
REPRESENTATIONS OF ARIKI--KOIKE ALGEBRAS
AND GR€OOBNER--SHIRSHOV BASES

SEOK-JIN KANG, IN-SOK LEE, KYU-HWAN LEE
AND HYEKYUNG OH

Introduction

In the development of representation theory, the Hecke algebras have played a
signi-cant role, providing combinatorial and geometric aspects of the theory. A
natural generalization of the -nite Hecke algebra of type A or type B is the
Ariki --Koike algebra Hr;1;n, since it is a deformation of the group algebra of the
complex re3ection group Gðr; 1; nÞ. We recover the -nite Hecke algebra of type A
or B when r ¼ 1 or 2, respectively. (See x 2 for the de-nitions.) The signi-cance of
the Ariki --Koike algebra Hr;1;n is growing even more rapidly after it was
discovered that there is a close connection between the representation ring of
Hr;1;n and the crystal bases of the quantum a9ne algebra UqðA

ð1Þ
r�1Þ [1, 3, 10].

In [5], Graham and Lehrer showed that for any ring R and any multipartition 	
of n, there exists a right Hr;1;n-module S	R, called the Specht module, and that
when R is a -eld, every irreducible Hr;1;n-module appears as the simple quotient of
S	R for some 	. Actually, the Ariki --Koike algebra Hr;1;n is semisimple if and only
if the Specht module S	R is irreducible for each multipartition 	 of n. Thus, the
study of Specht modules is the -rst step towards the understanding of the
representations of Ariki --Koike algebras.

The purpose of this paper is to investigate the structure of Specht modules over
Ariki --Koike algebras Hr;1;n. We construct the Specht module S	 as a quotient of
Hr;1;n, obtaining a presentation given by generators and relations. One of the main
ingredients of our approach is the Gr€oobner--Shirshov basis theory for the
representations of associative algebras developed in [7, 8], where one can -nd
the motivation and applications as well as the exposition of the theory. This
approach naturally enables us to construct a linear basis of S	 consisting of
standard monomials. The other main ingredient of our approach is the
combinatorics of Young tableaux: all the relations that hold in S	 are expressed
in terms of Young tableaux of shape 	. Moreover, we show that the standard
monomials are in 1-1 correspondence with the cozy tableaux of shape 	. The
results of this paper can be considered not only as a generalization but also as a
re-nement of the results on the -nite Hecke algebras of type A obtained in [9]. In
some of the proofs in this paper, we quote the results and notation of [9] without
presenting them thoroughly. The readers may refer to [9] for more details.
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In [4], Dipper, James and Mathas de-ned the cellular structure on the
Ariki --Koike algebra Hr;1;n and constructed a linear basis of S	 whose elements are
parametrized by standard tableaux of shape 	. Compared with their results, our
approach provides a diJerent combinatorial method to yield an explicit monomial
basis that can be identi-ed with the set of cozy tableaux of shape 	.

The contents of this paper is organized as follows. In the -rst section, we brie3y
explain the Gr€oobner--Shirshov basis theory for the representations of associative
algebras developed in [7, 8]. In x 2, we recall the de-nition of the Ariki --Koike
algebra Hr;1;n and determine its Gr€oobner--Shirshov basis, which yields a monomial
basis of Hr;1;n. In x 3, we recollect some of the standard facts about Specht
modules over Ariki--Koike algebras. In the -nal section, we determine the
Gr€oobner--Shirshov pair for the Specht module S	 and obtain a presentation given
by generators and relations. Furthermore, we construct a linear basis of S	

consisting of standard monomials with respect to the Gr€oobner--Shirshov pair.

1. Gr€oobner --Shirshov pair

In this section, we brie3y recall the Gr€oobner--Shirshov basis theory for the
representations of associative algebras which was developed in [7, 8].

Let X be a set and let X� be the free monoid generated by X; that is, the set of
all associative monomials on X including the empty monomial 1. We denote by
lðuÞ the length (or degree) of a monomial u with the convention lð1Þ ¼ 0. A well-
ordering � on X� is called a monomial order if x � y implies axb � ayb for all
a; b 2 X�.

Example 1.1. Let X ¼ fx1; x2; . . .g. For

u ¼ xi1xi2 . . .xik and v ¼ xj1xj2 . . .xjl 2 X
�;

we de-ne u �deg-lex v if k < l or k ¼ l and ir < jr for the -rst r such that ir 6¼ jr.
Then it is a monomial order on X� called the degree lexicographic order.

Fix a monomial order � on X� and let AX be the free associative algebra
generated by X over a -eld F. Given a non-zero element p 2 AX, we denote by p
the maximal monomial appearing in p under the ordering �. If the coe9cient of p
is 1, p is said to be monic.

Let ðS; T Þ be a pair of subsets of monic elements of AX, let J be the two-sided
ideal of AX generated by S, and let I be the right ideal of the algebra A ¼ AX=J
generated by (the image of) T . Then we say that the algebra A ¼ AS ¼ AX=J is
de�ned by S and that the right A-module M ¼MS;T ¼ A=I is de�ned by the pair
ðS; T Þ. The images of p 2 AX in A and in M under the canonical quotient maps
will also be denoted by p.

In the rest of this section, we assume that ðS; T Þ is a pair of subsets of monic
elements of AX.

DEFINITION 1.2. A monomial u 2 X� is said to be ðS; T Þ-standard if u 6¼ asb
and u 6¼ tc for any s 2 S, t 2 T and a; b; c 2 X�. Otherwise, the monomial u is
said to be ðS; T Þ-reducible. If T ¼ ;, we will simply say that u is S-standard or
S-reducible.
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PROPOSITION 1.3 [7, 8]. The set of ðS; T Þ-standard monomials spans the
right A-module M ¼ A=I de�ned by the pair ðS; T Þ.

