for curves of higher genera [Ser94, KS99]. Pursuing this direction, K. S.
Kedlaya and A. V. Sutherland [KS09] and later together with F. Fité and V. Rotger [FKRS12]
made a list of 55 compact subgroups of USp(4) called Sato—Tate groups that would classify all

1By this notation we mean Sp(2m,C) or USp(2m) accodring to the context. We keep this ambiguity for
notational convenience.
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the distributions of Euler factors for abelian surfaces and showed that at most 52 of them can
actually arise from abelian surfaces’.

For example, the hyperelliptic curve 32 = 2° —  + 1 over Q falls into the generic case and
has the distribution given by the group USp(4), while the curve y? = 2% + 2 over Q(v/—3) has
the distribution given by the subgroup (U(1),{12) of USp(4), where {13 is a primitive 12" root
of unity (embedded into USp(4)). Thus USp(4) and (U(1),{12) are examples of the Sato—Tate
groups for genus 2 curves.

Through enormous amount of computer computation [FKRS12], they found abelian surfaces
whose Euler factors have the same distributions as the distributions of characteristic polyno-
mials of the 52 Sato—Tate groups. Since then, the Sato—Tate conjecture for abelian surfaces
defined over QQ, which covers 34 Sato—Tate groups, has been established by C. Johansson and
N. Taylor [Johl17, Tay20] except for the generic case USp(4). Actually, those three groups,
which do not arise for abelian surfaces, and two other subgroups of USp(4) appear when cer-
tain motives of weight 3 are considered in [FKS16]. Thus all the 57 groups are interesting in
number theory and arithmetic geometry, and we will call all of them Sato—Tate groups in what
follows.

In this paper, we describe the distributions of characteristic polynomials of random matrices
in Sato—Tate groups H < USp(4) by computing the auto-correlation functions

(1.4) / H det(I + xjv)dy, m € ZL>1,

as sums of irreducible characters of Sp(2m). We consider all the 57 Sato—Tate groups H <
USp(4), and obtain the following result.

Theorem 1.1. Let H < USp(4) be a Sate-Tate group. Then, for any m € Z>1, we have

/H H det( + zjv)dy = Z Z M(ps220) X(TE? b)QZ ,122))

j=1 b=0 2=0
where the coeﬂicients Myq2.p) are the multiplicities of the trivial representation in the restric-

tions X(b+2z b) ‘H and are explicitly given in Table 5.1.

As the statement of the theorem manifests, this result can also be interpreted as a result on
branching rules in representation theory. Indeed, our approach starts with the identity (1.3)
and converts the problem to the branching rules of irreducible characters of USp(4) restricted
to Sato—Tate groups H. Though a few of the Sato—Tate groups invoke classical branching rules,
almost all of them call for a new study because they are disconnected and involve twists by
automorphisms.

In classical situations, branching rules invoke many interesting combinatorial questions (e.g.
[Kin71, KT90]). With Sato—Tate groups, we also meet various combinatorial problems, and
adopt crystals as our main combinatorial tools for the problems. One can find details about

2In [FKS19], an additional Sato-Tate axiom is included for abelian varieties of dimension < 3, and it eliminates
those 3 groups which do not arise for abelian surfaces.
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crystals, for example, in [BuSch17, HK02, Kash02]. However, in some cases, we need more
concrete realizations of representations of USp(4).

Moreover, since most of the Sato—Tate groups are disconnected, we can decompose the
integral (1.4) according to coset decompositions, and find that the characteristic polynomials
over some cosets are independent of the elements of the cosets. Combining this observation with
the computations of branching rules, we obtain families of non-trivial identities of irreducible
characters of Sp(m) for all m € Z>; as follows.

Theorem 1.2. Let k1 = =2,k = 2,k3 = 1,k4 = 0, and kg = —1. Then, for any m € Z>;
andn=1,2,3,4,6, we have
m—>b
m m \_ 2 S 2
— m
(1) H(QZ‘ZQ +Kn +$’L 2) = Z Z 77ZJ'YL Z b X(§m b—2z 122)
i=1 b=0 2=0

where Yy (2,b) € Z are respectively defined in (5.8) and (5.9) and in Table 5.3;
L5 15—

S m—k d - . Sp(2m)
(2) Z (L(m _ k;)/QJ) Z H(JU?] + xz‘f) = (*1) X(QM72Z722712Z)7

k=0 1<y <--<ip<m j=1 =0 2z=0

wf3
M\S

where the summation over iy < --- < iy, is set to be equal to 1 when k = 0;

m \_ Lm bJ
_ Sp Sp(2m
3) H(xz + 1) X(lm 2]) Z Z §2(2,0) X(me 5)22 ,122)7

i=1 j= b=0 z=0
where £2(z,b) € Z 1is defined in Table 5.4.

w3

O

Notice that the irreducible characters Xip@m)

are symmetric functions with the number of
terms growing very fast as m increases, but that the coefficients (e.g. ¥, (z,b)) are independent
of m. These identities seem intriguing from the viewpoint of representation theory and algebraic
combinatorics. Without the motivation coming from the Sato—Tate distributions which led to
the computations in this paper, it might have been difficult for us to expect that such identities

exist.

1.1. Organization of the paper. In Section 2, we present backgrounds for Sato—Tate groups.
In Section 3, the dual Cauchy identity for symplectic groups will be used to convert computation
of auto-correlation functions into that of branching rules of USp(4). Section 4 is devoted to
the genus one case. This case will demonstrate basic ideas which apply to the genus two case.
In Section 5, the main theorems are stated and proved by considering each of the Sato—Tate
groups using the results of Section 6, where we study branching rules for Sato—Tate groups
through crystals and other methods.

Convention 1.3. Throughout this paper, we keep the following conventions.
(i) For a statement P, 6(P) is equal to 1 or 0 according to whether P is true or not.
(ii) For a partition \, we denote by ' = (N} > ... > X; > 0) the transpose of \.
(iii) The term for k =0 in a summation over 1 < i3 < --- < i < m is set to be equal to 1.
(iv) For m,m' € Z, we write m =, m' if k divides m —m’, and m Z; m’ otherwise.
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2. SATO—TATE GROUPS

In this section, we briefly overview backgrounds of Sato—Tate groups and their auto-correlation
functions of characteristic polynomials. More details can be found in [KS09, FKRS12].

Let C be a smooth, projective, geometrically irreducible algebraic curve of genus g defined
over Q. For each prime p where C has good reduction, we define the zeta function Z(C/F; T)
by

oo
Z(C/Fp; T) = exp (Z Nka/k> :
k=1
where Ny is the number of the points on C' over F .. It is well-known [Art24] that Z(C/F,; T)
is a rational function of the form
Lyp(T)
(- T)(1—pT)

where L, € Z[T] is a polynomial of degree 2¢ with constant term 1. For example, when C' is

Z(C/Fzﬁ T) =

an elliptic curve, i.e. when g = 1, we have L,(T) = 1 — a,T + pT? and L,(1) is equal to the
number of points on C' over F,,.
Set L,(T) := L,(p~/2T) and write

Lpy(T) =T% + a1 ,T? ' + a9, T2 4 -+ +agpT? + a1 ,T + 1.
Let Po(N) be the set of primes p < N for which the curve C has good reduction.

Definition 2.1. For 1 < k < g and m > 0, define ai(m;g) to be the average value of a,znp over
p € Po(N) as N — oc.

The values ag(m;g), m > 0, are the mth

moments of the distribution of ay,, and we are
interested in how to describe ag(m;g). The generalized Sato—Tate conjecture expects that
curves of fixed genus g are classified into certain families and that ai(m;g) are all the same for
curves in each family. In particular, there is a generic family of curves for each genus g.

Let ¢ be a prime and T;(C) be the Tate module, i.e., the inverse limit of the ¢"-torsion

subgroups (n € Z>1) of the Jacobian J(C) of C. Then we obtain the representation
pe : Gal(@/Q) — Aut(Ty(C)) = GL(2g, Z).

We say that the curve C has large Galois image if the image of py is Zariski dense in GSp(2g, Zy) C
GL(2g,7Zy) for any ¢. The curves with large Galois image form the generic family of curves
with a fixed genus g.

Example 2.2. The following curves are from the generic families ([KS09, FKRS12]).
eg=1 C:y?=23+z+1
ai(m;1): 1,0,1,0,2,0,5,0,14,0,42,0,132,... (Catalan numbers)
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e g=2 C:yl=s"—z+1
ai(m;2): 1,0,1,0,3,0,14,0,84,0,594,0,4719, ...
as(m;2): 1,1,2,4,10,27,82,268,940, ...

eg=3 C:y’=z"—2+1
ai(m;3): 1,0,1,0,3,0,15,0,104,0,909,0,9449, . ..
az(m;3): 1,1,2,5,16,62,282,1459, 8375, . ..
az(m;3): 1,0,2,0,23,0,684,0,34760, ...

The generalized Sato—Tate conjecture predicts that these distributions are actually the same

as the distributions of eigenvalues of random matrices. To be precise, let us consider the group
USp(2¢g) with the Haar probability measure. Let

det(I — xvy) = A R e o |
be the characteristic polynomial of a random matrix v of USp(2g).

Definition 2.3. For each £ = 1,2,...,9, let X; be the random variable corresponding to
the coefficient ¢ and define cx(m;g) to be the m'™ moment E[X["], m € Z>, of the random
variable Xj.

The following is the generalized Sato—Tate conjecture for the case that C' is in the generic
family.

Conjecture 2.4 ([KS99]). Let C be a smooth projective curve of genus g. Assume that C' is
in the generic family. Then, for each k =1,2,...,9 and m > 0, we have

ax(m; g) = cx(m; g).
Therefore it is important to compute the distribution of the characteristic polynomials of

random matrices in USp(2¢g). Ultimately, the auto-correlation functions

m

(2.1) / H det(I + xjv) | dv
USp(2g) j=1
for m € Z>¢ will describe the distribution completely. The number ci(m; g) will appear as the
coefficient of (x1 - --x,)* in (2.1).
As mentioned in the previous section, Conrey-Farmer-Keating-Rubinstein-Snaith [CFK 03]
and Bump-Gamburd [BG06] obtained

m

(2.2) / H det(I +xjv) | dy = (z1...2m)? X?;%m) (zEh, .. el
USp(29) j=1
where X(S;)T(,?)m) is the irreducible character of Sp(2m) associated with the rectangular partition

(¢™). By computing the coefficients of (21 - - 2,,)¥ in the right-hand side of (2.2), which are
nothing but weight multiplicities, one can check

ar(m; g) = cx(m; g)
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for the sequences ax(m; g) in Example 2.2. Thus we see validity of the generalized Sato—Tate
conjecture for the curves in the example.

Aside from the generic family of curves whose distribution is (expected to be) given by
USp(2g), there are exceptional families of curves. For elliptic curves, there are two exceptional
families (only one over Q) which consist of elliptic curves with complex multiplication. The
Sato—Tate conjecture, which is proven much earlier for these exceptional families of ¢ = 1
[Deudl], tells us that the moment sequences aj(m;1) are the same as those of N(U(1)) and
U(1), respectively. Here N(U(1)) is the normalizer of U(1) in SU(2) = USp(2).

For genus 2 curves, there are a lot more of exceptional families. Kedlaya and Sutherland
[KS09] and later with Fité and Rotger [FKRS12] made a conjectural, exhaustive list of 55
compact subgroups of USp(4) that would classify all the distributions of Euler factors for
abelian surfaces, and called the groups Sato—Tate groups. Later, when they considered certain
motives of weight 3 [FKS16], two other groups were added to the list of Sato—Tate groups
that are subgroups of USp(4). They determined the moment sequences ci(m;2), k = 1,2, for
each Sato—Tate group by expressing them as combinations of some sequences. In the process
they investigated a huge number of abelian surfaces to see that Euler factors have the same
distributions as the Sato—Tate distributions, supporting their refined, generalized Sato—Tate
conjecture for abelian surfaces.

3. DuaL CAUCHY IDENTITY

In this section, we use the dual Cauchy identity for symplectic groups to convert computation
of auto-correlation functions into that of branching rules.

We recall the dual Cauchy identity for symplectic groups:

Proposition 3.1 ( [JM85, How95]). For m,g € Z>1, we have

(3.1) HH xi+ —i—t] t_l Z XSp (2m) x{d,...,mil)xip@g)(t{d,...,t;tl),
i=1j5=1

where we set
X::(m—)\;,...,m—)\/l)
with X' = (A},...,Ay) the transpose of \.

