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Small representations

Kac—Moody case

K-types

Quantum cosmology

Beyond Eisenstein series and automorphic forms?
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Setting

Consider

® G = G(R) asplit real, reductive and f.d. algebraic group
® ['=(G(7Z) c G(R) arithmetic Chevalley subgroup

® Global setting G — G(A) (A = Ag)

An automorphic form ¢ € © has Fourier expansion w.r.t. a
unipotent subgroup U C G (organised in derived series):

p(g) = Z Fy (¢, g) + ‘non-abelian terms’
(0

unitary character v : U(Q)\U(A) — U(1)

EFylp,g9) = / p(ug)y(u)du
U@Q\U(A)
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Connection to orbits

Seek a rearrangement of the Fourier expansion in terms of
an expansion in terms of orbits

o WEF(7): (global) wave-front set (C {nilpotent orbits})

® Fo: (linear) combination of orbit Fourier coefficients 7,
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Connection to orbits

Seek a rearrangement of the Fourier expansion in terms of
an expansion in terms of orbits

o WEF(7): (global) wave-front set (C {nilpotent orbits})

® Fo: (linear) combination of orbit Fourier coefficients 7,

Remark: Cf. in local case Harish-Chandra—Howe expansion

Xmp = Z COLO

OeWF(m,)

and Work by [Meeglin, Waldspurger; Matumoto; Ginzburg]. GIObal
reSUItS by [Jiang, Liu, Savin; Gan, Savin]
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Orbit Fourier coefficients

Let O be a nilpotent orbit through X € g. Let (X,VY, H) be a
Jacobson—Morozov sl(2) triple and g = & g; a
decomposition into //-eigenspaces. Define:

po=Ea. lbo=9g. vwo=Eas vo=EPa
i=0 i=1 '

Lie algebras of P»n = LpoUp, and Vo C Up.
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Orbit Fourier coefficients

Let O be a nilpotent orbit through X € g. Let (X,VY, H) be a
Jacobson—Morozov sl(2) triple and g = & g; a
decomposition into //-eigenspaces. Define:

po=Ea. lbo=9g. vwo=Eas vo=EPa
i=0 i=1 i=2

Lie algebras of P»n = LpoUp, and Vo C Up.

Let ©» be a unitary character on V» (same stabilizer type
as ). The orbit Fourier coefficient is

Fyo(irg) = / o(09) 0 (0)dv

Vo(Q)\Vo(A)

If there is a )» such that /7, # 0 then O € WE(7).
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Wave-front set and orbit coefficients

Some questions:

¥

¥

¥

9

ow to determine WF(r)?
ow to determine £, ?

ow to determine Fp = > Fy,7?

ow to determine £, for ¢» on some unipotent U?

(In particular last question of interest for string theory.)

Fou
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Wave-front set and orbit coefficients

Some questions:
# How to determine WE(7)?
# How to determine 7,7

# How to determine Fp = ) Fy,?

# How to determine £, for «» on some unipotent U?
(In particular last question of interest for string theory.)

We will tackle these questions for Eisenstein series and
using (degenerate) Whittaker vectors. (cf. veg1in,

Waldspurger; Matumoto; Gourevitch, Sahi])

Very explicit results for SL(3) and SL(4) In (cxe;.
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(Degenerate) principal series

E(x.9)= > x(9)

veB(Q\G(Q)

Eisenstein series induced from Borel B = NA C G using a
generic quasi-character y : B — C*, extended to G.

# Spherical function in the principal series
® GKdim7 =dim N = 1 dim Oreg, WF(7) = Opeg

Induced from a parabolic subgroup P = LU with
xp : P — C*. Generically degenerate principal series

# GKdim7=dimU = £ dimOp, WF(n)=0p

For non-generic characters can have reductions of WE ()
and contributions to the residual spectrum.
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Rewriting the SL(3) Fourier expansion

Nilpotent orbits O for SL(3)
Bala—Carter partition dim  Vp

0 (13) 0 (111>
A (21) 4 (1{;)
As (3) 6 (111>

For trivial orbit define the orbit Fourier coefficient to be the
constant term (along V):

Fiyo (X, 9) = / E(x,ng)dn = Fo
N(Q)\N(A)
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S L(3) regular orbit