DEFINITION 1.4. Let M ¼ A=I be the right A-module de-ned by the pair
ðS; T Þ. We say that ðS; T Þ is a Gr€oobner --Shirshov pair for the module M if the set
of ðS; T Þ-standard monomials forms a linear basis of the right A-module M. If a
pair ðS; ;Þ is a Gr€oobner--Shirshov pair, then we also say that S is a
Gr€oobner --Shirshov basis for the algebra A ¼ AX=J de-ned by S.

Let p and q be monic elements of AX with leading terms p and q. We de-ne the
composition of p and q as follows.

DEFINITION 1.5. (a) If there exist a and b in X� such that pa ¼ bq ¼ w with
lðpÞ > lðbÞ, then the composition of intersection is de-ned to be ðp; qÞw ¼ pa� bq.
Furthermore, if b ¼ 1, the composition ðp; qÞw is called left-justi�ed.

(b) If there exist a and b in X� such that b 6¼ 1 and p ¼ aqb ¼ w, then the
composition of inclusion is de-ned to be ðp; qÞw ¼ p� aqb.

Remark. To see some examples of compositions, one may refer to [8,
Example 2.2].

For p; q 2 AX and w 2 X�, we de-ne a congruence relation on AX as follows:

p � q mod ðS; T ;wÞ () p� q ¼
X

"iaisibi þ
X

#jtjcj;

where "i; #j 2 F, ai; bi; cj 2 X�, si 2 S, tj 2 T , aisibi � w, and tjcj � w. When
T ¼ ;, we simply write p � q mod ðS;wÞ.

DEFINITION 1.6. A pair ðS; T Þ of subsets of monic elements in AX is said to
be closed under composition if

(i) ðp; qÞw � 0 mod ðS;wÞ for all p; q 2 S and w 2 X� whenever the compo-
sition ðp; qÞw is de-ned,

(ii) ðp; qÞw � 0 mod ðS; T ;wÞ for all p; q 2 T and w 2 X� whenever the left-
justi-ed composition ðp; qÞw is de-ned,

(iii) ðp; qÞw � 0 mod ðS; T ;wÞ for all p 2 T , q 2 S and w 2 X� whenever the
composition ðp; qÞw is de-ned.

If T ¼ ;, we will simply say that S is closed under composition.

The main ingredient of Gr€oobner--Shirshov basis theory is the following theorem.

THEOREM 1.7 [7, 8]. A pair ðS; T Þ of subsets of monic elements of AX is a
Gr€oobner --Shirshov pair if and only if the pair ðS; T Þ is closed under composition.

2. Ariki --Koike algebras

From now on, we take � ¼ �deg-lex as our monomial order. Let F be a -eld and
-x a non-zero scalar q 2 F

� . For each r> 1 and n> 1, let Gðr; 1; nÞ be the wreath
product of the cyclic group Cr ¼ f1; s0; . . . ; sr�10 g and the symmetric group
Sn ¼ hs1; . . . ; sn�1i. Then the group Gðr; 1; nÞ is a complex re3ection group
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generated by the elements s0; s1; . . . ; sn�1 with de-ning relations

sr0 ¼ s2i ¼ 1 for 16 i6n� 1;

sisj ¼ sjsi for 16 jþ 1 < i6n� 1;

siþ1sisiþ1 ¼ sisiþ1si for 16 i6n� 2;

s1s0s1s0 ¼ s0s1s0s1:

ð2:1Þ

DEFINITION 2.1. Let q 2 F
� and Q1; . . . ; Qr 2 F. The Ariki --Koike algebra

Hr;1;n is an associative algebra over F generated by the elements T0; T1; . . . ; Tn�1
subject to the de-ning relations

RAK:

ðT0 �Q1ÞðT0 �Q2Þ . . . ðT0 �QrÞ ¼ 0;

T 2
i ¼ ðq � 1ÞTi þ q for 16 i6n� 1;

TiTj ¼ TjTi for 16 jþ 1 < i6n� 1;

Tiþ1TiTiþ1 ¼ TiTiþ1Ti for 16 i6n� 2;

T1T0T1T0 ¼ T0T1T0T1:

ð2:2Þ

We write Ti; j ¼ TiTi�1 . . . Tj and Tj;i ¼ TjTjþ1 . . . Ti for i> j (hence Ti;i ¼ Ti
and T i;i ¼ Ti) with the convention Ti;iþ1 ¼ Tiþ1;i ¼ 1 ðfor i> 0Þ.

LEMMA 2.2. The following relations hold in Hr;1;n.
(a) For 16 j6 i, we have

Tiþ1; jTiþ1 ¼ TiTiþ1; j:

(b) For i > jþ 1> 1 and 16 k6 r� 1, we have

Ti;1T
k
0 T

1; j Ti ¼ Ti�1Ti;1T
k
0 T

1; j:

(c) For 16 k6 r� 1, we have

T1T
k
0 T1T0 ¼ T0T1T

k
0 T1 � ðq � 1ÞT0T1T k0 þ ðq � 1ÞT k0 T1T0:

(d) For i> j> 2 and 16 k6 r� 1, we have

Ti;1T
k
0 T

1; jTj�1 ¼ Tj�1Ti;1T
k
0 T

1; j:

Proof. (a) Since the subalgebra of Hr;1;n generated by T1; T2; . . . ; Tn�1 is
nothing but the Hecke algebra HnðqÞ of type A, our relations follow from [9,
Lemma 3.1].

(b) For 26 i6n� 1, the relation Ti T0 ¼ T0Ti yields TiT
k
0 ¼ T k0 Ti ðfor k> 1Þ.

