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EISENSTEIN SERIES ON AFFINE KAC-MOODY GROUPS
OVER FUNCTION FIELDS

KYU-HWAN LEE AND PHILIP LOMBARDO

ABSTRACT. In his pioneering work, H. Garland constructed Eisenstein series
on affine Kac-Moody groups over the field of real numbers. He established the
almost everywhere convergence of these series, obtained a formula for their
constant terms, and proved a functional equation for the constant terms. In
his subsequent paper, the convergence of the Eisenstein series was obtained. In
this paper, we define Eisenstein series on affine Kac-Moody groups over global
function fields using an adelic approach. In the course of proving the conver-
gence of these Eisenstein series, we also calculate a formula for the constant
terms and prove their convergence and functional equations.

INTRODUCTION

Classical Eisenstein series are central objects in the study of automorphic forms.
The classical Eisenstein series were generalized to the case of reductive groups and
studied by R. Langlands [I3|[I4]. As in the classical case, he found these Eisenstein
series have certain analytic properties as well as Fourier series expansions where
L-functions appear in the constant terms. Because of this relationship, these L-
functions inherit important analytic properties from the Eisenstein series. This
approach to studying automorphic L-functions is known as the Langlands-Shahidi
method. (See [7] for a survey.) The Eisenstein series over function fields were
studied by G. Harder in [§].

In M), H. Garland defines and studies Eisenstein series on affine Kac-Moody
group over R. He proved the almost everywhere convergence of the series while
placing specific emphasis on calculating the constant term, finding its region of
convergence, and proving functional equations of the constant term. More precisely,
let Gr be an affine Kac-Moody group over R. For each character x of the positive
part A of the torus, he defines a function o, - A — C* and, as in the classical
case, uses the Iwasawa decomposition Gr = K AU to extend ®, to a function on
Gr. Garland extends this group by the automorphism e~"? € Aut(V3'), where
r > 0 and D is the degree operator of the Kac-Moody Lie algebra associated with
Gg. Setting @, (ge~"P) = @, (g), he defines an Eisenstein series E, on the space
Gre P C Aut(Vi) by

yel'/(PnB)

where T' is a discrete subgroup of Gr.
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2122 K.-H. LEE AND P. LOMBARDO

With suitable conditions on the character x, Garland proves the almost ev-
erywhere convergence of £, and calculates the constant term of this series, Ef,

representing it as a sum over the affine Weyl group W

Z (ae—rD)w(Xer)—p &(x, w).
wew

Here the function é(x,w) is a ratio of completed Riemann zeta functions, £(s) :=
xs/ 2F(§)C (s). After establishing when this infinite sum converges, he proves func-
tional equations for the constant term E#. In [5], Garland proves the Eisenstein
series F, converge absolutely.

For an arbitrary field F, we can construct an affine Kac-Moody group Gr ([2]).
Let V be the set of places of F. In this paper, we consider the fields F, for
v € V, completions of a global function field F'. We work adelically and define an
Eisenstein series F, on G, a restricted direct product of the groups G r,. Then we
calculate the constant term of the Eisenstein series I, and, as in Garland’s work,
find that we can express the constant term as an infinite sum over the affine Weyl
group. Moreover, this expression contains ¢(x, w)-functions composed of ratios of
(r, the zeta function for the function field F. This calculation leads to a proof of
convergence of the Eisenstein series.

Theorem 0.1. Let x € b* such that Re(x(he,)) < =2 for i =1,...,1+1, and
let m = (my)vev be a tuple such that m, € Zx>o and 0 < Y, m, < co. Then the
LEisenstein series

EX(hanu) = Z <I>X(h77mDu7)
el r/(PFNBF)
is convergent for all (h,u) € Hy x Uy/(Us D). (See BID) for the definition of

an )

The zeta function ¢z, which appears in the c(x, w)-functions of the constant
term, satisfies a functional equation. Using this, we prove that the constant term
of the Eisenstein series satisfies a family of functional equations indexed by elements
in the affine Weyl group.

This paper has seven sections. In Section 1, we will provide a basic construction
of an affine Kac-Moody Lie algebra and its corresponding groups, and then proceed
to Section 2 where we prove an Iwasawa decomposition for these groups. Section 3
uses the Iwasawa decomposition to define an Fisenstein series. We also describe the
characters we use for this definition and our analogue of the automorphism e~""
that appears in Garland’s definition above. In Section 4 we calculate the constant
term of our series. The content of Section 5 establishes the region of convergence
for this infinite sum, which we use in Section 6 to prove the convergence of the
Eisenstein series E,. Finally, in Section 7 we make use of the functional equation
for (r to prove functional equations for the constant term of our Eisenstein series.

1. AFFINE KAC-MoODY LIE ALGEBRAS AND GROUPS

In this section, we describe the affine Kac-Moody groups that we use to define
our Eisenstein series. We will first fix notation for an affine Kac-Moody Lie alge-
bra g¢. Then, following Chevalley’s construction, we will use automorphisms of a
representation space V> of §¢ to define the associated affine Kac-Moody group G*.
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EISENSTEIN SERIES ON AFFINE KAC-MOODY GROUPS 2123

1.1. Affine Kac-Moody Lie algebras. Let g be a simple, real Lie algebra. Then
we define

(1.1) 3°=R[t,t ' 1®g) ®RedRD,

and endow §°© with the standard bracket operation. (See [5] or [I1].) In the expres-
sion above, ¢ is a central element and D is the degree operator that acts as t% on
R[t,t7!] ® g and annihilates c. We set

(1.2) he =h+ Re+RD,
where b is the Cartan subalgebra of g. We also set
(1.3) g=R[t,t J®@g)®Rec  and h=h+Re

Let A be the classical root system of g, and denote the simple roots by {aq, ..., a;}
and the highest root by a. Then the affine roots A of §€ contain [ + 1 simple roots

{a1,...,q;41}. By setting 6 = g+ aq11, we can describe the set of affine roots A
associated to g as
(1.4) A={a+nd|acA, ncZ}U{nd|nec Ly}

The set, of affine Weyl (or real) roots is denoted by Ay = {a+né | o € A, n € Z}.
The set of the affine roots decompose into a disjoint union of positive roots A
and negative roots A_ = —A,, where

A, ={a+nd|aeA ,neZso}U{a+nd|aeA_neZog}U{nd|neZs}
Similarly we can describe the positive and negative Weyl roots by setting

(1.5) Aw i ={a+nd|acA,neZso}U{a+nd|acA_neZs}

and AW,, = —AW,JF.
Let {hay,- -, ha,+1} denote the set of simple co-roots associated to the affine
simple roots aji,...,q;41. In general, for any a € A, we let h, denote the cor-

responding co-root. Recall that we have the Killing form ( , ) on b, which we
normalize so that (hag,Ra,) = 2. As in [4], we extend this bilinear form to a non-

degenerate, bilinear form on he. For each simple root ar, ..., a1 € A, we define
a simple reflection w; € Aut(h€) fori=1,...,l+ 1 by
(1.6) wi(h) =h—a;(h)hq,.

Then the affine Weyl group W is defined to be

W= (w; |i=1,...,1+1) C Aut(h°).
We have
(1.7) W=WxT,

where W is the classical Weyl group, and T is a group of translations that we can
index by H € bz ([10], [11]).

As with g, the algebra g has a Chevalley basis which we can construct using the
Chevalley basis for g ([2]). First, fix a Chevalley basis for g,

U ={hays - ha t U{Fataca.
Now we define some important elements of §. For each a = o + nd € Ay, we let

¢a=1"®E, and &n)=t"®hs, fori=1,...,1L
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2124 K.-H. LEE AND P. LOMBARDO

Also, we set h; = h,, for i = 1,...,1, and hjy1 = —ha, + —2 __¢. Using these

(@0,00)
elements, we fix a Chevalley basis for the algebra g:

U= {hi,...,h1} U {€atacay,, YL&i(n) iz, 6 nezso-

Finally, we denote the Z-span of W by gz. Then §z is closed under the bracket

operation [ , ] for g¢. Using gz, we can make sense of an affine Kac-Moody Lie
algebra over an arbitrary field F' by setting
(1.8) 9p = (F'®z92)® F'D.

Let D denote the set of A € (h¢)* such that for i = 1,...,1+1 we have A(h,,) €
Z>o and A(hq,) # 0 for some i. This is the set of dominant, integral, normal weights
of g¢. In [2] we see that for each A\ € D, we have an irreducible g°¢-module, V*,
with a highest weight vector vy. This V* contains a Z-module V;}* satisfying

(€a)™

A A
m! .VZ QVZ’

for any a € Aw and m e Z>o. We fix this Z-module V3 and call it the Chevalley
form of V*. The representation space V* and VZA decompose into a direct sum of
weight spaces, Vu)\ and VM):Z = VMA N VZA7 respectively. As a highest weight module,

(1.9)

we know that any weight u of V* is of the form
I+1

(1.10) ==Y kiai,
=1

where k; € Z>(. For an arbitrary field F, we set VFA = F ®y VZA. Then V}‘ is a
highest weight §fp-module.

In the next subsection, we will use the elements of g to describe some special
automorphisms of the vector space Vlﬁ‘. These automorphisms generate the affine
Kac-Moody group over the arbitrary field F.

1.2. Construction of affine Kac-Moody groups. Let F' be an arbitrary field.
For a € Ay and s € F, we define the automorphism x,(s) of V2 as

(1.11) Xa(s) =) s" ’i—r:

n>0

By (LA) we know that this definition works for fields of arbitrary characteristic.
For each v € Vlé\ and a € Ay, there exists an ng such that for all n > ng we have
&
n!

Hence for each v € V2 and a € Ay, the sum in (III) acts as a finite sum ([2]).
We let F((X)) be the field of Laurent series in the variable X with coefficients
from F. Then o € F((X)) has an expression as o = Z 5; X", where iy € Z and

i>ig

-v=0.

s; € F. For a € A (the classical roots), we let
(1.12) Xalo) = H Xa+is (8i)-
i>io
For each v € V}‘ there exists an iy, such that for all i > ik, xatis(s) - v = v for any
s € F, and so for each v the product in (I.I2) acts as a finite product ([2]).
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EISENSTEIN SERIES ON AFFINE KAC-MOODY GROUPS 2125

As a result of these observations, each x.(o) is an automorphism of the repre-
sentation space Vlﬁ‘. Finally, we make the following definition.

Definition 1.13. Let F' be an arbitrary field and A € D. The affine Kac-Moody
group associated to gg and its representation space V}‘ is the following subgroup
of Aut(V3):

(1.14) Gy ={(xalo)| @€, oceF(X))).
Remark 1.15.

(1) Since we are considering the automorphisms of Vlﬁ‘, our group depends on
the choice of \. We fix a A € D and drop the A from our notation.

(2) One may note that in the construction of G we only used elements of g
and ignored the degree operator D. In Section 3, we will extend our group
Gr by a particular automorphism 7P related to D, thereby establishing a
more complete relationship between g7 = gr@®F'D and our group. Garland
extends his group in a similar way by the automorphism e~"" for r > 0

(1, BI)-

In the next section, we will begin working with this group when F is a field with
a non-Archimedean absolute value. Our first objective is to develop an Iwasawa
decomposition for G in this case, from which we will be able to begin defining our
Eisenstein series.

2. IWASAWA DECOMPOSITION FOR AFFINE KAC-MOODY GROUPS

In this section, we prove an Iwasawa decomposition for G r, where F' is a local
field with a non-Archimedean absolute value. In particular, we will apply this result
to the groups G F = Gl,, where F), is a completion of a global function field F'.

We now consider the particular case of G F, = G,,, where F, is an arbitrary field
with a non-Archimedean discrete valuation v. For x € F, let |z|, denote the abso-
lute value that corresponds to the valuation v. We define O, = {x € F, ‘ |z, < 1}
and P, = {{E eF, | ], < 1}, noting that P, is the unique maximal ideal of the
ring O,,.

