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Abstract In this paper, we consider how to express an Iwahori-Whittaker function through Demazure
characters. Under some interesting combinatorial conditions, we obtain an explicit formula and thereby a
generalization of the Casselman—Shalika formula. Under the same conditions, we compute the transition
matrix between two natural bases for the space of Iwahori fixed vectors of an induced representation of
a p-adic group; this corrects a result of Bump—Nakasuji.
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1. Introduction

The Casselman—Shalika formula [6] describes a spherical Whittaker function using the
root system and the character of an irreducible representation of the dual group. The
formula not only plays a fundamental role in the theory of p-adic groups and automorphic
forms, but also connects many different constructions in mathematics, such as Schubert
varieties, crystal bases and Macdonald polynomials. For example, see [3].

In this paper, we study a generalization of the Casselman—Shalika formula to the case
of Twahori—Whittaker functions through Demazure characters. To be precise, let g be
a finite-dimensional simple Lie algebra over C, which should be considered as the Lie
algebra of the dual group. Let P be the weight lattice of g, and C[P] the group algebra
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760 K-H. Lee et al.

of P, with basis ¢*, A € P. The subset of dominant weights will be denoted by P,.. We also
denote by ® D ®T the set of roots and positive roots, by s, the reflection corresponding
to a € @, by Il = {a;};c; the set of simple roots, and by S = {0;}ic; the set of simple
reflections, which generates the Weyl group W. We denote reduced words by sp...s,
with s; = sy, for o; € I1, which means that for each i we have s; = 0; and a; =a; for
some j € I (we use this notation in order to avoid double indexing in reduced words).
Let v be an indeterminate, and set O, = C(v) ® C[P].

Consider the Demazure character 9y, for w € W and A € Py, which is the formal
character of the Demazure module associated with the weight wi. When w = w,, the
longest element, the character 9, is nothing but the character of the irreducible
representation of g with highest weight A. Now the Casselman—Shalika formula [6] is

given by
W, = < []a- ve“))&wo’k, (1.1)
aed
where me 1 is the spherical Whittaker function.

As mentioned above, this paper is concerned with generalizing the formula (1.1) to the
case involving the Iwahori-Whittaker functions Wy, (to be defined in Section 2) and
the Demazure characters 9y ), for w, x € W. That is to say, we would like to compute the
coefficients Cy, x € O,, x < w, in the expansion

Ww,)» = Z Cw,xax,)w
x<w
To make the problem more tractable, we consider the Demazure atoms Dy ; (see §2),
instead of working with the Demazure characters directly. We write
Ww,)» = Z Cw,xDx,)w
r<w
and study how to compute ¢ x € Oy, x < w. The coefficients Cy, » and ¢, are related
in a simple way (Corollary 2.2):

Cw,x = Z Cw,y and Cyx= Z (_l)e(y)_l(X)cm'
x<ysw XYW

Still, in general, it would be difficult to obtain a complete description of the coefficients
Cw . However, the main result of this paper shows how to compute the coefficients ¢y
under some interesting conditions involving good words and shellability. More precisely,
under Condition (A) or (B) at the beginning of § 5, we obtain the following theorem.

Theorem 1.1. Let w =s1---5, be a reduced word with s; =sq; for some o; € I1, i =
1...,n, and

,3i=51"'§i1"'§i2"’ai, i=1,...,n,
where the indices i} < --- < ig between 1 and n are determined by Condition (A) or (B).
Then we have

Cw,x=(1—ve_ﬁ])"'773,vl (...77% (...(1_1)6—/3»1))...),

where Tg = (1 — ve"g)aﬁ — 1 and 9g is the Demazure operator corresponding to the root .
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Whittaker functions and Demazure characters 761

Conditions (A) and (B) are intriguing. In fact, based on thorough computer tests,
in §5.3 we conjecture that they are equivalent in a strong sense. Shortly after posting
our paper, D. Muthiah and A. Puskds proved our conjecture; their proof is included as
an Appendix. As discussed in §4.1, Condition (A) is closely related to smoothness of
Schubert varieties in flag varieties G/B. We also present some statistical information
regarding the frequency with which these conditions are satisfied.

We establish an application of Conditions (A) and (B) to the problem of computing
the transition matrix between two natural bases for the space of Iwahori fixed vectors of
an induced representation of a p-adic group. The same problem was studied by Bump
and Nakasuji [4]. Their result [4, Theorem 1.9] was that, when w admits a good word for
x, the entry m(x, w) of the transition matrix is given by

P
m(x’ w) — 1_[ 1q—z’ (12)

1—2z¢
aeS(x,w)

where S(x, w) is the set of roots determined by the good word condition. However, the
assumption of having a good word is not sufficient to deduce the factorization property.
In fact, the statement and their proof of the above result are not valid, and there
are counterexamples (see Remarks 5.1 and 6.3). More precisely, it is claimed below
equation (5.3) in [4] that
18y S8y 1 By Sy < S1o 8 S

but this inequality does not follow from the good word condition. A similar inequality
was claimed when Proposition 4.7 was applied in the same proof.

In §6, we assume Condition (B) and prove the formula (1.2). The main idea of the
proof is similar to that of [4]. In particular, the aforementioned inequalities are both
guaranteed by Condition (B). Given Condition (A) or (B), which are actually equivalent
(§ Appendix A), we ensure the factorization property and thus make a correction to the
Bump—Nakasuji result in full root system generality. This provides another evidence that
Conditions (A) and (B) are natural ones to be considered in representation theory.

