POINCARE-BIRKHOFF-WITT BASES
FOR TWO-PARAMETER QUANTUM GROUPS

GEORGIA BENKART*, SEOK-JIN KANG*, AND KYU-HWAN LEE'

ABSTRACT. We construct Poincaré-Birkhoff-Witt (PBW) bases for the two-parameter quantum
groups corresponding to gl,,,; and sl,41. For this purpose, we derive some useful commutation
relations, which hold in the positive part of the algebra, and show that the relations actually

determine a Grobner-Shirshov basis.

0. INTRODUCTION

In this paper, we construct Poincaré-Birkhoff-Witt (PBW) type bases for the two-parameter
quantum groups U = Urs(gl,41) and U = U, 4(sl,41) introduced by Takeuchi (see [30, 31]). As
shown in [3, 4], these quantum groups are Drinfeld doubles and have an R-matrix. They are
related to the down-up algebras in [1, 2] and to the multi-parameter quantum groups of Chin and
Musson [10] and Dobrev and Parashar [12]. In the analogous quantum function algebra setting,
allowing two parameters unifies the Drinfeld-Jimbo quantum groups (r = ¢,s = ¢~ 1) in [13] with
the Dipper-Donkin quantum groups (r = 1,s = ¢~!) in [11].

For the one-parameter quantum group U,(g) of a finite-dimensional simple Lie algebra g, there
is a sizeable literature ([9, 15, 19-29, 33, 34]) dealing with PBW bases. The approach taken in
many of these papers is to combine braid group actions and direct calculations, starting from the
defining relations, to build a PBW basis. An alternate approach has been developed by Ringel
([26—29]) and Green [15] using the Hall algebra associated to the Cartan matrix of g. In this
setting, the basis elements of the positive part of U,(g) have an interpretation as indecomposable
modules for a certain finite-dimensional hereditary algebra.
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In the special case that r = ¢ and s = ¢~!, our PBW basis for U (or U) exactly coincides with
that in Ringel’s paper [29]. When both r and s are roots of unity, the commutation relations
developed here play an essential role in [5], where finite-dimensional restricted two-parameter
quantum groups u,s(gl, 1) and u, s(sl,41) are constructed. As shown in [5], these restricted
two-parameter quantum groups are quasitriangular Hopf algebras and often are ribbon Hopf

algebras.

1. GROBNER-SHIRSHOV BASES

In this section, we briefly recall the Grobner-Shirshov basis theory for associative algebras. We
refer the reader to ([6, 7, 17, 18]) for further details.
Let X be a set and let X™* be the free monoid of associative monomials on X. We denote by

1 the empty monomial and by [(u) the length of a monomial w . Thus, I(1) = 0.

Definition 1.1. A total ordering < on X* is called a monomial order if x < y implies azb < ayb

for all a,b € X*.

Fix a monomial order < on X*, and let Ax be the free associative algebra over a field K
generated by X. Given a nonzero element p € Ay, we denote by p the maximal monomial
appearing in p under the ordering <. Thus p = ap + ) fyw; where o, 5; € K, w; € X*, o # 0,
and w; < p. If @« =1, p is said to be monic.

Let S be a subset of monic elements of Ax, and let I be the ideal of Ax generated by S. Then
we say that the algebra A = Ax/I is defined by S and denote the image of p € Ax in A under

the canonical quotient map also by p.

Definition 1.2. Assume S is a subset of monic elements of Ax. A monomial v € X* is S-
standard if u # asb for any s € S and a,b € X*. Otherwise, the monomial u is said to be

S-reducible.

Proposition 1.3. [7, 18] Every p € Ax can be expressed as
(1.4) p=Y aiasibi+ Y Bjuy,
( J

where o, B € K, a;,b;,u; € X*, 5; €S, a;5:b; 2P, u; 2D, and each u; is S-standard.
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The term }_; Bju; in expression (1.4) is called a normal form (or a remainder) of p with
respect to the set S (and also with respect to the monomial order <). As an immediate corollary

of Proposition 1.3, we obtain

Corollary 1.5. The set of S-standard monomials spans the algebra A = Ax /I defined by the
set S.

