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On Conformally Invariant Equation (—A)?# — K(x) uv% =0
and Its Generalizations (*).

GuozueN Lu - JuncHENG WEI - XINGWANG XU

Abstract. — We consider the question of existence and non-existence of positive entire solutions for con-
formally invariant equations involving polybarmonic operator. We obtain existence of infinitely
many positive solutions if the potential decays sufficiently fast at infinity and the nonexistence of po-
sitive solutions if the potential grows too fast at infinity. We also establish a Kazdan-Warner type
condition for nom-existence of solutions decaying at infinity.

1. — Introduction.

Let us start with the concept of conformally invariant operators. On a general Rieman-
nian manifold M with metric g, a metrically defined operator A is said to be conformally in-
variant if metrics g, and g are pointwise conformally related, i.e., if g, = e?* g, the pair of
corresponding operators A, and A are related by

(1.1) A, (@) =e b A(e™ )

for all o e C*(M).

Conformal Laplacian 4(z — 1)/(# — 2) A — k, where £ is the scalar curvature of the met-
ric g, is a well known second order conformally invariant operator. Associated with this well
understood operator, there is a prescribed scalar curvature problem. Given a smooth positi-
ve function K defined on a Riemannian manifold (M, g,) of dimension #» =2, we ask
whether there exists a metric g pointwise conformal t0 such that K is the scalar curvature

of the new metric g. Let g = 2 g, for » =2 or g = u =2 g, for n = 3, then the problem is re-
duced to find solutions of the following nonlinear elliptic equations:

(1.2) ~ A,u+Ke* =k,

(*) Entrata in Redazione 1’11 novembre 1998. Ricevuta nuova versione I'l novembre 1999.
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for n=2, or
4(n—1)
(1.3) n—2

#u>0 on M

n+2
A,u+Ku>—7 =kyu

for n =3, where 4, denotes the Beltrami-Laplacian operator of (M, g,) and £, is the scalar
curvature of go. When M = R” or equivalently, §”, this question has been received a lot of at-
tention in the past two decades.

In this paper we consider the question of existence and nonexistence of positive sol-
utions of the following polyharmonic equation

(1.4) (—AVPu—K(x) u?=0

in RN with N=2p+1, ¢g>1.

One of its characters is its conformal invariance. By comparing with (1.3), they are quite
similar, In fact, it is known that P,,= (—A4) is a conformally invariant operator on R?”
which is a special form of the general operator discovered by Paneitz [17] when p =2, see
also Branson [1] and Djadli-Hebey-Ledoux [6] for further related results. It is generally
known for p > 2 just as being verified in [7]. But one does not know the exact form of this
operator on a general Riemannian manifold unless p =2.

There is a 2pth operator on RY with N > 2p which is similar to conformal Laplacian op-
erator. In fact, when p = 2, on a general Riemannian manifold (M, g;), we can explicitly de-
fine the so-called Q-curvature as the following

1 .
(15) Qg0= _Z(—N_—l—)AR+dNR2+CNRlCZ
where
2 N?>—4N?2+16N-16
N = -—_—, =
NN =22T YT T R(N-1A(N-27

Let
P4 = (—A)2 + 6(ﬂNR + bNRl'C) d

N-2 _ and by= ——2_.
4N-1)  (N-D(N-2) N-2

Given a smooth function Q(x) on M, the prescribing Q-curvature problem is the follow-
4

be the Paneitz operator in M with ay =

ing: find a conformal metric g such that Q, = Q. If we let g = #7-7 g, then the problem is
reduced to find out solutions to the following equation

N - N-— ¥
24Q0”= 4Q”Z‘:-

When M =R, then equation (1.6) is exactly (1.4) with p = 2.
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We will restrict our attention to the case M = RY since one does not have much informa-
tion about this operator in general case. However, for more recent results concerning this
general case, one refers the reader to [31.