For any a € Ay and s € FX, we set

W (s) = Xa(S)X—a(_Sil)Xa(s) and  h,(s) = wa(s)wa(l)il'
Likewise, for e € A and non-zero o € F,((X)), we set
wa(U) = Xa(O')X,a(—O'_l)Xa(O') and ha(g) = wa(o)wa(l)_l'

Using these elements, we can define the subgroups of G, that appear in the
Iwasawa decomposition of the affine Kac-Moody group. We let F,[[X]] C F,((X))
denote the ring of power series over F,,. We then set

U, = <xa(0)

a€AL, c€F[X]] or aeA_, UEXF,,[[X]]>,

H, = <hai (s)

i=1,...,0141, seF;>,
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2126 K.-H. LEE AND P. LOMBARDO

and define B, to be the group generated by U, and I;Tl,, which can be realized as a
semi-direct product H, x U,. Finally, set

i, = <xa<o>

where O, is defined above.

a €N o€ (9,,((X))>7

Lemma 2.1 ([2], §14). Let N, = ( wa(s)

achy, EF> W= N, /(8,0 By)

=N,/H,, and S = {ws,(1) | i=1,...,1+1}. Then (Gy,B,,N,,S) is a BN-pair
for G,.

Remark 2.2. There is a natural isomorphism between W = N, /(N,, N B,) and the
affine Weyl group W = <wZ li=1,...,1+ 1>, which identifies the element w,, (1)
with the simple reflection w;. See [2].

In light of the theory of BN-pairs ([12], §5; [9], §29), we have the following facts
regarding G,
Corollary 2.3. For the affine Kac-Moody group G, we have:
(1) G, = U B,wB, (disjoint union,).
weW
(2) For w € W, let w = Wi, ... W4, be a reduced expression. Then we have

B,,wB,, =Y,... Y, By, where Y; is a set of representatives for the cosets
(Byw;B,)/B,, for eachi=1,...,1+ 1.

We continue by choosing a specific set of coset representatives for each Y;. To
this end, we recall a lemma from [2], §16.

Lemma 2.4. FEvery element x € Bywéy has an expression

= ] xal(sa) | wy,

aGAw
where s, € Fy,, y € By, and Aw = AW,+ N wAWV_.
In particular, if we take w = w; for some i, each element x € B,,wiB,, has an
expression as T = Xq, ($)w;y with y € B,,.
Now since we choose our Y;’s to be representatives of the coset space B,w;B/B,,

we can choose our Y;’s to consist of elements of the form x,,(s)w; where s € F,.

Lemma 2.5 ([2], §16). For an arbitrary field F, and any a € Ay, we have a
homomorphism v, : SLa(F) — G that is defined by the conditions:

2a((55)) = Xa(s), @a((39)) = x-als),
Spa((—ol(lJ)) = wa(1), ‘Pa((g,«gl)) = ha(r)
forse F, andr € F).

For the field F,, we know that the group SLs(F,) contains the subgroup B
consisting of upper triangular matrices and the subgroup K = SL4(0,). Moreoever,
we have the Iwasawa decomposition SLy(F),) = K B. For more information see [10],
§2.
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EISENSTEIN SERIES ON AFFINE KAC-MOODY GROUPS 2127

Lemma 2.6. We have the following:

(1) @a(B) - Bw ifa € AW,+'

(2) ¢a(K) C K, for any a € Ay .

(3) We can choose the elements of Y; fori=1,... 14+ 1 so that they are the
images through ., of elements in K. In particular, we may assume that
Y, CK, fori=1,...,1+1.

Proof. (1) Consider an arbitrary element ([ ,%1) € B. We can express it in the
following way:

Thus @a((§ ,21)) = ha(r)xa(r—'s). Since B, is generated by H, and U,, it suffices
to show that x,(r~1s) € U,. Since we assumed that a € Aw 4, we know a = a+nd
where either n = 0 and a € A, or n > 0 and @ € A. We can write x,(r~'s) =
Xa(0) by setting o = (r~1s)X™ (see the definition of y,(c), Section 1). The
conditions on « and n guarantee that x,(o) € U,. Therefore, when a € AW,+ we

have the desired result.
(2) We know that

K= (100

(see [10], §2), and so an arbitrary element of K will be a finite product of these
matrices. As a result, the image of an element in K through the homomorphism
o will be a finite product of x,(s) and x_4(s") with s, s’ € O,.. Tt suffices to show
that x,(s) and x_,(s) are elements of K,,. If a = a +nd, then —a = —a — nd and
we can express Xaq(s) = Xa(sX™) and x—q(s") = x—a(s’X ™). Since the coefficients
s and s’ are each elements of O,, we have that x.(s) and x_,(s’) are elements of
K,.

(3) Recall that Y; is a set of coset representatives for (B,,wiél,)/éy, for w; € S.
By Lemma [2:4] we can choose these representatives to be of the form y,,(s)w; for
s € F,,, but then

Xa: (9)wi = ¢a, ((§1))2a: ((%16)) = ¢a, (25 5))-

However, by the Iwasawa decomposition for SLa(F), we know that (=5 §) = kb for
k € K and b € B. Thus, we have xq, ($)w; = ¥a, (k)pa, (b), and by part (1) of this
lemma we know that the coset Xa, (8)w; B = @a, (k)@a, () B = ¢, (k)B. So we can
take our representatives for (B,w;B,)/B, to be of the form ¢, (k) for some k € K.
Finally, part (2) of this lemma implies that we can choose our Y; to be a subset of
K,. ]

5,8 € (9,,>

Now we can prove that for any v € V, the affine Kac-Moody group G, has an
Iwasawa decomposition.

Theorem 2.7 (Iwasawa decomposition, [2]). Let F), be a field with a non-Archime-
dean discrete valuation v, and let G, be an affine Kac-Moody group over F,,. Then

Gu = [A(l/ E[V Ul/7

where f(l,, fl,,, and Ul, are defined as above.
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2128 K.-H. LEE AND P. LOMBARDO

Proof. We have already established a Bruhat decomposition for C;’,,; in other words,

GV: U B,,wBl,.
weWw

Since this is a disjoint union, it suffices to show that each B,wB, decomposes in
the desired way. It follows from Corollary 23 and part (3 ) of Lemma [2.6] that for
each w € W we have B, wB Cc K, B,,7 and thus Gl, = K B We have already
observed that B, = H, x UV, and so we obtain the Iwasawa decomposition:

G, =K H,U,.
]

The Iwasawa decomposition of an element is not uniquely determined. See Re-
mark and Corollary B.1T1

3. DEFINING THE EISENSTEIN SERIES

For the remainder of this paper, we set F' to be a global function field of genus
g. Let V denote the set of all places of F', and for v € V let F,, denote the
completion of F' with respect to v. As in the previous section, we let | - |, denote
the corresponding non-Archimedean absolute value on F),, and we define the local
ring O, and its maximal ideal P, as before. We fix a uniformizer w, € O,, so
m, generates the ideal P,. Finally, let the integer g, denote the cardinality of the
residue field O, /P,.

In this section, we will use an adelic approach and define our Eisenstein series
on the group G, a restricted direct product of affine Kac-Moody groups over the
completions of the field F'.

3.1. The Adelic approach. Using the completions F),, we define the adele ring
A as the restricted direct product

!
A= H F,,, with respect to the subrings O,,.
veV

The units of this ring, the group of ideles A*, can also be realized as the restricted
direct product

!/
= H F)*, with respect to O,
vey
where O ={z € O, | |z], =1} C O,. For s = (s,) € A*, we define the idelic

norm
sl =] Isul-

veV
We set G, = G r, and define the group G as the restricted direct product
~ AP . A~
Gy = H G, with respect to the subgroups K, .
vey

In order to define our Eisenstein series on G A, we must first establish an Iwasawa
decomposition for this group. With the appropriately defined subgroups of G,
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EISENSTEIN SERIES ON AFFINE KAC-MOODY GROUPS 2129

this will be a direct result of Theorem 2.7. To this end, we distinguish the certain
subgroups of G. Let
~ ~ ~ JANDN A~ ! A~
K=][k, H.=][] B, and U.=1]] 0.,
veV veV veV

where the restricted direct products are with respect to H,NK, and U, N K,,,
respectively.

Theorem 3.1. We have the following Iwasawa decomposition for the group Ga:
Gy = KHyU,.

Remark 3.2. In [2], Garland develops an Iwasawa decomposition for the group Gr

and establishes that the decomposition of an element is unique. In our setting, the

Iwasawa decomposition of an element is not unique. This is potentially problematic

because we will use this decomposition to define the Eisenstein series. However, we

will see in Proposition [3.10] that due to the structure of H, this is not an issue.

3.2. The structure and topology of the torus. We fixed a normal weight
A € D, and hence a §°-module Vﬁ\y‘ It is a highest weight module, so we let vy
denote the highest weight vector. In [2] we see that the representation space Vls\u
decomposes into a direct sum of its weight spaces
Vo= P Vip,. where V) ={ve VR [h-v=p(h)v, heh}.
ne(he)”

Moreover, every weight of Vlﬁ‘u is of the form u = X\ — Ziii ki, for ki € Z>o.

Using this unique expression, we define the depth of u as

141
dp(p) = Z k.
i=1
We fix a basis B of V* by choosing basis vectors {vx,vy,...,vy,...} in V;* and

ordering them so that
(1) ifv; € Vu)"Z, v; € VIJ«)\’Z’ and ¢ < 7, then we have dp(u) < dp(y'), and
(2) for each weight p of V', the basis vectors of VH):Z appear consecutively.

A basis of V' that satisfies these conditions is called coherently ordered. It is
important to note that since we chose our basis vectors from VZ)‘, the basis B serves
as a basis for V2 as well as Vﬁ‘u for every v € V. The advantage to fixing such a
basis is that with respect to B we can view the elements of H,, as (infinite) diagonal
matrices which are scalar matrices when we restrict to a weight space. In addition,
the elements of U, are (infinite) strictly upper triangular block matrices where the
blocks are determined by the weight spaces of V. For more information, see [2].

By this observation, we can clearly see that elements of H, commute with each
other, and H, normalizes the subgroup U,,. Since this holds for all v € V, we obtain
the same results for H a and ﬁA.

Because the definition of our Eisenstein series depends on it, we are interested
in studying the structure of Hy. Let h € Hy. Considering the local components,

we let
I+1

hy =[] he (si)-
i=1
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2130 K.-H. LEE AND P. LOMBARDO

As a result, we may write h € H, as the product
I+1

h= H hai ((Si,V)VEV) .
i=1
Proposition 3.3. Assume that A € D. Suppose that
I+1
Wr =[] (siw) € HY N K.
i=1
Then we have ord,(s;,) =0 fori=1,...,1+ 1.

Remark 3.4. We have included the superscript A above since we must consider
different \’s in the proof below.

Proof. As a consequence of Lemma 15.7 and Theorem 15.9 in [2], we know that for
each fundamental weight A; there exist a positive integer m; and a surjective group
homomorphism

T\, miA;) - G — Gmite
and this homomorphism is characterized by the fact that it maps x2 (o) to ™ (o).

As a result,
1+1 I+1

[T 75, (i) — TT P (s,
=1 i=1

as well. Set h* = Hig h (siw) anfl pmidi = Hii hmidi(s; ). Since h* € H)NK)
by assumption, we have h™i’i ¢ H™iA 0 K Choose a highest weight vector
1®ve V;Z"'Ai = F, ® V"% Then by [2] we know that

+1 I+
(3.5) h™h - (1o w) = [[hii(sin) - (1@ 0v) = ( s:.?;A*h%)) Qv =s" Q.
=1 =1

Since elements of K’V preserve the subspace Vé‘u, we have ord,(s;,) > 0.
. - -~ _ I+1 1y .
Moreover, since H} N K} is a group, we know (h))~' = [[.1] hg\é(swl) is also in
the intersection. Applying the argument above to (h))~!, we find ord,(s;,) < 0.
Thus we have ord,(s;,) =0foreachi=1,...,1+ 1. O

Corollary 3.6. The subgroup Hy <Ga may be realized in the following way:

R I+1
HA:{ Hhai(Si) SiEAX }
i=1

Proof. Proposition B3] shows that for almost all v € V, we have s;,, € OF. As a
result, these infinite tuples s; are actually elements of A*. |

Remark 3.7. We have a surjective group homomorphism 9 : (AX)*+! —; H, de-

fined by
I+1

(81, 89y n, Sl+1) — h = H hai(si).
i=1
The group (A*)"*! inherits the product topology induced by the usual topological
structure of A*, and we give the space Hy the quotient topology induced by the
map . We will use the map 9 again in Section 5.
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3.3. Characters. Defining our Eisenstein series on Ga requires that we specify a
character of the subgroup Hy. Let |- | be the idelic norm. We define a character
by fixing a linear functional x € h* and setting

I+1

hX — H |Sz| X(ha;)
i=1

when h = HlH (s5) € Hy.