Let H be a compact subgroup of USp(2g). For each m € Z>;, we want to compute the
auto-correlation of distribution of characteristic polynomials of H:

/ [ det(I + 2iy)dy
H =1

Fix g for the time being. For v € USp(2¢g) with eigenvalues tfl 1

L A¢ B

m m g
[Tdet(r +am) = [T T] 1 + it +it; ).

i=1 i=1j=1

we have

We also write X?\p@g) (v) = Xip@g) (t£h, ..., t=h) for simplicity of notations.
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Definition 3.2. Let m;(H) denote the multiplicity of the trivial representation 1z of H in
the restriction of X?\p@g ) to H. That is,

Xip 29) | = m5(H) 1z + sum of nontrivial irreducible characters of H.

The following proposition shows that the decomposition multiplicities m;(H) are the coeffi-
cients of character expansion of auto-correlation functions.

Proposition 3.3. For each m € Zx>1, the auto-correlation function of the distribution of
characteristic polynomials of H is given by

/ ﬁdet([ +aiy)dy = (x1--2m)? Z m; (H) Xip@m)(xlﬂ, U B
Hi—1 A<(g™)
Proof. Since we have
(1 + @ity) (1 + @it Y=z oyt 8 —|—tj_1),
it follows from the dual Cauchy identity (3.1) that

/Hdet I+azjv)dy = (x /HH 14 zit;)( —|—$zt 1)

i=1j=1

:/ HH (@i + o 15+t )dy = / PP (o I—Ll,...,x#)x?\p(zg)(ﬂy)d’y

i=1j5=1 H)\<](g

Sp(2m S
= Z P (af ,--.,xﬂ)/HxAp(Qg)( )dy.

From Schur orthogonality (for example, [Bum13]), the integral [, X?\p@q ) (v)dr is equal to the

multiplicity of the trivial representation 1z of H in the restriction of x?\p@g ) to H , which is

m; (H) by definition. O
When H is clear from the context, we will simply write m; for m5(H). For simplicity, we
also write
Sp(2 2
X)\p( m) _ =P Sp( m)(xlﬂ, ol

As a special case, we obtain the identity (1.2) where H is equal to the generic Sato—Tate
group USp(2g).

Corollary 3.4 ([BG06]). When H = USp(2g), we obtain

m

/ H det(I + zj7)dy = (z1...2m)? X(S;,%m) (xh, ..., 2.
USp(29) -1

Sp(29)

Proof. Since H = USp(2g), we have m5(H) = 0 unless X5 itself is trivial.

If X?\p(gg) is
trivial, we get A = 0, ms(H) =1and X = (¢g™). 0
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4. PROTOTYPE: CASE g =1

In this section, we compute mj;(H) for non-generic Sato-Tate groups H < USp(2) when
g = 1. The computations will demonstrate our approach which extends to the case g = 2 in
Sections 5 and 6.

Let U(1) = {u € C* : |u| = 1} be the circle group. We embed U(1) into USp(2) by
u — diag(u, u™t).

Thus U(1) is a (maximal) torus of USp(2). Under this embedding the non-generic Sato-Tate
groups are U(1) and its normalizer N(U(1)).
The auto-correlation functions for g = 1 are explicitly given in the following theorem.

Theorem 4.1. For each m € Z>1, we have

,_
S
P

(4.1) / [T det(r + )y = (21 ) S miapx (P
H =
where
H m(2)
USp(2) | 4(j =0)
U(1) 1
N(U@)) [ 6(j =20)

Proof. If A < (1™), we can write
A=1% and A=(m—Fk) for 0<k<m.

First, assume that H = U(1). Let v; = (1,0) and vy = (0,1) be the standard unit vectors of
V := C?, and consider the standard representation of Sp(2,C) on V. Consider the irreducible

?f:l(f)k) of degree m — k + 1. Then

the trivial U(1)-module is generated by v{vg only when m — k = 2j. Thus the restriction

representation Sym™ *(V) of Sp(2,C) with the character x

X?:;(E)kﬂU(l) has the trivial character with multiplicity 1 if and only if m — k is even. That is,

1 if m —k is even,
Mk —
(m=h) 0 otherwise.

Thus it follows from Proposition 3.3 that

(4.2) /U(1) H det( + zjv)dy = (1 zp) Zm(m_k)x(sfk(?m) = (z1- - Tm) X(Slpﬁ@}),
j=1 k=0 j

where we change the indices by m — k = 2j. This proves (4.1) for H = U(1).

Next, assume that H = N(U(1)). Let J = <_0 é) € USp(2). Then

1

N(U) = U)| ]I ),
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and Jv; = —v9 and Jvy = vy on the standard representation of Sp(2,C) on V. Consider again
the irreducible representation Sym™ ¥ (V) of Sp(2, C). As noted above, the trivial U(1)-module
is generated by v{v] when m — k = 2j, and J acts trivially on v{vj if and only if j is even.

Consequently, the restriction X?ffiﬂ N(U(1)) has
M(m—k) = 5(m —k =4 0).

Now it follows from Proposition 3.3 that

,_
~[3
ik

(4.3) / Hdet (I + Ty Ydy = Zm(m k X(Slpkfm) = (21 Tp) X'(Sfﬁ“}e)),
=0

where we change the indices by m — k = 4¢. This proves (5.7) for H = N(U(1)).
Together with Corollary 3.4, we have completed a proof. ([l

As corollaries, we obtain the following identities which are interesting in their own rights.

Proposition 4.2. For each m € Z>1, we have the following identities:

L3

|m/2] . m—24 So(3
(4.4) 3 (E) > IT s, +25h) = Do x0s),

w‘g

=0 1<i1 < <lpp—9p<m j=1 Jj=0
m EY
_ i Sp(2
(4.5) [[@i+2h) = Z(—l)ﬂx(fg_@)).
i=1 =0

Proof. Since fU(l) uFdu = 6(k = 0) for k € Z, we have

m

(zi + 27t 4 (u+ut))du
U ;25

/ Z Z szj—i-:): (u+u~ )m kdu

k 01<i1<+ <zk<m] 1

S SNDSI | (R (o)

k=0 1<i1 <-<ip<m j=1
[m/2] m—2¢

(4.6) = Z (%> > [T @i, + a3,

1<i1 << —2¢<m  j=1

where we put m — k = 2/ for the last equality. Since det(I + ) = 1+ (u +u~ 1)z + 22 for
v = (g u91>, the identity (4.4) follows from Theorem 4.1.
For any v € JU(1), we compute to see that

det(I + zv) = 1+ 2°.
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Thus we have

1 - 1
/ Hdet I+ z7y)dy = B / Hdet([+x¢fyl)d’yl + 2/ Hdet I+ 2z Jvy1)dy,
N(U(Q1)) ;2 U ;5 u@) ;5

1 / o 1 )
=- det(f + zyy)dyi + = | | (1 +z7)
5 Jooy L > H

m
2

1 S
SECRRR SR ()

—

where dry; is the probability Haar measure on U(1) and we use (4.2) for the last equality. By
comparing with (4.3), we obtain

m 5]
i Sp(2m
[T+ = @reeam) D (-1
i=1 §=0
Diving both sides by 1 - - - x,,, we obtain the desired identity (4.5). (I

5. MAIN RESULTS: CASE g = 2

After fixing notations for Sato—Tate groups, we present the first main theorem of this paper
and go over its proof. Much of the computations of branching rules involving crystals will be
performed in Section 6 though we use the results of the branching rules in this section. In
the process we will decompose Sato—Tate groups into cosets and prove various identities of
irreducible characters of Sp(2m) for all m > 1, which form another set of main results in this
paper.

We will adopt the same notations for the Sato-Tate groups as in [FKRS12]. To make this
paper more self-contained, we recall the definitions of these groups. We take the group USp(4)

I

to fix the symplectic form , where I is the 2 x 2 identity matrix. Let E;; be the

0
—I
4 x 4 elementary matrix which has (i, j)-entry equal to 1 and other entries equal to 0. We fix
a basis for the Lie algebra sp,(C):

e1 = B2 — Eus, J1 = E21 — Ea, h1 = E11 — F29 — E33 + Eu,
ez = Fay, Ja = Eu, ha = Ey — Eyq.
Set
é1 = FEus, fi = Bx, hi = E11 — Es3,
€y = e3 = Eay, fo=fo=Eup, ha = hy = Es — Eua.

Define weights ¢;, i = 1,2, by ei(ﬁj) = 0;;. Then the simple roots sp,(C) are
ap =€ — €, Q= 2ey,
and the fundamental weights are

w1 = €1, w9y = €1 + €2.
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A pair of non-negative integers (a,b) with a > b, or a partition (a,b) of length < 2 will be
considered as a weight corresponding to aey + bes.
We embed U(1) into USp(4) by

u — diag(u, u,u™t u™h),

and SU(2) and U(2) into USp(4) by

A0

(5.1) Avr— (0 A) ,
where A consists of the complex conjugates of the entries of A.

We fix an embedding
(5.2) SU(2) x SU(2) — USp(4)
in such a way that the induced Lie algebra embedding sl3(C) x sly(C) — sp,(C) gives

(h,0) — hy and  (0,h) —> ho.
From this, we also induce an embedding
U(1) x SU(2) < USp(4).
Identify SU(2) with the group of unit quaternions via the isomorphism

at+bi c+di

bi j+dk—
@t ot (—c+di a—bi

), a,b,c,d € R,

and also identify them with the corresponding elements in USp(4) through the embedding
0 1 0 0

SU(2) < USp(4) in (5.1). For example, with this identification, we have j = N 8 3 (1]
0 0 -1 0
0 0 o0 1 y
Let J = |2 % =1 %1 We write o = (6 _0. ) € SU(2), and its embedded
0o -1 0 0 0 e wi/n
1 0 0 o0

image in USp(4) will also be written as {2,. Set

(5.3) Q1 ={£1,+i,+4j,+k, (1 i+ j+k}),

(5.4) Qo= {%(il 1), (1 £ ), S k), L(H £ ), L (H £ k), L (] ik)}.
We have embedding® U(1) x U(1) into USp(4) by

S
S
S

. -1 -1

(5.5) (u1,u2) — diag(uy, ug, uy ~,uy ).

Let
0o 0 1 0 1 0 0 0 o 1 0 o0
0 1 0 0 0o 0 o0 1 1 0 0 0

(5.6) a=1-1 0 0 o] b=1o o 1 o] C=10o o o 1
0o 0 0 1 0 -1 0 0 0 0 -1 0

3In [FKRS12], the symplectic form of USp(4) is changed for U(1) x U(1) and for the groups that contain it.
In this paper, we do not change the symplectic form. There is no difference except for switching some indices.
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Definition 5.1 (Sato—Tate groups). (1) For n = 1,2,3,4, 6, define
Cyp = (U(1),{2n)-
For n = 2, 3,4, 6, define
Dy, := (Chn, J)-
With @; and Q2 in (5.3) and (5.4), respectively, define
T:=(U(1),Q1) and O:=(T,Q2).
(2) Define the groups
J(Cp) :={(Cp,J) (n=1,2,3,4,6), J(Dy,) :=(Dyp,J) (n=2,3,4,6),
J(T) = (T,J), J(0) := (0, J).
(3) For n = 2,4,6, define

Cn,l = <U(1)7 J<2n> and Dn,l = <U(1)7 JCQna .]>
For n = 3,4, 6, define
D’n,Q = <U(1)7<2’n7 Jj)?
and define
01 = <T, JQQ)
with Q2 in (5.4).
(4) For n =1,2,3,4,6, define
= (SU(2),e™™) and  J(E,):= (SU(2),e™™, J),
where ™/™ is identified with
diag(ewi/n’ erri/n’ 677rz'/n7 efm'/n)'
(5) The image of U(2) is denoted by the same notation and its normalizer by N(U(2)).
(6) Define F' to be the image of U(1) x U(1) under the embedding (5.5), and define
F,=(F,a), F.=(F,c), Fu = (F,ab), Fy = (F,ac),
Fa,b:<F7a7b>a Fab,c:<Faab,C>a Fa,b,c:<F,a>baC>7
where a, b, ¢ are defined in (5.6).

(7) Define Gy 3 and G33 to be the images of U(1) x SU(2) and SU(2) x SU(2) respectively
under the embedding (5.2), and N(G13) and N(G33) to be their normalizers in USp(4).

The following is one of the main theorems in this paper.