Theorems proved in this paper are in spirit motivated by and inspired to the earlier re-
sults for second order semilinear equations by W.-M. Ni [16] and the subsequent works by
Kenig and Ni [8], Lin [11], Li and Ni [12], and many others. In particular, we will avoid
using the comparison method with radial equations in order to use the sub-super solution
scheme. We also refer the interested reader to the recent work by the first two authors [13]
and [14] for this sort of argument, where the Yamabe-type problem was studied for subel-
liptic operators on the Heisenberg and stratified groups.

One of the most intriguing results in this paper is Theorem 1.3. The main difficulty in
proving this lies in the lack of the Maximum Principle for higher order elliptic operators. As
a substitute in this setting, we use Lemma 1.4 below which is really the key machinery to de-
rive Theorem 1.3. We hope that this lemma will be found useful in studying other related
problems for higher order operators. By adapting similar ideas of proving Lemma 1.4 given
in this paper, the second and third authors have subsequently obtained analogous result
when K =1 in [18], which the authors use it to prove the following

Tueorem A. — Let K= 1., Then the equation (1.4) has no positive entire solution for
g<(N+2p)/(N-2p).

We should mention that, regarding to equation (1.4), the above theorem was derived
earlier by Lin in [10], and the third author with different method, in [20] for p =2.

We now turn to state the main results of this paper. Our first result is an existence theo-
rem which is an extension of the results of [16].

Turorem 1.1. — Let K(x) be a bounded locally Holder continuous function in RN. Let
(x1, %) e RN"" X R™ and suppose that m >2p and

C
|KGor, )| S ——
X2|

Jor |x; | large, uniformly in x, e RN™™ for some constants C> 0 and > 2p. Then the equa-
tion (1.4) has infinitely many bounded positive solutions with the property that | llirn u(x) =

= C, for some positive Cy. Furthermore, let P,(RN) be the set of nonnegative polynomials with
degree k. If m>2p>k and |>2p+ kq then for any sufficiently small positive constants
a,>0, 4, >0 and for any P,(x) € P,{R"™), there exists a solution u of (1.4) such that

1imw[u(x1, Xz) - (do + alple(xz))] =0,

|%2| =

lim (=AY [u(xy, %) — (a9 + a1 Pu(x))1=0,i=1,...,p—1.

|x2 | =
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ReMark. — Theorem (1.1) shows that the solution structure of (1.4) is somehow more
complicated than that for the classical Yamabe-type problem

(1.7) Au+K(x) u?=0, g>1

(see [16]).
Next we discuss some non-existence results.

THEOREM 1.2. — Suppose that K(x) = O(|x| ') for some Ke CY(RN) and [ > 2p and that
the function

L(x)=|N K(x) + x-VK(x)

_(N=2p)(g+1) ]
never changes sign in RY (N > 2p). Then the equation (1.4) does not possess any bounded po-
sitive solution u with lim infu(x) = 0.

|x| =

Finally we show that if K(x) grows too fast, then there are no positive solutions.

Tueorem 1.3. — If K(x) = Clxllfor some [ Z g(N — 2p) — N. Then the equation (1.4) has
no positive solutions for g > 1.

Theorems 1.1 and 1.2, in such general forms, are new for the equation (1.4). As we can
see, there is a difference between the decay power in Theorem 1.2 and the growth power of
K(x) in Theorem 1.3. It will be an interesting open question to study the case when K(x) lies
in between. Our Theorem 1.3, under additional hypothesis that the inequality (1.8) holds
and that # is radial, was derived in [15]. Our theorem does not require any of the aforemen-
tioned extra hypothesis given in [15].

As we have mentioned earlier, unlike the second order equation, the major difficulty in
studying equation (1.5) is that the Maximum Principle can not be directly applied to # with-
out any information of (—A4)#,i=1, ..., p — 1. Thus, we have to get sufficient informa-
tion about (—A4) « from equation (1.4).

The following is the key lemma.

Lemma 1.4. — Let u be a positive solution of (1.4) with K(x) = C|x|  with [ 2 (N — 2p) —
—N. Then u must satisfy the following

(1.8) (—AYulx) >0, 7=1,...,p—1.