Definition 1.6. A subset S of monic elements of Ax is a Grdébner-Shirshov basis if the set of
S-standard monomials forms a linear basis of the algebra A = Ax /I defined by the set S. In
this case, we say that S is a Gréobner-Shirshov basis for the algebra A = Ax/I.

Let p and ¢ be monic elements of Ax with leading terms p and q respectively. We define the

composition of p and ¢ as follows.

Definition 1.7.  (a) If there exist a and b in X* such that pa = bg = w with I(p) > I(b),
then the composition of intersection is defined to be (p, q), = pa — bq.
(b) If there exist a and b in X™* such that b # 1, p = agb = w, then the composition of
inclusion is defined to be (p, q)w = p — aqb.

(¢c) A composition (p,q), is a composition of intersection or a composition of inclusion.

Corresponding to a subset S of monic elements and a word w € X*, there is a congruence
relation on Ax defined as follows: For p,q € Ax, p = ¢ mod (S;w) if and only if p — g =

> ia;sib;, where a; € K, a;,b; € X*, s; € S, and a;5;b; < w.
Definition 1.8. A subset S of monic elements in Ax is closed under composition if (p,q)w =0

mod (S;w) for all p,q € S, w € X*, whenever the composition (p, q),, is defined.

Lemma 1.9. [6, 7, 17] Assume S is a subset of monic elements in the free associative algebra
Ax generated by X, and let A = Ax/I be the associative algebra defined by S. If S is closed

under composition, and the image of p € Ax is trivial in A, then the word D is S-reducible.

As a consequence, we obtain
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Theorem 1.10. [6, 7, 18] Let S be a subset of monic elements in Ax. Then the following

conditions are equivalent:

(a) S is a Grébner-Shirshov basis.
(b) S is closed under composition.

(¢c) For each p € Ax, the normal form of p is unique.

2. TWO-PARAMETER QUANTUM GROUPS

Assume that ® is a finite root system of type A, with a base II of simple roots. We regard
® as a subset of a Euclidean space R"*! with an inner product (, ). Let €1,...,€e,41 denote
an orthonormal basis of R"1 and suppose that Il = {a; = ¢; — €41 | j = 1,...,n} and that
P={e—¢|1<i#j<n+1}

Fix nonzero elements r,s in a field K such that r # s. Let U = Uys(gl,1) be the unital
associative algebra over K generated by the elements e;, f; (1 < j < n), and a;tl, bfﬂ (1<i<

n + 1), which satisfy the following relations.

(R1) The ail bjEl all commute with one another, and a;a; - = bjbj_1 =
(R2) ajej =7 6“0‘1>ej a; and a; fj=r —{eiay) fj as,
(R3) biej = sl%le;b; and b; f; = s~ f; by,
(R4) [ei, f;] = ffs (aibiﬂ - aiﬂbi),
(R5) [erre5) = Ufin 5] = 0 i — j| > 1,
(R6) e H_lel (r~t + s Yejpreieirr +rtsT! eie?_H =0,
ei+1e2 —(r '+ s Vejespre; +r s 6261+1 0,

(R7) fA0fi— (r+8) fix1 fifirr +rsfiff =0,
firrf} = (r+ 8) fifixr fi + s f7 fir1 = 0.
Let U = U, 5(slh41) be the subalgebra of U= Ur.s(gln+1) generated by the elements e;, f;, w;,
and w; (1 < j <n), where
wj = ajbj41 and wé- = a;41b;.
These elements satisfy (R5)-(R7) along with the following relations:

(R1’) The wi-!, wjﬂ all commute with one another, and wjw; ! =« (cuj)_1 =1,

(R2") wie; = riomlgleriie  and w;f; = r (€ sttt 0,
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(R3’) w;ej — r<€i+17aj>5<€i7aj>ejw£ and w;f] — r_<€i+17aj>5_<€i70‘j>fng’
5
(R4’) [ei, fj] = ] (wi — w;)

r—s

Now it follows from the defining relations that U = U _(/JT)UJF, where U™ (resp. U™) is the
subalgebra generated by the elements e; (resp. f;). In the standard way, (see [16] for example),

one can prove that U has a triangular decomposition, that is, there is an isomorphism of vector

spaces U-@U'eUT ~ 0.