Remark 3.8. If h € Hy NK, then h = Hiﬂ ha (sz) with s; € [[, oy, O By our
definition of x, we see that hX = 1 for any h € Hy NK, since |s;| = 1 for each
i=1,...,0+1.

Fix x € b*, and define o, Ga — C* to be the function induced by the
character x on H, and t}le Iwasawa decomposition for Gya. In other words, if
g =khu is an element of G4, then we set

0, (9) = Oy (khu) = hX.

We noted earlier that the Iwasawa decomposition for G is not unique, so we need
to prove that this function is well defined.

Lemma 3.9. For any place v € V, the subgroup B,NK, is the semi-direct product
(H,NK,)x (U,NK,).

Proof. With respect to the coherently ordered basis B, the elements of K, are
matrices with elements from the ring O, and the elements of B, are upper triangular
block matrices. Thus, we can view b € B, N K, as an upper triangular infinite block
matrix with entries from ©,. By the definition of B,, we know that b = hu for
h e H, and u € U,. In fact, with respect to B, the matrix h will be diagonal with
the same diagonal entries that appear in the matrix b. In particular, h € H,NK Vs
which also implies that v € U,, N K,,. O

Proposition 3.10. Let g = khu = k'h'u’ be two Iwasawa decompositions for
g € Go. Then
Oy (K W ') = By, (k hou).
In particular, ®, is a well-defined function from Gy into C*.
Proof. We begin by noting that if khu = k" b’ u/, then
K~k = n'/(hu)~' € By NK.
By Lemmal3d] ¥'~1k = ha with h € HyNK and @ € UsNK. Using this information,
we see B
Kh'u =khu =k huhu.
Since H, normalizes Uy, we can express k' h'«' = k' hhuy, for some u; € Uy.
Finally, we observe that by Remark 3.8 we have
o (K'Wu') = &K hhuy) = (hh)X
WXRX = X = & (khu).
O

Corollary 3.11. The I;TA—component of an Iwasawa decomposition is uniquely de-
termined up to Hy NK.
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Proof. From the proof of the above proposition, we obtain h'w' = hhu,. Since
By = Hy x Uy, we actually have A’ = hh. O

3.4. An important automorphism. As in [4], we need to extend the group Ga
by an automorphism related to the degree operator D that appears in the associated
affine Kac-Moody Lie algebra

a¢=(Clt,t ']®g)®Cc® CD.

In [4], Garland uses e~"P € Aut(Vy') for 7 > 0 to extend the group Gr; however,
in our case we are considering the restricted direct product G,. For this reason, we
first define local automorphisms 7, € Aut(V ) for each v € V, and then work
with a product of the local automorphisms.

For each v € V and integer m,, € Z, we define " to be the automorphism of
V7 defined by the conditions

(1) the automorphism 7™ fixes each weight space Vlf: F,» and

m, D my, p(D)

(2) we have n"? v =m, v forv e Vp:\,FV'

Since n™ P acts as scalar multiplication on the weight spaces, we can consider
this automorphism as being a diagonal block matrix with respect to the coherently
ordered basis B, and as such the automorphism will commute with H, and nor-
malize U,,. Moreover, note that if we chose m, = 0, then 77 is the identity
map.

We fix a tuple m = (m,),ey such that m, € Z and m, = 0 for all but a finite
number of v. By doing so, we fix the associated automorphism 7™ defined as the
product

(3.12) P =T n? e J] Aut(V2).
vey vevy

We will define the Eisenstein series on Gxn™P for our fixed automorphism 7”2,
In particular, we will consider @, as a function on Gan™? by setting @, (gn™P) =

P\ (9)-

3.5. Defining the Eisenstein series. For each completion F),, there is the natural
injection 4, : F < F,, which induces the injection F((X)) < F,((X)) by sending

i>ig i>ig
From this map, we see that there is a natural injection 7, : GF > GV for each
v €V, and we may define the diagonal embedding i : Gp < [], ¢\, Gu by

Xa(@) = (iv(Xa (@) ey

The image of the map i is not entirely contained in the group Ga. To see this
clearly, we construct an example of an element from G that does not diagonally
embed into Gy.

Example 3.13. Let F' = F,(T). It is well known that all but one of the places (the
“infinite” place corresponding to %) are indexed by monic, irreducible polynomials
in Fy[T]. We let f,(T) denote the polynomial associated with the place v. Set

1 1 1
o=T+ —X+——X>+—X34+...,
fV1 fl/2 fllg
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where we set the coefficient of X* to be fi for some v; that has not previously
appeared in the expansion. Clearly, we have fl € F (T) for all v, so o € F((X)).
However, by design o ¢ O,((X)) for an infinite number of v € V, and as a result
iv(Xa(0)) is not an element of K, for an infinite number of v. Therefore, i(xq(0)) ¢

Ga.
Keeping this example in mind, we consider the subgroup I'p defined by
fF = {g S GF ‘ z(g) S éA}

By an abuse of notation, I's will be considered as a subgroup of Gr as well as G As
where in the latter case we consider the elements as being diagonally embedded.
Note that hX =1 for any h € HyNTp and X € 6* We also have the subgroups
I;TF, UF and By of the group Gr.

In the definition of the Eisenstein series, I'p/(I'z N Br) will be the coset space
over which we index our sum. Before continuing, we first establish certain facts
about ®,.

Lemma 3.14. Let g,5 € Ga, and v e I'r N Bp. Then
(1) @, (gh') = (W)X @, (g) for any W' € Ha,
(2) (I)x(g’Y) = (I)x(g); and
(3) Dy (gn™P Bv) = @y (gn™P ).

Proof. (1) We write g = khu according to the Iwasawa decomposition. Since Hy
normalizes Uy, we have
D, (gh') = @y (khuh') = &, (khh/'u').
Now by definition of ®,,, we know
®, (khh'u') = (hh")X = (h)X(h")X.

Since h is the Hy-component of g, we know this last expression equals (/)X D, (g).

(2) Using an argument similar to that of Lemma B9 we can show that for any
v E f‘p N BA, we have a decomposition v = hju; with hy € fIA N f‘p and u; € UA.
Using our Iwasawa decomposition, express g = khu. Then

(I)X(g’y) = @X(khuhlul) = @X(khhlu/ul)
= (W)= (B)* = x(9),

where the second to last equality holds because h; € H AN r P

(3) As before we let v = hjuy with hy € I'r N Hy and u1 € U,. Since nmP

commutes with HA and normalizes UA, we see n™Py(nmP)~1 = hju, for some

us € Uy. Let n™P3 = B'n™P for some 3’ € Gy. Then
@, (g0 P By) = D980P 7) = @y (98 hauan™P) @y (98 hus).

We know @, is right invariant by Uy, and in light of part (1) of this lemma, the
following equalities hold:

D\ (g8 huz) = @ (gB'h1) = (h)* Py (98") = D (98)
O\ (gB'n™") = Oy (gn™PB).
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Due to part (3) of the previous lemma, the following definition of the Eisenstein
series E, on the space Gyn™P is well defined.

Definition 3.15. For g € G and X € h*, we define

(3.16) Exgn™) = Y. (g™,
velr/(FFNBF)

whenever the series converges to a complex number; otherwise we define EX(gan )
= 0.

The goal of this paper is to prove the convergence of the series F,. Later, we
will see that after some reductions we can consider E, (¢gn™D) as a function on the
space H A X U, n/ (UA NI r). In the next three sections, we will prove the following
theorem:

Theorem 3.17. Let x € b* such that Re(x(ha,)) < =2 fori=1,...,1+1, and
let m = (my)vey be a tuple such that m, € Z>¢ and 0 < > m, < co. Then the
Fisenstein series

Ex(hn’”Du) — Z @X(hnMDuv)
velp/(TpNBF)

is convergent for all (h,u) € Hy x Uy/(Us NTp).

To prove this theorem, we first assume that y is a real character, so x : Hy —
Rso. As a result, the Eisenstein series E, takes values in Rso U {oo}. This as-
sumption is not very restrictive because for any complex character x, the series E,
is dominated by Ege(y). Hence, we can apply the dominated convergence theorem
for the complex case after we consider the real character x.

As in Corollary 23] we see that Gr has the Bruhat decomposition into the
following disjoint union:

GF: U BFU}BF.

weW
If we let I'p(w) = I'p N (Bpw Bp) and define
(3.18) Ey(gn™) = > @, (gn™P),
V€l F (w)/(T'r (w)NBF)

then the Bruhat decomposition above allows us to express our Eisenstein series as
(3.19) Ex(gn™) = > Exulgn™).
weWw

This is simply a regrouping of the sum in Definition B.I8 As with E,, we can
consider each E, , as a function on the space Hy x Uy/(Uy NT'F). In order to
prove Theorem [B.17], it suffices to show that

(3.20) Z / Eyw(h™Pu) du < oo
wel Un/(OanTr)

for h varying in an arbitrary compact set of Hy and for real .
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If we establish the convergence ([B.20)), then

Z / . Eyw(hn™Pu) du = / Eyw(h™Pu) du
g Uy /(UsnTr) Uy /(UsnTr) v
(3.21) = / E, (k™ Pu) du.
ﬁA/(UAﬂfp)

Note that the last expression is nothing but the constant term of the Eisenstein
series .

Definition 3.22. We set

E¥(gnmP)= > /  Evulgn™Pu) du
U)EW UA/(UAI'_WFF)

and call Ef the constant term of the Eisenstein series E, .

In the next section, we will calculate the integrals

/ Ey . (h™Pu) du
Ux/(@anlr)

for w € W. In Section 5, we establish the convergence (B20) when x is a real
character and h varies in a compact set of H,. As a result, we will obtain the
almost everywhere convergence of the Eisenstein series and a concrete description
of its constant term.

4. CALCULATING THE CONSTANT TERM OF THE EISENSTEIN SERIES

In this section, we simply state the existence and properties of the measures
necessary for our calculation, leaving the details to Appendix A. Constructing these
measures involves taking the projective limit of a family of measures. For now we
will also refrain from showing that F, is a measurable function, a topic that we
will address in Section 6.

4.1. Definition and preliminary calculation. From Appendix A, we have an
invariant probability measure du on the space UA/ (UA N f‘p) As was discussed
at the end of the previous section, we now turn our attention to calculating the
expression

(4.1) Z / Eyw(gn™Pu) du.
wel Un/(OanTr)

We first calculate the integrals
/  Eyulgn™Pu) du,
UA/(UANFF)
for w e W.

Let (A]_7 r be the subgroup of Gy consisting of the elements that are strictly lower
triangular block matrices with respect to our coherently ordered basis B of V}‘. We
define

Uw,F = UF ﬂwU,’pw_l.
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Note that this definition works over F,, as well, so the notation (AL’I, and wa are

clear. Finally, we set (A]_A and Uw,A to be the expected restricted direct products.
The Bruhat decomposition has this refinement:

Gr = U 0w7F w Bp (disjoint union).
weWw
Moreover, every element of u € lA]w, F is of the form
(4.2) uw= 11 Xa(5q) for s, € F.
CLEAWHJTU) AW,—
(See [, §6; [3], §6.) It is straightforward to check that lA]w,F C I'p, which implies
f‘F n (Uw,Fw-BF) = U'vaw (fF N BF)

As a result, we can choose the coset representatives of I'p(w)/I'p(w) N Bp to be
{bw} for b € Uy, . Thus,

/ _ Eqwlgn™Pu)du = / o > O, (gn"Pwy) du
O/t ORUAOTE) et () /P (w) B

/ Z @, (gn™Pubw) du.
Un/(UsNT'F) bl o

We have the following decompositions:
(4.3) Up = Uwf (ﬁp N wUFw_l) and U, = Uw,A (ﬁA N wUAw_l).
This decomposition, along with the fact that Uw, pCT F, implies that
(4.4) [A]Fﬁfpszmp(fpﬂf]pﬂ wUFw_l).
So we can consider the set of b € ﬁw, F as a set of coset representatives for
CrNUp)/CrNUp Nwlpw™).
Since I'g N ij =Trn ﬁA, our integral
/ o Z @X(ganubw) du
Ur/WUaNLE) e (a0 ) /(Fp O el 1)

becomes

(4.5) /
Up;/(meUFﬂwUwal)

Here we consider the measure du’ as the measure induced from du and the projection
7 UA/(fF n UF n wUFw_l) — UA/(UA n fF)

Using the decomposition @3) for Uy, we observe that integrating over this coset
is the same as first integrating over

OA/(UA N wUAw*I)
and then over
(UA n wﬁAw_l)/(f’p n UF n wUpw_l).
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In Appendix A we see that the measure du’ decomposes into measures du; and dus
on these spaces, respectively. Using these measures and decompositions, we can
manipulate our integral ({3 to be

(4.6) / / @, (ganulqu) dug duy,
[}w,[-‘n (0Aﬁw[}Aw_1)/(f‘pﬂﬁpﬂwﬁpw—l)

where we set Uw,A = 0A/(UA N wUAw’l).
Since @, is Up-right invariant, we let uh = w tusw € Uy and rewrite

D

D, (g™ Pusugw) = @, (gn™Purwul) = &, (g0 Puyw).