We now sketch briefly the ideas employed to derive our theorems. We prove Theorem
1.1 by sub-super solution method. Here, we compare both # and (—A4)'u,i=1,...,p—1
by using the sub-super solutions for elliptic systems.

Theorem 1.2 is proved via the Pohozaev identity. To apply Pohozaev identity, we have to
obtain a priori estimates on the asymptotic behavior of # and (=AY u,i=1, ..., p — 1. This
is given in Theorem 2.4.

To obtain Theorem 1.3 we take the average on both sides of (1.4) and obtain a 2p-th dif-
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ferential inequality. Then we use Lemma 1.4 and standard blow up arguments to
conclude.

The organization of the paper is the following: In Section 2, we present some a priori es-
timates for some Newtonian potential. We prove Theorem 1.1 in Section 3. Section 4 con-
tains the Pohozaev identity and the proof of Theorem 1.2. Finally we prove Lemma 1.4,
which is stated as Theorem 5.2, and Theorem 1.3 in Section 5.

Acknowledgments. The research of the first author is supported in part by the National
Science Foundation Grant #DMS96-22996. The research of the second author is supported
by an Earmarked Grant from RGC of Hong Kong. The authors wish to express their thanks
to the referee for his/her helpful comments which improve the exposition of the

paper.

2. — A priori estimates.

In this section, we shall study the asymptotic behavior of positive solutions of the equa-
tion (1.4), i.e.,

(=APulx) —K(x) u?(x) =0 xeRVN

for N>2p, g>1 under various hypotheses on K.
Let us first estimate the Newtonian potential of f where f satisfies

2.1) Ifx) | <Clx|', 1< -2p.

Lemma 2.1, — Let w be the Newtonian potential of f, i.e.,

7

S A—) )
Ix_le—Zp Y

(2.2) w(x) = Cy j

RN

where [ satisfies the assumption (2.1). Then w is well-defined and at =, the following esti-
mates hold true.

Clx|2N, i 1< —N;
|w(x)| <3 Clx|*? Nog|x|, #I=—-N;
Clx|?*!, if—-N<l< -2p;

Proor. — The proof is rather standard. We include a proof here just for the sake of
completeness.
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It is easy to see that w(x) is well-defined since by (2.2) that there exists a constant C > 0
such that

(1+ o]

Ix_le—Zp

lw(x)| <C

RN

.for some / < —2p. Keep in mind that in the following the positive constant C may be varied
from line to line.
Next we decompose the above integral as follows:

|w(x)| < [+ | + )(C(l—ﬂﬂ)—l)dy

|x _le—Zp
fx—y| <|x|/2  |x|/2<|x—y]|<2|x|] 2]|x|<€]|x—y]

=I1+12+I3.

We shall estimate I;, (=1, 2, 3) separately.

e C(1+ |x|)
1T N-2
N ]
C

!
|x=y| < |x|/2 y

By evaluating the integral, we get
L sC|x|!*t?.

To estimate I;, we note that |x —y| =2 |x| implies |y| = |x| so that |x—y| < |x| +
+ |y| <2]y|, ie, |y| = |x—y|/2. Hence

LecC (1+ |y
o =y |N7%
Jx—y| Z2|x|
1+ |x—y|/2)
cc | e
lx—y| Z2]x| |x =y

«©
<C f p2eti=14,

2%

=C|x|?*.,
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We now estimate I, as follows:

L<C|x|?~V | (1+ |y])dy

jxl/2 < |x—y| <2|x|

scClaf> M [ A+ e+ [ G+

b=t 1<y} <3 x|
Note
C f N—-1+I<-1;
ly|'dy< { Clog|x| if N—1+I=~1;
=i Clx|N*! # N—1+/>-1.
Thus estimate for I, follows.

Similarly we have

Lemma 2.2. - If f2 0 in RN and |f(x) | 2 C|x|’ at infinity for some I < —2p, C>0, then
the Newtonian potential w, if it exists, defined by (2.2) bhas the following lower
bounds

Clx)*~N if I<—-N;
|w(x)| 2§ C|x|** Nog|x| if I=—-N;
Clx|#*! if —N<l<-2p.