It follows that

Ti;1T
k
0 Ti ¼ Ti;1TiT k0 ¼ Ti�1Ti;1T k0 :

Since T 1; j commutes with Ti for 16 j6 i, we obtain

Ti;1T
k
0 T

1; j Ti ¼ Ti;1T
k
0 TiT

1; j ¼ Ti�1Ti;1T
k
0 T

1; j ð16 k6 r� 1Þ;

as desired.
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(c) The relations T k0 T1T0T1 ¼ T1T0T1T k0 and T�11 ¼ q�1ðT1 � ðq � 1ÞÞ imply

T1T
k
0 T1T0 ¼ T 2

1T0T1T
k
0 T
�1
1

¼ ðq þ ðq � 1ÞT1ÞT0T1T k0 T�11

¼ qT0T1T k0 T�11 þ ðq � 1ÞT1T0T1T k0 T�11

¼ T0T1T
k
0 ðT1 � ðq � 1ÞÞ þ ðq � 1ÞT k0 T1T0

¼ T0T1T
k
0 T1 � ðq � 1ÞT0T1T k0 þ ðq � 1ÞT k0 T1T0:

(d) From (b), we have Tj;1T
k
0 Tj ¼ Tj�1Tj;1T

k
0 , which implies

Ti;1T
k
0 Tj ¼ Ti;jþ1Tj�1Tj;1T

k
0 ¼ Tj�1Ti;1T

k
0 :

Hence we obtain

Ti;1T
k
0 T

1; j Tj�1 ¼ Ti;1T
k
0 T

1; j�2Tj�1TjTj�1

¼ Ti;1T
k
0 T

1; j�2TjTj�1Tj

¼ Ti;1T
k
0 TjT

1; j

¼ Tj�1Ti;1T
k
0 T

1; j: �

�In the following proposition, we determine a Gr€oobner--Shirshov basis for Hr;1;n
with respect to the monomial order �.

PROPOSITION 2.3. The following relations form a Gr€oobner --Shirshov basis
for the Ariki --Koike algebra Hr;1;n with respect to the monomial order
� ð¼�deg-lexÞ:

RAK:

TiTj � TjTi ði > jþ 1> 1Þ;
T 2
i � ðq � 1ÞTi � q ð16 i6n� 1Þ;
Tiþ1; jTi � TiTiþ1; j ði> j> 1Þ;
ðT0 �Q1ÞðT0 �Q2Þ . . . ðT0 �QrÞ;
Ti;1T

k
0 T

1; j Ti � Ti�1Ti;1T k0 T 1; j ði > jþ 1> 1; 16 k6 r� 1Þ;
T1T

k
0 T1T0 � T0T1T k0 T1
þðq � 1ÞT0T1T k0 � ðq � 1ÞT k0 T1T0 ð16 k6 r� 1Þ;

Ti;1T
k
0 T

1; j Tj�1 � Tj�1Ti;1T k0 T 1; j ði> j> 2; 16 k6 r� 1Þ:

ð2:3Þ

The set of RAK-standard monomials is given by

BAK ¼ fT
ðk0Þ
0;a0

T
ðk1Þ
1;a1
T
ðk2Þ
2;a2

. . . T
ðkn�1Þ
n�1;an�1 j 16 ai6 iþ 1; 06 ki6 r� 1g; ð2:4Þ

where

T
ðkÞ
i; j ¼

Ti; j for k ¼ 0,

Ti;1T
k
0 T

1;j�1 for 16 k6 r� 1:

(

Proof. Observe that if i ¼ 0, then a0 ¼ 1 and T
ðk0Þ
0;a0
¼ Tk00 for 06 k0 6 r� 1. By

the de-nition of Hr;1;n and Lemma 2.2, it is easy to see that all the relations in
RAK hold in Hr;1;n and that BAK is the set of RAK-standard monomials. By
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Proposition 1.3, the set BAK spans the algebra Hr;1;n. Note that the number
of elements in BAK is rnn!. Since dimHr;1;n ¼ rnn!, BAK must be a linear basis
of Hr;1;n. Hence, by De-nition 1.4, RAK is a Gr€oobner--Shirshov basis for the
algebra Hr;1;n. �

3. Specht modules

A composition 	 of n, denoted by 	 � n, is a sequence 	 ¼ ð	1; . . . ; 	kÞ of non-
negative integers such that j	j :¼

Pk
j¼1 	j ¼ n. A partition 	 of n, denoted by

	 ‘ n, is a composition such that 	1 >	2 > . . . >	k.
The diagram of a composition 	 ¼ ð	1; 	2; . . .Þ is de-ned to be the set

½	� ¼ fði; jÞ j 16 j6	i and i> 1g:

A tableau of shape 	 (or a 	-tableau) is a map t : ½	� ! f1; 2; . . . ; ng. We also
denote by ½t� the diagram ½	� corresponding to the tableau t. A 	-tableau t is row
standard if the entries in t are increasing from left to right in each row. A row
standard 	-tableau is said to be standard if 	 is a partition and the entries in t are
increasing from top to bottom in each column.

A multicomposition of n is an ordered r-tuple 	 ¼ ð	ð1Þ; . . . ; 	ðrÞÞ of compo-

sitions such that j	j :¼ j	ð1Þj þ . . .þ j	ðrÞj ¼ n. We call 	ðkÞ the kth component of
	. A multicomposition 	 is called a multipartition if each 	ðkÞ is a partition.

For a multicomposition 	 ¼ ð	ð1Þ; . . . ; 	ðrÞÞ of n, we de-ne

ðk; iÞ	 ¼
Xk�1
l¼1
j	ðlÞj þ

Xi
l¼1

	
ðkÞ
l ði> 0; 16 k6 rÞ: ð3:1Þ

We introduce a partial ordering on the set of multicompositions as follows:

	D ' if and only if ðk; iÞ	> ðk; iÞ' for all i> 0; 16 k6 r:

Let 	 ¼ ð	ð1Þ; . . . ; 	ðrÞÞ be a multicomposition of n. The diagram of 	 is the set

½	� ¼ fði; j; kÞ j 16 j6	ðkÞi ; i> 1; 16 k6 rg:

A tableau of shape 	 (or a 	-tableau) is a map t : ½	� ! f1; 2; . . . ; ng. There is a
natural action of Sn on the set of all bijective 	-tableaux. We identify a diagram
½	� with an r-tuple of diagrams ð½	ð1Þ�; . . . ; ½	ðrÞ�Þ in an obvious way. Similarly, we
identify a 	-tableau t with an r-tuple of tableaux ðtð1Þ; . . . ; tðrÞÞ.