As a result, the integral ([@6]) becomes

/ ( / X o ) @X(ganulw) duz> duy.
Uw,a (UpnwUpw=1) /(T rNUpNwUpw—1)

Since the values <I>X(g77mD ujw) no longer depend on us and the measure dus has a
total measure of 1, this equals

/ @y (gn™Purw) duy / dug
Uw,A\ (UAﬁwUAw71)/(fpﬂ0pﬂwljp’u)71)
= / @, (gn™Pusw)du,.

010,&

The following proposition summarizes our results from this subsection:

Proposition 4.7. For g € Gy and w e W, we have

/ Eyw(gn™Pu) du = / O, (gn™Purw) duy.

UA/(UAﬁfF) UU),A

4.2. Further calculation. We continue our computation by further manipulating
the integral in Proposition @7} Fix an Iwasawa decomposition g = khu. Since P
normalizes Uy, we have

@X(ganulw) = (I)x(khuanmw) = @x(hanu'MU)).

The decomposition (Z3) allows us to write v’ = v’ u/, for u’ € Uw,A and v/, €

1

Us NwUsw™. Clearly, w™ v/, w € Ug, so by the right invariance of ®, we have

O (b Pu'uiw) = Oy (hy™Pul o uiw)

= &, (h™Pul v ur (v)) row e w)

= O (hy™Pul v ug () ).

The decomposition (@3] also induces the natural projection
T UA —» UwyA,
and we obtain that
O, (™ Pul_ v ug (uly) " rw) = @y (™ Pul 7 (! ug (ulp) ) w).

For any u; € UwyA and a fixed ug € UA N wUAw’l, the map that sends u; to
7(uyur(uy)~t) is a unimodular change of variables, so the integral in Proposition
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[£7 becomes
/U @, (gn™Puw) duy = /U O (™ Pu’_ 7 (upur (W) " Hw) duy
w, A w, A

/ @, (h™Pu_ugw) duy.
Uw,A\

However, note that u’ € U, 4 remains fixed as u; ranges over U, 4, and since du,
is Uy, a-translation invariant, our integral may now be expressed as

(4.8) / @\ (h™Pugw) duy.
Uw,/‘\\

Continuing, we note that
@, (™ Puyw) = &, (k™ Puy (™P) " h ™ ww ™ hy™Pw),
and since w™thn™Pw € Hy, we obtain from Lemma [B.14] part (1),
By (hf™Puyw) = (w™ hy™Pw)X @ (haf™Pus (7)),
Since (w~thn™Pw)X = (hn™P)¥X the integral (£LJ) becomes
(49) 2y [ @ (P ) ),
Uw,A
Set A, = AW,Jr Nw AW,—- Then applying the change of variables
™ Py (h™P) ™1 = g

has the following effect on our integral in (£.9):

(han)wX / (bx(hanul (h’l]mD)il’w)dul

U’w SA

— (hy™PywX (D)~ / & (wyw)dus,

U'w JA

where ¥ = Z a. Tt is known ([6] p. 50]) that

aEAw
E a=p—wp,
aEAw

where p € 6* such that p(h,,) =1 for i =1,...,1+ 1. Therefore,

mD\wx mD\—%
(hn™ =) (hn™") /UM

(4'10) — (han)w(X+P)_P/

Py (uw)duy = (hﬁmD)wX(hWMD)wp_p[ Py (ugw)duy
Uw,A

Oy (uw)du;.

Uw,a

Let (A]_,wA = w71Uw7Aw. Then wtugw € (A]_’wA. So considering @, (ujw) for
up € Uy,a is exactly the same as considering @X(wu,) for u_ € U_ 4 a. Finally,
since we may assume w € K, the K-left invariance of ®, allows us to rewrite our
integral (L10) as
D, (u_)du_,

U—"w‘A
where du_ is the Haar measure induced by conjugating by w™!.

(}mmD)w(xﬂJ)—p /
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Using Definition B.22] our results from this section appear in the following propo-
sition:

Proposition 4.11. For any g € GA, we have

EF(gn™P) =Y (hymPywOcto=s / O, (u_)du_.
weWw Uswia
4.3. Calculating the local integrals. In this subsection, we shift our focus away
from the global G and into the local pieces of G,,. We aim to calculate some local
integrals that will help us determine the value of the integral in Proposition [£11]
We will see in the next subsection that the integral in Proposition EII] may be
expressed as a product of the local integrals that we discuss in this section.

As before we use A, to denote AW7+ N wAWﬁ. Then A, is a finite set of
affine Weyl roots that we can explicitly describe. If w = w;, ... w;, is a minimal
expression in terms of the generators of W, then by setting 3; = w;, ... w;,,, a;;,
we have A, = {f1,...,5-}. Using these roots we can completely describe

0w,v ={xg.(sr) ... x5, (51) | 5i € Fu }.
For more information see [4], §6 and [3], §6. Moreover, each element in this group
is uniquely expressed in this way, so if we set Ug, , = {xg,(s) | s € F,}, then we
have that U, , uniquely decomposes into Ug, . ...Ug, u.
In §13 of [2], we see that for any 3 € Ay the effect of conjugation by w is
(4.12) wxs(s)w ™ € Uypp
So if we set U_ 4, = w0, ,w, then
U_,wﬂ, = Uyp-18, .. vafu.;1

with uniqueness of expression. Calculating these roots we find:

w B = w N w, ... Wi, ) = (wiy - owi, ) (Wi, wi @)

= Wiy ... wijozij = W4y - wijilaij .

For convenience we set v; = wj, ... w;,_,a;; and conclude

(4.13) Uiwr=U_y .. . U_

Remark 4.14. Each of the spaces U_,, , is isomorphic to F,, so we can define a
measure on these spaces using this isomorphism and the usual Haar measure pu,
on F,. The measure du_ on U',yw_ry may now be considered the product measure
induced by the u,. For more information, see Appendix A.

YroV Y1,V

If we let w' = Wiy - Wiy and B = w;,_, .. Wi iy then by the same con-
struction we get that A, = {f1,...,5,_1}, and hence Uy, = Ugr_ ... Ug; .
L A

Similarly, setting U_ s, = (w')~" Uy, w', we obtain its unique decomposition

Uy - Uy
Recall that we fixed x € b*, so for every v € V we can define a function @,
G, — Rsq in precisely the same way we defined ®, on Ga. If g = khu and
h= Hl+1 .(s;) for s; € F)X, then we let
I+1

) = hX 7H| 1‘X(h
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Remark 4.15. Using the same argument of Proposition B.I0] we may conclude that
this map is well defined.

It is our goal in this subsection to prove Proposition 4.16 which calculates the
value of the local integral involving the function ®, on G,. As before, we let
ho denote the co-root corresponding to o € Aw, and in particular, ha, for i =
1,...,l+1 denote the simple co-roots corresponding to the simple roots «;. Finally,
let p be the element of h* defined by p(ha,) =1fori=1,...,1+1.

Proposition 4.16. Assume x(hqa,) < =2 fori=1,...,l+ 1. Then for anyv € V
and w e W,

1 — — Gy
/ Py (u-) du- = 11 1_(1—1

aeAWHrﬁw*lAw,, q;(X‘H’))”"a)

—,w,v

The above identity is an affine analogue of the Gindikin-Karpelevich formula
([13]). The proof is by induction on the length of w € W. Our first step is to
consider a local integral over a unipotent subgroup of SLy(F,).

For each v € V and a € Ay, we have a unique group homomorphism ¢, from
SLy(F,) into G, by Lemmal[Z3l Moreover, SLs(F),) has an Iwasawa decomposition
into KAU ([10]), where

K=8Ly(0,), A={(¢ %) acF}S}, and U={(}{)|E€F}.

We can define a real character on A by fixing a real number s and setting

2™ = (5,2 = al;.
Using this character, we define the function @, : SLy(F,) — Rsg by

D,.(9) = Pu(kau) = a" for g = kau € SLy(F,),
where ke K,a€ AandueU.

Remark 4.17. The Iwasawa decomposition of SLy(F),) is not unique for an element.

However in [10], we see that if ¢ = kau = k’a’ v, where a = (gagl) and a’ =
(%/ 2.), then |a|, = |a’|u. As a result, &, is well defined.
Welet U_, = {(19)|seF,} <SLy(F,), and note that this group is isomor-

phic to the addltwe group F,, and so we define a measure di_ on U_ , to be the
Haar measure p, on F,, normalized so that O, has a total measure of 1. Then the
following lemma is well known.

Lemma 4.18. If we fiz a real number k < —2, then for any v € V we have
1

. i L=
(I),{(u,) di_ = 1_41

—v (qu)~(++1D)

Observe that the map ¢, of Lemma provides an isomorphism between U_ ,
and U_, ,. Moreover, the measures dii_ and du_ are identified under this isomor-
phism. As a result, we can equate the following integrals:

[ e~ | bl () dic

—a,v —

assuming that we choose x € R correctly.
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Lemma 4.19. Fiz x € 6* to be real valued such that x(he,) < —2. Then for any
veVandae AW,

1
- (q,)—x(ha)

(4.20) /U D) du = -

1 .
—av T (q)" &Ra)FD

Proof. Let (19) € U_,. Then ¢u(19) = x_a(s) = u_ € U_,,. The Iwasawa
decomposition of SLo(F,) implies

(;?):k(gbgl)u

As a result, in an Iwasawa decomposition for u_, we may take its ﬁy—component
to be of the form goa(g bgl) = hq(b) for some b € F*. Our goal is to choose k € R
so that

ém(wgl(u,)) =&, (u_) foru_ € U_,,.

We claim that we must set k = x(h,). Indeed, with this choice, we have

(i)N(S";l(uf)) = ([b,)" = (‘blvydha) = 0y (ha(b)) = Dy (u-).
Now the identity [20) is a direct result of Lemma T8 and our choice of k. O

Armed with Lemma [£.19] we are prepared to prove Proposition TGl

Proof of Proposition [L10. We assume x(h,,) < —2 for ¢ = 1,...,l + 1, and we
want to show that for any v € V and w € W,

1 — —ermtaTT
/U Oy (u-) du_ = 11 1q—1

aGAW‘_;_ﬂw*lAW‘_ q;(X+P)(ha)

—w,v

As mentioned previously, the proof is by induction on I(w), the length of the Weyl
group element.

Base case. To prove the base case, we assume that I(w) = 1, and therefore that
w = w; for some i = 1,...,1+ 1. We begin by observing that A, = {o;}. Hence
we have Uwi,,, = {Xxw,(8) | s € F,} = Uy, . Moreover, U_ ,,,, = wi_ani’,,wi =
U =U_q,,v, and so

—1
w; o,V

1
- (qu)*(Xer)(hai)Jrl

/ D, (u_) du_ :/ D, (u_) du_ = T
U_ oo Uy 1 = ey

by Lemma and the fact that p(hq,) = 1.

Induction step. Now suppose we choose w € W with reduced expression wj, ... w;,
and that our proposition holds for all w’ € W such that I(w’) < I(w). Specifically,
we set w' = w; __,...w;. At the beginning of this subsection, we showed that
U_ wy=U_, ,U_ ., and so our integral breaks into

(4.21) / / (I)X(U_,l ’u_,z) du_72 du_,l.
Uf.w’,u

—Vr,v

The measure du_ decomposes naturally by Remark 14l Let the element u_ ; have
the Iwasawa decomposition kihiu;. Recall that by definition ®,, is left invariant by
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K, and right invariant by U,. In light of these observations and part (1) of Lemma
B.I4l we can make the following manipulations:

D (u_qu_g) = Oy(kihiwu_z) = @y (hiuiu_2)
= @X(hlulu_,zul_lhl_lhlul) = @X(hlulu_,zul_lhl_lhl)
= O, (huu_sui 'hy D@ (hy) = B @ (hyuju_ ouy thyh).
The integral in (@.21]) now becomes

(4.22) / h;</ O, (hyuyu_ouy hyit) du_o du_; .
U ’

—Yr,v —w! v
We wish to show ulu_,zul_l € w'~lU,w', and note that it suffices to prove that
w' (ulu,72uf1)w”1 € U,. We have
wuru_ puy ' = (wugw T (wus gw ) (wuy ™).

