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Simultaneous Representation and Approximation
Formulas and High-Order Sobolev Embedding
Theorems on Stratified Groups

Guozhen Lu and Richard L. Wheeden

Abstract. We give various integral representation formulas simultaneously for a func-
tion and its derivatives in terms of vector field gradients of the function of appropriately
high order. When the function has compact support, simpler formulas can be derived.
Many of the results proved here appear to be new even in the special case of classical
Euclidean space. For instance, Theorem 2.2 below reduces to the following result in the
usual Euclidean case:

Let B be a ball in RN with radius r(B), let m be a positive integer, and let [ €
W™ 1(B). Then there is a polynomial P = 1,,(B, f) of degree m — 1 such that for any
integers i, jwith0 < j <i <manda.e.x € B,

. \v o )
IV/(f = P)(x)] SC/ wdy—kCr(B)“”N/IV’f(y)\dy-
B

v — y V=D 5
Moreover, if0 < i — j < N, then for a.e. x € B we have the more refined formula

IV

|x — y|N=i+i

IVI(f — P)(x)| < c/

B

1. Introduction

In recent papers [17] and [11] by the authors, a relationship between higher-order
Poincaré inequalities and representation formulas has been established in fairly gen-
eral spaces of homogeneous type. This extends the first-order result derived in [10]. In
particular, an appropriate notion of polynomials in metric spaces is introduced in [17]
and [11], and it is shown that the existence of polynomials satisfying L' to L' Poincaré
inequalities implies higher-order representation formulas (see [16] for a more refined
result which assumes only an L! to L? Poincaré inequality for some 0 < p < 1). In the
case of stratified Lie groups (also known as Carnot groups), where polynomials do exist,
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648 G. Lu and R. L. Wheeden

higher-order representation formulas are derived in [17] for functions in the Sobolev
spaces defined by Folland and Stein in [8]. An example of such a formula (actually, an
inequality) is

plx, y)"
|B(x, p(x, )]

where P denotes a “polynomial” depending on f and B of degree m — 1, X" denotes an
appropriate differential operator of order m associated naturally with the metric p(x, y),
B is a metric ball, and B(x, r) is the metric ball with center x and radius r. The constant
C here should be independent of f, x, and B.

In order to be more precise, we now review some preliminaries concerning stratified
Lie groups. We refer the reader to the books [8] and [26] for further details. Let G be a
finite-dimensional, stratified, nilpotent Lie algebra. Assume that

-G
i=1

with [V;, V;] C Vjyjfori+ j <sand [V;,V;] =0fori+ j > s.Let Xy,..., X,
be a basis for V| and suppose that Xy, ..., X; generate G as a Lie algebra. Then for
2 < j < s, we can choose a basis {X;;}, 1 <i < k;, for V; consisting of commutators
of length j. Wesetk; =/ and X;; = X;, i = 1,...,[, and we call X;; a commutator
of length 1.

If G is the simply connected Lie group associated with G, then the exponential mapping
is a global diffeomorphism from G to G. Thus, for each g € G, thereis x = (x;;) € RY,
1<i<kj, 1<j<s, N=}_ k suchthat

g = exp (Zx,-jX,-j) :

A homogeneous norm function | - | on G is defined by

25!
gl = (Z |x1j|2wj)l/ "

and Q = Z‘;zl Jkj is said to be the homogeneous dimension of G. The dilation §,,
r > 0, on G is defined by

8,(g) = exp (erxinij) if g=exp (ininj).

We call a curve y : [a, b] — G a horizontal curve connecting two points x, y € G if
y(@) = x, y(b) = y, and y'(¢t) € V; for all z. Then the Carnot—Carathéodory distance
between x, y is defined as

dy, x € B,

() — PG| < c/B X" £ ()|

b
Pec(x, y) = inf / '@,y @) dr,

where the infimum is taken over all horizontal curves y connecting x and y. It is known
that any two points x, y on G can be joined by a horizontal curve of finite length and
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then p.. is a left-invariant metric on G. Associated with this metric, we can define the
metric ball centered at x and with radius r associated with this metric by

Bee(x,r) = {y 1 pec(x,y) <1}

We note that the metric p.. is equivalent to the metric d(x, y) = |x~'y| defined by the
homogeneous norm | - | in the following sense:

Cid(x,y) < pec(x,y) < Cad(x,y),

where C| and C, are positive constants which are independent of x, y. We denote the
metric ball associated withd by D(x,r) = {y € G : d(x, y) < r}. An important feature
of both of these distance functions is that they, and thus the associated metric balls, are
left-invariant, namely,

,OL»C(ZX, ZJ’) :pcc(xv }’), Bcc(xvr) ZxBCC(()’ r)’
and
d(zx,zy) =d(x, ), D(x,r) =xD(,r).

However, we will use the metric p.. and the metric balls B,.(x, r) in this paper, and we
will drop the subscript “cc” from both p.. and B..(x, r), and write simply p(x, y) and
B(x,r). We use r(B) to denote the radius of a ball B. The Lebesgue measure of a ball
B is known to satisfy |B| = CQr(B)Q.

We now recall the definition of the class of polynomials on G given by Folland
and Stein [8]. Let Xy, ..., X; in V] be the generators of the Lie algebra G, and let
Xi,..., X1, ..., Xy be abasis of G. We define d(X;) = d; to be the length of X; as
a commutator, and we arrange the order so that | < d; < --- < dy. Then it is easy
tosee thatd; = 1for j = 1,...,1. Let &,..., &y be the dual basis for G*, and let
n =§&o exp’l. Each 7; is a real-valued function on G, and 7, ..., ny gives a system
of global coordinates on G. A function P on G is said to be a polynomial on G if P oexp
is a polynomial on G. Every polynomial on G can be written uniquely as

P@)=Y am'x). n'=nl--ny. a €R,
1

where all but finitely many of the coefficients a; vanish. Clearly n’ is homogeneous of
degree d(I) = Z]N:l ijdj, e, n'(8,x) = r'Dn;(x). If P = Y, an’, then we define
the homogeneous degree (or order) of P to be max{d([) : a; # 0}.