The proof of this lemma is similar to that of lemma 2.1. We shall omit it here.

Lemma 2.3. - Let v be a bounded solution of
Yv—F=0

in RN, where N>2p, |f(x)| <C|x|’, 1< =2p.
Then vy, = hm vix) exists and

&)
v(x) —Uco+CN-” m
Proor. — Let w(x) = fl—f-sz—de Then
(=AY w(x) = f(x)

and
(AP (w—-v)=0.

Note that w — v is bounded in RY and then by the Liouville theorem for the polyharmonic
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operator we have
w—v=-C

for some constant C (we include a proof of it at the end of this section since we can not lo-
cate a reference for this well-known fact, see Lemma 2.5 in this section). Since lim w(x) =
=0, we have C=v,. Il =

The following is the main estimate of this section.

THEOREM 2.4. — Let u be a bounded positive solution of (1.4) in RN, N>2p, 4> 0, and
lim infu(x) = 0. Suppose that K is a locally Hélder continuous function which satisfies the fol-

|| =

lowing decay
[K(x)| <C|x|', at o,
for some | < —2p. Then

N+1
C|x|2”_N at ©, {fp> N2 ;
u(x) < - pN ;
(1—e}i+2p) +
Cle| v~ atw, ips

where C, only depends on €.

Proor. — Let f(x) = K(x) #7(x), we then have
(—A4Pu—f=0 in RV,
By Lemma 2.3, we have

f(y)

—_ y'
|x_y|N 2p

u(x) = Cy j

RN

Since #, = lim u(x) always exist and is thus equal to zero. We shall divide the proof into

x| =

three cases.
Case 1. [< —N. In this case the result follows directly from Lemma 2.1.
Case 2. = —N. Lemma 2.1 implies that for |x| large enough
|u(x) | < C|x|** Nlog|x| < C|x|@
thus
£ | = [K(x) |- |ulx) |2 < C|x| I+ a2~ N022

for |x| large.
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Since /= —N, ¢> 0, we have [+ ¢(2p — N)/2 < —N, and thus our result follows from
Lemma 2.1 again.

Case 3. =2p>[> —N. From Lemma 2.1 we have for |x| large
|F(x) | = |K(x) | - |alx) |7 < C|x| H 70+ 20,

If [+ g(/+ 2p) < — N, then we are done by Cases 1 and 2. Otherwise, apply Lemma 2.1
to get
lu(x) | < Clx|l+q(l+2p)+2p — C|xl(l+2p)(q+1)
for large |x|. We iterate this process to conclude that after k-th iteration
Clx|?*~N if < —(N-2p)
Clx|* if [,>—(N-2p),

where [,=(1+g+4°+...+4%) ([+2p).

If g=1, then [,— — © as £— @ since /< —2p. For ¢ <1, when g > NN+Z , since

boi—L=g*"'(I+2p) <0 and klim L=U+2p)/(1—gq)< —(N-2p), ther_e exists a
very large % such that /, < —(N —2p) and then it follows that
lu(x)| S C|x|?? N at o,

When g< N+/
N-2p

Finally, we state and prove a Liouville theorem for polyharmonic functions, which is of
independent interest.

Al ll+_2p = — (N—2p) and thus our result follows from lemma 2.1.

Lemma 25. — Let ¢ be a bounded function such that (—AY ¢=0. Then
¢ = Constant.

Proor. — Let ¢po=¢, ¢p,=(—=AV ¢, i=1,...,p—1. We first prove that
$,.120.
Suppose not, there exists x,e RY such that
$p-1(x) <O0.

Without loss of generality, we assume that x; =0.
Let #(r) be the spherical average of #(x), namely,

#r) = ———ouse I u(x) ds .

Then we have

Ao+ ¢,=0, A¢,+¢,=0, ---,Aap—1=0~
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Since E)P—l(o) <0 and 5,',-1 =0, we have
@p-1(r)=¢,_1(0) <0 foral r>7=0.