3. COMMUTATION RELATIONS IN Ut

The commutation relations for U™, which we derive in this section, will determine a Grobner-
Shirshov basis S for UT. Our relations are similar to those in Yamane’s paper [34], which
treats the special case r = ¢%,s = ¢~2. However, it should be noted that the definition of the
commutator in [34] differs from the one given below.

Fix r, s € KX and assume that 7 +s # 0 (or equivalently, 7! +s~! # 0). We define inductively
(3.1) 8j7j =€ and Si’j = eié’i_l,j — 7"_151‘_17]'61' (Z > j)

The defining relations for UT in (R6) can be reformulated as saying

—1
(3.2) eit1€iv1; = 5 Eiplicivl,

(3-3) Eivriei = s '€,
Next we state the main result of this section.

Theorem 3.4. Assume (i,7) > (k,l) in the lexicographic order. Then the following relations
hold in the algebra U™ :

(1) & jEky—r 1 Eij—Ein=0 if j=k+1,

(2) & jEry—Eri&ij=0 if i>k>l>jor j>k+1,

(3) &ij€ka— s ki =0 if i=k>j>lor i>k>j=I,
(4) & j€kai—rtsT &+ (T — s =0 i P>k >G> L.

The proof of Theorem 3.4 will be achieved through a sequence of lemmas.
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Lemma 3.5. The relations

(i) & j€ki—Eki€ij=0 (t>j>k+1>1+1),
(i) &j&ry—r & — =0 (i>2j=k+1>1+1),
(iii) Em-ej —s1 ejé}-,j =0 (Z > ])

hold in UT.

Proof. The relations in (i) are obvious.
For (ii), we fix j and [ with j > [ and use induction on i. If i = j, this is just the definition of
&y from (3.1). Assume that ¢ > j. Then we have
Eij€in = €€ —r i1y
= el i el —r 2 e —rT e
= T_lgj,17151'7j + gi,l
by part (i) and the induction hypothesis.

To establish (iii), we fix j and use induction on i. When ¢ = j + 1, the relation is simply (3.3)

with j instead of 4. Assume that ¢ > j + 1. Then we have

Ei,jej = eié’i_lvjej - Tﬁlgi_ldejei
= 8_1 ejei&-_l,j - 7“_18_1 ejgi_l,jei
= 5! ejEZ-J
by (i) and induction. O

Lemma 3.6. In U™,

(i) Si,jgj,l — T_ls_lnggi,j + (7‘_1 — S_I)Ejgu =0 (Z > 7 > l),
(ii) Si,jgk,l — 5]@,[51‘,]‘ =0 (Z >k>10> j)

Proof. The following expression can be easily verified by induction on I:
(3.7) gi,jgj,l — T_ls_lgj,lgi’j + T_lgijlej — st ejé’u =0 (l > 7> l)
We claim that

(3.8) Eit1,j-16 = €j€jt1,5-1 = 0.
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I SN i < . ; ; ;
Indeed, we have €;&; ;1 = s~ &; j_1€; as in (3.2), and using this we get
—1.-1
Eit1,i€55-1 =18 Ejj-1&j414
=ej16;Ejj—1 —rtejej 1 jo1 —r s j1ejie; + 725 TIE i 1eje;
— Ej+165¢5,5-1 JCj+1C5,5-1 J,J—16j+1€5 J,J—1€5C5+1
_ 1 -1 —1.-1 -2
=57 €18y -1e =T ejej1€ 1 — 1T 8T Ejj1ejae) +r7eiE 1€ 41
— —1l¢g. . . -1, ¢, .
=5 Ejprj-16; =1 €&jy1 1.
On the other hand, we also have from (3.7)

-1

—1 -1 —1
Eir1,i€j 51— s i€y =5 ej[Ejrr 1] — T Ejp ey,

so that
(rt o+ sTHE 1 o1e — (7 sTeE -1 = 0.

Since we have assumed that r—! 4+ s~! 5 0, this implies (3.8).