Related to the above-mentioned coefficients m(w, x), it is also worth noting the recent
paper of Nakasuji and Naruse [10]. By using a change of basis in the Hecke algebra, they
express all of these coefficients in a completely different way compared to (1.2), namely
as sums over combinatorial sets. The mentioned change of basis in the Hecke algebra
generalizes the theory of so-called root polynomials, which provides similar combinatorial
formulas for localizations of Schubert classes in the equivariant cohomology and K-theory
of flag varieties; see [9] and the references therein, as well as [10, Remark 1].

The fact that there are two types of formulas for the coefficients m(w, x), namely the
general formula in [10] and the simpler formula (1.2) if Condition (A) or (B) holds,
is very similar to the existence of a general summation formula for Schubert classes
(via root polynomials), versus a much simpler product formula in the smooth case; see
[1, Chapter 7]. It turns out that the latter formula is hard to derive from the former, so
completely separate proofs are needed. In this context, it is not surprising that Conditions
(A) and (B) are related to smoothness of Schubert varieties, as noted above.
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2. Description of the problem

In this section, we present the main question of this paper, introduced in Section 1, in
more detail. We keep the notions fixed in Section 1.

Recall that the Hecke algebra H, is the algebra over C(v) defined by the generators T;,
i € I, subject to the quadratic relations

T? = (v—DT; +v, iel,
and the braid relations corresponding to W. The algebra H, acts on O, by
T~ Tii=0—ve ™o —1, iel,
where 9;, i € I, are the Demazure operators defined by
l—e%g;
1 —e 4

In particular, the operators 7T;, i € I, which are known as the Demazure—Lusztig operators,
satisfy the braid relations. Hence one may define

Tw'_>7zt):7:17;]

o =

for an arbitrary choice of a reduced word w = oj, - - - 0;,. For a dominant weight A € Py,
define
W = T,e*  and Ww,k = Z Wiar, weW.
x<w

As shown in [3], the expression W, ; corresponds to the Iwahori-Whittaker function,
and the sum Wwo, » corresponds to the spherical Whittaker function where w, € W is the
longest element.

It is well known that the Demazure operators 9;, i € I, satisfy the braid relations as
well, so the operator 9,, is well defined for w € W using any reduced word of w. Then
the Demazure character is given by

By = Ope™, A€ Py,

which is the formal character of the Demazure module associated with the weight wh.
Recall the Casselman—Shalika formula:

Wwo,)» = < 1_[ (11— ve_a)>3wo,k~ (2.1)
05€¢+

As mentioned above, we are interested in generalizing the formula (2.1) to the cases
involving Wy, 5 (or Wy, ») and 9y, for w, x € W. Precisely, we would like to compute the
coefficients Cy, x» € O,, x < w, in the expansion

Ww,)» = Z Cw,xax,)»-
x<w

Alternatively, if we write
Ww,)» = Z Cw,xax,)u

x<w
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we have

E;w,x: Z Cy,x

XySw

and
Cox = 2 (_l)f(w)—f()’)cy‘x
XSYSw

by the Mobius inversion [7, Theorem 1.2].

However, we found it more convenient to work with Demazure atoms. We define
—q 1—0i .
Di=0—1l=e%—, i€l,
I —e 4

which is the specialization of 7; at v — 0. Then D;, i € I, satisfy the braid relations, and
we define Dy, w € W, in the obvious way. Now the Demazure atoms are defined to be

Dy = Dwe)‘ for we W and A € Py.

Problem 1. Consider the transition between T, and D,
Tw = Z Cw,x Dy,
x<w

and study how to compute ¢y x € Z[V]® Z[P], x < w.

The coefficients Cy, » and ¢, ¢ can be related in a simple way, using the fact that the
Demazure character is the sum of all the lower Demazure atoms. We give a proof of this
fact below using a result in [3].

Lemma 2.1. 9, = ) D, and D, = ngw(—l)“w)—f(”ax.

x<w
Proof. 0;, i € I, are the specialization of
;=T +1=(—ve %)y

at v = 0. Let o be a reduced word of w, and define Dy, in the obvious way. By [3,
Theorem 6] which is proved using some results from [8], one has

D =Y Po.W)Ts
x<w

where Py is the Poincaré polynomial of fiber of the Bott-Samelson resolution
Zw — X, over the open cell Yy = BxB/B; the cohomology of this fiber was described
combinatorially in [8]. Specializing v — 0 gives that

dy= Y Pew@Dy= ) D, O

x<w x<w

Corollary 2.2. cuyx =Y <\ <y Cuw,y and Cyx = ngygw(—1)K(y)_l(x)cw’y.
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Figure 1. Z(s, w1, wp) property.

By the reduction made above, the computation of the coefficients Gw,x or Cy.x is
equivalent to the computation of the coefficients ¢y x, for x < w. Hence we will focus on
Problem 1 from now on.

Note that the operators D; are twisted derivations in the sense that

Di(fg) = Di(f)-g+oi(f)-Di(g), [ g€Z[P] (2.2)
In fact, the last equation is the specialization at v — 0 of
Ti(fe) =0 —=v)Di(f)-g+oi(f)-Ti(g), [ g€ZIP] (2.3)
It is also known that Ty, w € W, satisfy the relation
. | Tow if ojw > w,
i Tw = {(v—l)Tw—i—ngl.w if ojw < w. (2.4)

For example, one has the quadratic relation Tl-2 = (v—1DT;+v, i € I. Specializing (2.4)
at v — 0 gives
Dy, if ojw > w,

-D, ifow<w. (2:5)

D,~-Dw={

3. Induction steps

In this section we give some general inductive steps for later use. We recall a well-known
lemma from [7], which is called Z(s, wy, wz) property of the Bruhat order, and it will be
used frequently in this paper.