Theorem 5.2 (Theorem 1.1). For each m € Z>1, we have

mf

- Sp(2m)

j=1 b=0 =z=0

where M, 4o, ) 1s the multiplicity of the trivial representation in the restriction x?;) SL ) | i Jor
each Sate—Tate group H < USp(4) and is explicitly given in Table 5.1.
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H M(y122 b) H M(b+22,b)
Ch m D32 M+ 303+ 32
Co M+ 3m2 Dy,2 M+ Em2 4 $ma + 32
Cs %7711+ %Tlal De,2 T112771 + 11%7]2 +5m +1%776 + 1%1112
Cy Im+ I+ sm 01 st g2+ 3m3+ jv2 + 5
Cs Em4 g2+ Sms + 3me By b+1
Do Im 4 3ne By (b+1)8(b =2 0)
D3 %771 + %?72 + %173 E3 Lb/?)J +1— 5(1) =3 1)
Dy tm+Ena 4 im Ey (2]b/4] + 1) 5(b =5 0)
Ds Sm A+ 15n2 + $1s + &6 Eg (2b/6] 4+ 1) 5(b =2 0)
M+ gn2+ 2n3 J(E1) Lb+1)+3(-1)75(b=20)
o S+ 3n2 + En3 + T4 J(E2) (b/2 4 6(z =2 0)) (b =5 0)
J(C1) 61 J(Es) | $([b/3] +1-6(b=31))+ 2(—-1)*5(b=20)
J(C2) 10, + 10, J(E4) (|b/4] + (2 =2 0)) 6(b =2 0)
J(C3) 301+ 263 J(Eg) (1b/6] + 6(z =2 0)) 6(b =2 0)
J(C4) %01 =+ %92 =+ %94 U(2) (5(() =9 0)
J(Cs) 101+ $02+ 103+ 206 N(U(2)) 8(b=20)8(z =2 0)
J(D2) 10, + 30, F &
J(D3) 101+ 102+ 103 Fa 1a+1i6
J(Da) 101+ 202+ 104 Fe 1a+im
J(Ds) 501 + 1502 + 205 + 166 Fap ler+ 1y
J(T) 01+ 105 + 263 Fac 6+ 12+ 5
J(O) 5201+ 302 + 103+ 104 Fayp 1o+ e+ 16
Can im+ 2 Fav,c 1o+ 3o+ ing
Ca In+ ino+ Sy Fap,c T+ 1o+ o+ 3va+ Ime
Ce,1 M+ Em3 4 $2 + $v6 Gi3 1
D31 im + %772 + %wz N(G1,3) 0(z=20)
Dy I+ Sme+ 392+ 394 Gs,3 3(z=0)
De1 | 15m + §m2 + $m3 + 392 + $¢6 || N(Gs3) d(b=20)d(z=0)
USp(4) 6(b=0)d(z=0)

TABLE 5.1.

Coefficients m(,4 2. )

[2wfo[ 1 [2]3][4]5]
’z\bHO‘l‘?‘ ’Z\bHU‘l‘Q‘?) 0 || 1] 2 2 1 0|0
0 1 0 0 0 1 1 0 0 1 3 5 4 1 —-110
1 1110 1 2 1 —-11]0 2 4 5 2 -2 -3|0
2 ol =1 To 2 1| -1 -210 3 3 2 —2|-=5|-41]0
3 O —-1|-110 4 1|-1|-4|-5]-3]0
5 o|—-1]-2]|-2|-1|0

TABLE 5.2. Functions n;(z,b), i = 3,4,6

Here we define

m(z,b) == (b+1)(22 +2b+22+b/2 + 1),
—ol if b is odd
(2.b) = : if b is odd,

b +6(zis even) if bis even,

and the functions 7;(z,b), i = 3,4, 6 on the congruence classes of z and b as in Table 5.2; define
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BRI AR RN
el [iTes aTs) el olile ] fofafeleT-1T0 o
0 1 0 ol -1 0 0 0 1 —1 0 0 1 1 —1 0 —110
I = 0 n 1o 1 0 1 —110 2 0 1 —2 2 —110
2 0 110 0 1 0 2 —1 1 0 0 3 —1 2 —2 1 0 0
3 0 -1 0 4 -1 1 0 -1 1 0

5 0 —1 2 —2 1 0

TABLE 5.3. Functions t;(z,b), i = 3,4,6

[seflo] 1 ]2 ]3]

TABLE 5.4. Function &3(z,b)

(5.8) V1(2,b) == (=1)°(b+1)(z +b/2 + 1),
(=t if b is odd,
(59) va(zb) = {(—l)z(z +b/2+1) ifbiseven,

and the functions 1;(z,b), i = 3,4, 6 on the congruence classes of z and b as in Table 5.3; define
&1(z,0) == 2z(b+ 1)+ [b/2] + 1,

and &2(z,b) on the congruence classes of z and b as in Table 5.4; finally define

1 1
5.10 0;(z,b) := =n;(2,b) + = (2, b), 1=1,2,3,4,6.
2 2
More explicitly,
6,(2.b) = 520+ 1)(z+b+1) if b is odd,
’ $z+ 1O+ 1)(2+b+2) ifbis even,
—%(b +1) if b is odd and z is odd,
0 if b is odd and z is even,
(92(2, b) =
—%(z +1) if b is even and z is odd,

%b + %z +1 if bis even and z is even,

and 0;(z,b), i = 3,4,6, are determined by the congruence classes of z and b as in Table 5.5.

In the rest of this section, we prove Theorem 5.2. The cases J(Cy,), J(E,) and F, will lead
to Theorems 5.5, 5.9 and 5.10, which are also main results of this paper. We denote by VS\S p()

the irreducible representation of Sp(4) with character X?p<4)-
From Proposition 3.3, we have

/ Hdet([ +x;y)dy = (21 - - .$m)2 Z m;\(H) Xip(zm).
H

i=1 Ad(2m)
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ENDENEA RN
ool [zl aTs] elol L2 ] fofaTol> Tololo
0 0 ol o 0 0 0 1 0 0 0 1 2 2 —-110
I 0 0 ol =110 1 1 1 —110 2 2 3 0 210
2 ol =110l o 0 0 2 0 0 —-110 3 1 2 -2 -2|-21|0
3 0] —1 0 0 4 0 0 —2|=-3|-1]0

5 0| -1 0 -2 0 0

TABLE 5.5. Functions 6;(z,b), i = 3,4,6

In particular, A = (m — A, m—\}) with ' = (A}, \}) the transpose of X\. For A = (a,b) < (m?),
we define z := (a — b)/2. Then X\ = (b+ 2z,b) and X\ = (2770722 12%) for 0 < b < m and
0<z<mb

For each Sato-Tate group H, the number m(,;) (H) is equal to the number of indepen-
dent weight vectors v, with weight p in V(if)b(;l) which are fixed by H and satisfy some other
conditions. Since each H contains either

diag(u,u,u ', u™) or diag(u,ut, u"?

yu), weU(l),
one necessary condition for y is that
(h1 + he) = 0 (mod 2).
If @ — b is odd then this condition cannot be satisfied. Thus, for each of the Sato—Tate groups,

(5.11)  mgp) = M(pyo.p) = 0 unless @ — b is even, or equivalently, unless z is an integer.

This justifies having only integer values for z in (5.7).

5.1. Groups C,. For each n =1,2,3,4,6, the group C,, < USp(4) consists of the matrices of
the form

2mir+smi/n
<gl Z) with A= (e 0 Zmrim/n) , rel0,1), s=0,1,...,2n—1.
e

By definition the number m;(Cy) is equal to the multiplicity of the trivial representation in
Sp(4

Let v, be a vector of weight p in ySe)

5 . Then we obtain

<“§ Z) v, = (627rir),u(f11+i12)(esm/n)u(ﬁlfﬁg) Uy,

where hy = Ey1 — FE33 and hy = Egs — Ey4 as before. Thus the number m;(Cy) is equal to the

number of independent vectors with weight p in the representation VS\S P such that
(5.12) p(hy +hy) =0 and  p(hy —hy) =0 (mod 2n), n=1,23,4,6.

The numbers m;(Cy,) are all calculated in Section 6.2 (Propositions 6.4-6.9) and they match
with the formulae in Table 5.1. This prove Theorem 5.2 for the groups C,.
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For convenience in notation, define

T =1, Mo 7= 3 + 572, s = sm + 213,
Ma = 3 + 02 + 5704, Mo := g + g2 + 573 + 376-

Then we have

L

2

= Sp(2m
(513) /C H det -[ + sz)d’YC 2 Z 7]71 ;n b)2z 12z)
A b=0 2z=0

I

for n =1,2,3,4,6, where dvyc, is the probability Haar measure on C,,.

5.2. Cosets of C,. We need to study the cosets of C7 in C), to understand other groups.
Consider

v = diag(ue™™ ue™ ™" uTlem Ty Tle™MY € 9,01, u e U(D).
Then we have
det(I 4+ z7) = (1 4 zue™™)(1 + zue ™/")(1 + zute ™/™)(1 4+ zu~te™/™)
(5.14) = (1 + wpru + 22u?)(1 + wpzu™' + 22u™2),

where we set w, = —2,0,1,v/2,v/3 for n = 1,2, 3,4, 6, respectively.

Proposition 5.3. Forn=1,2,3,4,6, we have
H det(I 4+ zi€ony)dvey, = / H (1 + wpzju + :B?uQ)(l + wpziut + x2u—2)du

/Clzl

(5.15) i
b=0

Proof. The case n = 1 is already checked as a part of Theorem 5.2, and we have only to consider

3

Sp(2
X(;EL—TEQZJ%)-

M \

N
I
=)

n =2,3,4,6. To begin with, note that we have the coset decompositions
(5.16) Co=C1UC, C3=C1UeChL U (%Cl, Cy=C1UsCrU4CL U (%Cl,
(5.17) Ce=C1U C1201 L 4601 L C4CI [ C%Cl L C%%Cl

Let dvc, and du be the probability Haar measures on Cj, and U(1), respectively. Note that
Cy = U(1). Recall (5.13):

3
s

U Sp(2m
/ Hdet (I + ziy)dye, = Z Z (2pn(12—b222712z)‘
Cn i=1 b=0 =z=0
In what follows we write
(5.18) A(¢y) = [ [ det( + zi¢y)dy

i=1
to ease the notation, where dvy is the probability Haar measure on the group the integral is
over.
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When n = 2, we obtain from (5.14) and (5.16),

1 1
A =5 | A +5 [ Al)
CQ 2 Cl Cl
1 - L Sp(2m
= 5@ w2 Z 2pm2 n) . / oL H 1+ z2u®)(1 4 22u"?)du.
b=0 2z=0

Since 72 = 3m + 372, we obtain (5.15) for n = 2.
For n = 3, since —u € U(1) for v € U(1), a similar computation to (5.14) yields

AlGer) = | A
Cl Cl

Thus we obtain from (5.14) and (5.16),

A =< [ A +2 [ Ak

Cs 3 Je, 3Je

1 m Lm2 bJ

Sp(2

= 2 Z 771 (5)757.—771?2227122)

b=0 2z=0

2 m

+ 3 / H(l + ziu + ziu®) (14 zu~ ! + 27u™?)du.
U(1) im1

Since 73 = ém + %773, we obtain (5.15) for n = 3.
When n = 4, we get
AlGsy) = | AE)-
C’l Cl
Thus we obtain from (5.14) and (5.16),

A=+ [ A+t [ Ao+ 2

A(¢s7)
Ca 4 Je, 4 Je, 2 Je,

T2
Sp(2m
Z (771 + 772)(2 b)X(Qp’r‘ELQ b)QZ 122)

ﬁxiu + 22u?) (1 + \/ﬁxiu_l + 220" ?)dw.
1 K3

Since 74 = %171 + %772 + %774, we obtain (5.15) for n = 4.
The case n = 6 is similar to the previous cases, and we obtain

A == [ A+ [ A -2 [ Ao+

A(C12’Y)-
Cs 6 Jo, 6 Jc, 3 Joy 3 Jey

Since 775 = %771 + %772 + %773 + %776, we obtain (5.15) for n = 6.
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Corollary 5.4. For any m € Z>1, we have

L

m—2¢

m 73 Lm/2]
> Y e =3 (7)) X T@ e
£=0

b=0 2z=0 1<i) < <ip_ge<m j=1
L5
_ S p(2m) / 42 +2
= X (- 2J)( e ).

j=
Proof. The first equality comes from (5.15 ) and (4.6), and the second equality comes from

(4.4). ]
0 1 0 0

5.3. Groups D,. We have the coset decomposition D,, = C,, UjC, with j = _0 8 8 ?
0 0 -1 0

for n = 2,3,4,6. Consider

0 ue—ﬂ'i/n
o —ue™t/m 0 Y0 U(1
Y= 0 u—lemi/n € JCn, u € ( )

u=le=mi/n 0
We see that

det(I 4+ zv) = (1 + 2%u?)(1 + 2%u™?)
for any n = 2,3,4,6. Then we have

[ am=5 [ am+g [ Ao

— ;/n Ay)+ = 5 / ﬁ 1+ x2u2)(1 + 1:2u_2)du.

By (5.15), we obtain

. LA Sp(2m
(519) L A(J’Y) = (‘/'U Z Z Z b me b)2z 122)
n b=0 =z=
and it follows from (5.13) that m;(Dy) are given by
1. 1

57771 + 5772 for n = 2,3,4,6.

These coincide with the formulae in Table 5.1 and prove Theorem 5.2 for the groups D,,.