Then it is easy to see that

$}2>(—@§AODL
Hence
B_2(r) Zcyr?
for r large.

Same arguments show that
Gp_3(r) < —¢57r?
and
(—l)iEP_i(r) Zri-V i=1,...,p

for r large, which is a contradiction to the fact that ¢, = ¢(x) is bounded.
Hence ¢, = 0. By changing ¢ to —¢, we have —¢,_;20. So ¢,_; = 0. Similarly
we have

(-A¥¢p=0, i=1,..,p—1.

So ¢ is harmonic and the lemma is thus proved. ®

3. — Proof of Theorem 1.1.

Theorem 1.1 can be proved by using sub-super solution method. Let us first state a com-
parison theorem.

Tueorem 3.1. — Let (u', 0), ..., v,_1) and (4, vf, ..., v;_1) be a pair of functions
satisfying

Au' + vl =2 Au? + 02,
A+ ol A0+ 0R,i=1, .., p -2,
and
Av) 1+ K(x)(u') 2 Av?_ | + K(x)(a?)

with u'<u?, v}<v?,i=1,...,p—1and g> 1.
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Then there exists a solution (u, vy, ..., v,_,) of the following problem
Au+v,=0; A, +v;. =0, 71=1,...,p—2;
Av, 1+ Ku?7=0;
Moreover, ' <u<u? and v} <v;<v? i=1,...,p—1.

Proor. — Note that our system is quasi-monotone. On bounded domains with Dirichlet
boundary condition, please see the proof of Theorem 1.2-5 of [9]. On RY, we can use an ap-
proximate procedure as in the proof of Lemma 2.7 of [5]. Since the proofs are standard, we
omit the details.

We now use Theorem 3.1 to prove Theorem 1.1. Equation (1.4) can be rewritten
as

Au+v,=0, Av+v,=0,..., 40, 1 +Kx)u?=0.

Proor oF THEOREM 1.1. — By our assumption on K, there exists a continuous function
K(x,) such that

|K(x)| < K(x), Rlxp) <(1+ |x]).

Let a > 0 and M;, M, > 0 be numbers to be chosen later, Let #, (x) = a{lM; + M, ¢ +
+¢y) and u_ =a(M,+ M, ¢ — ¢,), where ¢ € P,(R™) and

(_sz)p¢o(xz) - |I?(x2) |(1 +¢(x2))q=0’
(—4,,)¢o(x;) >0 as |x| > foral i=1,2,...,p-1.

(This implies that (=4,,)¢,>0,i=1,...,p—1)
Note that when ¢(x,) =0 we need to require

|K(x) | <Clx |', 1< -2p,
while when ¢ # 0 we require
|R(x,) | <C|x;|', I< —2p—tg,
so that | K(x)(1 + ¢(x))? | < C|x, |, I< —2p.
Thus lim |¢o(x;)| =0 by Lemmas 2.1 and 2.4.

Definexzvl; and v;7,i=1, ..., p—1 so that
(—AVu,=v", (—AVu_=v7, i=1,...,p—1.
Thus
Au, +v" =0=Adu_ + v,
Av +oh =Av; +v5,, i=1,...,p—2
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and

dv,"  + K(x) uf

—a|K(xp) [(1+ ¢)7 + K(x) a? (M, + My ¢ + o)?

< |K(x) |[(—a(l+ @)Y + af(M; + My¢ + ¢,)9)
< | K(x,) [(af(max (2M,, My))? — a)(1 + ¢)*
=0

provided that a = a?(max(2M;, M,))? and —M,; < ¢, < M,. Similarly we have

Av,_ 1 + K(x)u?

]

a| K(x,) [(1+ @)Y + K(x) a?(M; + My ¢ — ¢ )*
= | K(x,) |(a — a?(max (2M;, M;)))(1 + ¢)*
=0

provided that a > a?(max (2M;, M,))?. Thus,
Au, +v  =Adu_+v =0, Av +v} =4v, +v,57,, i=1,...,p—-2
and
Av,"  + K(x) uf <0< Adv,_ | + K(x)ul

andu, Zu_andv,t — v, =2a(—4) ¢ ,> 0. Therefore, by Theorem 3.1 there exists a sol-
ution to the equations

Au+v,=0, dv,+v,,,=0, Adv,_;+Kx)u?=0.