Lemma 3.1. Let s € S be a simple reflection and wi, wy € W. Assume that wy < swy,
wy < swy. Then
w; < wy = wy < swy & sw; < Swa.

This lemma can be visualized using the diamond square in Figure 1, where the validities
of the three dashed lines are all equivalent.
The following lemma can be easily verified by using (2.5).

Lemma 3.2. Let o € 1 be a simple root and s = so. Then

(1 —ve ™) Dgyy —ve ™Dy, if sw > w,
—Dy if sw < w.

7;‘Dw={
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Lemma 3.3. Assume that the simple reflection s = s4 is a left ascent of w, i.e., sw > w.
Then

Tow = Z ﬂ(cw,x)Dx + Z (1- Ue_a)s(cw,x)sz

x<w x<SwW,x<sx

- > (I=ve)s(cu.x)Dsx.

x<w,x>8x

Proof. Applying 7 to the equation T, = > cw.x Dy and using (2.3) gives that

x<w

Tow = Z S(Cw,x)ﬂ -Dy+(1- U)Ds(cw,x)Dx~

x<w

The lemma follows from inserting Lemma 3.2 into the last equation, and also from noting

that
(1—=v)Ds—ve ™ ¥s=(1—-ve *)o;—1="T;,
(1—-v)Dy—s =T, — (1 —ve %)s;
here the second equation is an immediate consequence of the first. O

By comparing the coefficients in Lemma 3.3 with 7y, = ngsw Csw.x Dx, we obtain the
following inductive algorithm.

Proposition 3.4. Assume that w < sw, s =s4 € S, and that x < sw. Then
(i) if x < w, x < sx, then
Csw,x = ﬁ(cw,x);
(if) of x < w, x > sx, then
Csw,x = - Ue_a)s(cw,sx - Cw,x) + 7;(Cw,x);
(iil) if x € w, in which case x > sx, then
Csw,x = (1- ve_a)s(cw,sx)~

The three cases are illustrated in Figure 2. Note that in the last case we have either x
and w incomparable, as depicted, or x = sw > w = sx.

The following corollary is immediate by applying Proposition 3.4(i) and (iii) recursively.
Throughout, we let ®,, := &, Nwd_ be the inversion set of w™.

Corollary 3.5. We have

Ccwe=Tw() and cyw= 1_[ (1 —ve™).

aedy,

Downloaded from https://www.cambridge.org/core. University of Connecticut, on 25 Jun 2019 at 15:14:37, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1474748017000214


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S1474748017000214
https://www.cambridge.org/core

766 K-H. Lee et al.
w
sx

T

S

/
AN

sw w

w

SN,
N~

Figure 2. (i)—(iii) of Proposition 3.4.

4. Good words and shellability of Bruhat order

4.1. Good words

Following [4], we consider the notion of a good word. Assume that x < w, and introduce
the sets

Sx,w):={ad € Py | x <wsqy <w}, R, w)={sy|aeSkx,w)} (4.1)
Deodhar’s inequality states that
#S(x, w) =#R(x, w) = L(w) — £(x), (4.2)

with equality holding if the Kazhdan-Lusztig polynomial P,y w.x = 1, or equivalently
if the Schubert variety X, is rationally smooth at the T-fixed point ey, (see [1]).
We remark that #S(x, w) has the trivial upper bound £(w) because of the inclusion
S(x, w) C ®,-1 = &y Nw~'d_, where the last set is the inversion set of w, of cardinality
£(w); indeed, it is well known that o € & is an inversion of w, i.e., wa € ®_, if and only
if wsy < w.

For any reduced word to = s1---s, of w, let Ay n be the set of integers i € [1, n] such
that x <sp---8 ---s,. Let o; € IT be such that s; = sy, i =1,...,n. Then there are
bijections

Ao —> S(x,w) = R(x,w), >y =8y Sip1Q = Sy = Sy Sip15Si41 - Snp.
Moreover it is clear that ws,, = s1---5; ---s,. By abuse of notation, we also write
. . d
Axo = (1,...,iq) €N (4.3)

for the vector formed by elements of A, n, arranged in ascending order iy < --- < iy. Then
1 is called a good word for x if

X =515 5y s (4.4)

Since d = #Ayw = £(w) —€(x), a good word exists only if (4.4) is a reduced word;
hence d = £(w) — £(x). Conversely, it is conjectured in [4] that if W is simply-laced and
d = ¢(w) —£(x), then w has a good word for x. This conjecture is proved in [4] for
W = A4 or D4 using SAGE, and it is shown to be false in the non-simply-laced case, e.g.,
for W = B».
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4.2. Shellability

We recall the lexicographic shellability of Bruhat order, following [2]. For x, y € W, we say
that y covers x, denoted by y — x, if y > x and there is no z € W such that y > z > x.
In this case £(y) = £(x) 4+ 1 and there is a unique o € & such that s,y = x. Moreover
for any reduced word y = sy ...s;, there is a unique 1 < i <[ such that x =sy---8; --- sy,
and one has o = s1---s;_1;. We may also write y = X to specify the reflection s, that
takes y to x.