A tableau t is called row standard (respectively standard) if each tðkÞ is row
standard (respectively standard). We denote by RSð	Þ (respectively STð	Þ) the
set of all row standard (respectively standard) tableaux of shape 	.

For a row standard tableau t, we denote by t # m the tableau obtained from t by
deleting all the entries greater than m. Given two row standard tableaux, we de-ne

sD t if and only if ½s # m�D ½t # m� for all 16m6n:

Let 	 ¼ ð	ð1Þ; . . . ; 	ðrÞÞ be a multipartition of n. We de-ne a 	-tableau t	 by

t
	ði; j; kÞ ¼ ðk; i� 1Þ	 þ j: ð3:2Þ

For each standard 	-tableau t, we denote by dðtÞ the element of Sn such that
t ¼ t	dðtÞ. We also denote by W	 ¼ W	ð1Þ � . . . �W	ðrÞ the row stabilizer of t	,
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where W	ðkÞ is regarded as a subgroup of the symmetric group on the set
fðk; 0Þ	 þ 1; . . . ; ðkþ 1; 0Þ	g.

Example 3.1. If

	 ¼ ;

0@ 1A;
then

t
	 ¼ ;

0@ 1A;
and we have

W	 ¼ Wð3;2;1Þ �Wð2;2Þ
¼ Sf1;2;3g � Sf4;5g � Sf6g

� 	
� Sf7;8g � Sf9;10g

� 	
ffi S3 � S2 � S2 � S2:

We would like to introduce a cellular structure on the Ariki --Koike algebra
Hr;1;n. For i ¼ 1; . . . ; n, we de-ne

Li ¼ q�iþ1Ti�1;1T0T 1;i�1: ð3:3Þ
Then the following lemma is well known.

LEMMA 3.2 [2, 4]. For 16 i6n� 1 and 16 j6n, we have

LiLj ¼ LjLi;
TiLj ¼ LjTi for i 6¼ j� 1; j;

TiLiLiþ1 ¼ Liþ1LiTi;
TiðLi þ Liþ1Þ ¼ ðLi þ Liþ1ÞTi;
TiðL1 � aÞ . . . ðLj � aÞ ¼ ðL1 � aÞ . . . ðLj � aÞTi for i 6¼ j; a 2 F:

ð3:4Þ

For a reduced expression w ¼ ,i1 . . . ,ik 2 Sn ðwith 16 ij6n� 1Þ, set
Tw ¼ Ti1 . . . Tik 2 Hr;1;n

and de-ne an anti-automorphism � : Hr;1;n ! Hr;1;n by

T �i ¼ Ti for i ¼ 0; 1; . . . ; n� 1:

We also de-ne

u	;k ¼
Yðk;0Þ	
i¼1
ðLi �QkÞ ð16 k6 rÞ;

u	 ¼ u	;1u	;2 . . .u	;r;

x	 ¼
X
w2W	

Tw; m	 ¼ u	x	;

ms;t ¼ T �dðsÞm	TdðtÞ;

ð3:5Þ

where s and t are standard tableaux of shape 	.
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With this notation, we have the following result.

PROPOSITION 3.3 [4]. The Ariki --Koike algebra Hr;1;n has a cellular basis

fms;t j s and t are standard 	-tableaux for some multipartition 	 of ng:

For a multipartition 	 of n, let N	 (respectively N
	
) be the F-subspace of Hr;1;n

spanned by all ms;t, where s and t are taken over all standard '-tableaux for some
multipartition ' of n with 'D 	 (respectively ' . 	). Let M	 ¼ m	Hr;1;n and set

M
	 ¼M	 \N	

.

DEFINITION 3.4. The Hr;1;n-module S	 ¼M	=M
	
is called the Specht module

corresponding to the multipartition 	.

PROPOSITION 3.5 [4]. The Specht module S	 has a basis consisting of the
vectors mt	s þM

	
, where s runs over all standard tableaux of shape 	.

Let x ¼ ða; b; cÞ 2 ½	� be a node in ½	�. The residue of x is de-ned to be

resðxÞ ¼ qb�aQc: ð3:6Þ
For i ¼ 1; 2; . . . ; n, we write

resðiÞ ¼ resðxÞ;
where x is the unique node in ½	� such that t	ðxÞ ¼ i. For example, if

	 ¼ ; ;

� �
;

then

t
	 ¼ ; ;

� �
;

and we have

resð1Þ ¼ Q1; resð5Þ ¼ qQ2; resð8Þ ¼ q�1Q3:

LEMMA 3.6 [6, Proposition 3.7]. In S	, we have

m	Li ¼ resðiÞm	 for all i ¼ 1; 2; . . . ; n:

In the next section, (some of) the relations in the above lemma will be included
in the set of de-ning relations of S	. (See (4.1) and the argument following it.) As
a result, we will obtain a monomial basis of S	 consisting of T0-free monomials;
that is, the monomials on T1; T2; . . . ; Tn�1 only. Keeping this in our mind, we
introduce the notion of semi-cozy tableaux and the corresponding set of
monomials BH as follows.

DEFINITION 3.7. A 	-tableau t : ½	� ! f1; 2; . . . ; ng is said to be semi-cozy if

16 tði; j; kÞ6 t
	ði; j; kÞ for all ði; j; kÞ 2 ½	�: ð3:7Þ

The set of all semi-cozy 	-tableaux will be denoted by SCð	Þ. We de-ne a set BH
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of monomials to be

BH ¼ fT1;a1 T2;a2 . . . Tn�1;an�1 j 16 ak6 kþ 1; k ¼ 1; 2; . . . ; n� 1g:

For a monomial T1;a1 T2;a2 . . . Tn�1;an�1 2 BH , we associate the semi-cozy 	-
tableau t : ½	� ! f1; 2; . . . ; ng de-ned by

ði; j; kÞ 7! aðk;i�1Þ	þj�1 ða0 ¼ 1Þ: ð3:8Þ

Conversely, if t is a semi-cozy tableau, we can read oJ the corresponding
monomial by de-ning

al ¼ tði; j; kÞ ðl> 1Þ; ð3:9Þ

where ði; j; kÞ is the node of the ðlþ 1Þth entry of t reading a (single) tableau from left
to right and from top to bottom and proceeding from left to right in the r-tuple of
tableaux. In this way, the set SCð	Þ of semi-cozy 	-tableau is identi-ed with the
set BH . (Note that our identi-cation of SCð	Þ is not with BAK but with BH .)