(5.20)

5.4. Group T. There are 24 cosets of C1 in T', whose representatives are given by
{£1, 4, 4j, £k, (1 +i+j+k)}.

From computations of the characteristic polynomials for the elements of each coset, we see the
following.

(i) There are 2 cosets whose characteristic polynomials are
(1 —2zu+ z%u?)(1 — 220 + 22u™2)  (u € U(1)).
By (5.14), these are the same as those of Cj.
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(ii) There are 6 cosets whose characteristic polynomials are
(1+2%u®)(1 +2%u™?)  (u € U(1)),

which are the same as those of (4C; by (5.14).
(iii) The characteristic polynomials of the remaining 16 cosets are

(1 +zu+ 2%u®)(1 + 2wt +22u™?) (v € U(1)).

These are the same as those of (sC1 by (5.14).

Thus we obtain

2 6 16
[0 =51 [ a0+ g [ acm g [ Ao

and it follows from (5.15) that
(5.21) m3(T) = 75m + %772 + %773~
This proves Theorem 5.2 for the group 7.

5.5. Group O. There are 48 cosets of C as one can see from (5.4). We compute the charac-
teristic polynomial for the elements of each coset. Comparing with (5.14), we obtain 2 cosets
with C7 polynomials, 18 cosets with {4C1 polynomials, 16 cosets with {gC7 polynomials and
12 cosets with {gC polynomials.

Thus we obtain

2 18 16 12
Lam=g [ am+ig [ aco+ g [ s+t [ ac,

and it follows from (5.15) that
(522) m5(0) = gym + §m2 + 303 + §7a-

This proves Theorem 5.2 for the group O.

0 0 0 1
5.6. Groups J(Cy,). Recall J = 8 701 _01 8 . The group J(C,,) is defined to be the group
1 0 0 0
obtained by adjoining J to C,, for n =1,2,3,4,6, and we have the decomposition

J(Cp) = Cp U JC,.

The number mj;(J(Cy,)) is equal to the number of independent J-fized vectors with weight
4)

all calculated in Propositions 6.12 and 6.13, and they coincide with the formulae in Table 5.1.
This prove Theorem 5.2 for the groups J(C,).

1 in the representation V;’ P satisfying the conditions in (5.12). The numbers m;(J(C,)) are

Define
b = 6, O3 1= 301 + 302, 03 := 301 + 3063,

(5.23) G lp dp o dlp G lp g L 1p 1
94 = 491+492+204, 96 = 601+692+303+ 396'
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Then the result for J(C,,) can be written as

(5.24) / Hdet (I + ziy)dy = Z
J(Cr)

=1 b=0

3
I

Sp(2m)
(2m7b72z712z) .

M \

w
Il
=)

Using the above result, we now prove another main theorem of this paper.

Theorem 5.5 (Theorem 1.2 (1)). Let k1 = —2,k2 = 2,k3 = 1, k4 = 0, and kg = —1. Then,
for any m € Z>1 and n =1,2,3,4,6, we have the following identities:

m m m;
S
(5.25) H det(I + z;JCan7y)dyo, = H(.%ZQ + kp + Z Z (;22_72222 122
Cl 1=1 =1 b=0 2=0 7

where Yy (2,b) are defined in (5.8), (5.9) and Table 5.3.

0 0 0 emi/mn
_o—7i/n
Proof. We have J(o, = 8 _efoﬂ/n ¢ 0 g For v € C; and n = 1,2,3,4,6,
emi/mn 0 0 0
direct computation shows
(5.26) det(I + xJCony) =1 — (€™ 4+ e7™/™)a? + 2 =1 — kpa® + 2.

This proves the first equality in (5.25).
We continue to use the notational convention in (5.18). We have

/J( /Afyn 3 L, A

When n = 1, we get from (5.13), (5.24) and (5.26)

m LmbeJ
A’Y = xl"'wWZ 51 Z7bxsprgl2m)z z
/m)” ( );z_o (N,
1
_1 / A+ [ A
2 Ch 2 Cy
1 m L?J q L m
~ 2m
= S@i e wn)® Y D (DX e gy + 5 [[(1 227 ).

b=0 =2=0 i=1

Since 51 =0, = %m + %1/11 and n; = 11 by definition, we obtain

m m 752
]I(:E’L2 - 2 + x;2) = Z Z 1/}1 (Z? b)X(Sgpw(’LszLz2z712z)?
1=1 b=0 2=0

as desired.
Assume that n = 2. Using (5.16) along with (5.13), (5.24) and (5.26), we obtain

[ A0 = ) ST D D Bl b
2
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22
1 1 1 1 1
=- ) Av)+5 [ AUn)=5 [ A+ [ AWn)+- [ A(JCm)
2 Cy 2 Cso 2 Cy 4 o 4 o
m 1252 o L
~ 2m
- (xl xm)2 Z (%772 + i%) X(2I)T)(’l—b2227122) + 1 H(1 + 23712 + x?)

= %171 + %772, we obtain

502 = 1m + 12 + U1 + U and 7 =

g(x2 Y24 = bz_% D Ua(z DX
When n = 3, similar computation yields
n Sp(2m) 1=
/J(c?,) A(ys) = (21 .xm)2z (373 + 2v1) X §m m) . 3};{1(1 L+ o)

z
Since 02 = 10, + 20, = 1 1 1 1 dp.=1 2, btai
ince 03 = 36h + 503 = gm + 313 + g¥1 + 3¢3 and 3 = 3m + 573, We obtain

m m 2
_ Sp(2m
1:[1(332 t1+a2) = bz_% > Vs (2, D)X o a: a0y
When n = 4, it follows from
m 75 So(2m) Lm
2 p(2m 4
/](04) A(fy‘l) = (wlxm) Z (2774+ 8¢1+8¢ ) 2m b—2z 12z)+ZH(1+w )
b=0 2=0 1=1
that
m m 1 252) q
_ 2m
H($2 +o 2) = bz; — Ya(z, b)X(2p7517b3227122)'

=1

~ Sp(2

1 m
+6H(1—m2+x4),

i=1
and obtain
m m m; q
2
[[*-1+27% =3 Z D)Xt ae 1o O
=1 b=0 =z=0
m computations in the proof above. These identities

The following identities are obtained from
will be used in the next subsection.

Corollary 5.6. Forn =1,2,3,4,6, we have

Q;Zn (’27 b)X?;rEL%TEQZJZz) )

/C Hdet I+ x;Jy)dy = (11 xm)Qi

n =1

(5.27)
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where we define
o1 =11, P = St + 2o, )3 = 21 + 243,
by = Yy + T + Loy, Yo == 301 + St + b3 + 6.
We also obtain the following identity from (4.5):

Corollary 5.7. For any m € Z>1, we have

1752 L5

- Sp(2 i Sp(2
H rtt+x %) = Z Z (5&-732227122) = (_1)jX(Fr£L—n2?) (xiw? T x;tr?)
1= z=0

— =0
5.7. Groups J(D,,). We have the decompositions
J(Dp) = DpUJD, and Dy, = CyUjCh,

where j = . For any v € C),, n =2,3,4,6, direct computation shows

o O O
o o
o = O O

det(I + zJjy) = 14 222 + 2.
Using (5.20), (5.25) and (5. 27) we compute

1 1 1 ‘
/J(Dn) / A(y)+ = A(J’Y) =3 b, A(y) + 1 /n A(Jy) + 1 . A(Jjv)

2i

b=0

3
I

[ \

~ 7 S (2

n
Il
o

Then we have
iﬁn + inQ + %%bn + in - %en + %927
which are the same as the formulae in Table 5.1 for n = 2, 3,4, 6. This proves Theorem 5.2 for
the groups J(Dy,).
5.8. Groups J(T') and J(O). We have the decompositions
JT)=TUJT and J(O)=0ULJO.

As we have noticed in Sections 5.4 and 5.5, elements of each coset S of Cq in T or O have the
same characteristic polynomials of the elements of {5, for some n. Then the coset JS in
JT or JO has the same characteristic polynomials as those of J{2,C1. It follows from (5.21),
(5.22) and (5.25) that
m3(J(T)) = 3(gam + 72 + 513) + 3(359%1 + j¥2 + 343) = 3561 + 362 + 563,
m5(J(0)) = (g + 8m2 + 573 + §m4) + 3 (5701 + 392 + 503 + 1¢a)
= iﬁl + %92 + %93 + %94

1
2
1
2

This proves Theorem 5.2 for J(T') and J(O).
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5.9. Groups C,, 1. Recall Cy, 1 = (U(1), J{2p), n = 2,4,6. The group Cy, 1 has the subgroup
(U(1),¢n) of index 2 which is isomorphic to C,, /5. Thus we have the decomposition
Cna = Cpyo U JC2nCh o
It follows from (5.16) that
J¢sCo = J¢sC1 U JEECT  and  J(1203 = J¢1201 U JE5, U JC4Ch.

Since

1 1
/C GRS /C Ay [ AU

Cn/Z
we use (5.13) and (5.25) to obtain

m; (Co1) = 371 + 32,
m;(Cu1) = 372 + 594,
m; (Con) = 373 + $12 + 3106
Thus we have proved Theorem 5.2 for C,, ;.
5.10. Groups D, 1. We have the decompositions
Dp1=Cp1UjCpy  and  jCu1 = jCp 0 U jJC2,Ch o

/Dm A = ;/Cl A7) + ;/Cnl A(iv)

1 ) 1 )
=3 A(y) + 1 Ajy) + 1 A(GIC2n7).
Chn1 Chny2 Cnya

Then we have

For any v € jJ(2,C,, /2, one can check

det(I +zv) =1+ 22° + 2.

Thus it follows from (5.19) and (5.25) that
m5 (D) = 3m3(Cr1) + 102 + 3102
These are the same as the formulae for D,, ; in Theorem 5.2.
5.11. Groups D, 2. We have the decomposition
Dy o =CpUJjCy,, n=3,4,6.

For any v € JjC,,, we obtain

det(I +zv) = 1+ 22% + 2.

Since we have
1 1 .
[ oam=5 [ a0+ [ avi,
Dn,2 Cn Cn

mS\(Dm?) = %ﬁn + %@bQ

we get
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These are the same as the formulae for D, » in Theorem 5.2.

5.12. Group O;. Recall O; = (T, JQ2) with Q2 in (5.4). There are 48 cosets of C in Oj.
Half of them belong to the subgroup 7. In the other half, 12 of the 24 cosets have the same
characteristic polynomial as J{4C7 and the remaining 12 cosets have the same as J{sCi. By
(5.25), we obtain

m3(O1) = gm3(T) + 192 + j¢u.

This coincides with the formula in Table 5.1 for O;.

5.13. Groups E,. We have E, = (SU(2),e™/™), n = 1,2,3,4, 6, where e™/™ is identified with

diag(em/n, em/n’e—m/nve—m/n).

The number mj(Ey,) is equal to the number of independent weight vectors v, with weight ;1 in

VS\SpM) that generate the trivial representation of SU(2) and satisfy p(hy + he) = 0 (mod 2n),

equivalently, the number of independent weight vectors v, such that /L(ih + ilg) =0 (mod 2n)
and ejv, = fiv, = 0. The numbers m;(E,) are all calculated in Proposition 6.20, and they
coincide with the formulae in Table 5.1. This proves Theorem 5.2 for E,,.

5.14. Groups J(E,). The number m;(J(£1)) is equal to the number of independent .J-fized
weight vectors v, with weight u in VS\Sp(4) such that e;v, = fiv, = 0. The numbers mj;(J(E1))

are calculated in Proposition 6.23, and they are the same as the formulae in Table 5.1.
For the other J(E,), n = 2,3,4,6, observe that

(5.28) det (I—i— xJ (tgl £4>> =142 —|trA»)a? + 2!

for any A € SU(2) and t € U(1). Thus

A(Jy) = A(J) for n =2,3,4,6.
En i)

Notice from Propositions 6.23 that
1 1
s (J(Bn)) = gms(B) + 5(=1)76(b = 0).
Since J(F1) = E1 U JE7, we obtain the following:

Corollary 5.8. Forn=1,2,3,4,6,

m L2
AMY) = (a1 wn)® 3 Y (—1)F0(b =2 0) Xt 1oy
En b=0 2=0
|

(5.29) = (w1 a)? (1) X oo youy-
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From J(E,) = E, U JE,, n=2,3,4,6, we also obtain

which are equal to the formulae in Table 5.1.

Using the above results on J(E),), we now prove another identity presented in the introduc-

tion.