Now to demonstate that
(3.9) Eijer —er€ij =0 (i >k >j),

we fix k, and assume first that j = kK — 1. The argument proceeds by induction on i. If i = k+1,

then the expression in (3.9) becomes (3.8) (with k instead of j there). When ¢ > k + 1, then
Eikorer = e&i1p 16k —T ‘& 1k 1ek6
= epeifio1h1— 1 erio1p-16i = exEip1.
For the case j < k — 1, we have by induction on j,
Sijer = Eijriejer —r L ei&ijrer
enfijrie; — " eneiijr1 = enfiy,
so that (3.9) is verified.

As a consequence, the relations in part (i) follow from (3.7) and (3.9); while the ones in (ii)

can be derived easily from (3.9) by fixing i, 7, k and using induction on . O

Lemma 3.10. The relations
(i) gi,jgk,j — Sfl(c/‘kdgi’j =0 (Z >k > ])
(ii) g@jghl — 7“_18_15]6715@'71' + (7“_1 — S_l)glajgi,l =0 (Z >k>7> l)
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hold in UT.

Proof. Part (i) follows from Lemma 3.5 (iii) and Lemma 3.6 (ii). For (ii), we apply induction on

[. When [ = j — 1, part (i), Lemma 3.5 (ii), and Lemma 3.6 (ii) imply that

-1
€ij€rj-1 = &ijChjej—1 =1 &ijej-1Ek
— ¢lg & e “le o L€
= 8 Ckjcij€i-1 T Cij€i-1Ck;
— plg7le ol L “le e . 2. (& & “le . e .
= T8 lk€j-1Gij TS Chjlijo1 =T T €j-180jCky =T "Cij-1Ck
—-1_-1 -1 -2_-1 -1
= s Enjej-18ij + 8T E&igo1 — TS €1y — 1 Ei&ij-

—-1_—-1 —1 —1
= s &g+ (s =) &

Now assume that [ < j — 1. Then &; je; = €,&; ; and & je; = €€ ; by Lemma 3.5 (i), and so by

Lemma 3.5 (ii), we obtain

-1
Cijey = Eijlrier—r Eijelrin

-1 -1 —1 —1
= 18 Epgelij+ (5T =17 )& e

2 1 “1/.-1 -1
—r s ey —r (s =1 )elr i Ei

= r_ls_lé'k,l&,j + (s7t = r_l)é'k,j&,l
by the induction assumption. O
Lemma 3.11. In U™,
(3.12) Eij€ii—s "€ =0 (i>=j>1).

Proof. First consider the case i = j. If [ = ¢ — 1, the above relation is just the defining relation

n (3.2). Assume that I < ¢ — 1. By induction on [, we have

—1
ei&ii = e&iper—r eieip

-1 -1 _-—1 —1
= s &uriee; —r s ebie; =80 ey
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When ¢ > j, then by induction on j and Lemma 3.6 (ii), we get
-1
Eij€ii = Eijriej&in—r e &g

—1 -1

= Eijn&iie; —r s €€ i1,

-1 —1 -1
= s &bigriej —r s el

-1
= S 5“57;73'.

The proof of Theorem 3.4 is now complete, because we have
ii);

(1) <= Lemma 3.5 (

Lemma 3.5 (i) and Lemma 3.6 (ii);
(
(

(2) =
(3) <= Lemma 3.5 (iii), Lemma 3.10 (i), and Lemma 3.11;
(4) <= Lemma 3.6 (i) and Lemma 3.10 (ii).

4. GROBNER-SHIRSHOV BASES AND PBW-TYPE BASES

In this section we determine a Grobner-Shirshov basis and a PBW basis for the algebra U™.
This will be achieved by showing that the set of relations obtained in the previous section is
closed under composition. To simplify compositions of relations, we consider an algebra with
sufficiently many generators and (essentially) the same defining relations as the ones in Theorem
3.4, which will turn out to be isomorphic to U™.