Example 3.8. Assume that

	 ¼ ; ;

� �
:

Then

T1;2T2;3T3;4T4;5T5;6 ¼ 1 ! t
	 ¼ ; ;

� �
;

T1;2T2;1T3;4T4;3T5;1 ¼ T2;1T4;3T5;1  ! ; ;

� �
;

T1;1T2;1T3;1T4;1T5;1  ! ; ;

� �
:

For each i> 2, j> 1 and 16 k6 r, we de-ne the ði; j; kÞ-Garnir tableau t	i; j;k by

t
	
i; j;kða; b; cÞ ¼

ðk; i� 2Þ	 þ jþ b� 1 if c ¼ k, a ¼ i, 16 b6 j,
t	ða; b; cÞ otherwise.



ð3:10Þ

We also de-ne M	i; j;k to be the sum of all 	-tableaux t (or the corresponding
monomials in BH) in RSð	Þ \ SCð	Þ such that t	 E t E t	i; j;k; that is,

M	i; j;k :¼
X

t2RSð	Þ\SCð	Þ;
t	E tE t	i; j;k

t: ð3:11Þ

For example, if

	 ¼ ; ;

� �
;
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then we have

t
	
2;1;3 ¼ ; ;

� �
;

M	2;1;3 ¼ ; ;

� �
þ ; ;

� �
þ ; ;

� �
:

LEMMA 3.9. The following relations hold in S	.
(a) For i ¼ 1; . . . ; n� 1 with i 6¼ ðk; lÞ	 ðfor 16 k6 r and l> 1Þ, we have

m	ðTi � qÞ ¼ 0:

(b) For each i> 2, j> 1, 16 k6 r, we have

m	M
	
i; j;k ¼ 0:

Proof. (a) Since m	 has a right factor Ti þ 1 for i 6¼ ðk; lÞ	 and
ðTi þ 1ÞðTi � qÞ ¼ 0, we obtain the desired relation.

(b) Note that m	 ¼ u	x	ð1Þ . . .x	ðrÞ , where x	ðkÞ ¼
P

w2W
	ðkÞ
Tw. Clearly, the x	ðkÞ

commute with each other.
Assume that h 2 Hr;1;n is contained in the subalgebra of Hr;1;n generated by

fTðk;0Þ	þ1; . . . ; Tðkþ1;0Þ	�1g;

where the indices ðk; iÞ	 are de-ned in (3.1). Then we can consider h as an
element of the Hecke algebra Hj	ðkÞjðqÞ generated by fTðk;0Þ	þ1; . . . ; Tðkþ1;0Þ	�1g,
since the relations among Tðk;0Þ	þ1; . . . ; Tðkþ1;0Þ	�1 are the same as the de-ning

relations of Hj	ðkÞjðqÞ given in [9]. Also we get the Specht module S	
ðkÞ
q over

Hj	ðkÞjðqÞ de-ned in [9].

If x	ðkÞh ¼ 0 in S	
ðkÞ
q , then by the de-nition of the Specht module S	

ðkÞ
q over

Hj	ðkÞjðqÞ, x	ðkÞh is a linear combination of elements of the form xr;s, where r and s
are standard 1-tableaux with entries fðk; 0Þ	 þ 1; . . . ; ðkþ 1; 0Þ	g for some
partition 1 ‘ j	ðkÞj with 1 . 	ðkÞ. It follows from Lemma 3.2 that m	h is a linear
combination of elements of the form ms;t, where s and t are standard '-tableaux
with some multipartition ' . 	. Hence, by the de-nition of the Specht module over
Hr;1;n, we have m	h ¼ 0 in S	.

Now, note that the element M	i; j;k is contained in the subalgebra of Hr;1;n
generated by fTðk;0Þ	þ1; . . . ; Tðkþ1;0Þ	�1g. Furthermore, using the notation in [9], we
see that M	i; j;k is exactly the same asX

a2C
j;i;	ðkÞ

hðk; i� 1Þ	 þ aiðk;iÞ	 :

Therefore, by [9, Lemma 3.4], we have x	ðkÞM
	
i; j;k ¼ 0 in S	

ðkÞ
q , and hence

m	M
	
i; j;k ¼ 0 in S	. �

Remark. The above lemma is well known to the experts and the relations in
part (b) are called Garnir relations. One may deduce from the literature that
the relations in the lemma are necessary to de-ne the Specht module. But it is a
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non-trivial problem to present a su9cient (or minimal) set of relations. Using
Gr€oobner--Shirshov basis theory, we will obtain such a set of relations in the
next section.

4. Gr€oobner --Shirshov pair for S	

In this section, we will introduce an Hr;1;n-module bSS	 de-ned by generators and
relations and show that bSS	 is isomorphic to the Specht module S	 by determining
a Gr€oobner--Shirshov pair for bSS	.