Theorem 5.9 (Theorem 1.2 (2)). For any m € Z>1, the following identity holds:

m ( ok > [3] 15]-¢ Sp(2m)
Z Z H 'ZU + CL' = (_1)zX ;mzfn;lsz 122)°
k=0 L(m - k)/QJ 1<) << <m j=1 /=0 =2=0 ( e
Proof. Recall
(5.30) / tr AP*dA = .
SU(2)

where %1, = kl (Qkk) is the k'™ Catalan number. It is known that the second inverse binomial

+1
transformations of Catalan numbers are central binomial coefficients. Precisely, we have

(5.31) <LmW/L2J> = i(—l)k (7:) om—k .

k=0

Using (5.30) and (5.31), we obtain

/ (2 - [tr AP)™dA = / <m)2m_k(—1)k\trA\2de
SU(2) su() =5 \F

i < >2m k /SU(2) Jtr APdA = (Lmn;%)'

Then, using (5.28), we have

A(Jr) = / H1+2—\trAy)x+x)dA
En SU(2

2m m—k . 2 -2
:<$1"‘xm)z<t<mk>/2j> 2, e

k=0 1<iy <--<ip<m j=1

On the other hand, we have from (5.29)

» Sp(2m
A(JV) = (.21?1 o '$m>2 (_1) X(§7'1(1—2£)—22712z)7
En =0 2=0

and obtain the desired identity. [l
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5.15. Groups U(2) and N(U(2)). The number m;(U(2)) is equal to the number of indepen-

dent weight vectors v, with weight p in V; p(4)

such that ejv, = fiv, = 0 and p = 0, and
we see from (6.17) that such a vector v, exists with multiplicity 1 if and only if b is even.
The number m;(N(U(2)) is equal to the number of such vectors v, which is fixed by J, and
it follows from (6.19) that, when it exits, the vector v, is fixed by J if and only if J is even.

These match with the formulae in Table 5.1.

5.16. Groups F. Recall that we have the embedding U(1) x U(1) into USp(4) given by

(u, up) = diag(uy, ug, uy ' uy ),

and that
0 0 1 0 1 0 0 0 o 1 o0 o0
o 1 0 o b [0 o o1 (-1 0 o o
a=\1_-1 0 0o o] =lo o 1 o] C=1o o o 1]
0 0 0 1 0 -1 0 0 0 0 -1 0
o 0 1 0 o 0o o0 1
b |0 0 01 ac— |-t 0 0 0
=11 o o o) =lo -1 0o o
0 -1 0 0 0 0 -1 0

5.16.1. Group F'. We have ' = U(1) x U(1). The number mj;(F) is equal to the number of
independent weight vectors v, such that = 0. This number is calculated in Proposition 6.24,
and coincides with the formula in Table 5.1. That is,

(5.32) JRNCEICTREN DI DROICUI (i

where

€1(2,0) = 2(b+ 1) + [b/2] + 1.

5.16.2. Group F,. The number m;(Fy) is equal to the number of a-fived independent weight
vectors v, such that ;1 = 0. This number is calculated in Proposition 6.25, and we obtain
L m5t)

- Sp(2m
(5.33) - A(y) = (z1--- xm)Q Z (%él + %52))((;75127&22712@-
2 b=0 2=0

Using (5.33), we can establish the last identity presented in the introduction.

Theorem 5.10 (Theorem 1.2 (3)). For any m € Z>1, the following identity holds:

m L5 m 1757

— Sp(2m Sp(2m
H(xz +z; 1) X(lprg—zy)) = Z Z &2(z, b)X(gpn(mz—bzzszz)'
i=1 =0 b=0 2=0

Proof. We have the decomposition
F,=FUaF.

For v € aF, we have

det(I +2v) = (1+2*) 1+ (u+u Hx +2?), weU).
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/A 1/ Aam)

1 N + 2)du
/ )+ = Hl—i-x /U(l)H(l—i—(u—l—u Jxi + x)d

i=1

Thus we obtain

m 5]
1 Sp(2m
— 5 [ ae)+ e [T0+ah Yo,

i=1 §=0

where we use the identity in Theorem 4.1 for U(1). It follows from (5.32) and (5.33) that

(5.34) Alay) = (@1 am)® 3 D0 oz b)X e o

and we obtain the desired identity.

5.16.3. Group F.. We have F, = F'UcF. For v € cF, we obtain

det(I + x7y) = 1+ (urug +uy uy M)a? + .

[am=5 [ am+; [ s

1 1 Y
= / A(y) + / / H(l + (ugug + uytuy Ha? 4+ 2f)durdus
2 Jp 2 Juy Juay i
1 1 . —1\,2 | 4
=— [ A(y)+ = H(l + (w1 +uy )xi + ;) )durdug
2Jr 2 Juy Juay iy
_1 / Ay) + 1/ ﬁ(l + (u4uNz? + z})du
2 JF 2 Juy i Lo

since du; is translation-invariant. It follows from (5.15) that

Thus

1 1
m:\(Fc) = 551(27 b) + 5772(2; b)7

which is the same as the formula in Table 5.1.

5.16.4. Group Fa,. We have F,, = F'UabF. For «v € abF, we have

det(I + zv) = (1 4 2?)*.

|oam=; [ a0+ [ sy

Thus
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/A (l—l—m)

It follows from (6.24) and (5.25) that
ab

b
This coincides with the formula in Table 5.1

5.16.5. Group F,.. There are four cosets of F in F,. represented by 1,ac, (ac)?, (ac)®. For
v € acF or (ac)®F, we have

det(I +zvy) =1+
For v € (ac)?F = abF, we have
det(I + zv) = (1 + 2?2
Using (5.25), we have

1/ 115 “ A
=— | A - + z2) 14z
N 1,80+ H( )
m 252 <
(2m
Z Z 51 + 477/)2 + 2¢ ) me b)22 122)
b=0 2=0

This coincides with the formula in Table 5.1.

5.16.6. Group F,y. There are four cosets of F' in F,y represented by 1,a,b,ab. For v € aF or
bF, we have

det(I +zv) = (1 +2*)(1 + (u+u Yz + 2?), ue U(l).
For v € abF', we have
det(I +xv) = (1 + %)%
Thus it follows from (5.25) and (5.34) that

1 1 1
m; (Fap) = 151(27 b) + 11/12(2, b) + 552(2, b),
which is the same as the formula in Table 5.1.

5.16.7. Group Fyp . There are four cosets of F' in Fjp p represented by 1,ab, c,abc. For v € cF
or abcF', we have

det(I +x7y) = 1+ (uruy* + uy tug)a? + 2.

Thus using the results on Fj, and F, we have

1 1 1
Zgl(za b) + 11;/}2(27 b) + 5772(27 b)7

which is the same as the formula in Table 5.1.

mS\(Fab,C) =
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5.16.8. Group F,p.c. There are eight cosets of F in F,y . represented by 1,ac, (ac)?, (ac)?, a,
b, ¢, abc. Using the results on Fy, Fy, Fac and Fape, we have
1 1 1 1 1
mj\(Fa,b,c) == gfl(za b) + ZﬁQ(za b) + ng(za b) + Z¢4(2’7 b) + 1772(27 b)7

which coincides with the formula in Table 5.1.

5.17. Groups G13 and N(G;3). Recall that G 3= U(1) x SU(2) and

0

N(G13) = (G13,3), where a= [ °

-1
0

O OO
[==lNel
= O O O

) such

The number m5(G1,3) is equal to the number of independent weight vectors v, in V;\Sp
that = 0 and é; and f, act trivially, and the number m;(N(G1,3)) is equal to the number of
a-fixed such vectors. From Proposition 6.28, we obtain the same numbers as in the formulae

in Table 5.1 for G 3 and N(G13).

5.18. Groups G33 and N(G33). Recall that Gz 3 = SU(2) x SU(2) and

0 0 0 1
N(Gg’g) = <G3’3, J>, Where J = 8 _01 _01 8
1 0 0 0

In this case, the number m5(G33) is equal to the number of independent weight vectors v, in
VS\Sp(4) such that ;= 0 and é; and f; act trivially for i = 1,2, and the number m;(N(G13))
is equal to the number of J-fixed such vectors. From Proposition 6.29, we obtain the same
numbers as those in Table 5.1 for G33 and N(G33).

We have checked all the formulae in Table 5.1. This completes our proof of Theorem 5.2. [J

6. BRANCHING RULES

In this section we study branching rules that arise in relation to the Sato—Tate groups. The
results are essentially used in Section 5 for the proof of Theorem 5.2. We present these branching
rules for Lie algebras. This will be more consistent with standard notations for crystals which
are our main tools in this section. We refer the readers to [BuSch17, HK02, Kash02] for a
theory of crystals.

The Cartan types of Lie algebras sp, and sly will be denoted by C2 and Ap, respectively.
A partition (a,b) of length < 2 will be considered as a weight of Cy type corresponding to
aeq + bea. The irreducible representation of sp,(C) with highest weight (a,b) will be denoted
by Vg,(a,b) and its crystal by B, (a,b). Similar notations will be adopted for other types. In
this section, since we are mainly interested in the Sato—Tate groups,

we assume that a — b is even, and write z := (a — b)/2.

This assumption is justified by (5.11).
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6.1. From Cy to A; x Ay. For a partition (a,b) of length < 2, define a set of pairs of integers
(6.1) Pp,xny (a,0) :={(a—r—s,b—r+s)|0<r<b, 0<s<a-—-b}

Clearly, we have
|Pa, xa, (a,0)| = (a—b+1)(b+1).

Example 6.1.

(a) Qo (27 2) = {(27 2)7 (17 1)7 (07 0)}
(b) CI)A1><A1 (47 2) = {(47 2)7 (37 1)7 (27 0)7 (37 3)7 (27 2)7 (17 1)7 (274)7 (17 3)7 (07 2)}

Let t1 = (%, —%,0,0) and to = (0,0, %, —%) be weights of type A7 X A;. For non-negative

integers p and g, the crystal By, xa, (pt1 + qt2) can be realized as the set of one-row standard
tableaux with entries 1, 1, 2 or 2 having the order 1 < 1 < 2 < 2 such that

(6.2) the total number of 1 and 1 is p and the total number of 2 and 2 is gq.

For instance,

Bu,wa, (3t1 4 t2) = {1112, 1112, 1112, 1112, 1112, 1112, 1112, T112}.

The cardinality of By, xa, (pt1 + qt2) is (p+1)(¢ + 1).
Note that, By, xa, (pt1 + qte) is minuscule; i.e., each weight space in By, xa, (pt1 + qt2) is
1-dimensional. The crystal graph of By, «a, (t1 + t2) is given by

AP
12 12

Clearly, the Kashiwara operators €; and é; commute. For a pair (a1, a2) of non-negative
integers and ¢ = 1,2, we have

By xa, (a1t1 + azts) ® By, xa, (ti)

(6:3) = Ba, xa, ((a1 + 6;1)t1 + (ag + di2)t2) @ d(a; > 1)Ba,xa, (a1 — di,1)t1 + (a2 — 0;2)t2)
and

Buxa, (a1t1 + agta) ® By, xa, (t1 + t2)
(6.4) = B, xa, (a1 + 1)ty + (a2 + 1)t2) @ 0(az > 0) B, xa, ((a1 + 1)t1 + (a2 — 1)t2)

® (a1 > 0)Ba, xa, (a1 — 1)t1 + (a2 + 1)t2)
@ d(araz > 0)Ba,xa, ((a1 — 1)ty + (ag — 1)t2).
On the other hand, for a highest weight crystal Bc,(a,b) (a > b > 0), we have
65) Bg,(a,b) ® Be,(1,0) = Be,(a+1,b) & d(a > b)Bg,(a,b+ 1)
®6(b>0)Be,(a,b—1) @ d(a—12>0b)Be,(a—1,b)

and
Be,(a,b) ® Be,(1,1) = Be,(a+ 1,04+ 1) ® 6(b > 0)Be,(a+ 1,0 — 1)
(6.6) @ d(a > b)Be,(a,b) ®d(a—2>b)Be,(a—1,b+1)
@®0(b>0)Bg,(a—1,b—1).
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Proposition 6.2. For each partition (a,b), we have

B, (a,b)|a;xa; =~ & By, xa, (pt1 + gta).
(pvq)eq)Al X Aq (a7b)
Proof. For simplicity we write By(p, q) for Ba, xa, (pt1 + qt2). By direct calculation, one can
see that

Be, (1,0)]a;xa; = Ba(1,0) & By(0,1).

We first apply an induction argument on a using (6.3) and (6.5) to obtain the formula for
Bg,(a + 1,b). Namely, Bg,(a,b) ® Bg,(1,0) can be replaced with

( D BA(p,Q)) ® (Ba(1,0) @ Ba(0,1))
(p7q)€q>A1 XAy (CL,b)

Then, for the composition factors in RHS of (6.5) except Bc,(a + 1,b), we apply the induction
on a. Now we use (6.4) and (6.6) to obtain the formula for Be,(a + 1,0+ 1). More precisely,
Be,(a,b) ® Be,(1,1) can be replaced with

(( ) ® Bulp, q)) ® (Ba(1,1) ® Ba(0,0)) .