Consider x < w and the Bruhat interval [x,w]:={y € W|x <y < w}. Then all
maximal chains ¢ :w =wy —> w; = --- —> wg =x of [x,w] have the same length
d = £(w) — €(x). Let us describe a labeling of the maximal chains of [x, w]. Fix once
for all a reduced word to = s7 - - -5, of w. For a maximal chain % of [x, w] as above, there
is a unique sequence iy, ..., iz of distinct integers in [1, n] such that wy is obtained by
removing s, ...,S; from w, k=1,...,d. In particular, this implies that the resulting
subwords representing wy’s are all reduced. Then we assign the label

ME) = M (F), ..., 1q(€)) == (i1, ..., i) € N (4.5)

Recall that the lexicographic order of N? is the linear ordering <; such that
a=(ay,...,aq) <p b= (b1,...,by) if aj < b; in the first coordinate where they differ.
The main result of [2] states that [x, w] is lexicographically shellable. In particular, this
implies that:

(i) there is a unique maximal chain ng—t_m in [x, w] whose labeling k(%x": ) 18 increasing,
ie., Al(‘ﬁ;fm) <. < kd(‘gxfm);
(ii) A(%x“fm) <1 M%) for any other maximal chain € of [x, w].
Note that the maximal chain ngfm depends on the choice of the reduced word v, which
we fix from the beginning.

Similarly, consider the reduced word s, - --s; of w™!. By applying shellability to w™!
with this reduced word and reverting to w, we see that:

(') there is a unique maximal chain €y, in [x, w] whose label A(%. ) is decreasing,
Le, M(Cxw) >+ > ha(Cr )i

(ii") A(%y ) >1 A(€) for any other maximal chain € in [x, w].

5. Main result
In this section we compute the coeflicient ¢, x, for x < w, under either of the following
two conditions for the pair (w, x):

(A) w admits a reduced word w such that Ay = A€, )" = (i1, ..., 1a);

(B) w admits a reduced word w such that k(‘g;:m) =ME )" =1, ..., 0a)-

Here we write A* = (ig, ..., i1) € N¢ for a vector A = (i, ...,iz) € N?. Note that the
reduced word w satisfying Condition (A) is a good word for x.

Remark 5.1. Conditions (A) and (B) are stronger than the existence of a good word
for x. Indeed, in type G, consider w with the (unique) reduced word to = 002010201
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and x = o7. We have
Ao =(1,2,4,5), M%) =1(2.3,45), A& =(1,2,34);

so 1 is a good word for x, but Conditions (A) and (B) fail. In fact, such examples can
be found in simply-laced types too, for instance in type D4 consider the reduced word
W = 020103040204030107 and x = oy (where 2 is the central node of the Dynkin diagram).
We have
Axw =(1,2,3,4,6,7,8,9), )”((gx_,m)* =(2,3,4,5,6,7,8,9),
MEH) =(1,2,3,4,5,6,7,8).

It is easy to see that the same holds for any reduced word for the given Weyl group
element. So again the above w is a good word for x, but Conditions (A) and (B) fail.

As we will prove, both Conditions (A) and (B) guarantee that only the relations in
Proposition 3.4(i) and (iii) are used in the recursive computation of ¢, x; these relations
have the advantage of being simple, compared to the relation in part (ii).

5.1. Lemmas on good words and shellability

We first prove a few more facts regarding combinatorial properties of a reduced word.

Lemma 5.2. Assume that to =s1---5, is a good word of w for x such that iy =
(i1, ...,ig) with iy > 1. Then

(i) x £ s1w;
(ii) S(six, sjw) = S(x, w);
(iil) siw =525, s a good word of syw for six and Agx s = U1 —1,...,ig—1).

Proof. Part (i) is obvious from the definition of good word. Part (iii) follows from (ii).
To prove (ii), it suffices to show that S(sjx, sjw) is contained in S(x, w), which implies
that S(s1x, sjw) = S(x, w) because of Deodhar’s inequality

#S(s1x, s1w) = L(sjw) —L(s1x) = L(w) —L(x) = #S(x, w).

Take a € S(s1x, sjw), i.e., s;x < sjwsy < sjw. We claim that sjws, < wsy. To the
contrary, assume that sjwsy > wsy. Then by Lemma 3.1 we have the diamond square

S WSy

N
N
N
N

WSy X
N /
~
~
~
N
S1X

where the two dashed lines follow from the middle vertical line. This implies that
x < sjwsy < sjw, a contradiction to part (i). Hence sjwsy < wsy, and using Lemma 3.1
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again we obtain the diagram

<O\
N

S1WSg / X

S1X
which implies that @ € S(x, w). O
Lemma 5.3. Let to ==s51---5, be a fized reduced word of w, )»(%x"fm) =(i1,...,14),

MCiw) = (a, .., 1), where iy <--- <iq and ji <--- < jq. Consider the reduced word
s =s2---8, of syw. Then

(i) if i1 > 1, then x € syw and
k(‘éTx,slm) =@ —-1....ia—1);

(i) of j1 > 1, then
)\(%STx,slm) =Ua—1,..., 71— 1);
(iii) if iy =1, then
ME ) =G2—1,... ig—1);

(iv) if j1 =1, then x < s1x and

M) =0a—1,.... 2= 1.

Proof. Write%fm:w:woi—>wli—>~-~—>wj[=x.

(i) The last claim is clear since we have obviously a maximal chain

‘K:slw:slwg —>s1wT — ~--—>5le = s51X
of [s1x, sjw] with increasing label A(¥) = (i1 —1,...,ig —1). We must have ¢ =
%YTX,X]‘D because of the uniqueness of the increasing label. It remains to prove that
x & sqw. To the contrary, assume that x < sjw = s3---s,. Then concatenation of
w — syw with any maximal chain in [x, s;w] will give a maximal chain % in [x, w]
such that € <, ‘Kxfm, since L () =1 < M(‘Kxfm) =iy. This is a contradiction.