Theorem 1.1 is thus proved.

4, — Proof of Theorem 1.2.

In this section we prove Theorem 1.2. To this end, we first state a Pohozaev
identity.

Lemma 4.1. — Let u be a solution of (— AV u=f(x, u), then we have

n—2p

4.1) J[ﬂF(x, u) — uf(x, u) + xVF(x, u)] dx= — IBp(u) do
o) a0
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where when p=2m,

. _ AYe—1 _ -k
B,,(u)=(2— 2) $ [(_A)zm_kua( A¥ 1y y(-Ay ”(—A)’e-lu]+
2] k=1 £y Sy
m— I3 _ i—1 _ b=
2 21 2 [(—A)P_"ua( A w AV u (—A)J"W]-l—
k=1 j=1 v Sv
+ 2 [(x, V(-A)fe—lu)w (=AY *4] &x, V(-4) u)]+
k=t o v
+1/2((=4)"u)x, V)—P(x, u)x, v);
when p=2m+1,
z & —A4)7! — Ay
—B,(w) =F(x, )(x, »)=2 3, E[(_A)P—fuw_((_A)j_lu) 3(~4) u]+
£=1 /=1 X %
— p—k _ m
+(1—n/2) Z[ A4~ 1u)—__a( 4) u___(_A)mua( 4) ”]+
= v v
< —Ap-* A1
= [“V(_A)k'lwm — [(—apra 2 TED u>]_
k=t o v
HN—=A)"u

—1/2| V(=) u] |2(x, v} + {x, V(= A)" u)

>

where F(x, u) = f Hx,s)ds and v is the unit outward normal vector along the boundary
89. 0

Proor. — Notice that
(=Dx, V(=AY u)] =2(=A) u+ {(x, V(=AY u).

By repeatedly using this fact and the second Green’s identity, we can get the above formula
easily.
Let # be a bounded positive solution of

(=AY u—K(x) u?=0
where |K(x)| < C|x|’ for some /< —2p. We set f(x) = K(x) #?. Then we have

lu(x) | = O(|x|?2~N), at o

>
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and

|f(x)| SC(1+ |x|)"" -2 xeRN.

Note that /—g(N —2p) < —N and
1

et = [ V| e

)f<y> dy
RN
for ja| =2p—-1.
We have

|xIN-—2p+|a|

Ix_le—2p+|a|(1+ |y|)q(N—2p)—ldy'

|x|N =20+ el |9ou(x) | < C |
RN

We can argue as in Lemma 2.1 to get
|| N-22¥lel |Vey(x) | < C.

We now apply the Pohazaev identity for f(x, #) = K(x) u? on £ = B to get

1 —
j[imn % VK(x) — LZ22 K(x)] wt*lde= - [ B,(w) do
B g+1 g+1 2 aBg
where B,(«) is defined by Lemma 4.1.
We only prove the case when p=2. The odd case is similar.
We now estimate each term on the right hand side:

f(x, v) K(x)u?*'do| < CRN-RL-R-W*+DN=-22) 0 since /< —2p;
3Bz
m — A~
2 (__A)Zm—/eua( 4) Ly d0'| sCRN—lRZp—N—Z(Zm—Ie)RZp—N—Z(le—l)—l =CR2p—N__)0
By ! ov
m _ m—k
$ (=AY *y (=)' yudo | <CRN-1R%-N-2@m-k-1R2~-N-2t-1 _ CR2-N_ )
By ) e
m-1 k A=Ayt AN—AY—/ )
j 2 [(_A)P—/u 4y - (-4 u(—-A)’_lu]dU‘s
55 k=1 j=1 ov ov

gCRN—IRZp—2N+1_>O
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[ (2 up(x, v) do| < CR?-N—0

3Bx

” - p—k m
I Z (x, V(—A)/e_lu>u_li - 2 [(__A)p—ku],
k=1 v k=1

8By

. ¥x, V(—AY4)

da| < CR¥?-N>0
ov

Therefore we have

I[x'VK(x) + (N— N—22p (g+ 1)) K(x)] w?*ldx=0.