€®ay xa, (a,d)

Then, for the composition factors in RHS of (6.6) except Bg,(a+1,b+1), we apply the induction
on a+b. We obtain our assertion for Bg,(a+1,b+ 1) by comparing LHS and RHS of (6.6). O

Corollary 6.3.

(a) For (p,q) € ®Pp,xa, (a,b), the multiplicity of Ba,xa, (pt1 + qte2) in Bey(a,b)|a, xa, s 1.
(b) Ba,xa,(0) appears in Bg,(a,b)|s, xa, if and only if a =b.

6.2. Sato-Tate groups C,. Recall that we set ﬁl = F11 — E33 and iLg = Foy — Fy4, where F;;
are the 4 x 4 elementary matrices. From the embedding (5.2), we have the induced Lie algebra
embedding sly(C) x slp(C) < sp,(C) such that

(h,0) —s hy and  (0,h) —> ho,

10
0 -1
Consider the Sato-Tate groups C,, for n = 1,2,3,4,6. By definition the number m;(C,,) is

where h =

equal to the multiplicity of trivial representations in X?\p(@ |c,. Throughout this section, write
A= (a,b).

As observed in Section 5.1, the number m, 3)(Cy) is equal to the number of independent weight
vectors with weight 4 in the representation Vg, (a,b) such that

pw(hy +hy) =0 and  p(hi —hy) =0 (mod 2n), n=1,23,4,6.

If a — b is odd then p(h; + hg) cannot be zero. This verifies (5.11), and we assume that a — b
is even in what follows, and write

z:=(a—0b)/2.
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Proposition 6.4 (n = 1). For a partition (a,b), assume that a — b is even. Then the sum of
weight multiplicities of the weights p such that u(hy + ha) = 0 is given by

> (min(p,q) +1) = b+ 1)(z2 + 2b+ 22 + b/2 + 1),
(p7Q)€<I>A1 X A1 (avb)

which is equal to n1(z,b) = n1(2,b).

Proof. Since we have the branching decomposition in Proposition 6.2, we look at By, xa, (pt1 +
qta) for (p,q) € Py, xa, (a,b). If a tableau in the realization of By, «a, (pt1 + qt2) has weight p,
then p(hy + he) is equal to

(the number of 1 and 2) — (the number of 1 and 2).

Thus the number of elements in By, xa, (pt1 + qt2) with weights u such that u(hy + hy) = 0 is
equal to min(p, ¢) + 1 (recall (6.2)).

The elements (p, q) in @y, xa, (a,b) and the corresponding numbers min(p, ¢) + 1 can be each
arranged into an array of size (2z + 1) x (b + 1) as follows, where we put (p,q) in the left and
min(p, q) + 1 in the right:

(a,b) (a—1,b—-1) (a—b,0) b+1 b 1
(a—1,b+1) (a —2,b) (a—b-1,1) b+2 b+1 2
(a—2z+1,b+2—-1) (a—2z,b4+2—2) oo (a=b—2z+4+1,2-1) b+ 2z b+z—1 --- z

(67) (b+2z,b+2) b+z—1,b+2z—-1) --- (2,2) b+z+1 b+z ez 1
b+z—1l,a—2z+1) (b+z—-2,a—2) v (z—=1l,a—b—2z+1) b+ z b+z—1 --- z
(b+1,a—1) (b,a —2) (lLa—b—1) b+2 b+1 -2
(b,a) (b—1,a—1) (0,a—0) b+1 b 1

Taking sums by rows and adding up the results yields

> (min(pg)+1) = b+ 1)

2
(p,q)EPa; xa, (a,b)

20 +2) +2(b+4) + - +2(b+22) + (b+ 22 +2)),

which is equal to 1;(z,b). O
Remark 6.5. In (6.7), all (p,q)’s with p = ¢ form the row containing (b + z,b + 2).

Proposition 6.6 (n = 2). For a partition (a,b), assume that a — b is even. Then the sum of
weight multiplicities of the weights p such that p(hy + ha) =0 and p(hy — ha) =4 0 is given by

(6.8) > (min(p,q)+1),

(pvq)e¢A1 XAq (aab)
q=20

and the sum is equal to
772(2’ b) = %771 (Z’ b) + %772('27 b)
Proof. Write pu = rej + seg for a weight of By, «a, (pt1+ qto) satisfying r+s = 0. Then we have

r—s=2r=,0 <<= r=3s8=9q=20.
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With this observation, our first assertion follows from the first paragraph in the proof of
Proposition 6.4.
Now let us consider the second assertion; i.e., the sum is equal to

$m(z,0) + Sna(z,b).

Since p =2 ¢, the sum (6.8) amounts to the sum of odd integers in the right array of (6.7). For
any block of 4 integers of the form
i+1
i -1
in (6.7), the sum of odd integers is 2i. By decomposing the right array in (6.7) into as many
such blocks of 4 integers as possible in each of the cases b =5 0,1 and z =5 0, 1, we can check

the sum is equal to %771 + %7]2.

For example, if b =5 1 and z =5 0, the first z rows of the array are decomposed into bg—l X 5

blocks of 4 integers, and the sum of odd integers from those blocks is
1(b+1)z(b+ 2 +1).
The sum of odd integers in the middle row is
b+ 1)(b+2z+1),
and the total sum of odd integers is
2x 20+ Dz(b+2+1)+2(b+1)(b+22+1) = 2(b+1)(2> +2b+ 22+ (b+1)/2),
which is the same as %771 + %772 in this case. (I

Proposition 6.7 (n = 3). Assume that a — b is even. Then the sum of weight multiplicities
of the weights p such that u(izl + iLQ) =0 and u(izl — iLQ) =¢ 0 is given by
(6.9) > (lmin(p, ¢)/3] +1 — é(min(p,q) =3 1)),
(p,q)EPa; xa, (a,b)
and the sum is equal to

773(Z’b) = %nl(zab) + %773('27())'

Proof. Consider (p,q) € ®a,xa, (a,b), and without loss of generality assume that p > ¢q. Write
W =re1 + seg for a weight of By, «a, (pt1 + qto) satisfying r + s = 0. Explicitly, the set of such
weights (7, s) is

(6.10) {(=4,9),(—q+2,q—2),...,(¢—2,—q+2),(q,—q) }.

Since r + s = 0, the condition » — s =g 0 is equivalent to s =3 0. In each case of ¢ =3 0,1, 2,
we count the number of pairs (—s,s) in (6.10) such that s =3 0, and it is equal to

q/3+1 if g =30,
(¢—1)/3 ifg=s1,
(q+1)/3 ifg=52.

This justifies the expression in (6.9).
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Now we have to add the numbers |(e —1)/3] + 1 —d((e — 1) =3 1), where e runs over the
right array in (6.7). Observe that, for any consecutive 3 integers i + 1, i, ¢ — 1, we have
i+1
i= > [(e=1)/3]+1-5((e—1)=31).

e=i—1
By decomposing the right array in (6.7) into blocks of 3-consecutive integers as many as possible,
we can check the sum is equal to %771 + %7}3. ([

Proposition 6.8 (n = 4). Assume that a — b is even. Then the sum of weight multiplicities
of the weights p such that p(hy + he) = 0 and p(hy — he) =5 0 is given by

(6.11) > (2x |min(p,q)/4] +1),

(pyq)€¢A1 XAq (CL,b)
q=2 0

and the sum is equal to
ﬁ4(27 b) = %771(% b) + inQ(zv b) + %774(27 b)

Proof. As in the proof of Proposition 6.7, consider (p, q) € @y, xa, (a,b) with p > ¢ and the set
(6.10). Since r + s = 0, the condition r — s =g 0 is equivalent to s =4 0. If s =4 0, then we
must have ¢ =2 0. Thus, in each case of ¢ =4 0,2, we count the number of pairs (—s,s) in
(6.10) such that s =4 0, and it is equal to

2x |g/4| +1.

This justifies the expression in (6.11).
We need to add the numbers (2 x [(e — 1)/4] + 1) x §((e — 1) =2 0), where e runs over the
right array in (6.7). Observe that, for 8-integers in any block of the form
1+2 i+1 1 1—1
1+ 1 ] 1—1 -2

in (6.7), we have

1 i+1+u
2i=>" Y (2x[(e—1)/4] +1) x 5((e — 1) =3 0).
u=0e=1—24u

By decomposing the right array in (6.7) into as many such blocks of 8 integers as possible
in each of the cases b =4 0,1,2,3 and z =4 0,1,2,3, we can see that the sum is equal to
%771 + %772 + %774~ U
Proposition 6.9 (n = 6). Assume that a — b is even. Then the sum of weight multiplicities
of the weights i such that u(ﬁl + iLQ) =0 and u(ﬁl — iLQ) =19 0 is given by

(6.12) > (2 x |min(p,q)/6] + 1),

(p7q)€¢A1 XAq (a,b)
q=20

and the sum is equal to

T6(2,b) = &m1(2,b) + £12(2,b) + $13(2,b) + 316(2, ).
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Proof. As in the proof of Proposition 6.7, consider (p, q) € @y, xa, (a,b) with p > ¢ and the set
(6.10). Since r + s = 0, the condition r — s =12 0 is equivalent to s =g 0. If s =¢ 0, then
q =2 0. Thus, in each case of ¢ =¢ 0, 2,4, we count the number of pairs (—s,s) in (6.10) such
that s =4 0, and it is equal to

2x |q/6]+1.

This justifies the expression in (6.12).
We have to add the numbers (2 x |(e —1)/6] 4+ 1) x §((e — 1) =2 0), where e runs over the
right array in (6.7). Observe that, for any 12-integers of the form

t+3 1+2 1+1 1 1—1 1—-2
1+2 1+1 1 1—1 -2 -3
in (6.7), we have

1 +24u

2i=Y" Y (2x[(e—1)/6]+1)x5((e—1)=0).

u=0e=1—3+u
By decomposing the right array in (6.7) into as many such blocks of 12 integers as possible
in each of the cases, we see that the sum is equal to %7]1 + %772 + %ng + %776. (Il

In the next subsection, we need the following.

Corollary 6.10. Assume that a — b is even. Then we have

B = (-0 Y (),

(p7p)€¢A1 XAq (a7b)

Va(z,b) = (-1)" Y. b+,

(pap)E(I)Al XAy ((l,b)
p=20

Us(z,b) = (-1)" > (/3] +1-d(p=s1)),

(p’p)eq)Al xXAq (a7b)

Pa(z,b) = (-1 Y (2x [p/A]+1),

(p,p)G‘I)Al XAy (a’b)
p=20

V(z,b) = (=1)" >, @x[p/6]+1),

(p’p)e(bAl xXAq (a7b)
pP=2 0

where Ji(z, b) are defined in Corollary 5.6.

Proof. After dividing cases according to the congruence classes of b and z, the computation
becomes straightforward in each case. For example, consider 15(z,b) and assume that b and z
are both even. Then the sum in the right hand side is equal to

(z4+0/2+1)(b/2+1).
On the other hand, in this case, ¢1(z,b) = (b+1)(2+b/2+1) and ¥2(z,b) = z+b/2+1. Thus
a2, b) = $91(2,b) + Lo (2,b) = (2 + b/2+ 1)(b/2+ 1).
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The other cases are similar. O
0o 0 0 1
6.3. Sato—Tate groups J(C,). Let J = g _01 701 8 . For the branching rules for J(C,,),

1 0 0 0
we need more information than the crystal isomorphism in Proposition 6.2. Let V and W C

A?V be the fundamental representations of Sp(4,C). Take a basis {v1,vs, vy, v5} of V such
that

(6.13) Jui =vy, Jug=—vy, Juy=-v2 and Jug=wi.
Write
w1z =v1 Av2, w3 =V ANV, W5 = v Avsg,
Wop = V2 AUT, Wy3 =UV2 AUz, Wiy =v1A Vg,
and take the basis {w12, w3, Wy, Wiz, Wey — wyg} for W. Then we have
J(wiz) = wig, J(wyz) = —wyy,  J(wyp) = —wyr,
J(wys) =wiz  and  J(wyg — wig) = —Weg + w7

We realize the representation Vg,(a,b) for a partition (a,b) as the irreducible component
of Sym®?V ® Sym® W generated by the highest weight vector v?_b ® wly. In particular,
V = Ve, (1,0) and W = Vg, (1,1). We identify Vg, (a+1,b+ 1) with the image of the embedding

lat+1,b+1 * Ve(a+ 1,0+ 1) = Ve, (a,b) @ Ve, (1,1)

given by
Vit @ widt e (0f 7 @ wlh) © wia.
Let Vi(p, q) be the representation of A; x A; with highest weight ptq + qto. When a — b is

even, we inductively specify A x Aj-highest weight vectors v in Vg, (a,b) to describe the

D,¢;0,)
decomposition

Ve, (a,0) |, s g(pq)eb@ ( b)VA(p,q)
) A1 XA a,

in what follows.