Throughout this paper, for each positive integer m, we use P,, to denote the class of
polynomials of homogeneous degree strictly less than m.

We adopt the following multi-index notation for higher-order derivatives. If I =

Gy, ...,iy) € NV, we set
X=X Xp X
By the Poincaré—Birkhoff—Witt theorem (see Bourbaki [3, 1.3.7]), the differential op-

erators X! form a basis for the algebra of left-invariant differential operators in G.
Furthermore, we set

=i +ir+---+in, d(I) =dyiy +doia + - - - +dyiy.
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Thus, |1]is the order of the differential operator X/, and d(I) is its degree of homogeneity;
d(I) is called the homogeneous degree of X’. We also denote

1/2
IX'"fI=< >, IX’f|2>

I:d(I)=m

for any positive integer m.

Let m be a positive integer, | < p < 00, and let €2 be an open set in G. The Folland—
Stein Sobolev space W7 (R2) associated with the vector fields X, ..., X; is defined
to consist of all functions f € L (2) with distributional derivatives X'f e L?(Q2) for
every X' defined above with d(I) < m. Here we say that the distributional derivative
X'f exists and equals a locally integrable function g; if, for every ¢ € C°(),

f FX!gdx = (~1)iD / g dx.

Q Q

W™ P () is equipped with the norm

(1.1) I lwnrey = 1f e+ Y. IX 'l

1<d()<m

When Q = G, we sometimes use || f||,»,, to denote || f||wn.r (). We also sometimes use
| f I, p:2 to denote || flwmr (). If f € W™P(Q) for some m and p, we will refer to f
as a Sobolev function.

We now recall some possible choices of polynomials associated with any given
Sobolev function f € W7 (). These polynomials are useful in obtaining higher-order
Poincaré inequalities for f. The following result is Theorem 3.7 in [14]:

Theorem 1.2. Let Q C G be an open set of finite Lebesgue measure. Then given any

positive integer m and f € W™(Q), there exists a unique polynomial P = P,,(Q, f)
on G of degree less than m such that

(1.3) /X’(f—P):O forall I with 0 <d(I) < m.
Q

On the Heisenberg group, the existence of polynomials satisfying (1.3) was proved in
[20]. See also [21] for general Carnot groups.
In any case, let us show that

X’Py(B, f) = Pu_acsy(B, X'f)
for each J. In fact, P, (B, f) is the unique polynomial P with
f X'(f—P)=0  forall I with d(I) <m,
B

and, consequently,

fXK(XJ(f—Pm(B, M=0 it d(K)<m—d(J),
B
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ie.,
/ X5 fF—Xx'P,B, ) =0 if d(K)<m—d(J),
B

and the formula follows from the uniqueness property.

In [14], a second class of polynomials associated with Sobolev functions is considered.
Polynomials in this class are called “projection polynomials” and are described in the
next definition.

Definition 1.4. For each m € N and ball B C G, a projection of order m associated
with B is defined to be a linear map

(B, ) : W™(B) — P,
such that the following two properties hold:

(1.5) sup |7, (B, f)(x)| < Cr(B) 2| fllLis),

xeB

with C independent of f and B and
(1.6) . (B, P) =P forall P e P,.

We will refer to 7, (B, f) as a projection polynomial of order m — 1 associated with B
and f.

The polynomials constructed in Theorem 1.2 may not satisfy (1.5). The existence of
projection polynomials is proved in Theorem 3.6 in [14]. It is also shown there (see
Theorem 3.8) that the following result holds:

Theorem 1.7. Letm € N and let B be a ball in Q2. Then for any projection m,,(B, -) :
W™ Y(B) — Py, any q with 1 < q < oo, and any multiple index I withd(I) =i > 0,

(1.8) IX" 700 (B, H)llzas) < CIX' fllLas),

with C independent of f and B.

This shows that a subelliptic derivative of m,,(B, f) is controlled by the same order
subelliptic derivative of f.

We also recall the notions of a Boman chain domain and (see [17]) a “weak” Boman
chain domain.

Definition 1.9. A domain (i.e., an open connected set) 2 in G is said to satisfy the
Boman chain condition of type o, M, or to be a member of F (o, M), if there exist
constants 0 > 1, M > 0, and a family F of metric balls B C 2 such that:

() 2= Uper B.
() Y per XoB(X) <M x,(x) forallx € S.
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(iii) There is a “central ball” By € F such that for each ball B € F, there is a positive
integer k = k(B) and a chain of balls {B; };?:0 for which By, = B and each
B; N Bj contains a ball D; with B; U B;,; C M D;.

(iv) BC MBjforall j =0,...,k(B) with B and B; as in (iii).

If we replace the hypothesis that o > 1 by 0 = 1, we say that 2 satisfies the weak
Boman chain condition.

It follows from condition (iv) that such domains are bounded.

To motivate the results of this paper, we need to review some known facts about
high-order representation formulas on stratified groups. The following two theorems are
special cases of more general ones in [17].

Theorem 1.10. Let B be a ball in G, let m be a positive integer, and let f € W"™!(B).
Then for either of the polynomials P = P,,(B, f) or P = m,,(B, f) of order less than
manda.e.x € B,

px, y)" r(B)"

- P C xm ——d C
70 =P = C [ 1xm By T

Moreover, if m < Q, then for a.e. x € B,

/ X" () dy.
B

px, )™
_p c | |x" Blx. 0. I
|f(x) = P(x)| < /B| f(y)||3(x,p(x,y))|

The constant C is independent of f, x, and B.
For a weak Boman chain domain, we have also proved the next result in [17].

Theorem 1.11. Let Q be a weak Boman chain domain in G with a central ball By,
andlet f € W™N(Q). If 1 <m < Q, then for a.e. x € Q and either of the polynomials
P = P, (By, f) or P = m,(By, ) of order less than m,

px, )™

— = dy.
B, pe |

0= Pe = C [ 1X7 1)

These two theorems essentially say that every Sobolev function can be approximated
pointwise by polynomials over metric balls or Boman chain domains, and the remainders
are controlled by the fractional integral of higher-order derivatives of the function.