Let e be the smallest positive integer such that 1þ q þ . . .þ qe�1 ¼ 0; set e ¼ 1
if no such integer exists. And let 	 ¼ ð	ð1Þ; . . . ; 	ðrÞÞ be a multipartition of n. We
de-ne bSS	 to be the Hr;1;n-module generated by T0; T1; . . . ; Tn�1 with de-ning
relations given by the pair ðRAK; R

	
AKÞ, where R	AK is the set of relations:

Ti � q ði 6¼ ðk; lÞ	 for 16 k6 r and l> 1Þ;
M	i;1;k ði> 2; 16 k6 rÞ;
M	i;le;k ðe <1; i> 2; l> 1; 16 k6 rÞ;
Tðk;0Þ	;1T0T

1;ðk;0Þ	 � qðk;0Þ	Qk ð16 k6 rÞ:

ð4:1Þ

In Lemma 3.9, we have seen that the -rst three relations hold in S	. The last
relations follow from Lemma 3.6 and the simple observations

Tðk;0Þ	;1T0T
1;ðk;0Þ	 ¼ qðk;0Þ	Lðk;0Þ	þ1 and resððk; 0Þ	 þ 1Þ ¼ Qk:

Hence there exists a surjective Hr;1;n-module homomorphism

N : bSS	 ! S	 given by 1 7!m	: ð4:2Þ

We claim that the map N is actually an isomorphism. In other words, the
Specht module S	 can be viewed as the Hr;1;n-module de-ned by the pair
ðRAK; R

	
AKÞ. The rest of this section will be devoted to proving this claim.

LEMMA 4.1. The following relations hold in bSS	.
(a) For each t 2 SCð	Þ with tði; j; kÞ> tði; jþ 1; kÞ for some ði; j; kÞ 2 ½	�, we have

t ¼ q t0;
where

t
0ða; b; cÞ ¼

tði; jþ 1; kÞ if ða; b; cÞ ¼ ði; j; kÞ,
tði; j; kÞ þ 1 if ða; b; cÞ ¼ ði; jþ 1; kÞ,
tða; b; cÞ otherwise.

8<:
(b) For each i> 2, j> 1, 16 k6 r, we have

M	i; j;k ¼ 0:

(c) For each row standard semi-cozy 	-tableau t 2 SCð	Þ \ RSð	Þ with
tði; j; kÞ þ j > tðiþ 1; j; kÞ for some ði; j; kÞ 2 ½	�, we have

t ¼
X
s�t

at;ss for some s 2 SCð	Þ and at;s 2 F:
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(d) Given 16 k6 r, assume that t is a semi-cozy 	-tableau such that
tðlÞ ¼ ðt	ÞðlÞ for all l> k. Then for each 06 i6 ðk; 0Þ	, we have

t Tðk;0Þ	;1T0T
1;i ¼ qiQkt Tðk;0Þ	;iþ1 þ

X
s�t Tðk;0Þ	;iþ1

ak;ss

for some s 2 SCð	Þ and ak;s 2 F.

Proof. In this proof, we will write t ¼ ðtð1Þ; tð2Þ; . . . ; tðrÞÞ ¼ tð1Þtð2Þ . . . tðrÞ, as each
tðlÞ is considered as a monomial. If tðlÞ corresponds to 1 for some l, we will suppress

it from the notation. Thus, t ¼ tð1Þtð2Þ . . . tðpÞ means tðlÞ ¼ 1 for all l > p.

(a) Write t ¼ tð1Þtð2Þ . . . tðrÞ and t0 ¼ t0ð1Þt0ð2Þ . . . t0ðrÞ. Note that tðlÞ ¼ t0ðlÞ for l 6¼ k.
Since the general case can be obtained by multiplying both sides by the monomial
tðkþ1Þtðkþ2Þ . . . tðrÞ, we may assume that t ¼ tð1Þtð2Þ . . . tðkÞ and t0 ¼ tð1Þtð2Þ . . . t0ðkÞ. As
the starting point of the induction, we let tðkÞ ¼ Tðk;iÞ	þj ðfor j> 1Þ and t0ðkÞ ¼ 1. From

the de-ning relation Tðk;iÞ	þj � q, we have t
ðkÞ ¼ qt0ðkÞ. Since tð1Þtð2Þ . . . tðk�1Þ commutes

with tðkÞ ¼ Tðk;iÞ	þj and t0ðkÞ ¼ 1, we obtain

t ¼ t
ð1Þ
t
ð2Þ . . . tðkÞ ¼ t

ðkÞ
t
ð1Þ . . . tðk�1Þ

¼ qt0ðkÞtð1Þ . . . tðk�1Þ ¼ q tð1Þtð2Þ . . . t0ðkÞ ¼ qt0:

We may write tðkÞ as
Qi�2
l¼0haliðk;lÞ	

� 	
hbiði�1Þ	 using the notation in [9]. The

remaining induction argument and calculations are similar to those of Lemma 3.3
in [9].

(b) Consider the subalgebra Hj	ðkÞjðqÞ of Hr;1;n generated by the set

fTðk;0Þ	þ1; . . . ; Tðkþ1;0Þ	�1g

as in the proof of Lemma 3.9, where the indices ðk; iÞ	 are de-ned in (3.1). Let

R	
ðkÞ
q be the set of relations given in De-nition 4.1 of [9] for the module bSS	ðkÞq over

Hj	ðkÞjðqÞ. (In De-nition 4.1 of [9], ðRq;R	q Þ should be read as ðRq;R	q Þ.)
Since R	

ðkÞ
q $ R	AK, the intersection of the right ideal of Hr;1;n generated by R	AK

and the algebra Hj	ðkÞjðqÞ contains the right ideal of Hj	ðkÞjðqÞ generated by R	
ðkÞ
q .

Thus all the relations in bSS	ðkÞq also hold in bSS	. Using the notation in [9], one can
easily see that M	i; j;k corresponds toX

a2C
j;i;	ðkÞ

hðk; i� 1Þ	 þ aiðk;iÞ	 :

Now our assertion follows from [9, Lemma 3.4] and [9, Lemma 4.2].
(c) Let t0 ¼ tð1Þtð2Þ . . . tðk�1Þ. Then t0 commutes with all the tableaux t00 such

that t	 E t00 E t	i; j;k. Thus we obtain

ðM	i; j;kÞt0 ¼ t
0ðM	i; j;kÞ ¼ 0:

The remaining part of the proof is similar to the proof of [9, Lemma 4.4], and we
omit it.