/—1

Since u_ 5 € U_ 4, we have w'u_ sw € Uw/7,, c U, by definition. For any
1, /-1

u € Uy, we have w'uw' ™! € Uy, = U,,, , and so both w'uyw'~" and w'ui 'w
are elements of UO‘ir - U,,. Hence,
wu_ guyt € w' UMW
The decomposition (@3] provides us with the unique group decomposition

w0, = (U_ ) (W' 0,0 N T).
Let m, be the projection from w0, w — U_ 4, which exists by the decompo-
sition above. Then

-1 _ -1\, + + 1—175 / 2
wu— guy - = m,(uu_ 2uy Jug , for uy € w' UL W NU,.

Since H, normalizes Uu, we get
Oy (hyugu_ guy by t) = Oy (hy m, (wru— guy ') ug byt

= @y (hy my(wu—puy ') by hiug byt

=@, (1 m(wru—puy ) hy ') =@y (hy m, (wu— pui ') hyt).

The map from U_ ,,, to itself defined by u_ o — m,(ulu,,gufl) is a unimodular
change of variables, so the integral ([£22]) becomes

/ h>f/ @, (hiu_ohy ") du_ sdu_ ;.
U U_

—Yr,v —w’ v

Now applying the change of variables hlu_)ghl_l — u_ 2 has the following effect on
our integral:

/ h{‘/ @ (hyu_ohit) du_ sdu_
U U_ v

—rv —w’ v

= / hYhT Y / Py (u_p) du_ sdu_ 1,
U—’Yr:’/ Uf,w’,u
where we have
Y= Yooa =) p-p
ac(w)~1Aw yNAw

(see [6]).
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Our calculations so far have proven the following result regarding our local inte-

grals:
/ O, (us) dus = / hiﬁp_(w/)AP/ D, (u_ o) du_ odu_ 4
U—,w,u U—’Yr:’/ Uf,w’,u
= / hiﬁLpi(wl)ilp du,71 / (I)X(’u,’g) du,ﬁg.
v U_ i

By our inductive hypothesis,

1— —— L1
q;(X+P)(h'a)+1
(PX(’U’*,Q) du*ﬂ = | I 1—1
U_

—w’ v aGAW7+ﬁw’*1(AW7_) q;(X+P)(’La)
Moreover, observe that

/[\] hi(‘i’ﬂ*(w ) e du,’1 :/ (I)X+p_(w/)71p(u,) du—,lj

—Yrv —Yr.v

and so by Lemma .19 we obtain

1- L
_ — —(w’)— ha~o.
hXij,(w/) 1p du B a (x+p—(w’) =+ p)(h~y,.)
1 -1 = 1_ 1
Uorpow q—(<x+p—(w’r1p)<hw)+1>

Since we have

(W) p(hy,) = p(w' - hy,) = p(hiyy-1.4,) = plha,,) =1,

we obtain
(x+p— W) p)(hy,) = (x +p)(hy,) =1
and
1 — — et
/ hic—i-p—(w’)’lp du_, = q;(”")l( )t
Uorpw 1 - eI

Putting all of these calculations together we see

/U O (u_) dus = /

_ ’IJJ/ —1
PP gy / O, (u_ o) du_

—w,v — v U,’w/,y
1— — L 1 — 1
—(x+p)(h~p)+1 —(x+p)(ha)+1
— qv I 2
T 1 11 - 1
q;(erp)(h»yT) a€A+ﬂw’*1(A_) q;(erp)(ha)

Finally, since Ay y Nw 'Aw_ = {7} U (A, Nw"'A_), we obtain the desired
result. g

4.4. Finishing the computation. In this final subsection, we use the previous
results to finish our calculation of the constant term Ef . Recall that by Proposition

417l we have
Ef(gn™P) =Y (hP)wOcto=r /

A O, (u_)du_.
weW

U_ w.a

In our next step, we use Proposition [A.1d to evaluate f(}, N O, (u_)du_.
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2144 K.-H. LEE AND P. LOMBARDO

Note that the space Uﬁw,A can be identified with the product of ¢(w) copies of
A. Since we have assumed that x is real, we can apply the monotone convergence
theorem to see that

/ O, (u_)du_ = ¢"w0= g)hm H / _) du_,
U_ wa

ves

where we use the relation (A.9) and the following remark there. In the expression
above, we take S to range over the finite subsets of V. Now by Proposition [4.16],
this is equal to

1

. 1- g, XTI a) 1
w [T I
N 1—

veS aEAW+ﬂw_1Aw, q;(erp)(ha)
%
(x+p)(ha)+1

- T w I -
*(X+P)(ha)

aGAw,Jrﬂw*lAw, ves

H H I q;(X+P)(h'a)+1
1——1 7

aGAw,Jrﬂw*lAw,f vey q;(erp)(ha)

Let (r(s) denote the zeta function associated to the function field F (see [17]).

Then )
R
vey Q,,
whenever Re(s) > 1. Since we have assumed x(hqo;) < —2, we have that —(x +
p)(he) > 1 for any a € Aw 4. As a result, we obtain that

[[ L™ et o)
ey 1—q;<x+—1p)(h,a) Cr(—=(x +p)(ha) +1)

We set

c(x,w) = gt -9 H Cr(—(x +p)(ha))

Cr(=(x+p)(ha) + 1)

GGAW,_*_ﬁwflAW,_
Finally, we obtain the main result of this section:

Theorem 4.23. For any g = khu € Gy and X € 6* such that x(he,) < —2 for
i=1,...,14+1, we have

(4.24) Ef(gn™P) = > (D) Ot ey, w).
wew

We saw at the end of Section 3 that in order to prove the almost everywhere
convergence of the series E,, it suffices to show

(4.25) > / Ey.w(hy™Pu) du < oo
UA/(UAF]FF)

weWw

for h varying in compact sets of Hy, when X is a real character. In this section, we
showed that the series ([A.2H) is the same as the series (£.24). So to establish the
almost everywhere convergence of the Eisenstein series E,, we direct our attention
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to proving that the series (£.24)) converges for h varying in compact sets of Hy. We
will prove this result in the next section.

We also note that Theorem 23] closely resembles Garland’s result for the con-
stant term of the Eisenstein series over Gg (J4]) with the Riemann zeta function
replaced by the zeta function of the function field.

5. CONVERGENCE OF THE CONSTANT TERM

In this section, we prove the convergence of the series ([{24]) by showing that if h
varies in a compact subset of H A, then the series ([@.24)) is bounded above by a theta
series in R. In order to establish this result, we require an additional condition on
the tuple m = (m,),cy, which determines the automorphism 7. Specifically,
we will further assume that ., log(g,)m, > 0; this will be important for the
calculation in Subsection 5.4.

We will approach this proof by treating the factor (hn™P)*(+r)=¢ in Subsections
B2 through B and the factor ¢(y, w) in Subsection[B.6]. In the final subsection, we
will combine the results to finish proving the convergence of the series ([@24]), which
is indeed the constant term Ef of E,. We begin with considering the compact

subsets of Hy.

5.1. Topology of the torus and compact sets. Recall that (A*)"*1 has the
product topology induced by the standard topology on A*. In Remark B.7 we
defined the surjective group homomorphism 9 : (AX)*1 — H,, and through this
map we induce the quotient topology on Hy. Clearly the idelic norm |-]: A* = Ryo

is a continuous map. Moreover, one can see that if #(s1,...,s41) = ii he, (s:) =
1, then |s;| = 1 for each i. As a result, we have a well-defined continuous map
5 . +1

0 Hy — (Rsg) ! given by [15] ha (si) = (Is1]s- -+, |s111])-

Let C be a compact set of Hy and pr; be the i-th projection of (R)'**. Then,

for each i, the image pr; (¢¥(C)) is compact in R and there exist r;, R; € Ry such

that
r; < pr;(9(h)) < R; for any h € C.
If we set
r=min{ry,...,741} and R=max{Ry,...,Ri41},
then for any h = Hﬁii ha;(s;) € C, we have
r<|s;| <R
fori=1,...,1+ 1. Therefore, we conclude:

Lemma 5.1. Let C be a compact set of Hy. Then there exists r, R € R<qo such
that for any h = ha,(51) ... ha,, (5141) € C we have

r<|s;| <R
fori=1,...1+1.
For the rest of the section, we fix a compact subset C of Hy along with positive

real numbers r and R that satisfy the conditions of Lemma 5.1l We wish to prove
that

(5.2) S (YO ¢y, w)
weWw
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2146 K.-H. LEE AND P. LOMBARDO

is bounded by a theta series in R as h varies in C. Clearly

D (P OEI e ey w) = (hy™P) 7Y (™)X e(x, w).
weWw wew

In the next four subsections, we focus on finding a bound for (hn™P)w&+r),

5.2. Preliminary calculation. In Section 3, we fixed the automorphism 7™
where m = (m, ),y is an infinite tuple of integers such that m, = 0 for almost all
v € V. However, we could replace D with any element of 68 to obtain a similar
automorphism. To be more precise, let n = (n,),ep be an infinite tuple of integers
where n,, = 0 for almost all v € V. For h € 66 and v € V, we define the local
automorphism 77" to

(i) preserve each weight space VH): F, » and

(ii) act on each weight space by n*" . v = wg”#(h) v for v € V::Fu.

Then we consider the product of these local automorphisms and define the global
automorphism 7" := ILev n™". Note that this automorphism only affects a finite
number of places.

An element y € h* can be considered an element of (h¢)* by setting x(D) = 0.
With this in mind, for x € 6* we define

(5.3 (=TT Imalx®.
vey

One can easily see that for w € W we have

(nnh)w(x) _ (n wil(nh))x'

If s = (sy)vey € AX, then ord(s) := (ord,(s,)),ecy is a tuple of integers with
the property that ord,(s,) = 0 for almost all v. Then we see that

(5.4) (nord haiyX = (b, (5))X for each 1.

Moreover, since x(D) = 0 we also have (n™P)X = 1.
As a notational convenience, we set x := x + p and consider the factor

(5.5) (hymPyw (0

for some w € W. Let h = hy, (s1) ... hay., (s141). Then by our observation in (5.4)
we have

141 I+1 w(x)
hw(X) — H |Sz| w(X)(hai) — ( H nord(si)hai ) )
=1 =1
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As a result, the factor (B.5]) becomes

I+1 w(X)
( H(nord(si)hai) an >

i=1
_ ( nord(sl)hal+~-+ord(sl+1)hal+1+mD )w(X)

( ,'711)_1(01‘d(51)ha1 + - +ord(si41)ha; , +mD) )X

_ H |7r |X(w71(0rdu(sl,u)hal + - +ordy (si41,0)ha;; + My D))
- v

veVy
1 X(w™ ! (ordy (s1,0)hay + - +ordy (si41,0)ha; 4 +muD))
(5.6) =11 (—)
vey v

For the remainder of this subsection, we will focus on calculating
(5.7) w! (01rdl,(517,,)ha1 + - ordy (Si41,0) ha,, + m,,D).

The affine Weyl group of §¢ can be decomposed into a semi-direct product of
the classical Weyl group and a group of translations: W =W x T. In particular,
T ={Ty | H € hz}. For more information see [2], [], or [I1]. Using this product
decomposition, we may express w~—! = w,Ty, for some w, € W, and H € by.
Moreover, we note that for any H € bz the translation Ty does not affect the
imaginary co-root hs, and we recall that the classical Weyl group leaves hs and D
invariant.

In order to calculate the element of 66 in (5.7), we will use this decomposition
of w™! and a particular result from [4] which we summarize below.

Lemma 5.8 (Garland, [d]). Let ' € b and Ty be the translation element associated
to H € hz. We have the following formula:

(5.9) Ty (W —D)=h +H—D+ (@Hh/,m) hs,

where (, ) is the normalized bilinear form on b.

We let w™! = w Ty for w; € W and Ty € T. For each v € V, we set

+1
> ord, (si)ha, = hy + evhs,

i=1
where h, € §h and e, € R. We begin our calculation by making these substitutions:
wt (ord(s1,u)hay + -+ + ord(si41,0)hay,y + muD) = wi T (hy + eyhs +m, D).