Let E = {e1,e2,...,e,} be the set of generators of the algebra UT. We introduce a linear
ordering < on F by saying e; < e; if and only if i« < j. We extend this ordering to the set £*
of monomials in & so that it becomes the degree-lexicographic order; that is, for u = ujug - - - u,
and v = v1vy - - - vy, then u < v if and only if p < ¢ or p = ¢ and u; < v; for the first ¢ such that

u; # v;. Let & C Ag be the set consisting of the following elements:
gi,jgk,l — 51457151'73' if i>k>1 >jor j> k+1,
gi,jgk,l — Sflgk,l&,j if i=k >3 > lor i >k> j= ,
gi,jgk,l — Tﬁlsflgk,lgi,j =+ (7“71 — Sil)gk,jgijl if i>k > ] > /.
The elements of S just correspond to relations (2), (3), and (4) of Theorem 3.4. Note that we may

take S to be the set of defining relations for the algebra U™, since S contains all the (original)
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defining relations (R5) and (R6) of U™ and the other relations in S are all consequences of (R5)
and (R6).

Now we introduce the algebra Ut. Let E = {E;; |1 <j <i<n} with the linear ordering <
defined by

E;j < Ej) < (i,7) < (k,1) lexicographically .

The ordering < may be extended to the set E* of monomials in E to give the degree-lexicographic
order. Let Ap denote the free associative algebra generated by E over K. Fix r,s € K* with
r+s # 0 as before. Let S C Ap consist of the following elements for all (7,j) > (k,1) in the

lexicographic order:

(4.1) Ei By, —r 'EyEi;—Ey  if j=k+1,

(4.2) EijEy — BBy if i>k>1>jor j>k+1,

(4.3) EijEx;—s 'Ex FEi; if i=k>j>lor i>k>j=1I,

(4.4) EijEw —r s BB+ (r = sTYE By i i> k> >0

The indices here are precisely the same ones as in Theorem 3.4. Then we define the algebra

U™ to be the associative algebra generated by E with defining relations S.
Proposition 4.5. The algebra Ut is isomorphic to the algebra U™T.

Proof. Tt is easy to verify that the map ¢ : UT — U *, e — E;;, gives a well-defined algebra
homomorphism. For example, we have by (4.1) and (4.3),

2 1 -1 11 2
BB — (r + s By BiiBiin 17 s BBl 0

1 11 2
=FEiv1iv1Bit1i — s EipriviBiiBiviin +r s BB

—1 —-1_,-1 2 —1 -1 _-1 2
=s BB —r s BBl — s BB+ s BBl 0 =0

Conversely, it is a consequence of Theorem 3.4 that the map v : U+ — Ut, Eij— &, is a
well-defined algebra homomorphism.
Now the definition of the commutator (3.1) implies that (¢ o ¢)(e;) = &;; = e; for 1 <i < n.

We claim that ¢(&;;) = E;; for i > 1. To see this, we fix [ and use induction on 4. If i = [, then



(&)

Therefore, (¢ o 9)(E;;) = E;; for 1 <1 <1i < n, so that ¢ and ¢ are inverses of each other.
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¢(er) = Eyy. If i > [, then it follows from (3.1), (4.1) and the induction hypothesis that

O(Ei1) = plei€i1y — 1 Ei1e:) = By iBiqy — 17 Ei1 B = By,

g

Now we consider compositions of elements in S. To begin, we define

. = {G,jkD)eN | n>i>j=k+1>1+1>2},
Cy = {(i,j,k,)eN | n>i=k>j>1>1},
Cs = {(i,j,k,)eN n>i>k>j=1>1},
Cy = {(i,j,k,)eN | n>i>k>j>1>1},
Cs = {(i,j,k,)eN | n>i>k>1>j>1},
Co = {(,jk,)eN n>i>j>k+1>1+12>2}

Note that all the elements of S can be written in the form

where

e’;‘kl —

€kl —

9

9

ij

ij
ki
ij
ki
ij

EijEx) — € ExiEij + X[,
=L ijl =—FE; if (i,7,k,1) € Cy,
= 871, ijl =0 if (i,j,k‘,l) € CyU (s,
=rls™h XF = (r7! —s OBy By if (3,4, k,1) € Cy,
=1, ijl =0 if (i,4,k,1) € C5 U Cs.