(ii) The proof is similar.
(iii) (fxfslm equals the following subchain of %xfm

slw:wfr—>w;r—>-~-—>w;:x.
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(iv) six — x is the last arrow in the chain € ,, and hence x < six. The following
subchain of €
W=w, = w; == W, | =S5

gives rise to the maximal chain of [x, sjw]
‘ﬁzs1w=s1wa = S|w] = s> S|w,_ =X

with decreasing label A(%) = (ju—1,..., j»—1), which implies that % =
(gx_,slm' O

Lemma 5.4. Assume that o =s1---5, is a good word of w for x such that iy w =
MCrw)* = (1, ..., iq) withiy =1. Then
(i) x < s1x;
(i) SCx,s1w) =S, w)\ {y1}, where y1 = s, - - s201;
(i) sjto =s2---8, is a good word of syw for x;
(iv) Ay o =(G2—1,...,ig—1) = My sym0)*
Proof. Part (i) and the last equality in (iv) follow from Lemma 5.3(iv). Part (iii) and the

first equality in (iv) are direct consequences of (ii). Finally (ii) follows from Lemma 5.5
below, which is of independent interest. O

Lemma 5.5. Assume that x < w, sw < w and x < sx, where s = sy € S. If #S(x, w) =
L(w) —£(x), then S(x,sw) = S(x, w)\{—w_la}.

Proof. Consider the following diamond given by Lemma 3.1.
w

N
N
N
N

sw SX
N
AN
N
N
X

Take B € S(x,sw), i.e., sw > swsg > x. We claim that g € S(x, w), i.e., w > wsg > x.
If wsg > swsg, then the claim is obvious, again by Lemma 3.1. If wsg < swsg, then
Lemma 3.1 gives the following diamond

Swsg

N
AN
AN
N

wsg SX
AN
N
N
N
X

Hence the claim follows. Obviously B # —w™'a € S(x, w), because SWS,—1, = W > SW.
Therefore we get an inclusion S(x, sw) C S(x, w) \ {—w~'a}. This inclusion is an equality
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because of Deodhar’s inequality
#S(x, sw) = L(sw) —L(x) = L(w) —€(x) — 1 =#S(x, w) — 1,

where the last equality follows from the assumption #S(x, w) = £(w) — £(x). O

5.2. Main theorem

We can now apply previous lemmas together with Proposition 3.4 recursively to compute
Cw.x, assuming Condition (A) or (B). As mentioned above, only cases (i) and (iii) of
Proposition 3.4 show up in the computation. In order to formulate our main result, we
introduce an additional notation.

For any a € &, let

1_ —
By = — <~ S T (1 —pe %Yo, — 1. (5.1)

1—e@

Using this notation, it is easy to see that we have

W0y = e - W, W-Tog="Tpa- Ww. (5.2)

Theorem 5.6. Assume that either condition (A) or (B) holds. In either case, let
Bi=s1-8i Sy, I=1,...,n.
Then we have
cwxr=( _ve*ﬂl)...%il (...773’_d (...(1 _Ue*ﬂn))...) .

Proof. In either case we use recursion. First assume Condition (A). If i; > 1, then
(s1w, s1x) satisfies Condition (A) as well, due to Lemma 5.2(iii) and Lemma 5.3(ii).
Moreover, we may apply Proposition 3.4(iii) because of Lemma 5.2(i), which gives that

Cwx = (11— ve_al)sl(cslw,slx)~
If i1 = 1, then (s;w, x) also satisfies (A) and we may apply Proposition 3.4(i), due to
Lemma 5.4, which gives that
Cw,x = nl(cslw,x)~

Iterating this process gives us
G = (L= 0e s+ Ty (- Tag, (- (L= ve™)sy(D) -+ ).

One may use (5.2) to push the reflections s;, 1 <i < n,i #1iy,...,1iq, across the operators
Ta Y 7‘-11‘4’ noting that x(1) = 1.

The proof assuming Condition (B) is similar. If i; > I, then by Lemma 5.3(i)—(ii),
(sjw, s;x) also satisfies (B) and Proposition 3.4(iii) applies. If i; =1, then by
Lemma 5.3(iii)—(iv), (sjw, x) satisfies (B) and Proposition 3.4(i) applies. O

i

Remarks 5.7. (i) Note that in the special cases d = n and d = 0, we recover ¢, and

cw.w respectively, as given by Corollary 3.5.
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(ii) The roots B; can be interpreted as follows. We have
B 1 <i<nistil. . ig)=® =dsNxd_.

Moreover, under Condition (B), the roots 8;,, . .., Bi, give the sequence of reflections
along the maximal chain ng—fm of [x, w], i.e., we have
Biy Bi,

%x+m:w:w0—>w1—>-~-—>wd:x.

Hence the calculation of ¢, » amounts to inserting the operators
Ts=U—ve Prag—1, BelBi,....Bu

into the product Hoze(bx(l —ve™¥) in a natural, combinatorial way.

5.3. Conditions (A) and (B)

Since these conditions are essential for our main result, we now discuss them in more
detail. We start with an example.

Example 5.8. Consider w = s1s251535251 and x = s253 in As. It is easy to see that both
Conditions (A) and (B) hold in this example.

Based on thorough computer tests, we now formulate a conjecture about the
equivalence of Conditions (A) and (B) in a strong sense.

Conjecture 5.9. Let o be a reduced word for w and x < w. The following are equivalent:

(ii) A(E ) = M Erw)™
(i) Arw = MG ).