1 % %

Since Vo, , = {( 1 *)} = N, orbit Fourier coefficients equal

1
non-degenerate Whittaker coefficients

Fy (x.9) = / E(x, ng)bm(m)dn = Wiy, 1 (x:9)
N(Q)\N(A)

where (mimso # 0)

YA, ((13611 :;1;)) = exp(2mi(mix1 + mox2))

(Could be calculated locally using Casselman—Shalika.)
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S L(3) minimal orbit

With Vo, = {(11)} — [N, N] = N®), orbit Fourier

1
coefficients equal ‘non-abelian’ Whittaker coefficients

F¢A1 (X7g) — / E(Xvng)wz‘h (n)dn
N®(@\N®(a)

These do not as such cover all terms in the Fourier
expansion: Degenerate Whittaker vectors 1V, 5 and W,

(on V) are missing.
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S L(3) minimal orbit

With Vo, = {(11)} — [N, N] = N®), orbit Fourier

1
coefficients equal ‘non-abelian’ Whittaker coefficients

F¢A1 (X7g) — / E(Xvng)wz‘h (n)dn
N®(@\N®(a)

These do not as such cover all terms in the Fourier
expansion: Degenerate Whittaker vectors 1V, 5 and W,

(on V) are missing.
Are also associated with the minimal orbit. E.g.

1 w9

Wi, (X, 9) = /(Q\A)2 Fopa, (X; (_1_1 —1) ( 1“13)9) dugdus
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S L(3) orbit Fourier expansion

Theoremcxe; Any Eisenstein series E(y, g) on SL(3) can be
written as

E(x.9) = Fo(x;9) + Fa,(X,9) + Fa, (X, 9)

Folx,g9) = const. term = W (X, 9)
Fa069) = Y WingOea) + Y Wom(eg) + Y Fy, (x.9)

m#0 m=£0 m=£0 T
FA? X» 9 — Wm1 mo X, 9 _
o ml%;#) s ma] X0 9) ‘non-abelian’
Whittaker

Proof: Follows from considerations above.
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Checks / Consequences

For SL(3) the principal series can be parametrised by two
complex numbers s, s9

Xs1,5:(0) = V7' 09%, 4= ( Cortes _1)
Vg
# Minimal series for s; = 0 (or s = 0 or a Weyl image).
From explicit formulas for Whittakers sure1 Fa,(x, g) = 0
and only minimal orbit in Fourier expansion of minimal
series:

E(x4,,9) = Fo+ Fa,, WEF(ma,) =0y,

F 4, functions same ‘functional type’ (single K-Bessel).

# For generic series all terms and WE (7 4,) = O4,.

Fourier coefficients and nilpotent orbits for small representations — p.12



S L(3) unipotent coefficients

Consider the (mirabolic) unipotent U = {(1“11 “2) }

1

Not the unipotent associated with any orbit. What is £, (. g)
for unitary character ¢ = exp(2mwi(miu; + mous)) on U?

Study the way Levi orbits on U intersect the nilpotent
(G-orbits and then relate to orbit coefficients:

lug1 0

F¢(X79) :/ FA1 (Xu( 1 1)lm1,m29)du1
Q\A

lm,.m, Delongs to Levi. In minrep translate of deg. Whittaker.
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S L(3) unipotent coefficients

Consider the (mirabolic) unipotent U = {(1“11 “2) }

1

Not the unipotent associated with any orbit. What is £, (. g)
for unitary character ¢ = exp(2mwi(miu; + mous)) on U?

Study the way Levi orbits on U intersect the nilpotent
(G-orbits and then relate to orbit coefficients:

lug1 0

F¢(X79) :/ FA1 (Xu( 1 1)lm1,m29)du1
Q\A

lm,.m, Delongs to Levi. In minrep translate of deg. Whittaker.

Simplicity for GL(n) (piatetski-shapiro; shalikal. IN general:
orbit structure much more intricate (viiier, sanij.
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Generalization to SL(4)

® Same logic works for SL(4)

Orbit O Weighted Dynkin diagram dim(Q C V
£r
; 1 % =
(4) = Aq $ &2 4 12 1 ( L s :)
O—0—=0 "
(31) :A'.i 2 0 2 10 Tl (IT:E)
O—0—0 1
(22) = 24, 0 2 0 % A, B
Co—0O—=0O k.
{212]:}11 1 0 | A Alel (lll )
O—0——0 1
1
4N 0o 0 0 J l
(1) =0 —O—O 0 Aj ( | I)

# Orbit of type 24, — next-to-minimal

® Our methods show also that the next-to-minimal
representation is determined by degenerate Whittaker
coefficients of type 24,
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Remarks on small representations

Let G be a simply-laced split group (ADE). Its nilpotent
orbits of A-type can be labelled by a choice of simple roots
determining an A-type subgroup G/ C G. ‘Small’ orbits are

of A-type.
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Remarks on small representations

Let G be a simply-laced split group (ADE). Its nilpotent
orbits of A-type can be labelled by a choice of simple roots
determining an A-type subgroup G/ C G. ‘Small’ orbits are
of A-type.