For Vg, (a,0) with a even, let v, 4.q.0) :=v{v3 for (p,q) € ®a,xa, (a,0). Then one can see that
V(p,q:a,0) ar€ A1 X Aj-highest weight vectors with highest weights pt; + gto. For the induction,
assume that v(, .5 are Ay X Aj-highest weight vectors in Ve, (a,b) with weights pt; + gqta for
(p,q) € Pp, %, (a,b) with a — b even.

Consider the following subset of ®y, «a, (a,b)

(6.14) ¢a(a,b) :={(a,b),(a—1,b+1),(a—2,0+2),....,(b+1,a—1),(b,a)},
by taking » = 0 in (6.1). Now the lemma below completes the induction process.

Lemma 6.11.
(1) For (p,q) € ¢a(a,b), the vectors

_ . p—(b+1) q—(b+1) b+1
Y(p,gia+1,b+1) = U1 Uy ® wigy

are Ay x Aj-highest weight vectors in Vg, (a + 1,0+ 1) with weights pti + qto.
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(2) For each (p,q) € Py, xa,(a,b)\@a(a,b), there is an Ay x Ay -highest weight vector v(p, ¢.q+1,b+1)
of the form

Vipgiah) @ (Woz — wiT) + U1 ® w12 + ug ® Wiz + uz @ Wop + Us ® Wiz

for some uy,us, us, us € Ve, (a,b), where Ve, (a+1,b+1) is identified with the image of tq41 p41
in Ve, (a,b) @ Ve, (1,1).

Proof. Note that v, p.qp) = 097" @ wb, is the Co-highest weight vector of Vg, (a, b).

(1) The vectors v(, g:q+1,5+1) are obtained from the highest weight vector 0070 @ whi! by
applying fi successively. Since there are no vy, v factors in the elements, they are clearly
A; X Aj-highest weight vectors.

(2) Starting from the Co-highest weight vector v(4 .45 ® w12, We apply f1’s and f2’s to obtain
Vip,gia,p) @ w12 + u and then apply fifa to obtain v, g.qp) ® (wyz — wig) +u', where the terms
of u and v/ have wia, W3, Wy OF Wiz as right-most factors. We can determine constants cy, di,
M and N so that

N M
(1 + Z dlféél2> <1 =+ Z ckf{géllg> ’ (U(p,q;a,b) ® (w2§ - wlT) =+ u/)

=1 k=1

is an A; x A;-highest vector. Since the action of &; and f;, i = 1,2, on Vipgiah) @ (Woz — wy7) is
trivial, this highest weight vector is of the desired form. ([l

Proposition 6.12 (n = 1). For a partition (a,b) with a — b =5 0, the number of linearly
independent vectors in Ve, (a,b),

(i) which are fized by the action of J, and
(i) whose weights pu satisfy p(h1 + hg) = 0,

s equal to

1 . .
01(z,b) = 01(z,b) = {TZ(ZH— Di+b+1) if b is odd,
5(z+1)(b+1)(z+b+2) ifbis even.

Proof. Suppose that v is a vector of Vg, (a,b) which lies inside the A; x Aj-representation gen-

erated by the vector v y inductively defined in Lemma 6.11 for (p,q) € ®a,xa, (a,b). Then

D,q;0,b
the number of v; and vy factors in each of the terms of v is p. After the action of J on v induced
from (6.13), the number of v; and vy factor in each of the terms of J(v) is ¢. In particular, if
p # q then v # J(v). Since J? = I, the vector v + J(v) is fixed by J. Furthermore, if v is of
weight p such that p(hi + hg) = 0, then the weight of J(v) has the same property. Thus, when
p # q, a J-fixed vector of weight p such that p(hy + he) = 0 must be of the form v+ J(v).
Recall that the number of independent vectors in the isomorphic copy of Vi(p, q) in V¢, (a,b)
with weights p such that u(le +ilg) = 0 is equal to min(p, ¢)+1, and the numbers are displayed
in array (6.7). The observation made in the previous paragraph shows that the total number

of J-fixed independent vectors in the isomorphic copy of Vy(p, ¢) for p # g with such weights p
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is given by the sum of the numbers in the first z rows of array (6.7):

(a,b) (a—1,b—1) (a—1,0) b+1 b
(a—1,b+1) (a—2,b) (a—b—1,1) b+2 b1 o 2
(a—z+1,b4+2-1) (a—zb+2—-2) -+ (a=b—2z+4+1,2—-1) b+z b+z—-1 -+ =z

(see Remark 6.5). Explicitly, the total number for the case p # ¢ is
b+1
2

Now let us consider the case p = ¢. Using induction on a + b, we will show

(6.15) (b+2) + (b+4)+-+(b+22) = %Z(H D(z+b+1).

Jv = (—1)%

for any vector v with weight p such that ,u(iLl + ﬁg) = 0 in the isomorphic copy of Vi(p,p) in
Ve, (a,b).
First assume that (p,p) € ¢a(a,b), where the set ¢a(a,b) is defined in (6.14). Then by

bpb

Lemma 6.11 (1) we have a highest weight vector of the form v} ® wly. A weight vector

v in the A; X Aj-representation generated by this highest weight Vector has the form
0 fk . p—b p—b
v=foff @0 @), Lk € L.

If we further assume v has weight p such that ,u(ﬁl + izg) =0, then £/ + k = p.
Using the relations

Jfy =—&1J and Jfi = —éxJ
and the symmetry of A; X Aj-representation, we obtain
b p—b 0 s b p—b
Jv =TI @ why) = (1) Felel TP @ why)
_b Al Ak b b —b b
= (=1)r*P beleQ (Ug p ® wﬁ) (— ) f2f1 (v vy ® w12)
= (—1)b.
Next assume that (p,p) € ¢a(a,b), a > b > 1. By Lemma 6.11 (2) we have a highest weight
vector of the form
V(ppra—1,-1) ® (Wog — wi7) + 1,
where u = u1 ® wig + Uz ® W5 + U3 @ Wyy + Us @ Wy for some uy, ug, usz, ug € Ve, (a—1,b—1).

Since fl and fg act trivially on (wys — wy7), a weight vector v in the A; x A;-representation
generated by this highest weight vector is of the form

v = (ffffv(p,p;a—m—n) ® (wyz — wyg) + ffffu

We further assume that v has weight u such that u(ﬂl + iLg) = 0. By induction hypothesis, we
have
Jféffv(p,p;afl,bfl) = (_1)b71f2gffv(p,p;a71,b71) .

Since J(wys — wy7) = —(wy5 — wy7), We obtain

Ju = (-1)" (fgffv(p,p;afl,bfl)> ® (wyz —wyg) +J (ffffu) :
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Recall that Vj(p, q) is minuscule. The action of J preserves the weight space containing v
since the number of v factors is equal to that of vy factors in the terms of v. Thus we must
have Jv = (—1)%v as claimed in this case too.

We have just shown that all the weight vectors in the isomorphic copy of V(p, p) with weight
1 such that ,u(iLl + ﬁg) = 0 are fixed by J if b is even, and that none of them are fixed by J
if b is odd. Combining this with the result for p # ¢ in (6.15), the total number of J-fixed
independent vectors of Vg, (a,b) with weight p such that p(hi + hg) = 0 is equal to (6.15) if b
is odd, and to the sum of (6.15) and the z + 15* row of the array in (6.7) if b is even, which is
given by

1 1
5z(b+ DE+b+1)+{b+2z+1)+(b+2)+---+(z+1)} = 5(z+1)(b+ D(z+b+2).
In either case, we obtain the function 6,(z,b). O

Proposition 6.13 (n = 2,3,4,6). Assume that a — b is even. For n = 2,3,4,6, the number
of independent vectors in Vg,(a,b), which are fized by the action of J, with weights . such that
w(hi + h2) =0 and p(hy — ha) =2, 0, is equal to 0,(z,b) defined in (5.23).

Proof. Suppose that v is a vector of Vg, (a,b) which lies inside the A; X Aj-representation gen-

erated by the vector v y inductively defined in Lemma 6.11 for (p,q) € ®y,xa,(a,b), and

P,q;0,b
assume that v is of weight u such that ,u(iu + ilg) = 0. The total numbers of such vectors are
equal to 7, (z,b) by Propositions 6.6-6.9, and the numbers of such vectors only for p = ¢ are
equal to {Z;n(z, b) by Corollary 6.10.

As observed in the proof of Proposition 6.12, if p # ¢ then the J-fixed vectors are precisely
given by J(v)+w; if p = g and b is even then all the vectors v of weight u such that M(ﬁhtﬁg) =0
are fixed by J; if p = ¢ and b is odd then none of such vectors are fixed by J. The conditions
,u(ﬁl — fLQ) =9, 0 exactly bring out the restrictions on the sums considered in Propositions
6.6-6.9.

Thus, when n = 2, the number of J-fixed vectors of weight u satisfying the conditions is
given by

(=) + (-1’5 Y (1) = gik(=0) + §0a(z ) = ba(z.b),
(p,p)EPa; xa (a,b)
p=20
where we use Corollary 6.10 and the definition of 2(z,b) in (5.10) along with the definitions of
72, 152 and 52. Similarly, when n = 3,4, 5, the numbers of J-fixed vectors of weight i satisfying
the conditions are equal to

37n(2,0) + 30a(2,0) = On(2,D). -

6.4. From Cy to A; via removing the second vertex. In this section, we shall prove the
branching decomposition of V¢, (a,b) to A; via Levi rule which removes the second vertex in
the Dynkin diagram of type Co

Oo==0
1 2

)
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where we assume a + b =2 0. We are mainly interested in the composition multiplicity of the
trivial representation Vj, (0) inside Vg, (a,b)|s,. We state the result at the crystal level as in
Proposition 6.2.

Proposition 6.14. For a partition (a,b), set e:=6(a+b=21) andl = [(a—b—1)/2]. Then
we have

-1
I%Amwhl%<&%%+&+fﬂb+DBh@i+d>

® (@&m +14+e€)(l+b+1—4)Ba (25 + e)> .
7=l

Proof. As Proposition 6.2, the assertion can be proved by using double induction on a + b and
the Clebsch—Gordan formula. O

Corollary 6.15. The multiplicity of the trivial representation Vy, (0) in Ve, (a,b)|s, is equal to
da+b=20)x (b+1).

Now we shall interpret Corollary 6.15 via Kashiwara—Nakashima crystal. The crystal of
vector representation is given as follows:

[1]=[2] 2 [2] = [1]
with a linear order
1<2<2<1.

Now let us recall Co-type Kashiwara—Nakashima tableaux.

Definition 6.16. Let Y be a Young diagram with at most 2-rows.
(1) A Co-tableaux of shape Y is a tableau obtained from Y by filling the boxes with entries
{1,2,2,1}.
(2) A Cy-tableaux is said to be semistandard if the entries in each row are weakly increasing
and the entries in each column are strictly increasing.

We define B(Y') to be the set of all semistandard Ca-tableaux T satisfying the following
conditions:

(a) T does not have a column ;

(b) T does not have a pair of adjacent columns 2120 121

.| 2 22/
Definition 6.17. Assume that (a,b) is a partition with a +b =5 0. For each 0 < k < b, define
T}, be the semistandard Co-tableaux of shape (a,b) such that
(1) the first row of the tableau T}, is filled with the sequence of entries (1%,2%,2"), where
—b b
a4 5 and y= a; —

(2) the second row of the tableau T} is filled with the sequence of entries (2F ,Tbik).

zZ =

k;

Lemma 6.18. For each 0 < k <b, the tableaux T}, is contained in B(Y).
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Proof. The condition (a) is obviously satisfied. Let us check whether T}, satisfies the condition
(b). Note that, for 1 < s < b, if an entry placed in the position (1, s) is 2, then the entry placed
in the position (2, s) is 1, if it exists, by definition. Thus the condition (b) is satisfied. O

Proposition 6.19. For each 0 < k < b, we have

el = f1Ty =0,

where €1 and fl are the Kashiwara operators.
Proof. We use the far eastern reading [HK02]. Then, since the 1-signature of = is -,

(6.16) we do not need to read the first k-columns for 1-signature.

Set

s1 := (the number of 1’s in T;) — (the number of 1’s in T}),
s9 := (the number of 2’s in T;) — (the number of 2’s in T}).

By definition s; = s2 = 2k — b. By an induction and (6.16), it suffices to consider when k = 0.
Then, by the far eastern reading, Ty can be read as follows:

3b—a

e @e@D® e @D
Since (i) the 1-signature of [2]is +, (ii) the 1-signature of [2|®[T]|is «, (iii) the 1-signature of
®|1|is ——, our assertion follows. O

We keep the assumption that a — b is even. By Corollary 6.15 , the Co-tableaux {7} }o<k<bp
exhaust all the trivial representations Vj, (0) inside V¢, (a,b)|s,. Note that the weight of T}, is

(6.17) 2k —b)(e1 +€2), 0<k<b.