RN

The rest of the proof follows a method similar to the proof of Theorem 1.4 in Section 3.1 of
[12].

5. — Proof of Theorem 1.3.

Throughout this section we assume that K(x) = 0 and #(x) is a solution of (1.4). We
define

1

wy - V!

u(r) =

I u(x) do ,

jx| =7

and

Then we have

Lemma 5.1. — Let u be a positive solution of (1.4) in RY. Then ulr) satisfies the following
differential inequality

(—A»a~K(n @20 in [0, )
and
#(0)=0,((-AY®)'(0)=0, i=1,...,p—1.
Proor, — By a slight modification of the proof of Lemma 3.1 in [16].

The following theorem, which is stated as Lemma 1.4 in the introduction, is the key re-
sult in this section.
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THEOREM 5.2. — Let u be a positive solution of (— A u = K(x) u? with K(x) = C|x|’ and
[Z2g(N-2p)—N, qg>1. Then we bave

(-AYuz=0, i=1,..,p—1.

Proor. — Let v;=(—AYu, i=0,1,2,...,p—1 with vo=2u. We first prove the
following

(51) UP -1 =20.
Suppose not, there exists xyeR” such that
UP -1 (Xo) <0.

Without loss of generality, we assume that x; = 0. By Lemma 5.1 and the assumptions on

K(x),
Au+5,=0, A%, +0,=0,...,45,_;+Cr'@?<0
Since 7,_1(0) <0 and 7,_(r) <0, we have

(5.2) U,-1(r) <9,_1(0) <0, foral r>7=0.

Then integrating the second last equation we have

-, (=9,-,(0))
Up-2> —N—r
Hence
(5.3) Uy-2(r) Zr?,  for rzn>n.
Same arguments show that
(5.4) U,-3(r) < —grt, for r2z7>7%
and
(5.5) (-1, (r)zcr®™V, forrz7, i=1,..,p.

Hence if p is odd, we have a contradiction to the fact that # >0.
So p must be even and we have

(5.6) ulr) Z¢r’, a,=20p-1)
and
(=1)5,_;>0

for r>7,>0.
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We can now start the iteration. Setting A= (24(p —1)+/+ N+2p). Note that
Az2q(p—1)+qg(N-2p)+2p=¢9g(N-2)+2p>0.
Suppose now that
rot
be

(5.7) a(r) zcf y

, forr=vr,.

Then we have

NG, ) S AT @) () = [ s () ds

Tk

+/+1
-, rq0k+l+l_rg0k I
vp-—ls - ’ Coq
A®(go,+ [+ N)
Hence
Cgk“rqak+l+l
TS - ——
2AP(go, + [+ N)
—_—
fOI‘ r=2petive e
Similarly
c(?l‘“rqak+l+2
V-1 S

" 4AB (o + 1+ N)gop + [ +2)

1 1
for r 22w 22 5 v 142 1.

Hence

k+1
C(? rqok+l+2

" A%4(ga, + 1+ NY?

vp_1$

2
for r = 2wrrivz 7.
By induction, we have

k41 ;
cg rqa/(+l+2:

2i
(5.8) (=1)Yo,_;(n= . -, rZ2wpetitary,
? (gog+ N+ 1+ 2p)Athg ’ ¢
Hence
Coqk+quak+l+2p 2p
2= 2ervivl 7y,

(5.9) ulr) = ,
. “ 222 AP (ge, + 1+ N+ 2p)?
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Set
00=2(p-1), r=r
Opi1=40;+ l+—2p:

2p
Te+1 =2401efl+l Y.