After factoring out —m,, for m, # 0, we have

o (G2 -0) e (20)])
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The translation Ty does not affect the imaginary root, so if we apply Lemma [(.8]
we see this equals

o (e (57 o) - ()

= w <hu —myH+m,D + <w + (hy, H) +ey> ha)
—my (H, H
(5.10) = (wihy) — mo (Wi H) +myD + (% + (hy, H) + eu) hs,

where the last equality follows from the fact that the classical Weyl group element
w1 does not affect D or hs. One can check that the same formula holds for m, = 0.
Substituting (B.I0) into (B.6]), we obtain that

H < 1 >X(w_l(ordu(sm)hal+-~~+0rdu(51+1,u)hal+1+muD))

vey

II

veVy

hnmPyw(x)
(hn™") ”

1\ X(wihe)=my (wy H)+my, D (25 (b H) ey ) hs)
(&)

We continue to break up this product by writing it as a product of three factors
that we obtain by grouping the parts appearing in the exponent of ql. Since x(D) =

0, the factor containing m, D disappears from our computation. In particular, we
have the following proposition.

Proposition 5.11. The term (hn™P)*X) appearing in Ef (gn™P) is the product
of the following three factors:
i) Tley (L yx(wihv) e x(hs)
1% qu b

(i) TT,ey () (mxtos =),
(i) T,y (q%)(hu,H)f((h&).

Remark 5.12. Note the calculations in this subsection work for any w € w.

In this subsection, we calculated the term (hn™P)*(X) explicitly and showed that
it is a product of the factors (i), (ii), and (iii) above. In the next three subsections,
we will work with each factor individually showing that if we let h vary in a compact
set C, we have an upper bound that depends on w € W.

5.3. Bounding factor (i) of the product. We wish to find an upper bound for
the product

1 X(wihy)+eux(hs)
(5.13) H( ) .

vey v

First notice that since we set h, + e, hs = Zii ord, (si)ha,, we have

1\ X(wih)t+eux(hs) L
H ( ) H L H(nord(svﬂ) wi(ha))X

@

vev veV i=1
+1
o ord(s;)ha,; wil)_c o wil)z
- H(W ( ) L) ! - h b 9
i=1
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by our observation in (B.4). Hence it is our goal to prove there exists an upper
bound for the factor

R
for any wy; € W, the classical Weyl group.

Since the classical Weyl group is a finite group and we fixed xy € b, we know
there exist real numbers my and M; such that

my < w;l)_((ha ) < Ml,

foralli=1,...,l+ 1 and w; € W. Moreover, we assumed at the beginning of the
section that we are choosing h to vary in a compact set C of Hy such that for any

h = ha,(51) ... hay (s141) € C we have 7 < |s;| < R for each i. Combining these,
we see that there exists a positive constant M such that

o ()" X = [T X0 < M

foralli=1,...,l4+ 1 and w; € W. Hence, we conclude:
Lemma 5.14.
H 1 )_((wlh,,)+ey)_((h(5) 1 141
(5.15) <_> — BT < M
Y, Qv

for all wy € W.

5.4. Bounding factor (ii) of the product. We now turn our focus to factor (ii),
so we consider the infinite product

(5.16) 11

( 1 >(mux(mHH—m”(f’H)x(ha))
vey

@
However, recall that in the definition of the automorphism n™? we specified m =
(my)yey, where m, € Z, m,, = 0 for all but a finite number of v. Now we further

assume that ) (loggq,)m, > 0. Let S = {v € V | m, # 0}. Then our infinite
product above reduces to the finite product:

I

1 —(myx(wy H)+ L) ¢ ()
()

ves
1\ —mex(wiH) 1 — (B 5 ()
(5.17) = H<—> H<—>
veS v ves v

We will treat each product in (5I7) separately, beginning with the factor involving
xX(wi H). If we write |[H|| = (H,H)Y? for H € b, we can prove the following
lemma:

Lemma 5.18. There exists N1 > 0 such that for any H € bz and w, € W,

1 —m,, X (w1 H) I
(5.19) H( ) < NI

Qv

vesS
Proof. Let By = {H € 4 | |H|| = 1}. Then this is clearly a compact set of b, where
the topology on b is the metric topology induced by the norm || - ||. The linear map
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X : By — R is a continuous map, and hence is bounded. Since W preserves By, we
can find a real number Nj such that

X(wr H) < Ny,
for all w;, € W and H € By. Let H be any element of hz. Then x(wiH) =
X(w1 ”H”) |H||, and we note that HHII € By. So we see that for all w; € W and
H € by,
xX(wiH) < N{|H||.
Now we have

I (i) e exp (Z(log @) mux(le)>

veS qv ves

<exp (Z(log qv) muN1IH||> :

ves

We set N7 = exp (Eyes(log qv) m,,Nl), and obtain the desired inequality (519).
[l

Next we consider the other factor from (GI7), specifically

H ( 1 >—7""(5’H)X(h5)

ves v

Recalling that x(he,) < —2 for each i = 1,2,...,1 4+ 1, we see x(hs) < 0. We have

my (H,H) _
1\~ x(he) 1 9_
I (;) = oxp | 5 > (log ) mu||H|[*x(hs) | -

ves veS

We write N2 = exp (3 3, c5(log ¢,) myX(hs)). Since we assumed Y, . s(logq,) m
> 0, we get 0 < My < 1. Thus we obtain:

Lemma 5.20. If we write

_ m.V(H H)

(5.21) 11 (i) oo AL

veSs v
then 0 < Ny < 1.

5.5. Bounding factor (iii) of the product. We finally consider factor (iii). In
particular, we find a bound for the infinite product

1\ (o )X (hs)
(5.22) 11 (—) .
oy \ v

Since we set h, + e, hs = Zi; ord, ($; v )ha, , and (hs, H) = 0 for all H € by,
we can make the following changes:

+1 +1
(hy,H) = Zord Siv)ha, —evhs , H) =Y ord,(si,)(ha,, H).
=1
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As a result, the infinite product in (5.22)) becomes

I+1 ordy (si,0) (ha;, H)X(hs)  1+1 1 ord, (si,n) (ha, H)X(hs)
() —uq(—)
1=1lrve

veyi=1 av
+1

_H |si | o H)X(hs)

As before, welet By ={H € | |H| = 1}. For each i =1,...,l+1, we consider
the continuous maps determined by the bilinear form
(hay,) : Bo = R.

Since we are only considering [ + 1 different images of the compact set By in R,
we can find numbers n and N such that n < (ho,,H) < N for all H € By.
Using the same argument as in Lemma [5.18, we conclude that for any H € hz and
1=1,2,...,14+ 1, we have

n||H|| < (ha,, H) < N|H|,
or equivalently,
N|[H|X(hs) < (ha,, H)X(hs) < nl|H||x(hs),

since y(hs) < 0.

Since we assumed that h varies in the compact set C C ﬁA, we know that
r<|sj] <Rfori=1,...,1+ 1. It is now straightforward to prove the following
lemma.

Lemma 5.23. There exists a constant N3 such that for any H € bz we have

R O == S, "
(5.24) Vg (q_y) = T 1sal e 20500) < AT _

Now we collect the results of Subsections through and summarize them
in a proposition. Recall that Proposition .11 proved that (hn™?)®X is the product
of the factors (i), (ii) and (iii). By combining this with the results of Lemmas [5.14]
EIS and [5.23] we obtain:

Lemma 5.25. For w € W, we write w™r = wy Ty, where wy € W and H € by,
We have the following upper bound for the factor (hn™P)wX:

(han)wx < M1 NIHHH N’éHl)HHH N'QHHII2.

In Subsection 5.7 we wish to bound the constant term by a theta series. To this
end, we rewrite

=1

NlllHH NélH)I\HH — PlosWi NI IHI g NIIHH clog N2 | H|?

We set o1 = log(N; N:,)(Hl)) and g = —log 5. Since N3 < 1, we have o5 > 0. We
state our final result in the following proposition:

Proposition 5.26. Forw € W, suppose w™ ' = wy Ty, wherew; € W and H € bz.
There exist constants M, o1, and o5 that do not depend onw € W, such that oo > 0
and

(5.27) (h"PYox < M+ ol Hl=oallHI?,
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5.6. Bounding the zeta functions. In this subsection, we focus on bounding the
¢(x, w) factor in the constant term Ef Recall the definition

— ¢/@)1-9) H Cr(=(x + p)(ha))

c(x,w) Cr(—=(x+p)(ha) +1)

aEAW,+ﬁw*1AW7,
Standard techniques involving zeta functions establish the lemma below.

Lemma 5.28. Let s € C and ¢ > 0. Then for all s such that Re(s) > 1+ ¢ we
have

(1—g) _Gr(s) ‘
g G D) < M.,

where M, is a positive constant. In particular, we can take M. = ¢*=9) ((p(1+€))?.

K

Corollary 5.29. There ezists a positive constant M. such that for each w € W we
have

clx, w) < M),

Proof. For any a € AW,JF, we have h, = Zig kiho,, where k; € Z>( and at least
one k; #0. Since x(hq,;) < =2 for i =1,...,1+ 1, there exists € > 0 such that

—(x+p)(ha) 21 +¢
for any a € AW7+. It is known that #(Aw. . Nw 'Aw. _) = ((w) ([12]). Now the
corollary follows from Lemma O

Each w € W can be expressed as w = w1 Ty for wy € W and some H € bz, and
we have ¢(w) < £(wy) + ¢(Ty). However, since the classical Weyl group is finite,
{(w1) can only be as large as the length of the longest element of W. Thus for each
weWw,

Mg(w) < Mf(wl) Mf(TH) < m Mf(TH)'

In (8.17) of [M], we see that there exists a postive constant oz such that ¢(Tg) <
os||H||. In light of these observations, we have the following proposition:

Proposition 5.30. There exists a positive constants M., M., and o5 such that
c(x, w) < M, M2eIHl
for each w = w1 Ty € w.

5.7. Bounding the constant term by a theta series. In this final subsection,
we prove that if h varies in a compact set of Hy, then the sum

(5.31) D (YR oy, w)
wEW

is bounded above by a theta series. Hence the constant term of the Eisenstein Ef
is absolutely convergent for these compact sets.
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By substituting the results of Propositions (.26 and B30, we see

(™) =0 > (™ P YO0 ey, w)

weW
< (hy™Py=r Z ML gorllHll o2 H|? M. Mgsl\HH
Hebz
= (h™P) =P (WM M Z e(log(Ms)UerUl)||HH*02HHH2’

Heby

where #(W) is the cardinality of the classical Weyl group W.
It is essential to note that oo > 0, so this theta series converges. As a result of
this computation, we have proven the following theorem.

Theorem 5.32. Let x € 6* such that x(ha,) < =2 fori=1,...,l+ 1, and let

i

)(1-g) 11 Cr(=(x + p)(ha))
Cr(=(x+p)(ha) +1)

_ l(w
c(x, w) = ¢"
a€Aw yNuw—tAw, _

Assume that Y~ (logq,) my, > 0 for m = (m,,). Then the infinite series
D (PO oy, w)
weW
converges absolutely and uniformly for h varying in any compact set of H,.

Remark 5.33. Combining the above theorem with (321I]), Definition and The-
orem (.23 we have proved the identities

E¥(gn™P) = /  B(grPuydu= Y (i P)0=r oy w),
UA/(UAFIFF) ’wEW

and established convergence of the constant term Ejf .

6. CONVERGENCE OF THE EISENSTEIN SERIES

In this section, we will use the results of the previous sections to prove the
convergence of the Eisenstein series E,. Recall that in Section 4, we skipped the
proof of the measurability of E, with respect to du. In the next subsection, we
prove this fact.

6.1. Measurability of the Eisenstein series. The constant term of the Eisen-
stein series F is defined to be

Bfor?) = [ e du
UA/(UAF]FF)

It is the purpose of this subsection to prove that the map v — E, (gn™Pu) is a
du-measurable function. Observe however, that since ®, is left invariant by K,

and n™P normalizes UA, it is enough to show that for a fixed h € H, the map
u+— Ey (hn™Pu) is a du-measurable function.
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2154 K.-H. LEE AND P. LOMBARDO

As in Section 4, we express the Eisenstein series as the sum

Ey(hy™Pu) = 3" Eyu(hy™Pu).
weW
In turn, each E, ., (hn™Pu) is also a sum of particular values for ®,. Recall that

we set f‘p(w) =TrN (Bpr’F) and defined

(6.1) By (h™Pu) = > o, (hn™Puy),
Y€Elp(w)/Tr(w)NBr

and we saw in Section 4 that we may take the coset representatives vy above to be of
the form {bw} where b € Uw7 r. Now with respect to our coherently ordered basis,
(A]w7 F is a finite-dimensional space for each w € W, and as such we can choose our
coset representatives of I'p(w)/(I'p(w) N Br) to come from this finite-dimensional
space.