For the Sato-Tate groups E,, n = 1,2,3,4,6, the number m(, 3 (Ey) is equal to the number
of independent weight vectors v, in Vg, (a,b) with weight o such that w(hy +ha) = 0 (mod 2n)
and ejv, = fiv, = 0. By Proposition 6.19, the number m(a7b)(En) for each n is equal to the
number of tableaux T}, such that

2k—-b=,0.

We count the number of such tableaux for each n = 1,2, 3,4, 6, and summarize the results
in the following proposition.

Proposition 6.20. Assume that a —b is even. Then the number of independent weight vectors
vy i Ve, (a,b) with weight p such that ,u(iLl + ﬁg) =5, 0 and e1v, = fiv, =0 is equal to

b+1 ifn=1,
(b+1)5(b=20) if n =2,
|b/3] +1—=68(b=31) ifn=3,
(2[b/4] + 1)5(b=20) ifn=4,
(2[b/6] +1)6(b=20) ifn=6.
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6.5. Sato—Tate groups J(E,). We keep the notations of Section 6.3. We start with a lemma
on representations of sly(C).

Lemma 6.21. Assume that v is a vector of weight 0 in a finite dimensional representation of
slo(C) with the standard basis {e, h, f}. Suppose that e¥N v =0 for N € Z>o. Then the vector

(St o).

k=0

either vanishes or generates the trivial representation of sla(C), where f) = fE/k! and elk) =

ek /k!.

Proof. Since
k t

f(k-‘rl)e(k) _ Z 56(k—t)f(lc—‘rl—t) H(S +1—t— h)
t=0 s=1

(see [HKO02, Exercise 1.3 (c)]), we have
FEADR) = o) p(h+1) 4 o(k=1) £(k)

on the weight 0 space. Similarly, since
ef® = fWe 4 fED(h — k4 1),

we have
1

(k) o (k) — ¢(k) o(k+1) (k=1) o (k)
k+1ef e e + f e

on the weight 0 space.

N+1y = 0 and the weight of v is zero, we also have fN*1ly = 0. Then

Y (1) (k) (k) - k p(k+1) (k)
f Zk+1f e v= Z(—l)f e v

k=0

Since e

Ed

= fo+ (i(—l)k(e(’“)f(k“) + e(kl)f(k))) v

k=1
= fu— fo+ (=1)Ne) s+, — o,

Similarly,

. <§: (_1)kf(k)e(k)> o= (f:(_nklef(k)e(k)) 0
k1 k1

k=0 k=0

— v+t (i(_l)k( P U1) o f(k—ne(k))) y

k=1
=ev —ev+ (=1)N fMN N+, — O

Now we consider Vg, (a,b) for a partition (a,b) with @ — b even. Assume that ejv = fiv =0
for a vector v in V¢, (a,b). Since J commutes with e; and fi, we have

(6.18) erJv = fiJv=0.
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By Proposition 6.19 and (6.17), the vectors on which e; and f; act trivially have weights
t(e1+€2) where t = 2k—b for 0 < k < b. The action of J sends weight t(e1+¢€2) to —t(e1+€2). If
v is a vector such that e;v = fiv = 0, then Jv+ v is fixed by J and e1(Jv+v) = fi(Jv+v) =0
by (6.18). Conversely, any J-fixed vector of non-zero weight on which e; and f; act trivially
must be of the form Jv + v.

Therefore, if b is odd then ¢ cannot be zero and the number of J-fixed vectors v such that
eiv = fiv = 0 is equal to (b + 1)/2 from Proposition 6.20. If b is even then the number of
J-fixed vectors of non-zero weight such that e;v = fiv = 0 is equal to b/2. Now the remaining
case is when b is even and the weight is 0. There is only one vector of weight 0 on which ey
and f1 act trivially. We will determine whether J fixes this vector or not.

Lemma 6.22. Assume that b is even. Suppose that v € Ve,(a,b) C Sym®°V @ Sym® W is a
vector of weight 0 such that e;v = fiv =0. Then v has a scalar multiple of

(vivf +v3035) ® %waﬂ
as a non-zero term, where z = (a — b)/2.

Proof. Let
b/2, b/2
Wiz -
If we apply elg on the vector ¥ for 1 < k < z+b/2, the result for each k can be written in terms
of

0= (vv] + V505) ® wyy

b/2, 1 b/2-1 Zm, z—m b/2 1021

(vivf + v3vs )®w 21wﬁ , v5 ® Wio 21wﬁ ,
gz b/2 b/2—1 241, 2—1 b/2 w2
& Wiy B vy vy T ® Wy

for some [ and m, and the signs of the coefficients of these terms are determined by the parity of

the exponent of w,y. In particular, the result of the action of e on v§+m 2T wb/ 2 21 b/ 2

is not canceled out with other terms. Thus if we apply €2+ 52 on v, all the terms are comblned

and the result is a scalar multiple of

03 ® w%QwZ?.
(One can check that the coefficient is (—1)%2(z + b/2)!.)
Similarly, the action of €2z+b on v3* ® w%wal results in a scalar multiple of

V1T @ wiy Wi

and the following action of eg/ 2 brings it to a scalar multiple of the highest weight vector
v¥* ® wl,. Thus we have shown that the highest vector can be obtained from the vector o by
applying e;’s and es’s. This implies that if we apply fi’s and fo’s on the highest weight vector
appropriately then we obtain

a vector ¥ of weight 0 which has a non-zero scalar multiple of ¥ as a term.

Set

f1 e1 ) 0, where e 1o = 0.

(4
1
=
||M2
w/-\
+
—
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Since e1v = f19 = 0, the vector v is non-zero and still has a scalar multiple of ¥ as a term. By
Lemma 6.22, we have ejv = fiv = 0. Since every vector of weight 0 on which e; and f; act
trivially is a scalar multiple of v, we are done. (I

Continue to assume that b is even, and consider a vector v of weight 0 such that e;jv = fiv =

0. Since the space of weight 0 vectors on which e; and f; act trivially is one-dimensional, we

have Jv = 4v from the fact that J?> = 1. Furthermore, such a vector has a non-zero term
b/2 b/2

(va% + Ugvg) ® wiy Wiy by Lemma 6.22. Since Jwia = wiz and Jwy; = wig, we see that

7 (w5 + vie) @ wlPutl?) = (<17 ((wfus + ugg) © wlfZull?).

It follows that
(6.19) Jv = (—1)%v.

Combining this with the observations made in the paragraph right before Lemma 6.22, we
have proved the following proposition.

Proposition 6.23. Assume that a — b is even, and set z := (a — b)/2. Then the number of
J-fixed vectors v with weight p such that eyv = fiv =0 is equal to

$(b+1)+1(-1)%6(b=20).
6.6. Sato—Tate group F. Recall that we have the embedding U(1) x U(1) into USp(4) given
by
(Uh UQ) — diag(ula uz, U;l, u51)7
and that the group F' is the image of this embedding. The number m(,; (F) is equal to the

number of independent weight vectors v, in V¢, (a,b) such that = 0.
Recall the array in (6.7), which lists the elements of ®y, xa, (a,b)

Proposition 6.24. Assume that a — b is even. Then the multiplicity of weight 0 in Vg, (a,b)
is equal to the number of elements (p,q) € ®a,xa,(a,b) such that p=q =0 mod 2. Explicitly,
the number is equal to

&i(z,b) :=2z(b+ 1)+ [b/2] + 1.

Proof. A weight zero space appears in By, xa, (pt1 + gt2) only if p = ¢ = 0 mod 2. Then
our assertion follows from the fact that By, xa, (pt1 + ¢t2) is minuscule, and that the Cartan
subalgebra for A1 x A is the Cartan subalgebra for Co. One can count the number of such pairs
(p,q) in (6.7) to see that it is equal to &1(z,b). O

6.7. Sato—Tate group F,. Since we have
av] = —vy, avy =7v2, avy=7v1, avs= Vs,

it follows from Proposition 6.24 that the number of a-fixed vectors of weight 0 in V¢, (a,b) is
equal to the number of elements (p, q) € ®4, xa, (a,b) such that p =4 0 and ¢ =5 0.
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Proposition 6.25. The number of a-fized vectors of weight 0 in Vg, (a,b) is equal to

S61(5.0) + 56a(2,D),

where &(z,b) is defined on the congruence classes of z and b by
(oo 1 ]2 ]3]

0 1 1 0 [0]-

1 fof-1]-1]0

Proof. There are 8 cases according to the congruence classes of z and b. Since all the cases are
similar, we only prove the case when b =4 0 and z =5 0. In this case, a =4 0, and the pairs
(p,q) € Pa,xa, (a,b) satisfying p =4 0 and ¢ =5 0 can be arranged as follows:

(a,b) (a—4,b—4) - (a—1b,0)
(a—4,b4+4) (a—4,b+2) (a—4,b) (a—4,b—2) (a—8,b) o (a—b—4,4)
(a—8,b+8) (a—8b+6) (a—8b+4) (a—8b+2) (a—12,b+4) --- (a—b—38,8)

(b,ia) (b,a-— 2) (bya —4) (b,a-— 8) b—4,a—4) - (0,a —0)

The number of pairs in the array is

z b
— 1 - +1
2(b+ )+4+ )

which is equal to 1£(z,b) 4+ 3&2(2,b). This proves our assertion in this case. O

6.8. From Cy to A; via removing the first vertex. In this subsection, we shall prove the
branching decomposition of Vg, (a,b) with a4+b=0 mod 2 to Ay via b := (By ~ C2) x Levi rule
which removes the first vertex in the Dynkin diagram of Cs. Specifically we want to count the
composition multiplicity of Vj, (0) inside Vg, (a, )3, -

Proposition 6.26. For a partition (a,b) = (k+ 1, k), we have
b k 4k
Be,(k+1,k)|;, = <@(l +1)(i + 1)BA1(i)) | @ E+1)({I+k+1—14)By () |-
i=0 i=k+1
Proof. As Proposition 6.2 and Proposition 6.14, our assertion follows from the induction on
a + b and the Clebsch—Gordan formula. O
Corollary 6.27. The composition multiplicity of Vi, (0) inside Ve, (a,b)|3, isb—a+1.

Now we investigate on which crystal elements in B, (a, b) the operators €5 and fa act trivially.
For a partition (a,b), set ¢ := a—b. For 0 < k < ¢, we define the semistandard Co-tableaux 77,
as follows:

;

lk 1t 2 ot 2k
ik ?t D] Tt

T ik <bandb— k=241,

] Tc—k .
pro el 2 [ e k< hand b k=21,
ik‘ §t Tt
e if k> b.
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—_——
s-times

Then one can easily check that they are contained in B(Y') and
&1y = foT} = 0.
Note that the weight of T} is
(6.20) (2k — c)eq, 0<k<c=a-—-0.

Since the number of such crystal elements is b —a + 1, it follows from Corollary 6.27 that they
exhaust all the crystal elements in B, (a,b) on which the operators és and fo act trivially.

For the Sato-Tate subgroups G 3 and N(Gq3), we record the following.

Proposition 6.28. Assume that a — b is even, and let z = (a — b)/2. Then the dimension of
weight 0 space in Ve, (a,b) on which ea and fa act trivially is one, and the space is fized by the
action of a precisely when z is even.

Proof. 1t follows from (6.20) that the weight of T} is zero if and only if & = (a — b)/2. This
proves the first assertion. For the second assertion, let v be a vector in the one-dimensional
weight 0 space on which ey and fs act trivially. Then the vector lies in the A; X Aj-representation
generated by the highest weight vector v(,_p 0.q) defined in Lemma 6.11. It follows from the
definition of v(,_p,0,4,5) that the vector v has a scalar multiple of

2,2 b
vivg @ (wyg — wyy)
as a term. Since avy = —vy, avy = v1 and a(wys — wy7) = Wy — wyg, the vector v is fixed by a

if and only if z is even. (Il

Finally, for the Sato-Tate subgroups Gs 3 and N(G33), we have the following.

Proposition 6.29. The dimension of weight 0 space in Ve, (a,b) on which e; and f; act trivially,
1=1,2,is one if a = b and is zero otherwise. In the case a = b, the space is fixed by the action
of J precisely when b is even.

Proof. The first assertion follows from Corollary 6.3 (b). For the second assertion, let v be a
vector in the one-dimensional weight 0 space on which e; and f; act trivially, ¢ = 1,2. Then the
vector v is a scalar multiple of v(g ., defined in Lemma 6.11. Tt follows from the definition
of v(,0.a,p) that the vector v has a scalar multiple of

as a term. Since J(wy; — wy7) = —(wys — wy7), the vector v, is fixed by J if and only if b is
even. g
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