(Note that the condition that /= g(N — 2p) — N ensures that
I+2+24(p—1)2g(N=-2p)+2—-N+24(p—-1)=(¢4—1)N-2)>0.
Therefore it is easy to check that
qo.+1+2>0

so that the previous arguments do work.)
First of all, by mathematical induction, it is easy to see that

222(g0, + N+ [ +2p)? < A2+ D
by noticing that
q0,+N+1+2p<Algor_ +N+[1+2p).
Hence we also can set
by=0, bry1=gb+2plk+1).
Then we have

k+1
Ok+1

[« 4
> @

ulr) = U P g,

Notice that
Yo+ 1Sy

. & 2
where ¢ can be chosen to be 2Zv w7 .
Also notice that, by using the iteration formulas above, we have

_ p(q/e-i-l_l)_q_'_l
ak—z )
g—1

and
g*t = (k+1)g% +k
(g—17

Hence, if we take M>1 is large enough so that MA?“~V=2¢r if ;=1 and
MA@~V 712 2 ¢y if ¢y < 1, and then take 7, = MA2“~Y or MA@~ 1 ¢! depending on

bk==2p
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whether ¢, is greater than or less than 1, then we have

—_ — 1) E+1_ 2
u(r}) > [AI/(q 1) ]qu 4p+q)+4+2pk+11q°—2pk .y o as k— o .

Since 7, is independent of £, a contradiction is reached.
Hence

Up-1 =z0.
Next we claim that
vp_220 .

The proof is exactly the same as before except now that we need take extra care about the
case that p is odd. We omit the details.
Next we recall the following lemma.

Lemma 53. — Let ue C?"(RN), m=1 be radially symmetric satisfying the inequali-
ties

(—AY¥u=0 inRY for 0<k<m
where 2m < N. Then necessarily we have

(5.10) (ra’ (r) + (N — 2m) u(r))’ <0

ProoF. — See example 2.3 in [2].

Remarx. — Note that (5.10) is equivalent to (#N~2”u(r))’ 2 0. hence
(5.11) #Wr)=Cr2m =N C>0, r>r,.

We are now ready to prove Theorem 1.3.

Proor oF THEOREM 1.3. — As in the proof of Lemma 5.1, we apply the spherical mean op-
erator to (1.1) and we obtain for re (0, )

A7 +70,=0, ..., 4%, + Cr'# <0.
Hence we have
(5.12) Ny + N5 =0, ..,
(5.13) (PN ) G =0

Integrating (5.12)-(5.13) on (0, ) and taking into account that %, 7, are non-increasing, we
obtain

w(r) 2 Cr2oy(r), 5y(r) 2 CrPo,(7), ..., 0,1 (r) 2 Cr? 1ot (r) .
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Therefore we have

al(r) = Cr3te- V5,1 (r)

and

—A47,_1(r) = Crit2ae=V(g, ) (r).
Hence
(5.14) Dy (r) S CpmUr 2290 -1)g=1),

On the other hand, it follows from (5.11) with #»z =1 that
(5.15) B,_1(r) 2 Cr2 N,

Hence we have

N - _i+2+240p-1)
CrP V<3, 1(r) <Cr =

Thus if
I+2+429(p—1)>g(N—2p)—N+2+24g(p—~1)=(N-2)g—1)

we obtain a contradiction for large 7.
For the case [+2+24(p — 1) = (g —1){N —2), we proceed as follows.
By equation (5.12) and (5.13), we have

(5.16) —AT,_1(r) 2 CrIT202 = V51 (r).
Hence we have
— (D1 + (N=2)9) = Cplr 120D,

Let ¢ be a fixed large number. Integrating the above equation from 7 to ¢, we have

¢ [2
7,1+ (N=2)7,_(7) acjr”l“q@-“ag_l aC(E,HrN—Z)qjgl+’+24‘P‘“+q<2—N)d§.

r r

Letting t— %, we obtain
1Dy 1+ (N=2) T, (1) = C@,_ #N"2)ipl* 24420~ N 2 O, pN72)7p2 N

since /+2p=(g—1){N—2p).
Hence we obtain

(Ep_er_z)' = C,_ vV )L

Integrating the last inequality from r to # and noting that 4>1, we reach a
contradiction.
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