We remark that, even in the special case of ordinary Euclidean space RV (i.e., R¥
with the usual Euclidean metric), results of the above type were previously known only
for domains 2 which are star-shaped with respect to an open set D C 2 (see [22], [23],
[19], or [1, p. 217]). The choice of polynomial in [1] is the usual Taylor polynomial and
thus may not have the properties of the polynomials P, (B, f) or m,, (B, f) given in
Theorems 1.2 and 1.7. When the function has compact support in a domain  C R¥, the
polynomial in Theorem 1.11 can be dropped (see [22], [23], [19], [1]). We also mention
that polynomials are used to measure the smoothness of functions by considering their
maximal functions in Euclidean space (see [6]).
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Motivated by Theorems 1.10 and 1.11 for Carnot groups and by the work in the special
case of Euclidean space, we ask the following natural questions for Sobolev functions
on Carnot groups:

Question 1. Can we approximate a Sobolev function f and its derivatives simultane-
ously? More precisely, can we approximate not only f by the associated polynomial
but also approximate the derivatives of f by the corresponding derivatives of the same
polynomial?

Question 2. When f has compact support, can we replace the polynomial by zero in
the representation inequality?

The main purpose of this paper is to answer these questions affirmatively and give some
applications. We remark that our results appear to be new even in the usual Euclidean case.
Concerning the second question above, we will show that a representation formula for
higher-order Sobolev functions with compact support (with the polynomials P, (B, f)
and m,, (B, f) that we used in Theorems 1.2 and 1.7 then replaced by 0) follows by
a limit argument from the formula for functions without compact support. High-order
representation formulas for functions with compact support cannot presently be derived
by the process of integration by parts against the fundamental solutions of arbitrarily high-
order subelliptic operators because such fundamental solutions and their estimates are
not known to exist. However, by using a limit argument and the polynomials m,, (B, f),
we will be able to derive the pointwise representation formula without any polynomial on
the left side for functions with compact support. This is done by first deriving a formula
for global Sobolev functions (i.e., Sobolev functions in the whole space G), from which
the formula for functions with compact support follows easily (see Section 3). Such an
argument can also be used to derive higher-order Sobolev inequalities for functions with
compact support from higher-order Poincaré inequalities (see Section 4). For functions
without compact support, we need the simultaneous representation formulas to derive
the simultaneous Poincaré and exponential estimates in Section 6.

The organization of the paper is as follows. In Section 2 we state and prove the
simultaneous representation formulas. If we allow the derivatives on the right-hand
side of the formula to be of top order (i.e., | X" f|), then we can choose either of the
polynomials P, (B, f) or m, (B, f) onthe left-hand side, i.e., we can approximate X T
by either X’ P, (B, f) or X'm,,(B, f) for all J with d(J) < m. This is Theorem
2.1. If we choose to use the polynomials 7, (B, f), then we can approximate X’ f by
X7, (B, f) for d(J) < m by instead using on the right-hand side only | X’ f| for
any i with d(J) < i < m. This is Theorem 2.2. In Section 3 we answer Questions
2 and 3 above by proving representation formulas of Sobolev type, i.e., formulas for
compactly supported f and with no polynomial on the left-hand side. Theorem 3.1 is a
representation formula for globally defined functions with sufficiently small growth at
00, and Theorem 3.2 treats the special case of functions with compact support. Section 4
deals with higher-order Sobolev norm inequalities as opposed to pointwise estimates. We
mention here that Sobolev norm inequalities of the same type have also been obtained
in [5] for functions vanishing on a set of positive Lebesgue measure or, more generally,
vanishing on a set of positive Bessel capacity, by using the Bessel potential estimates for
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stratified groups given in [15]. However, the derivation here is of independent interest and
simpler. In Sections 5 and 6 we give simultaneous weighted higher-order Poincaré and
Sobolev inequalities as well as exponential estimates and L estimates. Their derivation
uses the simultaneous pointwise representation formulas in Sections 2 and 3.

2. Simultaneous Representation Formulas
The main results of this section are given in the next three theorems.

Theorem 2.1. Let B be a ball, let m be a positive integer, and let f € W™ (B). Then
for either of the polynomials P = P, (B, f) or P = m,,(B, f), any integer j with
0<j<m,andae.x € B,
A px, y)"=i r(B)"
X/ (f = PY)] < c/ X" O]t dy 4 O
B |B(x, p(x, )l |B|
where as usual | X/ f| = (Zd(,)zj |XT £13)1/2.
Moreover, if Q is the homogeneous dimension of G and 0 < m — j < Q, then for a.e
X € B we have the more refined formula

/ X" f(»ldy,
B

» px, )"
X = Pl = ¢ [ XA
B |B(x,p(x,)’))|
Theorem 2.2. Let B be a ball, let m be a positive integer, and let f € W™!(B). Let
i, j be integers with 0 < j < i < m. Then for the polynomial P = r,,(B, f) and a.e.
x € B,
px, ) r(B)~/

Ba. ey P TE X' f(y)ldy.
[B(x, p(x, )] y+ B /B| Fldy

Moreover, if 0 <i — j < Q, then for a.e. x € B we have the more refined formula

XI(f — P)()| < ch X F )

p(x, y) =

X/ (fF=P C X' "B(x. o(x. v)|
XI(f — PY)l < fB| F NG p e

In the case i = m, Theorem 2.2 is included in Theorem 2.1 and, in that case, is the
same as the part of Theorem 2.1 for P = m,,(B, f). The case j = 0 of Theorem 2.1
is contained in Theorem A of [17]; see Theorem 2.6 below and the discussion which
precedes it.

We can also show that the second estimate in Theorem 2.2 remains valid wheni — j <
Q if the ball B is replaced by a weak Boman chain domain in G. This is stated in the
next theorem.