Conjecture: The A-type orbits of the wave-front set of = with

E(x, g) as spherical vector can be determined by looking at
the degenerate Whittaker coefficients of (v, g). If 7 IS a
small representation, WF(7) can be fully determined.
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Remarks on small representations

Let G be a simply-laced split group (ADE). Its nilpotent
orbits of A-type can be labelled by a choice of simple roots
determining an A-type subgroup G/ C G. ‘Small’ orbits are
of A-type.

Conjecture: The A-type orbits of the wave-front set of = with

E(x, g) as spherical vector can be determined by looking at
the degenerate Whittaker coefficients of (v, g). If 7 IS a
small representation, WF(7) can be fully determined.

Theorem: rxe; =asnizume; Let) be a deg. character on N and
G’ C G the semi-simple subgroup on whose maximal

unipotent N’ C N 4 is generic. Then for y(nak) = a7

WSha)= Y a0 ATt W (w A1),
wewy €W /W'
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Remarks on small representations (II)

Theorem works for any type of subgroup G’ but for
application to wave-front set of small representations
A-type most useful.

# For minimal representation only A; type
# For next-to-minimal only 24, type (definition...)

# Other example: E[ O] for £7(R). WF (1) = O,4 4,
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Remarks on small representations (II)

Theorem works for any type of subgroup G’ but for
application to wave-front set of small representations
A-type most useful.

# For minimal representation only A; type
# For next-to-minimal only 24, type (definition...)

# Other example: E[ O] for £7(R). WF (1) = O,4 4,

Conjecture: Degenerate Whittaker function associated with

maximal orbit has an Euler product. (Lower ones certainly
not.)
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Remarks on small representations (II)

Theorem works for any type of subgroup G’ but for
application to wave-front set of small representations
A-type most useful.

# For minimal representation only A; type
# For next-to-minimal only 24, type (definition...)

# Other example: E[ O] for £7(R). WF (1) = O,4 4,

Conjecture: Degenerate Whittaker function associated with

maximal orbit has an Euler product. (Lower ones certainly
not.)

Question: Does this simplify the calculation of arbitrary
Fourier coefficients? (Min. rep.: yes ican, savini)
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Remarks on small representations (11I)

Theorem (formally) applicable to Kac—Moody extension.
E.g. hyperbolic £ (see talk by Philipp Fleig yesterday).
Inducing from constant on parabolic with semi-simple D

® s=3:only A;-type Whittaker functions = Eisenstein
series should be attached to minimal representation.
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Remarks on small representations (11I)

Theorem (formally) applicable to Kac—Moody extension.
E.g. hyperbolic £ (see talk by Philipp Fleig yesterday).
Inducing from constant on parabolic with semi-simple D

® s=3:only A;-type Whittaker functions = Eisenstein
series should be attached to minimal representation.

® s=2:only 24;-type Whittaker functions = Eisenstein

series should be attached to next-to-minimal
representation.

Fourier coefficients and nilpotent orbits for small representations

-p.17



Remarks on small representations (11I)

Theorem (formally) applicable to Kac—Moody extension.
E.g. hyperbolic £ (see talk by Philipp Fleig yesterday).
Inducing from constant on parabolic with semi-simple D

® s=3:only A;-type Whittaker functions = Eisenstein
series should be attached to minimal representation.

® s=2:only 24;-type Whittaker functions = Eisenstein

series should be attached to next-to-minimal
representation.

Question: Classification of Kac—Moody nilpotent orbits?
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-p.17



More Kac-Moody questions

® /{-types

For discrete series often non-trivial K -types necessary.
Possibilities for Kac—Moody?
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More Kac—-Moody questions

® /{-types

For discrete series often non-trivial K -types necessary.
Possibilities for Kac—Moody?