The proof of the conjecture, due to D. Muthiah and A. Puskds, is included as an
Appendix. Thus, we are able use the more symmetric condition

Mo = ME ) = MEr )™

Note that it is enough to prove (i) < (ii), as (i) < (iii) would easily follow; indeed, just
reverse the reduced word and use the fact that inversion is an automorphism of the
Bruhat order.

We now discuss some statistics related to the frequency with which Conditions (A)
and (B) are satisfied. We looked at the symmetric groups Si, S5, and Se, as well
as at the hyperoctahedral groups Bs and Bs. For each (signed) permutation w, we
calculated the percentage of x < w, which satisfy Conditions (A) and (B). (The computer
calculation is based on the following idea: for each w and reduced word for it, we
generated via depth-first search all saturated decreasing chains in Bruhat order with
increasing/decreasing labelings, which produces the corresponding x; then, given this
data for each such x, Conditions (A) and (B) are easily tested.) The distribution of
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Figure 3. Histograms for S5 and Sg.

the mentioned percentages in S5 and S¢ is shown in Figure 3, where the vertical axis
represents the number of permutations. It is interesting to note that this distribution is
skewed right, with the mode at the right tail, while the interquartile range reaches 100%
in both cases. By contrast, in type B, the distribution looks closer to a uniform one.

Experiments with the same Weyl groups mentioned above also showed that the formula
in Theorem 5.6 fails if Conditions (A) and (B) are not satisfied.

6. Casselman’s basis of Iwahori vectors

In this section, under the shellability Condition (B) in Section 6, we compute the
transition matrix between two natural bases of the Iwahori fixed vectors in a spherical
representation of a semisimple p-adic group, considered by Casselman in [5]. A conjectural
formula is given in [4], which is proved under the assumption that a good word exists;
however, it seems that there is a gap in this proof, which we do not know how to fix
at present. We follow the strategy of computations in [4], although we consider reduced
words from a very different point of view. Let us first recall the basic formulations and
collect a few results we need from [4].

Let x = x, be an unramified character of T (F), which is parametrized by an element
Z in the complex torus T of the L-group LG. Let V(x) = Indgx be the induced
representation, which consists of locally constant functions f : G — C such that f(bg) =
(8'2x)(b) f(g), where 8 = det(Ad|,) is the modular character. Let J be the Iwahori
subgroup, which is the preimage of B(F;) under the reduction K = G(Of) — G(F,).
Then the space of J-fixed vectors V(x)’ has dimension |W|, and there are two bases
{dw,x} and {fw} of V(x)’ parametrized by W.

The first natural basis {¢y ,} is defined using the disjoint decomposition
G = |l,cw BwJ such that ¢, , is supported on Bw~'J and Gw,xlp-17 =1. Let M, :
V(x) — V(*x) be the intertwining operator defined by

My f)(g) =/ f(w ™ 'ng)dn.

NNwN_w—1
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Then {f,} is the dual basis of the linear functionals V(x) — C, f — (M, f)(1), w € W.
Casselman [5] asks for the transition matrix between these two bases, which is in general
a very difficult problem. It is better to use the basis

wx,x = Z ¢w,x

w>=x

instead of ¢, ,, and by Moébus inversion one has

¢X’X — Z(_l)((w)*z(x)ww’x

w>=x

If we write ¥y, = ) ,ew m(x, w) fy, then obviously m(x, w) = (MyYx, ,)(1) and in [4]
it is shown that (m(x, w)) is upper triangular. In [4] it is conjectured that

1—g'z®
m(x, UJ) = l_[ W
aeS(x,w)
when the root system & is simply-laced and [S(x, w)| = £(w) —£(x), and it is proved
under the additional assumption that w admits a good word for x.

Let H be the Iwahori—Hecke algebra, which consists of bi-J-invariant functions
supported on K. Then H has a basis {t,,|w € W}, where t,, is the characteristic function
of JwJ, and H is generated by t; :=1t5,,i € I. Let ay : V(x)! — H be the isomorphism
of left H-modules defined by (o £)(g) = f(g")|,- Let My =My, : H— H be the
map making the following diagram commute:

M,
Voo ——=V({"x)
lo{x lolwx
H é—Mw H

Define uz(w) = My, (1g) € H. Then

aj

Maloi) =g~ i+ (=g~ H— (6.1)
and for £(wiwy) = £(wy) + £(wy) one has
Hz(wiwr) = Mz(wZ)szz(wl)- (6'2)

Define v (x) = ay () € H. Then ¥(x) = Zw>x ty is independent of x. For f € H let
A(f) be the coefficient of 1 in the expression of f in terms of the basis t,,. Then
m(x, w) = A (x)pz(w)).

For f,g € H and x € W, write f —g > x if f —g is a linear combination of f,’s with
w > X.

Proposition 6.1 [4]. Let s = sy € S, x € W such that xs > x. Then

-1

1 _
V() pa(s) = lf—;w(x), Y (X812 (s) — Y (x) > xs.
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Now we can give our formula for m(x, w) in full root system generality, assuming that
Condition (B) holds.

Theorem 6.2. Assume Condition (B). Let y;, = sn---Siy+10i,, k=1,...,d. Then

d

1 — g1z
mx, w) = Hq—z

1 — 2"
k=1

Proof. The proof follows the argument in [4], but we shall give some details for the
sake of completeness. Write 1 (s;) = tz(sn), w(Sp—1) = Us, @) (Sn—1), . .., suppressing the
dependence of spectral parameters. Write ¥ (x)uz(w) as a sum

(W (stee-Sip o Sig o Sudpsn) — (st -+ Siyp - Sig -+ Sp—) I (Sn—1) - - p(s1)

F (st Sip o Sig - Sn—DU(Sn—1) = Y (s1 -+ Sy -+~ Sig - -+ sp—2) I (sp—2) - - - pu(s1)

+ .