Theorem 2.3. Let m be a positive integer, let Q2 be a weak Boman chain domain in G
with a central ball By, and let f € W N(Q). Let i, j beintegers with) < j <i <m
andi — j < Q. Then for the polynomial P = m,,(By, f) and a.e. x € L,

p(x,y) ™

XI(f - P C | Xl i
XI(f = P))| < /Q| O B ]
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To prove these theorems, we will use the next three results from [13], [14], and [17]
concerning higher-order Poincaré inequalities.

Theorem 2.4. Letm be a positive integer, p > 1, let B be a ball, and let f € W™ (B).
Then for either of the polynomials P = P,,(B, f) or P = m, (B, f) and any integer j
withQ < j <m,

1 . L/ amj /1 1/p
(— / XI(f = Py dx) < CrBy" (— / X" £ (ol dx)
A A

foralll < p < Q/(m— j)andquj = pQ/[Q — (m — j)pl, where C is independent
of Band f.

In fact, more general L?, L? analogues of Theorem 2.4 are proved in [13], [14], and
they follow from repeated use of the Poincaré inequalities of first order proved, e.g., in
[18],[9], [12]. The proofs also use the vanishing integral property (1.3) of the polynomial
P (B, f).

If we choose the projection polynomial 7, (B, f), then Theorem 2.4 can be improved
as follows (see [14, Theorem 6.3]):

Theorem 2.5. Letm be a positive integer, p > 1, let B be a ball, and let f € W™ P (B).
Then for any integers i, j with0 < j <i <m,

1 A 14 A , 1/p
(— [ X7 = w5 pcor dx) < (o IX’f(X)I”dx>
|B| Jp |Bl Jg
foralll < p < Q/(i—j)and q;j = pQ/[Q — (i — j)pl, where C is independent of
Band f.

In fact, we only need the special cases of Theorems 2.4 and 2.5 when p = 1 (and with
qmj qij replaced by 1) in order to prove Theorems 2.1-2.3, but the general cases will be
used in Section 4.

Since we may not have the vanishing integral property (1.3) for the projection poly-
nomial ,, (B, f), the proof of Theorem 2.5 does not follow immediately by iteration
from the Poincaré inequality of first order. The interesting feature of the theorem is that
even for i < m (thus the degree of 7, (B, f) is larger than i — 1), the left-hand side is
controlled by the ith-order derivatives of f alone. For the convenience of the reader, we
now reproduce a proof given in [14].

Proof of Theorem 2.5. We will use Theorem 2.4 in the proof. Given0 < j < i < m,
let P;(B, f) be the polynomial of degree less than i guaranteed by Theorem 1.2. Then

1 . 1/qij
<—/ | X (f — (B, f))(x)]T dX>
IB| Jg

1

1/4:‘/‘
< (— / X (f — Pi(B, £)(6)|% dx)
81/,
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1/4ij
(|B| / | X7 (Pi(B, ) — 7tn(B, f))(x)|% dX)
=1+ I,
where 1) and I, are defined by the last equality. The term /; is bounded by the expression

on the right-hand side of the conclusion of the theorem by Theorem 2.4 with m replaced
by i there. Thus we only need to estimate I,. By Bernstein’s inequality (see, e.g., [14]),

o1
L < Cr(B)_J?/ |Pi(B, f)(x) — (B, )(x)|dx

Cr(B)™ — /|7Tm(B Pi(B, f) = f)(x)|dx

1B]
< Cr(B)”’ Suglﬂm(B, Pi(B, ) — )]
r(B)_
=C B] /If() Pi(B, f)(x)|dx,

where in the equality we have used (1.6), and in the last inequality we have used (1.5).
We can estimate the last term by using the Poincaré inequality given in Theorem 2.4: in
fact, the last term is at most

1/p
Cr<B)"-f'<|B|/|X’f<x)|f’dx> L 1=p<Z

1

which finishes the proof of Theorem 2.5. |

To prove Theorems 2.1, 2.2, and 2.3, we will also need some results from [17, The-
orems A, C], including a relationship between higher-order Poincaré inequalities and
representation formulas. However, we need these results only in the special case of strat-
ified groups; more general metric spaces are considered in [17]. For stratified groups,
the properties required of polynomials in [17, Theorems A, C] are true by [8]. The result
that we need is stated in the next theorem.

Theorem 2.6. Let By be aballin G, let m be a positive integer, and let f, g be integrable
Sfunctions on By. Suppose that for each ball B C By, there is a polynomial p(B) =
p(B, f, g, m) of order less than m such that

2.7) / Lf(x) = p(B)(x)| < Cr(B)'”/ lg(x)|dx
B B

for an absolute constant c. Then for a.e. x € By,

px, y)" r(Bo)"
_ (B C LS a— | C
@) = pBII < C | 180 gr=sedy + €= |

leldy,
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and if m < Q, then for a.e. x € By,

px, )"

— (B C Bx o(r NI
[f(x) = p(Bo)(x)| = /Bolg(y)lw(x,p(x,y))l

The constant C is independent of f, g, x, and By.
Moreover, if Q is a weak Boman chain domain in G with a central ball By, and (2.7)
holds for each ball B C 2, then for a.e. x € 2,

px, )™

— (B C Blx olx. )|
|f () = p(Bo)(x)| = L'g(y)lw(x,p(x,y))l

In particular, since (2.7) is true with g = | X™ f| for either of the polynomials P, (B, f)
or 7, (B, f), we obtain Theorems 1.10 and 1.11 as immediate corollaries of Theorem
2.6.

We now turn to the proofs of the main theorems in this section. The proofs are simple
corollaries of Theorem 2.6.