For f,g € S, the composition (f,9)w can occur only if

f=EjEL

Kl ki
— & Bkl + X5,

_ bq Pq
9= EriEpq — e Epqbrg + Xy
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and w = E; jEy,  E, 4 where (i,7) > (k,1) > (p, q) lexicographically. We see that
(f. 9w = —eiBriBijEpg+ X Epg+ )l BijEpqBry — Bij X}

_ kl _pq kl Pq K
= —gig BBy B +¢€ ‘Ek,lXij + X35 Epg

l
1] =] ij J

pq _pq L. _ ~pPq~xPq _ .. vYbg
tei€ij Epalij By — ey Xij By — Ei j Xy

kl kl kl
Eij'gf]lelc)lqu:j + &5 Ek,lXZ'q + X3 Epg
— eI B, XK — el XPIEy — B XP mod(S;w).

With a careful analysis of the conditions on {(3, j), (k,1), (p,q)}, we find that there are 62 cases
to be considered. (See the table at the end of this section and also [9, 34].) In all the cases, it is
straightforward to check that (f,¢)w =0 mod(g‘; w) is satisfied. For example, if (i, 7, k,1) € Cy,

(k,1,p,q) € Cs3, and (i,7,p,q) € C1, then
i>k>j=pt1>l+1l=q+1,
and
(£,9w = -1 s EgE 4+ (r7t = s Ey B By
—r s T — s By By By + 57 By By
= ST BB+ s (T = s By By By
I e (- sil)Ep’lEkJEi,l +s72 EyE;i;
= —rilsflEk’lEi,l +s 1t —s7h Ep B+ 572 EpiEi;=0 mod(g’; w).

The remaining cases are of the same level of difficulty to verify. Hence, we have the first part
of the next lemma, and the second part follows from the lexicographic ordering of the indices in

Theorem 3.4.

Lemma 4.6. Assume that r,s € K* and r + s # 0.

(1) The set S is a Grébner-Shirshov basis for the algebra U .

(2) The set of S-standard monomials is given by
B={Ei jEi g, Epgy | (i1, 1) < (i2,52) < -+ < (ip, jp) lexicographically},

and B is a linear basis of the algebra U+.
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This brings us to the main result of the paper.

Theorem 4.7. Assume that r,s € K* and r +s #0. Then
(1) Bo = {&1,j1injo - Eipjp | (i1, 51) < (i2,52) < -+ < (ip, jp) lexicographically} is a linear
basis of the algebra U™.
(2) Br = {ei ji€isjo " €ipy | (i1,51) < (i2,72) < --+ < (ip, Jp) lexicographically} is a linear
basis of the algebra U™, where e;; = e;ej_1---e; fori > j.

(3) The set S is a Gréobner-Shirshov basis for the algebra U™T.

Proof. The assertion in (1) follows from Proposition 4.5 and Lemma 4.6 (2). For (2), note that
B is exactly the set of S-standard monomials. By Corollary 1.5, the set B; spans the algebra
U*. If we consider the root space decomposition Ut = @ ,cq+ Ua, With Q" =371, Z>oa;, the
homogeneous space U, is finite-dimensional, and the number of elements in By N U, is clearly
equal to By N U, for each o € Q. Since By is a linear basis of U™, the set By is also a linear

basis of UT. The last statement follows from the definition of a Grobner-Shirshov basis. O
Remark 4.8. If we define inductively F; ; to be
Fij=1rf and Fij=fiFio;—rFifi (0>]),

and denote by f;; the monomial f;; = fifi—1---f; (i > j), then we have linear bases for the
algebra U~ as in Theorem 4.7. Note that U° and U° have obvious linear bases. All together and
from the triangular decomposition U = U~UU™T (resp. U = U~UU*) we have “PBW-bases”
for the algebra U (resp. U).

5. ITERATED SKEW POLYNOMIAL RING STRUCTURE

As applications of the previous results of the paper, we will show that the algebra U™ is an
iterated skew polynomial ring over K, and that any prime ideal P of U™ is completely prime (that
is, UT /P is a domain) when r and s are “generic” (see Proposition 5.5 for the precise statement).

Our approach is similar to that of [29], which treats the one-parameter quantum group case.