At the level of Lie algebras ¢ C g over R.

(1) co-dim’l fixed point Lie algebra of (Chevalley) involution.
(2) ¢ is not a Kac—Moody algebra.
(3) t is not a simple algebra. It has co-dim’l ideals.
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More Kac—-Moody questions

® /{-types

For discrete series often non-trivial K -types necessary.
Possibilities for Kac—Moody?

At the level of Lie algebras ¢ C g over R.

(1) co-dim’l fixed point Lie algebra of (Chevalley) involution.
(2) ¢ is not a Kac—Moody algebra.
(3) t is not a simple algebra. It has co-dim’l ideals.

For ¢ of hyperbolic g = ¢y one has irreducible (spinor)
representations of dimensions (panour, 2k, Nicolai]

32, 320, 1728, 7040

With quotients w0y o(288.32), 7. 7
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K -types

(Some of) these representations can be lifted to the Wey!
gI‘OUp W and (COVGI‘S Of) K [Ghateil, Horn, Kohl, Weiss].

Question: Can they arise as K-types of some G
representations?

Fourier coefficients and nilpotent orbits for small representations — p.19



K -types

(Some of) these representations can be lifted to the Wey!
gI‘OUp W aﬂd (COVGI’S Of) K [Ghateil, Horn, Kohl, Weiss].

Question: Can they arise as K-types of some G
representations?

2 —2
For other Kac—Moody groups, e.g. (2 2 1) other

quotients possible, also with U(1) factors
= holomorphic discrete series?

Question: Spherical vectors for Kac—Moody reps?
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Yet more Kac—-Moody connections

o Hyperbolic Weyl groups

Standard upper half plane can be seen
as projection of (open) Tits cone C C h
for the hyperbolic Kac—Moody algebra

2 =2
wthA=| -2 2 —1
—1 2

%\ Ry

- il -~
N AN

N\

R

a&@% 2

(Real) upper half plane

z=x+1y; xR, y>0

Action of PSL(2,7) on this space = Action of W " c W/

[Feingold, Frenkel]

Fourier coe
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Generalization

Generalizes to other hyperbolic Kac—Moody algebras by
replacing = € R by = € K, another division algebra.

E.g. take K = O (octonions) and consider

z=x+1y, x€O,y>0 ‘octonionic upper half plane’

Define transformations ireingo1da, 2k, nicolai]

, wo(z) =—2+1, wi(z)=—¢c;z¢;

Here: =, (j = 1,...,8) are I simple roots in the root lattice
Q)(Lg) = 0 (integer Cayley numbers) s.t. hst root = 1
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Generalization

Generalizes to other hyperbolic Kac—Moody algebras by
replacing = € R by = € K, another division algebra.

E.g. take K = O (octonions) and consider

z=x+1y, x€O,y>0 ‘octonionic upper half plane’

Define transformations ireingo1da, 2k, nicolai]

, wo(z) =—2+1, wi(z)=—¢c;z¢;

Here: =, (j = 1,...,8) are I simple roots in the root lattice
Q)(Lg) = 0 (integer Cayley numbers) s.t. hst root = 1

These generate the Weyl group W = W (Eg)!
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E 10 WEY] group

Even part 1" is generated by ‘holomorphic’

1
s_1(z) = o so(2) =241, sj(z) =¢jz¢;

They correspond to modular group PSL(2,0) over integer
octonions. Finite volume fundamental domain.
Question: What about modular forms in this set-up?

Fourier coefficients and nilpotent orbits for small representations — p.22



E 10 Weyl group

Even part 1" is generated by ‘holomorphic’

1
s_1(z) = o so(2) =241, sj(z) =¢jz¢;

They correspond to modular group PSL(2,0) over integer
octonions. Finite volume fundamental domain.
Question: What about modular forms in this set-up?

Can define Poincaré series (2x, wicolai, palmkvist]

1 y°

Py(z) = —
(%) 240 lcz + d|?
(c,d)=1

(Re(s) > 4)

Fourier expansion similar to the S7.(2) case; involves K.
Arithmetic properties not studied. Cusp forms?