(d) We use a downward induction on i. By the de-ning relations for bSS	,
we obtain

Tðk;0Þ	;1T0T
1;ðk;0Þ	 ¼ qðk;0Þ	Qk:
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From the assumption we see that t consists of those monomials on the Tj with
j6 ðk; 0Þ	 � 1 only. By Lemma 3.2, t commutes with Lðk;0Þ	þ1. Hence we have

t Tðk;0Þ	;1T0T
1;ðk;0Þ	 ¼ qðk;0Þ	Qkt;

and our assertion is valid for i ¼ ðk; 0Þ	.
Assume that

t Tðk;0Þ	;1T0T
1;i ¼ qiQkt Tðk;0Þ	;iþ1 þ

X
s�t Tðk;0Þ	;iþ1

ak;ss:

Multiplying the above equation by Ti from the right, we get

0 ¼ t Tðk;0Þ	;1T0T
1;i Ti � qiQkt Tðk;0Þ	;i �

X
s�t Tðk;0Þ	;iþ1

ak;ss Ti

¼ ðq � 1Þt Tðk;0Þ	;1T0T
1;i þ q t Tðk;0Þ	;1T0T

1;i�1

� qiQkt Tðk;0Þ	;i �
X

s�t Tðk;0Þ	;iþ1
ak;ss Ti

¼ ðq � 1ÞqiQkt Tðk;0Þ	;iþ1 þ
X

s�t Tðk;0Þ	;iþ1
ðq � 1Þak;ss

þ q t Tðk;0Þ	;1T0T
1;i�1 � qiQkt Tðk;0Þ	;i �

X
s�t Tðk;0Þ	;iþ1

ak;ss Ti:

Note that t Tðk;0Þ	;iþ1 � t Tðk;0Þ	;i. Thus if s � t Tðk;0Þ	;iþ1, then we have

s � t Tðk;0Þ	;i and sTi � t Tðk;0Þ	;i:

It follows that

0 ¼ q t Tðk;0Þ	;1T0T
1;i�1 � qiQk tTðk;0Þ	;i �

X
s�t Tðk;0Þ	;i

a0k;ss:

Since q is invertible, we obtain

t Tðk;0Þ	;1T0T
1;i�1 ¼ qi�1Qkt Tðk;0Þ	;i þ

X
s�t Tðk;0Þ	;i

q�1a0k;ss:

Hence by (downward) induction, our assertion follows. �

Let R	AK be the set of relations derived in Lemma 4.1:

R	AK :

t � q t0 for t 2 SCð	Þ with tði; j; kÞ> tði; jþ 1; kÞ
for some ði; j; kÞ 2 ½	�;

t �
P
s�t
at;ss for t 2 SCð	Þ \ RSð	Þ with tði; j; kÞ þ j > tðiþ 1; j; kÞ

for some ði; j; kÞ 2 ½	�;
t Tðk;0Þ	;1T0�Qkt Tðk;0Þ	;1 �

P
s�t Tðk;0Þ	;1

ak;ss

for 16 k6 r and t 2 SCð	Þ with tðlÞ ¼ ðt	ÞðlÞ for l> k.
ð4:3Þ

DEFINITION 4.2. A semi-cozy 	-tableau t 2 SCð	Þ is said to be cozy if it
satis-es:
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(i) t is row standard,
(ii) tði; j; kÞ þ j6 tðiþ 1; j; kÞ for all ði; j; kÞ 2 ½	�.

Example 4.3. Let

	 ¼ ;

0@ 1A:
Some examples of cozy tableaux are:

;

0@ 1A; ;

0@ 1A;
;

0@ 1A; ;

0@ 1A:

We denote by CZð	Þ the set of cozy 	-tableaux.

PROPOSITION 4.4. Under the identi�cation of BH with SCð	Þ, the set of
ðRAK;R	AKÞ-standard monomials with respect to �deg-lex is identi�ed with the set
CZð	Þ of cozy tableaux of shape 	.

Proof. Let T ¼ Ti1 . . . Tia be an ðRAK;R	AKÞ-standard monomial. Since T is
RAK-standard, we have T 2 BAK.

If ib 6¼ 0 for all b ¼ 1; . . . ; a, then T belongs to BH . Hence T can be identi-ed
with a semi-cozy tableau t in SCð	Þ. By the -rst two relations in R	AK, we
conclude that t is a cozy tableau.

Suppose ib ¼ 0 for some b and let c be the smallest index such that ic ¼ 0. Then
by the above argument, the monomial Ti1 . . . Tic�1 is ðRAK;R	AKÞ-standard and
corresponds to a cozy tableau.

If ic�1 > 1, then we have

Tic�1Tic ¼ Tic�1T0 ¼ T0Tic�1 ;

which lies in RAK. Hence we must have ic�1 ¼ 1 and we may write

Ti1 . . . Tic�1 ¼ Ti1 . . . Tib Tj;1 for some b and j.

Note that, in a cozy tableau, the only boxes that can have the entry 1 are the
ones lying in the upper-left corner of each component. Hence j ¼ ðk; 0Þ	 for some
16 k6 r and we have

Ti1 . . . Tic�1 Tic ¼ Ti1 . . . Tib Tj;1T0 ¼ Ti1 . . . Tib Tðk;0Þ	;1T0:

However, by the third relation in R	AK, this monomial cannot be ðRAK;R	AKÞ-
standard, which is a contradiction to the assumption that T ¼ Ti1 . . . Tic . . . Tia is
ðRAK;R	AKÞ-standard. Therefore, we must have ib 6¼ 0 for all b, and T corresponds
to a cozy tableau.

Conversely, given a cozy tableau t of shape 	, let T be the corresponding
monomial in BH . Since T contains no T0 in itself, T is RAK-standard and the third
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relation in R	AK does not have any eJect on T . Moreover, since t is cozy, T is
reduced with respect to the -rst two relations in R	AK. Hence the monomial T is
ðRAK;R	AKÞ-standard, which completes the proof. �

Recall that the symmetric group Sn acts naturally on the set of bijective 	-
tableaux. We de-ne a map 3 from the set CZð	Þ of cozy 	-tableaux to the set
STð	Þ of standard 	-tableaux by

3ðtÞ ¼ 3ðTi1Ti2 . . . TilÞ ¼ t
	,i1,i2 . . . ,ik ; ð4:4Þ

where Ti1Ti2 . . . Til is the monomial identi-ed with the cozy tableau t and ,j is the
transposition ðj; jþ 1Þ 2 Sn.