In Appendix A, we construct the measure du by expressing Up / (UA n f‘F) as
a projective limit of compact spaces. Part of this construction is important for
this discussion, so we briefly state some definitions from that section. For the
coherently ordered basis B = {vy, v, ...}, we let Vlﬁ‘ms denote the F,,-span of the
vectors {vx, v1,..., vs}. By setting U, s = {u € Up, | U|Vﬁ,,s = id}, we may define
the restricted direct product

A~ ! A A~ A
Upn,s = H U, s with respect to the subgroup U, s N K,,

and let R
U =00

)

As proved in the appendix, Uy = ]&nﬁ y). Since we may choose our coset rep-
S

resentatives v € I'p(w)/(I'p(w) N Br) so that they come from a finite-dimensional
space, there exists an s large enough so that for any u € Uy s and ~ as above, we
have uy = yu’' for some v’ € Uy. Then we observe that

(6.2) Dy (h™Puy) = Oy (h"Pyu’) = @y (h™Py).

Using @, and v € T'p(w)/(Lr(w) N Br), we define the function v, from Uy to
R by setting

(6.3) by () = @y (™ Pury).
By the observation (6.2) in the previous paragraph, . defines a function on the
finite-dimensional space Uy / U, a,s for s large enough. We will see in Appendix A
that we may consider Uy / UA)S as embedded into the group of upper triangular
(s + 1) x (s + 1) block matrices with entries from A. Most importantly, for any
v € Tp(w)/(Tr(w) N Br) the function 1, can be written as a composition of
continuous maps and hence measurable on the space Uy / UA,S. Then it follows from
the definition of the measure du in Appendix A that the function 1., is a measurable
function on Uy /(Ux NTp).

For a fixed h € Hy and w € W, we define the function 1y, from UA/(UA N fp)
to R by sending

U — EX’w(hr]mDu) = Z %(u)
~elp (w) /(T p(w)NBF)
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The function 9 is a positive, measurable function for every v above, and so ¥, (u)
is also a measurable function on Uy /(T'r NUy). To see this, we view

(6.4) Yy = sup{finite sums of ¢, },

and note that this is measurable.

Likewise, for a fixed h € H, we can consider E, as a function from the quotient
Up/(Up NT'F) to the positive real numbers by sending u — E, (hn™Pu). Since E,
can be expressed as the sum over the affine Weyl group of the positive, measurable
functions v,,, we arrive at the result below.

Lemma 6.5. For any h € ﬁA, the function E, is a du-measurable function into
the positive real numbers.

6.2. Convergence of the series. The Eisenstein series F, on CA?Aan can be
considered as the function from Hy x Ua/(Uy NT'F) to Rsq defined by

(6.6) (hyu) = Ey(hn™Pu).
Moreover, Theorem proved that the constant term

E#(gy™P) = / B (grPuydu= Y (PO oy, w)
UA/(UAQFF) ’UJEW

is absolutely convergent for h varying in compact sets of H,. However, this also
tells us that the Eisenstein series E, is integrable with respect to du for h varying
in any compact subset of H,. Hence the series E, is convergent almost everywhere
on EIA X UA/(UA N fp), since HA is locally compact. Moreover, we can prove the
following proposition:

Proposition 6.7. Let x € b* be a real character such that X(he,) < =2 fori =
1,...,l+1, and let m = (my,),ecy be a tuple such that m, € Z>p and 0 < " m, <
00. Then the series Ey(hn™Pu) (absolutely) converges to a positive real number

for all (h,u) € Hy x Uy /(Us NTg).

Proof. The remarks in the previous paragraph tell us that the series Ex(hn’”D w)
converges for all (h,u) € Hy x Uy /(UyNTg) off a set of measure zero. Assume that
E,\ (h™Pu) = oo for some (h,u). We claim that there exists a subset U’ C Uy of
positive measure such that hn™Pu/(hy™P)~1 € Uy NK for all u’ € U’. If the claim
is true, we will have

E\ (b Pu'u) = By (hn™Pu) = oo
for all ' € U’. Since the set U’u has positive measure, it is a contradiction.
Now we prove the claim. We write v’ = (u],) € Uy N K and consider
1

u, = H Xa(0a) Hhou, (0:) H Xa(04);
a€EA L i=1 aEA_
where o, € O,[[X]], o), € XO,[[X]] and o; € O,[[X]] with 0; = 1 (mod X).
It follows from direct computation that if o, = ag + a1 X + asX? + ---, then
" Pxa(0a)n ™ P = xo(14), Where 7, = ag + a1 X + aom2™ X2 + ---. Since
m, > 0, we have 7, € O,[[X]]. Similarly, if n™Px, (o’ )n~™P = x4 (1)), we have
Tl € XO,[[X]].
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We also write h = (hy),ey and hy, = Hii} ha;(si,»). Then we obtain

— a(he,
hai(si’y)xa(aa)hai(si,V) ! :Xoc(si,l(/ Z)O'oz)

a(hai)

by (13.10) of [2]. If s, “"" 04 & O,[[X]], we can only allow o, from 7O, [[X]] for
a(hai)

some s € Zxo so that s, , “'o, € O,[[X]]. Since ord,(s;,) = 0 for almost all v,
this modification can be done in finitely many steps. We can do similar modification
with xa(0h).

Using this process, we can construct a set U’ C Uy such that k™ P/ (hy™P)~1 e

Us NK for all v € U’. One can also see that such a set U’ has positive measure.
[l

Having established this important proposition, the following theorem is a sim-
ple consequence of the dominated convergence theorem and the fact that Ere(y)
dominates E, for any complex character .

Theorem 6.8. For a complez-valued x € b* such that Re(x)(ha,) < —2 for i =
1,...,l+1, and for a tuple m = (my),ev such that m, € Z>o and0 < >~ m, < oo,
the infinite series

Ey (hanu) = Z Py (hanu’Y)
el r /T rNBp

absolutely converges for all (h,u) € Hy x Uy /(Uy NTF).

7. FUNCTIONAL EQUATIONS FOR THE CONSTANT TERM

In this section, we will establish meromorphic continuation of the constant term
of the Eisenstein series and prove their functional equations. We will begin by
stating some results for the zeta function of the global function field F.

7.1. Background on the zeta function of a function field. We refer the reader
to [I7] for specifics on the definition of the zeta function associated to a global
function field F. The following result from [I7] describes the functional equation

for Cp(s).

Theorem 7.1. Let F be a global function field in one variable over a finite constant
field Fy. Suppose F is of genus g. Then there exists a polynomial L (u) € Zlu] of
degree 2g such that

Lp(g™)
(1—q*)1—q'*)
for Re(s) > 1. Moreover, [[2)) provides an analytic continuation of (p to the
complex plane. If we set {p(s) = q(g_l)SCF(S)7 then we have the functional equation

(7.3) Er(s) =E&r(1—s).

Using the functional equation for £z (s), we prove the following lemma:

(7.2) Cr(s) =

Lemma 7.4. Let Cx(s) be the zeta function associated to F, and £p(s)=q 9~ 1(p(s)
its completed form. Then the following identities hold:

Cr(s) :q(2$—1)(1—g) Cr(=s) :q(—2s—1)(1—g)

Cr(l—1s) T (r(l+s)
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and

Cr(1—s)Cr(1+s)
Proof. These computations follow by replacing (r(s) with ¢*('=9¢x(s) and using
the functional equation of {r(s). For example, consider this calculation for the
second identity:

Cr(s)  Cr(=s) _ q72(1fg)

(=) Grlms) g0 (o)
Cr(1+s) Cr(l—(=s)) q+)=9) £p(1 — (—s))
¢ ey

-9 — 1

The first identity follows in the same manner, and the third one is simply the
product of the other two identities. O

7.2. Meromorphic continuation. We first note that the function ¢(x,w) is well

defined as a meromorphic function for any x € (h&)*. We assume that

(7.5) Re(x + p)(hs) < 0.
Since p(hs) = h", the dual Coxeter number, this assumption is equivalent to
(7.6) Re x(hs) < —h".

We fix € > 0, and set
C. = {x € (h2)" | Re(x + p)(hs) < —¢}.
Recall that if a € AW,JF, we have h, = ho + mhs for some o € A and m € Zxg.
Thus there exists a finite set 2. C A4 such that Re(x + p)(he) < —1 for all
a€ AW7+ \ Z¢ and for any y € C..
Let F C C. be the set of all x € C. such that the function Se(Z0ctp)(ha)) 1 qg

Cr(=(x+p)(ha)+1)
a pole for some a € =.. Then F is contained in the union of a countable, locally

finite family of hyperplanes.

Lemma 7.7. Suppose that B is a bounded open subset of (6%)* whose closure is

Cr(=(x+p)(ha))
Cr(=(x+p)(ha)+1)
any x € B and for any a € E.. Then there are positive constants M. and M. such

that for each w € W we have

e, w)| < MLME®),
Proof. Since =. is a finite set and independent of w, this lemma is proved by a
slight modification of the proof of Corollary |
Theorem 7.8. The constant term E¥ (gn™") =3 oy (R Py He)=p ¢(x, w) is

a meromorphic function for x € (6%)* satisfying Re(x + p)(hs) < 0, or equivalently
Re x(hs) < —h".

contained in the set C.. Assume that the function has no pole for

Proof. Assume that B is a bounded open subset of (6%)* whose closure is con-
tained in the set C. \ F, where the set F is defined above. Consider a compact
subset C of Hy. If we replace Corollary with Lemma [[7 all the other ar-
guments in the proof of Theorem remain valid to prove that the infinite sum
Y owel (hymPYw(XH+P) =P ¢(y, w) converges uniformly and absolutely as y varies over
B and h varies over C. Since ¢ was arbitrary, the theorem follows. (Il
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7.3. Proving functional equations. We wish to prove functional equations for
the constant term of the Eisenstein series F, on G. The following property of the
function ¢(x, w) is essential.

Proposition 7.9. With c(x,w) defined as above and w,w’ € W, we have
(7.10) c(x,ww') = c(w' o x,w) e(x,w'),
where w o x is the usual shifted action ofW on b*, i.e. wo x =w(x+p) —p.

We will prove this proposition at the end of this section. First, we show that
this proposition leads to the following functional equation for the constant term of
the Eisenstein series.

Theorem 7.11. Assume that x € (f)f:)* satisfies the condition Re x(hs) < —h".
Then we have Re (w o x)(hs) < —hY and

(7.12) E¥ (gn™") = c(x, w) Bloy (gn™"),
for any w € W.

Proof. For the first assertion, we only need to consider the simple reflections w; €
W. We have

(wi 0 x)(hs) = (wi(x + p) = p)(hs) = (x = (x + p)(hi)ai) (hs) = x(hs)-
Since we assumed Re x(hs) < —h", the first assertion follows.