Can also study other hyperbolic Kac—Moody algebras.
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Hyperbolic Weyl groups

K| g Ring W(g) Wt(g™)
R Aq 7, 2 = 7o PSLo(7)

C Ao Eisenstein E Zi3 X 2 PSLy(E)

C | By =Cy | Gaussian G Zig A 2 PSL3(G) x 2
C Go Eisenstein E Zig X 2 PSL5(E) X 2
H Ay lcosians I S5 PSL%O)(I

H By Octahedral R 24 % By PSL&O) (H) x 2
H Cy Octahedral r 24 %\ B4 }/@Eéo) (H) x 2
H Dy Hurwitz H 23\ G4 PSL;O)(H

H Fy Octahedral r | 2° x (G3 x G3) | PSLo(H) x 2
©) Ex Octavians 0 2.05(2).2 PSLs(0

Fo
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Connection to physics

Max. supergravity near a space-like singularity (e.g. big
bang) can be given effective description in terms of
C08m0|OgIC3.| bllllal’d [Belinski, Khalatnikov, Lifschitz; Damour,

Henneaux|]

Classically: Free ball in hyperbolic

space bouncing off the walls of
Weyl chamber

Billiard table
=19 Weyl chamber
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Connection to physics

Max. supergravity near a space-like singularity (e.g. big
bang) can be given effective description in terms of
COSI’T]O|OQIC3.| bllllal’d [Belinski, Khalatnikov, Lifschitz; Damour,

Henneaux|]

Classically: Free ball in hyperbolic

space bouncing off the walls of
Weyl chamber

Billiard table

Quantize: ‘Wave-function’ on this space. - F1o Weyl chamber

Unfold to octonionic upper half plane
with odd boundary conditions
= cups forms?

Could be related to ‘singularity resolution’ in quantum
CosmOIOQy [AK, Koehn, Nicolai]
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One more thing

In lectures: String theory seems to call for a more general
notion of automorphic form. Restrict to SL(2,R).

Eisenstein series [/(s, z) etc.
AFE(s,z) =s(s—1)E(s, z)

s = 2 and s = 2 appear for strings at ‘lowest orders in o’

Fourier coefficients and nilpotent orbits for small representations — p.25



One more thing

In lectures: String theory seems to call for a more general
notion of automorphic form. Restrict to SL(2,R).

Eisenstein series [/(s, z) etc.
AFE(s,z) =s(s—1)E(s, z)

s = 2 and s = 2 appear for strings at ‘lowest orders in o’
‘Next order’ requires SL(2, Z)-invariant function f(z) with
[Green, Vanhove]

Af(z) =12f(2) —4¢(3)*E(3/2, 2)7
Recently SOIVed [Green, Miller, Vanhove]

flz)= >, ()

veTl\SL(2,Z)
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One more thing (II)

)= > @)

~ET\SL(2,7)

O 10 16
+ + Ki1(2mnly) — K- 5(2m|nly
(W,n,y Wg‘n‘gyg) @rlnly) ~ — o a2l

For higher rank dualities (in progress with Olof Ahlén).

]
A
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One more thing (II)

)= )  ®yz)

7T \SL(2,2)

6 10 16
+ + Ki1(2m|nly) — K7 o(2min|y

For higher rank dualities (in progress with Olof Ahlén).

Question: Rep. theory? Global version? Aut. distributions?
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52

34

One more thing (I1I)

A32A4

4Aq

(3A1)”\ DO R4 \
2A, DARY

A Dy(ar)

>/
A93A4 \0
Ag DO R*

Q

¢ A ¢ R4
" folklore theorem?

® () o R
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Life cycles...

Fourier coefficients and nilpotent orbits for small representations — p.28



Life cycles...

The Life Cycle of Mathematics

Tinker and Invent

Indirect Reasoning

Induction
Two-column -
: ; Be skeptical
Estimate Collect data Parity ﬁespe{gful challenge
Bound  Pattern sniff Visual Reflect
Contextyalize Record results Axiomatic Counter-exgmple hunt

Wild Educated
Guess Guess

Conjecture Proof/ Theorem

Counter-exampl
Source: the internet
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Life cycles...

The Life Cycle of Mathematics

Where are we?

Tinker and Invent

Indirect Reasoning

Induction
Two-column :
Be skeptical
Estiméte Collect data Parity Respeatfully chialisrigs
Bound  Pattern sniff Visual Reflect

Contextyalize Record results Axiomatic Counter-exgmple hunt

Wild Educated
Guess Guess

Conjecture Proof/ Theorem

Counter-exampl
Source: the internet
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