(Wst---8iy - Sipm(siy) = C@@p (st -8y -+ 8i,) 1 (siy—1) - - - u(s1)

+C( DY (st 5iy - Sig—DU(Sig—1) — Y (st 8iy -+ Sig—2) 1 (siy—2) - - - p(s1)

+ .

Cd)---CH[Y(spuls)) — ()]

+Cd)---C(DHY (1),
where Ly

1—q 'z
Ck) = T k=1,...,d.
We will show that the linear functional A annihilates every summand except the last, so
that m(x, w) = C)---C(1).
Since we have the reduced words wk+ =81+ 8i, - Sy Sig+1 -+ 8n, k=1,...,d, which

form the maximal chain (f;fm, we see that sy --- 8, ---s; > s1---8i, - 8i,. Therefore, by
Proposition 6.1, the summands of the form

l_[ CPHIW (st -85y - Sidm(si) = CEY (st -~ 8iy - - Si) I (sip—1) - - - ps1)

j>k

are all equal to zero. Note that the spectral parameter of ju(s;,) is si,+1- -5,z and one
has (Sik-‘rl e Snz)aik = ZS”.”sikJrlaik = zyik .
Every other summand is a constant multiple of the form

(W (st -8iy - Siy - (s) =W (st - 8iy oo+ 8iy -+ - sj—DIp(sj—1) - - - ls1)- (6.3)
Since sq - --8;, -+ 8i, - - - 5 is reduced, by Proposition 6.1 we have
1//(_91 ...§i1 §lzsj)l’b(s])_1p(sl ...§l~1 ...§i2...sj_1) >Sl...§il §12S1

Applying (6.1), (6.2) and arguing as in [4] one can deduce that (6.3) is annihilated by A
unless
S1 "'§i1 ...§l-2 Sj < S1 ...sj_l =] "'Sj—l§j- (64)
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Assume that (6.4) is true; let @’ = max{1 <k <d :ix < j}, x' =s1---8, -8, ---5; and
o’ = s1---s;. Recall that we have the reduced words w; :=s1--- 8, ;. - Siy - Sn, k=
1,...,d, which make the maximal chain €, ,. Consider the following subchain of €, ,

Wy g = Wy_gyg —> " —> Wy =X,
By taking reduced subwords, it gives rise to a maximal chain of [x', 1]
C:w =w,—> w, > > w, =x

where w; =s1---Sg—jqg1---Sg---sj,i =1,...,d" . Then A(€) = (iz, ..., i1) is decreasing,
which implies that ¢ = € ,. But similarly to the proof of Lemma 5.3(i), this contradicts

(6.4) because €, ., is lexicographically maximal. This finishes the proof of the theorem.
O

Remark 6.3. Given the equivalence of Conditions (A) and (B), proved in the Appendix,
Theorem 6.2 gives a correction to the Bump and Nakasuji result [4] in full root system
generality. In fact [4, Theorem 1.9] does not hold for the two examples in Remark 5.1.
In these cases w admits a good word w for x but m(x, w) does not factor like (1.3)
in [4]. Actually in these cases the Schubert variety X (wox) is singular at ey, (in the
notations of [1]), so m(x, w) never factors. (It is also easy to check by computer that
m(x, w) does not factor in these cases.) Moreover, the type D4 example in Remark 5.1
also gives a counterexample to Conjecture 1.2 (and (1.3)) in paper [4]. In this case the root
system is simply-laced and [S(x, w)| = £(w) — £(x), but the Kazhdan—Lusztig polynomial
is Pygw,wex = (1 +¢)?, which implies singularity and m(x, w) never factors as stated in
[4, Conjecture 1.2].

Appendix A. Proof of Conjecture 5.9

1

By DINAKAR MUTHIAH! AND ANNA PUSKAS?

In this appendix, we prove Conjecture 5.9. The conjecture is that the following three
conditions are equivalent.

(1) A = A(Cr )™
(il) M) = MG w)™;
(ili) Arw = MG )

As mentioned right below Conjecture 5.9, it suffices to prove that (i) and (ii) are

equivalent.
We will keep the notations in the previous sections. In particular, we have two
elements x < w of W, to = sy -- -5, a reduced word for w; Ay w = (A1, ..., Ag), A(%;fm) =

(i1, ...,ig) and )\(Cfx_’m)* = (J1y.--s Jd)-

1Depaurtment of Mathematical and Statistical Sciences, University of Alberta, Edmonton, AB, Canada
T6G 2G1 muthiah@ualberta.ca

2Depaurtment of Mathematical and Statistical Sciences, University of Alberta, Edmonton, AB, Canada
T6G 2G1 puskas@ualberta.ca
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A.1. Proof of (i) — (ii)

Lemma A.1. Let x, w, w be as before, Ay w = (A1, ..., k), and k(‘ﬁgm) =(1,...,14).
Then iy =1 if and only if Ay = 1.

Proof. Assume first that iy = 1. Then the chain (f;fm starts with tf, and hence x <
7 and thus Ay = 1. For the other direction, assume A = 1. Omitting the first simple
reflection from to only decreases its length by 1; hence £(tv}) = £(w) — 1. Composing
w — 7 with a maximal chain from 17 to x gives a maximal chain %’ from tv to x whose
label starts with 1. Then ‘Kx‘fm < € implies i] = 1. O

Remark A.2. If (i) holds for x and tv, i.e., Ay = A(G; )", then 1w is a good word of w
for x. (Omitting all the reflections from o that appear in Ay is the same as taking the
last element of the maximal chain €, \,; that last element is x.)