In this section we assume that r+s # 0 as before and that (k,[) < (i, ) always means “relative

to the lexicographic ordering”. Let Ufj be the subalgebra of U™ generated by &, (k,1) < (i, j).
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For each (i,7), 1 < j <14 < n, we define an automorphism ¢; ; of U;“j by

r & if j =k+1,

gk,l ifi>k2l>j01"j>k‘—|—1,
tij (Ekyt) = ) . . 4 ,

5 &y ifi=k>j>lori>k>j=I,

rlsTE, ifi>k>4>1

for (k,1) < (i,7). In order to see that ¢; ; is well-defined, we may check the relations in Theorem
3.4 owing to Proposition 4.5. Note that there is nothing to prove concerning the relations in (2)
and (3) of Theorem 3.4. A case-by-case investigation shows that the above definition of ¢; ; is

also compatible with relations (1) and (4) of Theorem 3.4. For example, consider relation (4),
Eijlrg—r s o+ (T =5 )& E =0
with ¢ > k > 5 > [. Applying ¢, , such that p > ¢ > ¢ > j and ¢ = kK + 1, gives
tpa(Eij€ht) = tpa(€ig)pa(Era) = (r s €)™ ) = 1727 € i

Similarly, we have t,4(Eiij) = r~2s 11 and 1) o(ExjEi1) = r~2s & ;€. Thus the
relation is preserved.

Now we define ¢; j-derivation 9; ; on U;“j by

Eil = k+1,
Vij(Ekt) = Ei iy — tij(Ex))Eij = (rt—s V& & ifi>k>j>1,

0 otherwise.

It is easy to see that ; ; is indeed an ¢; j-derivation; that is, ¥, j(uv) = U; j(u); j(v) + ud; j(v)
for all u,v € Ulffj (cf. Lemma 3, p. 62 of [29]). With ¢; ; and ¥; ; at hand, the next proposition

will follow immediately.

Proposition 5.1. The algebra U™ is an iterated skew polynomial ring whose structure is given

by
(5.2) U =K[&1][E21, 21,021 -+ [Enims trnny Vnn)-
Proof. Note that all the relations in Theorem 3.4 can be condensed into a single expression:

(5.3) Ei i€y = tij(Er)&ij +945(Ey),  (1,7) > (K, 1).
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Furthermore, Proposition 4.5 asserts that relations in (5.3) are all the relations needed to define
the algebra U™, which means U™ is an iterated skew polynomial ring with the structure given

by (5.2). O

The other result of this section requires an additional lemma.

Lemma 5.4. The automorphism v; ; and the v; j-derivation 9; ; of U;j satisfy

-1

Lij¥ig = (17" 8)0; i -

Proof. For (k,l) < (i, ), the definitions imply that

sT1E if j =k+1,
(L@jl%"j)(gk’l) = (7"71 — 371)372€k,j8i,l ifi >k Z] > l,
0 otherwise.
On the other hand, for (k,1) < (4, 7),
g, if =kt 1,
(Dijeig)(Erg) = (7' —s N ts™1E 8, ifi>k>j5>1,
0 otherwise.
Comparing these two calculations, we arrive at the result. O

Now we obtain:

Proposition 5.5. Assume that the subgroup of K* generated by r and s is torsion-free. Then

all prime ideals of U are completely prime.

Proof. This follows directly from Proposition 5.1, Lemma 5.4 and Theorem 2.3 of [14]. U

6. APPENDIX

In this appendix, we display the table of conditions on {(4,j), (k,1), (p,q)} required for the
calculation of (f,¢g)w in Lemma 4.6. A row in this table with an entry a in column (ijkl), b in
column (klpq), and ty,ta, -+ ,ty, in column (ijpq) signifies that if (i, 7, k,1) € C, and (k,l,p,q) €
Ch, then the sets that can contain (i, j, p,q) are Cy,,C,,--- ,Cy

m*
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(ijkl) | (klpq) | (ijpq) | (ijkl) | (klpq) | (ijpq) | (ijkl) | (klpg) | (ijpq)
1 6 1 1 1 3,4,5
2 1 2 4 2 3,4,5
3 6 3 3 3 5
L 4 6 3 4 4 g 4 3,4,5
5 6 5 5 5 5
6 6 6 6 6 |1,3,4,5,6
1 6 1 6 1 6
2 2 2 4 2 6
3 1,4,6 3 1,4,6 3 6
2 4 1,4,6 4 4 1,4,6 0 4 6
5 |1,3,4,5,6 5 11,3,4,5,6 5 6
6 6 6 6 6 6
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