Proof of Theorem 2.1. Fixm, By and a function f € W™ ! (By). Given J withd(J) =
j <m,let F=X'fand g = |X" f|. By Theorem 2.4, for each ball B C By, and either
of the polynomials p(m, F, B) = X’P,,(B, f) or p(m, F, B) = X' 7,,(B, f), we have

/ |F(x) — p(m, F, B)|dx < CF(B)"l_j/ g(x)dx,
B B

where C is independent of B, f, and F. Thus, by Theorem 2.6 with m replaced by m — j,
it follows that, for a.e. x € By,

px, y)= F(Bo)y" /
F — , F, B <C — dy+C— dy.
\F(x) = pim, F, By)(x)| < /Bog@)'B(x’p(x,y))' y [ g

Similarly, if m — j < Q, then for a.e. x € By,

p(x, y)y"=
F(x) — ,F, B <C TB(x o(x v
|F(x) — p(m 0) ()] = /Bog(y)w(x,p(x,y))l

The constants C are independent of f, F, x, and By. This is equivalent to saying that for
P =P, (By, f)or P =m,(By, f)and a.e. x € By,

IX7 f(x) — X' P(x)|

" p(x, y)m= r(Bo)’”"’/ "
C X — d C—— X dy,
- /30' IOt &+ C g [ KTl

and if, in addition, m — j < Q, then

px, y)"
|B(x, p(x,y))l

for the same constants C as above, and the result follows. ]

X7 F(0) — X P < C fB X7 £ ()]
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It is possible to give an alternate proof of Theorem 2.1 based on the known case j = 0
and the identity X'P,,(Bo, f) = Pu-ay(Bo, X'f), d(J) < m, noted earlier. In fact,
in the case the polynomial P in Theorem 2.1 is chosen to be P,,(By, f), then the first
statement of Theorem 2.1 for 1 < j < m follows immediately from this identity and
the case j = 0 of Theorem 2.1 applied to the functions X”f with d(J) = j and with m
replacedbym — j = m—d(J).If P isinstead chosen to be 77, (By, f), the corresponding
estimates in the first statement of Theorem 2.1 can then be deduced as follows. Since

| X7 (f — 70w (Bo, f)| < |1X/(f — Pu(Bo, )|+ |X/ (P (Bo, f) — mu(Bo, ),
it is enough to show that

r(Bo)"

|X7 (Py(Bo, f) — 7tm(Bo, f))(x)| < C
| Byl

[ ixmsidy, xe s
By
In the case j = 0, for all x € B,

| Pn(Bo, f)(x) = 7tm(Bo, f)(X)| = |7m(Bo, f — Pu(Bo, ))(x)| by (1.6)

< Cr(Bo) 2|lf — Pu(Bo, FliLisy by (1.5)
r(Bo)"
X" fld
Bl BOI fldy

by the L!, L' Poincaré inequality in [17]. For any j and all x € B, by Bernstein’s
inequality,

. o1
| X7 (Pu(Bo, ) — 7tm(Bo, f)(x)] < Cr(Bo)f’m i | Pn(Bo, f) — 7tm(Bo, f)ldy,

and the desired estimate then follows from the one just established for j = 0. A similar
proof can be given for the second statement in Theorem 2.1.
In passing, we note that the estimate

B m
| Py (Bo, f)(x) — tm(Bo, f)(x)] < C% |X™ fldy, x € B,
By

shown above implies that the polynomials P, (By, f) satisfy the property of the polyno-
mials 7, (B, f) in (1.6). In fact, if we apply the estimate to any polynomial p of degree
at most m — 1, then since X" p is identically 0, we obtain that P, (By, p) = m,,(Bo, p)
and, therefore, by (1.6) that P,,(By, p) = p.

Proof of Theorem 2.2. Fix m, By, a function f € W™!(By), and integers i, j with

0<j<i<mGivenJ withd(J) = j,let F = X’ f and g = |X' f|. By Theorem
2.5, for each ball B and the polynomial p = X'm,. (B, ),

f |F(x) — p(x)|dx < cr(B)™/ / g(x)dx
B B
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with ¢ independent of B, f, and F. Thus, by Theorem 2.6 with m there replaced by
i — j, we have for a.e. x € By that

p(x,y) =i r(Bo)' 7 /
F(x) — c AL A NI o M dy,
|F(x) — p(x)| < /Bog(y)lB(x,p(x,y))l y+ N Bog(y) y

and if, in addition, i — j < Q, then

p(x, y)
[F(x) — p(x)| < C/ gV ——dy.
By |B(x, p(x, )|
The constants C are independent of f, F, x, and By. This is equivalent to the conclusion
of the theorem. We do not know how to give a second proof of Theorem 2.2 analogous

to the second proof of Theorem 2.1. [ |

The proof of Theorem 2.3 is similar and we omit it.

3. Representation Formulas of Sobolev Type

This section answers Question 2 and deals with higher-order representation formulas
of Sobolev type, i.e., formulas for functions with compact support. As we mentioned
in the Introduction, the results generalize known ones in the classical Euclidean case
([221, [23], [19], [1]). The main idea of our proofs is to choose the projection polynomial
7, (B, f)inthe simultaneous representation formulas. In this way, the proofs will follow
very easily from Theorems 2.1 and 2.2.

Theorem 3.1. Suppose that m is any positive integer and f € Wl'gc’l (G). Let j be an
integer with0 < j <mandm — j < Q. Then for a.e. x € G,

px, )"

X/ C X" "B(x. o(x. v
X7 )] < /G| f(y)||B(x,p(x,y))|

provided fB((),r) |l fO)|dy =o(r™)asr — oo.

Remark. The term on the right-hand side is finite a.e. in G under appropriate assump-
tions. For instance, if f € W™?(G) (globally) for some p > 1 and m — j < Q, the
right-hand side is a fractional integral of order m — j and thus maps L?(G) into L?(G)
provided p > 1 and 1/¢ = 1/p — (m — j)/Q, and it maps L'(G) into weak L%(G),
q = Q/[0O — (m — j)].Ineither case, the right-hand side above is clearly finite a.e. in G.
Whenm — j = Q,itequals fG |X™ f(y)| dy and is finite as long as f € W™!(G). More-
over, as is easy to see by Holder’s inequality, the requirement that | B | fl=o(@™)as
r — ooismetif f € L?(G) for some p’ > Q/m, where 1/p+1/p’ = 1.