Now we fix an arbitrary element w of the affine Weyl group. Then for any w € 144
we set w’ = ww ™! so that @ = w'w. Now by Proposition [, we have

Ef(gnm?) = 0 (PPN el w) = Y ()N ey, w'w)
DEW w' €W
= 3 () e(w oy w) e, w)
w' eWw
= clxw) Y (hymP) e Ne(wo x,w') = e(x, w) By (gn™P).
w' €W
([l
In order to establish this functional equation for Ef, it suffices to prove Propo-
sition [Z.Ol
Proof of Proposition [0 Recall that we want to show that for any w,w’ € W, we
have

c(x, ww') = e(w’ o x, w) e(x,w').
We proceed by an induction argument, and first consider the following cases.
Case 1. Suppose that w; is a simple reflection, w € W satisfies
Lww;) =1+ L(w),

and w™! = w;_...w;, is a reduced expression. Then since Ay, Nw Ay, _ =

A,,—1 the discussion in Section F3] shows
AW7+ n wilAWr = {ﬂl, - ﬂr},

where 8 = w;, ... w;; 410, If we let @ = ww;, then we can see

Awy nao'Aw_ = {wib, ..., wiB} U{o}.
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Now we have

c(m) = e Cr(=(x+ p)(ha)
(X’ ) ' QEAWy_*_]rglAwy_ ( (X+p)( a)+1)

(1—g) _SF(=(x+p)(ha:)) I(w)(1—g)
Cr(=(x + p)(ha,) +1)
H Cr(=(xX + p)(hw,a)
aChw s w1 Aw Cr(=(x + p)(hwa) +1)

= C(X7wi) C(’lUiOX,U)),

since (X + p)(hw,;a) = wi(x + p)(ha) = (w; o x + p)(he). This is our desired result,
so we move on to our second case.

q

Case 2. Suppose w; is a simple reflection and w € W such that Lww;) = L(w) — 1.
If this is the case, then w has a reduced expression w = wj, ...w;, where w; = w;.
If we set w’ = wy, ... w;, _,, then w = w'w; and v’ = ww;, and £(w'w;) = 1+ L(w').
As such, we can apply the result of Case 1 to this situation with y = w; o x and we
see

(X, w) = e(X; w'w;) = e(w; o X, w') e(X, wi) = (X, ww;) (X, wi).-
So by solving for the factor ¢(x, ww;), we see that
c(x, ww;) = c(w; o x, w) c(w; o x,w;) !
In order to prove our result for this case, it suffices to show that
(7.13) c(x, w;) e(w; o x, w;) = 1.
Observe that
2(1_9) Cr(=(x+p)(ha,))  Cr(=(wiox+p)(ha))
( (X + p)(ha,) +1) Co(=(wiox+p)(ha,) +1)
21-g) SF(=(x+P)(ha,)  Cr((x+p)(ha,))
Cr(=(x+p)(ha,) +1) Cr((x + p)(ha,) +1)°

In Lemma [[4] we calculated the value of this product of zeta functions, so we
conclude that

C(X7 wl) c(wi ° X, wl) =q

= 4q

c(x, wi)e(w; o x, w;) = U9 ¢720-9) =1,

As a result, we see c(x,ww;) = c(w; o x,w)c(x,w;), the desired result. We now
consider the general case.

General case. The proof is by induction on the length of w’. If £(w’) = 1, then the
proofs of Case 1 and Case 2 secure our result. Now suppose the result holds for
((w') < k. We consider w” € W such that /(w”) = k + 1, and write w” = w'w; for
some simple reflection w; and with £(w”) = ¢(w’) + 1. By Cases 1 and 2 and the
induction hypothesis, we obtain

clx,ww”) = clx, ww'w;) = c(w; o x, ww') e(x, w;)
= c((w'wy) o x,w) e(w; o x,w') e(x, wi)
= c((w wl) o X, w )C(Xaw/wi) = c(w” OX,U}) C(X,U}H),
) = )-

since c(w; o x,w') ¢(x, w; ¢(x, w'w;). This completes our proof of Proposition
.9 O
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APPENDIX A. MEASURES

In this appendix, we will describe various measures that are important for our
calculation of the constant term of an Eisenstein series. The first subsection ad-
dresses the technique of constructing a measure by means of a projective limit of a
family of measures.

A.1. The projective limit construction of a measure. We begin by stating
a result of [I]. Let {U(S),WE,}S€Z>O be a projective family of compact spaces, and
equip each U®®) with a regular, Borel, probability measure du(®). If s > s’, then by
our assumption we have the map

7% U - U6,

We say {du(s)}sez>0 is a consistent family of measures with respect to the projec-
tions 7%, if for any measurable set X’ C U") we have

du ((r3) 7N (X)) = dut) (X)),
for any s > 5.

Theorem A.1 ([I]). Suppose {U), 7% }sez., is a projective family of compact
spaces where du'®) is a regqular, Borel, probability measure on U®). If {du(s)}sez>o
is a consistent family of measures with respect to the projections 7%,, then

(1) there is a unique regular, Borel, probability measure du on the projective
limit @1 U,

(2) if () . @U(S) — U s the canonical projection, then for any measur-
able set X C U we have
du((7)) (X)) = du(X).

Corollary A.2. Under the conditions of Theorem [A.1l, if we further assume that
each measure du'® is translation invariant, then du is also translation invariant.

Proof. Our measure du is a Borel measure, so it is enough to show that this property
holds for any open set Y C @U (s). However, the projective limit of topological
S
spaces inherits the coarsest topology such that the canonical projections 7(%) are
all continuous. It is a standard result that a basis for this topology consists of the
sets (7(*))~1(X (%)) for an open set X(*) ¢ U(). Hence, the translation invariance
of the measure du is a result of part (2) of Theorem [A] and the invariance of the
measure du(®). |

A.2. Measure on the arithmetic quotient. As mentioned in Section 4, we need
to define a measure on the quotient space Uy /(Ux NT'g). The main result of [1]
allows us to define this measure du by expressing Ua / (U Nalh r) as a projective limit
of compact spaces U A(xs) / fS) equipped with a consistent family of measures du(®).
For a similar construction over Q, see [4].

Recall that we fixed a coherently ordered basis B = {vy,v1,v2,...} which
we use as a basis for the vector space VFAV. For s € Z~g, set VFAWS to be the
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F,-span of the vectors {vy,v1,...,vs}, and 01,75 ={u e UFU | u|vX = id}. We
Fy,s
define the restricted direct product
A ! A A~ A
Up,s = H U, s with respect to the subgroups U, s N K,
and let
U = 04/U,s.
We first note that any element u € Ulfj) is an infinite tuple (u,),eyp. In [2] we
see that each u, is in the subgroup of (s + 1) x (s + 1), strictly upper triangular

block matrices with entries from F},, where the blocks are determined by the weight
spaces of V. Moreover, we know that for all but a finite number of v, our entries

are from O,. As such, we may identify U 1(;) with n copies of A, for some n. We

give U és) the topology that makes this identification a homeomorphism and denote
this homeomorphism by ¢(*).

Lemma A.3. We have
(1) Ués) is a locally compact group for every s € Zsy,
(Q) UA = @U&s).

Proof. The first part follows from the local compactness of A and the homeomor-
phism ¢(®). In order to prove the second part, we first check that {Ués),wg,}
forms a projective system. Suppose we have s > s’. Then sz*\u,sf C V}‘V’S for all
v € V. As a result we have that UA7S C UAﬁs/ and obtain a unique surjective map
e U‘és) —» Ués) such that 7, Op(s) = p(s/), where p(s) : UA — UA/UA,S = UI(C) is
the canonical projection. Now it is clear that {U, A(XS), 75} is a projective system and
we have a surjective map
b 0A - @Uf\s) s
S

such that 7(9) o ® = p(®) for every s € Zsq, where 7(®) denotes the canonical
projections from @ﬁg) to US)- In order to prove the isomorphism, we only need

S
to show that @ is an injective map.
Suppose that = € ker(®). Then x € ker(n(®) o ®) for every s € Z-o. By the
commutativity of our maps, we have that = € ker(p(s)) for every s € Z~q, and so

T € ﬂ ﬁA,S = {id}. Thus, ® is injective as well as surjective and we obtain the

SEZ>0
desired isomorphism between U, and @10 és). O
S
Under the homeomorphism ¢(*), the product measure f(®) = g x --- X pu on

A™ becomes a Haar measure on Ués). To see this, note that the effect of left
multiplication in 0}(;) through this homeomorphism is an affine transformation of
A™. In other words, for  and y in A™ we have

where A, is a linear transformation of A" and b, € A™. The invariance of ﬁ(s)
is hence a direct result of the change of variables theorem and the fact that
|det(A,)| =1 for all .
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We wish to define a measure on Uy /(I'r NUy). The next lemma establishes this
space as a projective limit of compact spaces.

Lemma A.4. Let fg) = p® (fp N UA), where p(®) Uy —» UA/UA7S = (A]és) 1s the
canonical projection. Then
(1) we have Uy /(T p NUL) = lim ﬁy)/f‘g), and

s
(2) for each s € Zsq the space Uy)/f‘g) is compact and has an invariant

probability measure du'® induced from the measure i®) on Uff).

Proof. (1) Since 7, (fS)) = fgq’), we obtain the induced projection 7%, : Ués)/fg) —
013

we have the natural map

, and the collection {U f;)/fg),ﬁ's,} is a projective family. Then

SEZL>o

On = im0 - tim O0/70).
S

S

Considering the kernel of the map, we obtain

S SN e 7F1(8) (s
UA/(FFDUA):@UAg /Fg).
S

(2) Recall that we can consider the space U 1(;) to be embedded into the group
of strictly upper triangular (s + 1) x (s + 1) block matrices with entries from A.
Similarly, fs) can be considered as a discrete subspace of U 1(;), consisting of strictly
upper triangular (s + 1) x (s 4+ 1) block matrices with entries from F diagonally
embedded in A. As a result, the quotient space U 1(;) / f‘(L;) is a classical object and
it is well known that this is a compact space. For more information see [16].

Moreover, since f‘gjs) is a discrete subgroup of the unimodular group UI(;), we
have an invariant measure du(*) on U&S)/fgj) induced from f(*) on UIEXS) ([1€]), and

we normalize du(®) to have total measure 1. O

Finally, we must prove that the measures du(®) form a consistent family. The
induced measure du(*) may be considered as the restriction of the measure i(*) to a

fundamental domain for U és) / f(Lf) For each s € Z~(, we choose a fundamental do-
main Q) for Ués)/fg) such that 7% (2(9)) = Q). Then we have, for a measurable
subset X of U'A(;/),

(4-5) i (r3) () Q) = g (x N Q).
Lemma A.6. The sct {du(s)}sez>0 forms a consistent family of measures.

Proof. Let 70 : U'A(;) — U'és)/f‘g) be the canonical projection for s € Z~q. Suppose

that X is a measurable set of U, g/) / f’gl). Then by our observation above

dut*)(X) = " <<7‘T<S")‘1<X> n QM)'
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To establish the consistency of the measures, we need to calculate du(®) ((7%,) 71 (X)).
Using (A5), we obtain

du ((75)7N(X)) = ﬂ<s)<(7—r§/o7-r<s>)1(X)QQ(S>>

_ @ ((ﬁ@') o %)~ 1(X) N Q<s>)

= @ (@ net) = o),
and we conclude that these measures form a consistent family. ]
Finally, we obtain the main result of this appendix in the following proposition.

Proposition A.7. There exists a unique, UA-left invariant, probability measure du
on the arithmetic quotient Uy/(Uy NT'F).

Proof. This follows from Lemma, and Theorem [AT] O

A.3. Measures on other spaces. Before we discuss measures on other spaces,
we briefly recall some constructions from Section 4. With respect to our coherently
ordered basis B, we fix ULV r to be the group of strictly lower triangular block
matrices and set (A]wp to be Up N w[A]_J:w*l. This definition works for all of our
fields F,,, and so we can define

A AN A~ A
Upp = H Uy, with respect to Uy, N K.
vey
By the decomposition (@3], we know

(A.8) Uy = UwA (UAﬂwﬁAwfl),
and we have the covering projection
7 Uy /Cp N Up Nwlpw™) — Uy /(Us NTR).
We define the measure du’ on UA/(fp NUp ﬂwUpw_l) to be the one induced from

the measure du on Uy /(Uy NTr) through the projection 7.

In light of the decompositions (A.8)), our measure du’ decomposes into two mea-

sures,
(i) the measure du; on (A]wA, and
(i4) the measure duy on (Uy N wUAw_l)/(f‘F NUp NwUpw™?).

We construct the measure dus by expressing this space as a projective limit of
compact spaces equipped with a Haar probability measure. We omit the details
and note that the construction will be very similar to our proofs regarding the
construction of the measure du on Uy / (U fXals r). Using Theorem [A.]] the measure
dus is a Haar probability measure.

To construct duq, we recall that every element of u € UwyA takes the form

U= H Xa(Sa) , for s, € A.
aGAW‘_,_ﬁw*lAW‘_

For more information, see Section 4.3. The set AW)+ N w_1AW7_ is finite and of
size £(w). As in Lemma [A3] we have a homeomorphism from U, 4 to A“®). The
product measure induced from ¢(w) copies of the Haar measure p on A becomes a
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2164 K.-H. LEE AND P. LOMBARDO

Haar measure on U, 4, where we normalize y so that u(A/F) = 1. We set du; to
be this measure.

If we consider the Haar measure p!, on F, with the normalization u,(0,) =1
for each v € V, we obtain from 2.1.3 of [I§] that

(A.9) p=q" = ] -

If we let du) , be the measure on Uwypu, then we have

duy = ¢tw)(1-9) H du) .

A similar relation holds between du_ for (A]_7w7A and the product of measures on
local components in Section 4.4.
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