We can explain the map 3 in a more combinatorial way. Assume that t is a cozy
tableau. For ði; j; kÞ-entry of t, set p ¼ ðk; i� 1Þ	 þ j. If we read oJ the entries of t
in the Western reading; that is, if we proceed from left to right and from top to
bottom, then p increases by 1 in each move. The pth box with the entry q
corresponds to the monomial Tp�1;q. Observe that the action of ,p�1 . . . ,q (with
p > q) on a tableau changes q; q þ 1; . . . ; p� 1 to q þ 1; q þ 2; . . . ; p, respectively,
and p to q. Actually, the image of 3 is obtained by successive actions of such
elements ,p�1 . . . ,q corresponding to the ‘boxes’ Tp�1;q in the tableau. This
observation gives us the following combinatorics of tableaux.

To begin with, let t	 be the cozy tableau corresponding to the longest
monomial. The last tableau in Example 4.3 is t	 for 	 ¼ ðð3; 3; 2Þ; ð2; 2ÞÞ. Now, for
a cozy tableau t 2 CZð	Þ, 3ðtÞ can be obtained in the following process. At -rst,
let t1 ¼ t and t1 ¼ t	, the standard tableau de-ned in (3.2). We describe the pth
step of the process.

If the ði; j; kÞ-entry of tp is a and that of tp is b, then change b in tp into a,
and add 1 to each box of tp with entry c satisfying a6 c < b. Denote the
resulting tableau by tpþ1. Also, change the ði; j; kÞ-entry of tp into that of t	
and denote the resulting tableau by tpþ1.

Apply the above process inductively, while t is read oJ in the Western reading.
The process ends with tn ¼ t	 and tn ¼ 3ðtÞ. It is straightforward to see that each
ti is cozy, while each ti is standard.

Conversely, let t 2 STð	Þ be a standard tableau of shape 	. Then, by letting
tn ¼ t	 and tn ¼ t, we can reverse the above process to end with t1 ¼ 3�1ðtÞ and
t1 ¼ t	. In this reversing process, we also obtain a family of cozy tableaux
tn; tn�1; . . . ; t1 and a family of standard tableaux tn; tn�1; . . . ; t1.

Therefore, we obtain the following.

PROPOSITION 4.5. The map 3 : CZð	Þ ! STð	Þ de�ned by (4.4) is a
bijection. In particular, we have

dimS	 ¼ #ðSTð	ÞÞ ¼ #ðCZð	ÞÞ:

Example 4.6. If

t ¼ ;

� �
;
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then

t ¼ t1 ¼ t2 ¼ t3 ¼ ;

� �
;

t4 ¼ ;

� �
;

t5 ¼ ;

� �
;

t6 ¼ ;

� �
;

t7 ¼ ;

� �
;

t8 ¼ t	 ¼ ;

� �
;

t
	 ¼ t

1 ¼ t
2 ¼ t

3 ¼ ;

� �
;

t
4 ¼ ;

� �
;

t
5 ¼ ;

� �
;

t
6 ¼ ;

� �
;

t
7 ¼ ;

� �
;

t
8 ¼ 3ðtÞ ¼ ;

� �
:

We now return to the Hr;1;n-module homomorphism N : bSS	 ! S	 given by
Nð1Þ ¼ m	. Since N is surjective, we have

dim bSS	> dimS	:

By Propositions 1.3, 3.5, 4.4 and 4.5, we have

dim bSS	6#ðCZð	ÞÞ ¼ #ðSTð	ÞÞ ¼ dimS	;

which implies that dim bSS	 ¼ dimS	. Hence we conclude that theHr;1;n-module bSS	 is
isomorphic to the Specht module S	, and the pair ðRAK;R	AKÞ is a Gr€oobner--Shirshov
pair for bSS	. Therefore, the set CZð	Þ can be viewed as a linear basis of the Specht
module S	 consisting of the ðRAK;R	AKÞ-standard monomials.

To summarize, we have the following.

THEOREM 4.7. Let 	 ¼ ð	ð1Þ; 	ð2Þ; . . . ; 	ðrÞÞ be a multipartition of n.
(a) The Specht module S	 is isomorphic to the Hr;1;n-module bSS	 de�ned by the

pair ðRAK; R
	
AKÞ. Hence we obtain a presentation of the Specht module S	 by

generators and relations.
(b) The pair ðRAK;R	AKÞ is a Gr€oobner --Shirshov pair for bSS	 with respect to the

monomial order � ð¼�deg-lexÞ.
(c) The set CZð	Þ of cozy 	-tableaux is a linear basis of bSS	, and can be viewed

as a linear basis of the Specht module S	 consisting of the ðRAK;R	AKÞ-
standard monomials.

The isomorphism N : bSS	 ! S	 gives a canonical bijection between our
monomial basis CZð	Þ for bSS	 and the standard basis for S	 constructed in [4].
Moreover, the map 3 : CZð	Þ ! STð	Þ gives a bijection between the labelling
schemes of these bases. We would like to emphasize that the set CZð	Þ is itself a
monomial basis for the Specht module S	, not just a labelling scheme.

We close this paper with an example.
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Example 4.8. Let

	 ¼ ;

� �
:

Then the set CZð	Þ of cozy 	-tableaux is given below:

;

� �
; ;

� �
; ;

� �
; ;

� �
;

;

� �
; ;

� �
; ;

� �
; ;

� �
;

;

� �
; ;

� �
; ;

� �
; ;

� �
;

;

� �
; ;

� �
; ;

� �
; ;

� �
;

;

� �
; ;

� �
; ;

� �
; ;

� �
:
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