Corollary 3.2. Let Q2 be any domain in G, and let m, j be integers with0 < j < m
andm — j < Q.If f € W' (Q), then for a.e. x € R,

plx, yy"=I

— = dy.
1B pGrynl

X7 f ()] < C/QIX’”f(y)I
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Proof of Theorem 3.1. Let B, = B(0, r). From Theorem 2.1, we have for a.e. x € B,
and any J with d(J) = j that

p(x, y)y"=i

X 00~ X o £ [ 17 2D
| f(x) TT, ( f)(x)|<c Br| f(y)llB(x’p(x,y)N

By Bernstein’s inequality and (1.5),

I1X7 50m (B) f |,y < Cr I 1stm By, f)ll=s,) < Cr’ B

1
[ 1rwiay.
r| B,
Since r~/ /| B,| & r~/~2 and we have assumed that m < j+Q andthat [, |f| = o(r™),
we obtain

lim || X/, (B,) f 28,y = O,
r—00

and the result follows easily. [ ]

Proof of Corollary 3.2. Clearly, W;"'(2) ¢ W™ (G), and if f € WJ"'(%), then
fB’_ | f()|dy = o(r™) as r — oo. The result then follows from Theorem 3.1. |

4. Higher-Order Sobolev Inequalities

In this section, we prove higher-order Sobolev inequalities for functions with compact
support. There are several possible ways to proceed. One way is to use the representation
formulas in Section 3 together with estimates about L? to LY boundedness for fractional
integrals. A technical problem arises in this method in the case p = 1 since the corre-
sponding fractional integral result concerns only the space weak L, but this technicality
can be overcome by truncation arguments in the case of first order. In the case of higher
orders, it is not known if such an argument is valid. Another way to proceed is to iterate
known first-order Sobolev inequalities in order to derive higher-order results. However,
we present a different method here. It is similar to the one used in Section 3 to derive
representation formulas for functions with compact support from representation formu-
las for functions without compact support, namely, a passage to the limit. Thus we will
pass from Poincaré inequalities to Sobolev inequalities by a limiting argument which
works for all p > 1. The first result below is not restricted to functions with compact
support.

Theorem 4.1. Let p > 1 and let f € W™P(G). Then for any integers i, j with

0<j<i<m,
) 1/qi; ) 1/p
( / X7 £ (o) dx) <c ( / IX’f(x)l”dx) ,
G G

provided 1 < p < Q/(i —j) and q;j = pQ/IQ — (i — j)pl. The constant C is
independent of f.
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Corollary 4.2. Let Q be an open subset of G, p > 1, and let f € Wy"" (). Then for
0<j<i<m,

) 1/4ij ] 1/p
(/ REVICII dx> =C </ IX’f(x)I”dX> :
Q Q

provided 1 < p < Q/(i —j) and q;j = pQ/[Q — (i — j)pl. The constant C is
independent of 2 and f.

Corollary 4.3. Let B C G be a metric ball, p > 1, and let f € Wy""(B). Then for
0<j<i<m,

1 J q v i—j 1 i p v
(H/BIX J&l dx) = Cr(B) (E/BIX Jl dx) ,

provided1 < p < Q/(i — j)and1 < q =< q;j = pQ/[Q — (i — j)pl. The constant C
is independent of B and f.

Proof of Theorem 4.1. Let B, = B(0, r). By Theorem 2.5, for0 < j <i <m,

1 : Ve (1 , 1p
( / | X7 (f = 7 (By, ()| dX> =Cr'’ < f IX'f(X)Ide)
|B/| J, |B:| Js,

forl < p < Q/@i—j)andgq;; = pQ/[Q — (i — j)pl, where C is independent of r
and f. By definition of ¢;;, this estimate can be rewritten as

) 1/qij ) 1/p
</B IX’(f(X)—nm(Br,f)(X))I"’de> SC(/B IX’f(X)Ipdx> -

Note that

. 1/‘]!’_/
([ | X7 70 (B, ()] dX)
B,

IA

Cr249i || X710, (B, )~

IA

crom=i=¢ [ peidy
B,

as in the proof of Theorem 3.1. Since Q/q;; — j — Q < 0, the last expression tends to
0 as r — 400, and we obtain the desired estimate

) 1/qij . 1/p
(f X7 £ (o) dx) < c<f IX’f(x)I”dx) . »
G G

Proof of Corollary 4.2. This follows from Theorem 4.1 because W(;" Q) C
WP (G). [ |

Proof of Corollary 4.3. Taking 2 = B in Theorem 4.2, we get

) 1/qij ) 1/p
</ | X7 f(x)|% dx) < C</ IX’f(x)Ipdx> .
B B
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Thus, by Holder’s inequality and the definition of g;;,

1 7 q Ve i—J 1 i P v
(m/BIX £l dx) < Cr(B) (E/BIX £l dx)

foralll < p < Q/(i—j)and1 < g < g;; (= pQ/[Q — (i — j)p]), with C indepen-
dent of B and f. [ |

5. Simultaneous Embedding Theorems

5.1. Weighted Simultaneous Poincaré Inequalities

We begin by using the simultaneous representation formulas to derive weighted simul-
taneous Poincaré inequalities for high-order vector field gradients on a stratified group
G, assuming a balance condition similar to the one in [4]. We adapt weighted results for
integral operators of potential type derived in [24] and [25].

If wx) € LIIOC(G) and w(x) > 0, we say that w is a weight and use the notation
w(E) = fE w(x) dx for any measurable set E. If w is a weight, we say that w € A,

1 < p < oo, if there is a constant C such that for all metric balls B,

1 r s q , 1/p
(—/ w(x)dx) (—/ w(x)‘”“’dx) <C,
|B| Jg |B| Jg

where p’ = p/(p — 1). A Borel measure p on G is said to be doubling of order N if
there is a constant C > 0 such that, for any balls B; and B, with B; C By,

N
B < (Z82) L.
o rBy) "

Clearly, Lebesgue measure is doubling of order Q. In the case the measure du = w dx
is a doubling measure, we will say that w is doubling. It is not hard to see that w is
doubling if w € A, for some p.