Proposition A.3. (i) — (ii).

Proof. We proceed by induction on £(w) + (£(w) — £(x)); the base case is trivial.
Assume that (i) holds for a pair x, v, i.e., Ay = A(€ p)". We would like to show that
(ii) holds for x, to as well, i.e., A(%x‘fm) = MECr )"
Consider Ay = ji, the first index in the labels Ay = A(% ,)*. We distinguish between
two cases according to whether Ay = j; =1 or Ay = j; > 1.

Case 1: A; = j; = 1. Then by Lemma 5.4(iv), we have that (i) holds for the pair x, w’ =
siw. Then by induction, (ii) holds for x and o/, i.e., A(‘K;’rm,) = )»(%xfm,)*.
By Lemma 5.3(iii) and (iv), we have:

Go—1,..cia—=D=Go—1,..., ja—1). (A1)

Together with i; = 1 (Lemma A.1) we conclude that i, = j, for every 1 < r < d; hence
(ii) holds for the pair x, tv.

Case 2: A; = j; > 1. By Lemmas 5.2(iii) and 5.3(ii), (i) holds for the pair x" = s;x
and w’ = s;w. By induction, (ii) also holds for x’, w’. By Lemma A.1, i; > 1. Thus by
Lemma 5.3(i) and (ii), we have (i1 —1,...,ig—1) = (j1 —1,..., jg— 1), which implies
1y e nig) =1y v vy Ja)- ]

A.2. Proof of (il) = (1)
Lemma A.4. Let x, w, o be as before. Write X(‘gxfm)=(i1,...,id), ME )" =

Uts+vvs Ja)-
Suppose ji = 1; then:

o x < sjw;

® Ax.siwo = ()»x,m\{l}) -1
Suppose i1 > 1; then:

o S1x < Sjw;

° )"S|X,S|m 2 )\x,m -1
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Here we write (Axw\{1}) —1 and Ay w —1 to refer to the set obtained by subtracting 1
from all elements.

Proof. Note that st is a reduced word for syw, and s;w < w.
First suppose j; = 1. By Lemma 5.3(iv) we have x < s1x. By Lemma 3.1 we may draw
the diagram

and conclude that x <sjw. Let 1 <r<n and wrp:=s1---5---5,, and sjtor:=
§2+ -5 Sp(= (s110) 7). To show Ay 5w = (Ax,w\{1}) — 1, it suffices to prove

X < Wp = x < sy (A2)

(Note that we are slightly abusing notation. For example, when we write x < w7, we
mean x < wy, where wy is the Weyl group element obtained by multiplying out the word
L)

To prove (A 2), we use Lemma 3.1 again. We have either to7 < sj1w7 or w; > sjto7; we
may accordingly draw one of the following two diagrams.

sy oy

S1X N S1X

I

I

I

I

I

I

|

1

I

I

I

I

I

I

I

I

I
X

These diagrams together imply that (A 2) holds in both cases.

Next suppose i1 > 1. The argument in this case is very similar to the one above. We
claim x > s;x. Assume to the contrary that x < sjx. Then again by Lemma 3.1 we may
draw the following diagram.
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w

Sjw S1Xx

This contradicts the statement of Lemma 5.3(i) that x £ sjw. Hence we have x > syx,
and consequently the diagram

w

S1X
shows that sjx < sjw. Take 1 <t < n and w7 and sjtor as in the case i; = 1 above. To
Prove Ag x s = Ay, — 1 we need to show
x < top = s1x < S| (A3)

First consider the case when tw; < s1top Then if x < w7 we have
s1x < x < o7 < s11o7, (A4)

whence sjx < syo7 If on the other hand tv; > syto7, then again by Lemma 3.1 we have
the diagram

which proves (A 3). O
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Proposition A.5. (ii)) — (i).

Proof. Let x, w, to be as before. We proceed by induction on £(w) 4+ (£(w) — £(x)); the
base case is trivial.

Let us assume A(%; ) = MGrp)*. Write Ay = (A, .oy Ay AMEo) = Gty -y ia),
and A(€y.w) = (ja» - -, j1). Our assumption means that i, = j, for all r.
Case 1: i1 = j; = 1. In this case A} =1 by Lemma A.1, and Lemma A.4 tells us that
x <sqjw and

)Lx,slm = O‘x,m\{l}) -1 (A 5)
Then by Lemma 5.3(iii) and (iv), we have that:
MEE ) = MEr ) = (2—1,...ia — ). (A6)
By induction, we know:
A‘)C,S]\‘IJ = )\'(%X_,Slm)*' (A 7)

By (A5)~(A7), Ax,w = (i1, ..., iq). Therefore A, = A(Cy )"

Case 2: iy = j1 > 1. The argument is very similar. In this case, A; > 1 by Lemma A.1,
and Lemma A.4 tells us that sjx < sjw and

)\nx,slm D )Lx,m -1 (A 8)

By Lemma 5.3(i) and (ii), we have that:

A(‘fs‘fx’slm) = A(Sﬁij’slm)* =@ —1,...,ig—1). (A9)
By induction, we know:
Asix.sio = )‘(%sTx,slm)*' (A 10)
In particular:
Hhsi x50 = L(w) — £(x). (A 11)
By Deodhar’s inequality:
#hy o = L(w) —L(x). (A12)
So (AB), (A11), and (A 12) together imply:
)\s1x,s1m = )\x’m - 1 (A 13)
By (A9), (A10) and (A 13), Ax o = (i1, ..., iq). Therefore Ay = (6, )" O
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