Theorem 5.1. Let By be a ball in a stratified Lie group G, and let m, j be integers with
0 < j < m. Suppose that w\, w, are weights satisfying the following balance conditions
for some p, q; with1 < p < q; < oc:

52) (r(B) )’"‘f ( wy(B) )‘/qf —c ( wi (B) )‘/”
' r(Bo) w2(Bo) - w1 (Bo)
for all metric balls B with B C cBy, where c is a suitably large geometric constant.

Suppose also that wy € A, and w; is doubling. If f € W™ P (By), then for either of the
polynomials P = Py (By, f) or P = m,,(Bo, f),

1 ) 1/q;
(5.3) < X/ (f = P)|Yws dx)

w2(Bo) Jg,

) 1/p
< Cr(By)"™’ < X" 1wy dx) :

wi(Bo) Jp,
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The nonweighted case of (5.3) was already given in Theorem 2.4. The balance con-
dition (5.2) leads to the restrictions on the indices in Theorem 2.4. The case j = 0 of
Theorem 5.1 was proved in [17].

Proof of Theorem 5.1. There are several ways to proceed. First observe by Theo-
rem 2.1 that for either of the polynomials P = P,,(By, f) or P = m,,(By, f) and a.e.
X € Bo,
(5.4)

. ,y)ni By)m—i
IX’(f—P)(x)ISCfB x| 2L ) r(Bo)

B o oy @ C— g | X" f(ldy.
|B(x, p(x, y)| Y | By Bo| Fldy

Using the integral operator 7; defined by

p(x, y)ym
|B(x, p(x,y))]

’

Tig(x) = /Gg(y)

we may rewrite (5.4) as

r(Bo)"
| Bol

The second term on the right here is a constant, and by Holder’s inequality, it is bounded

by the right side of (5.3) because w; € A,. Consequently, (5.3) will follow by verifying
the norm estimate

X (F = PY)la (¥) < CT,(X™ Flxa) (x) + C /B X" £ ()] dy.

1/p

1/q;
(5.5 </B |Tj(gXBU)(X)|qfw(X)dx> < C( . lg(x)|Pv(x) dx)

with weights w, v chosen to be

wor(x) and v(x) = M
w> (By) ? B w1 (Bo)

The rest of the proof is now identical to that of Theorem 5.1 in [17]. |

wx) = wi(x).

Another way to proceed is to deduce the result from the known case j = 0 proved in
[17].Infact, firstchoosing P = P, (By, f), we can combine the fact that X TP, (By, f) =
Py,—;(Bo, X’ f)if d(J) = j with the known case j = 0 to immediately deduce (5.3)
for P = P, (By, f). Next, in order to deduce (5.3) for the choice P = m,,(By, f), we
simply use the fact that (5.3) for any polynomial of degree less than m implies (5.3) for
the polynomial 77, (By, f). This can be seen by the sort of reasoning used in the second
proof of Theorem 2.1 coupled with Holder’s inequality in order to pass from Lebesgue
measure to w-measure, since wy € A,.

The first of these methods also leads to the next result.

Theorem 5.6. Let By be a ball in a stratified Lie group G, and let m, i, and j be
integers with 0 < j < i < m. Suppose that wy, w, are weights satisfying the following
balance conditions for some p, q;; with 1 < p < q;; < 00:

<r(B) >ij < wa(B) )1/‘11‘/' —c < w;(B) )I/P
r(Bo) w2 (Bo) - wi(Bo)
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for all metric balls B with B C c¢By, where c is a suitably large geometric constant.
Suppose also that wy € A, and w, is doubling. If f € W™P?(By), then

1 ] 1/qi;
(5.7 ( | X7 (f — 7tm(Bo, )% ws dx)
w2(Bo) Jp,

1/p
< Cr(By)' ™’ ( X F 17w, dx) .

w1(Bo)

The nonweighted case of Theorem 5.6 was already given in Theorem 2.5.
The proof of Theorem 5.6 is similar to the first proof of Theorem 5.1, but uses Theo-
rem 2.2 instead of Theorem 2.1.

5.2. Simultaneous Exponential Inequalities

We now fix k > 0, aball B C G and a Borel measure u, and then define

px, »F
T = WBGx, por, ) T
848 (X) /Bg(y)u(B(x,p(x,y))) n(y)

We will need the following special case of Theorem 5.8 in [17]:

Lemma 5.8. Let i be a doubling measure of order N and let Tg 1 g be defined as above
for k > 0 and a fixed ball B C G. Suppose that pk = N and p > 1. Then there is a
constant C > 0 independent of B and g such that

1 r(B)* |T5 18(x)] )p/(p—l) }
' d C.
(B /Be"p { (CM(B)‘/P 1800t uix) <

Theorem 5.9. Let B be a metric ball in a stratified group G of homogeneous dimension
Q. Let m and j be integers with 0 < j < m < Q, and let p; be defined by p; =
Q/(m — j). If f € W™C(B), then for either of the polynomials P = P,,(B, f) or

m (B, f),
/ { ( X/(f = P)()| )”’/(”"D }dx <cC
|B| CUIX™ fllLr (B.ax) T

with C independent of f and B. Moreover, for the same p;, a similar result holds for
any weak Boman domain Q2 in G: if By is a central ball for Q and P is either P,,(By, f)
or JTm(BOv f)’ then

. {(IXf(f P)) )”"””""”}d c
X .
o] CIX" f o =

Proof. The first statement follows immediately from Lemma 5.8 and the simultaneous
representation formulas in Theorem 2.1. Recall that on a stratified group G, |B| =
Cor(B)?. The second statement can be obtained from Theorem 2.3 by arguing as in the
proof of Corollary 5.9 in [17]. [ ]




Simultaneous High-Order Representation Formulas 665

Similarly, we can deduce the next theorem from the simultaneous representation for-
mula in Theorem 2.2.

Theorem 5.10. Let B be a metric ball in a stratified group G of homogeneous dimen-
sion Q. Let j,i,m be integers with 0 < j < i < m < Q, and let p;; be defined by
pij = Q[ — j).If f € W™C(B), then

o [ {(le<f—nm<B, f))<x>|>”""””""_” }dx <c
B J;°F CIX f 11 5.an) =

with C independent of f and B. Moreover, for the same p;j, a similar result holds for
any weak Boman domain 2 in G: if By is a central ball for 2, then

1 X/ (f — 7 (Bo, f))(x)l)””/ @y=D }
— - d C.
151 /Qexp{ ( CIX fllm cran =

5.3. Simultaneous L™ Estimates and the Holder Continuity

We now prove some estimates on stratified groups in the case either p = landm—j > Q
or p > 1and p(m — j) > Q; these complement the results in Subsection 5.2 where

p>land p(m —j)= Q.

Theorem 5.11. Let B be a metric ball in a stratified group G of homogeneous dimen-
sion Q.Let0 < j<m,p>1,m—j)p>Qifp>landm—j>Qifp=11If
f € W™P(B), then for either of the polynomials P = P, (B, f) or P = m,, (B, f),

(5.12) IX7(f = P)llz=.ax) < Cr(B)" =P\ X™ fllLo(B.ax)

with C independent of f and B. In particular,

C

5.13) ||X/ ©(Bdx) < ———T=
(5.13) 11X fllL=B.an = "(B)@

/ lfW)Idy + Cr(BY" =2/ | X" £l Lo a)-
B

Moreover, if p > 1, m — j < Q,and (im — j)p > Q, a similar result holds for any
weak Boman domain Q in G: if By is a central ball, then for either P = P,,(By, f) or
P = 7, (Bo, [),

(5.14) 1X7(f = P)ll=g.an < CIQI™ P CVPIX" £l Lo .ax)-
In particular, for the central ball By,

C()

—— | | f Dl dy + CIQUT DTV IX™ Fl| o a)-
r(Bo)/|Bol /5, br@.d)

(5.15) 1X7 fllz~@.an) <

Proof. If P = P,(B, f)or P = m,,(B, f), then by Theorem 2.1,

XI(f = PY)| < € fB p(x, YY" X ()| dy + Cr(B)" 2 /B X" £ () dy
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forae.x € B.If p=1andm — j > Q, the right side is at most

Cr(By" ¢ /B IX" f(y)|dy,

and (5.12) follows. If p > 1 and (m — j)p > Q, then by the Holder inequality, both
terms on the right are easily seen to be bounded by Cr(B)" /= C/P | X™ |l 1r(B.dx),
which proves (5.12). If we choose P to be w,, (B, f), namely, to satisfy

C
il dy,
IBl/BIf(y)I y

then (5.13) follows from (5.12) by the triangle inequality.
If m — j < Q and By is a central ball for €2, by Theorem 2.1 and then the Holder
inequality, we obtain that, for either P = P, (By, f) or P = m,,(B, f) and a.e. x € €,

(5.16) 72m (B, )L (B.dx) =

) ) , 1/p'
(5.17)  |IX/(f-P)x)| <C ( / p(x, y)ni=ow dy) IX™ £l Lr@.dx)-
Q

By selecting R with |B(x, R)| = |2] and using the factthat —Q < im— j — Q)p’ <0,
we see that the first factor on the right in (5.17) is bounded by

1/p
</ p(_x’ y)(m—./—Q)P dy +/ R(m—J—Q)P dy) < C|Q|(m—_])/Q—l/p‘
B(x.R) p(x.y)>R; 2

This completes the proof of (5.14). To prove (5.15), note that since m,, (By, f) satisfies
(5.16) for By, then (5.14) implies

IX7 fllze@.ax < 1X/ 0 (Bo, F)lle@.an + CIQU" D CVPIX" Fll 1o @.an)-
Since 2 C M By by Definition 1.9(iv), the first term on the right is at most
I1X7 70 (Bo, f)llxmsyaxy < CODIX 700 (Bos )l LBy )
C(M)
= r(Bo)/|Bol /g,

where the penultimate estimate follows from Bernstein’s inequality and (1.5). We em-
phasize that C (M) is independent of f and By. This finishes the proof of (5.15). [ ]

A

[fMldy,

6. Other Embedding Theorems of Sobolev Type

By using the representation formulas of Sobolev type proved in Section 3, we can obtain
the following weighted Sobolev inequalities by methods like those used in Section 5.

Theorem 6.1. Let G be a stratified Lie group, and let m be any positive integer less
than Q. Let 1 < p < q < o0, let By be a metric ball, and let w,, wy be weights which
satisfy the balance condition (5.2) for j = 0 and all metric balls B C ¢ By. Suppose also
that wy € A, and w; is doubling. If f € Wy""(By), then

1/q 1/p
|f|qw2dx> < Cr(By)" < |X’"f|pw1dx) .

<w2(Bo) Bo w1 (Bo) Jg,
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Proof of Theorem 6.1. First observe that, by Theorem 3.2,

p(x, y)"

—————dy, ae.x € B
[B(x, p(x, y))|

)] < C/B X" £ ()]

The result then follows from (5.5) with j = 0, in the same way that Theorem 5.1 was
proved. [ ]

Similarly, using the representation formula in Theorem 3.2, we can derive the next
result.

Theorem 6.2. Let B be a metric ball in a stratified group G of homogeneous dimension
Q, and let p > 1 and m be a positive integer with pm = Q. If f € Wy " (B), then

|f(X)| P/(Pl)}
d C
18] / { (cnxmfnmdx)) r=

with C independent of f and B. Moreover, for the same p and m, a similar result holds
for any domain 2 in G and f € Wy " (Q):

fol 7T }
d C.
] / { (cnxmfnm dx)) *=
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