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COMMUN. IN PARTIAL DIFFERENTIAL EQUATIONS, 21(1&2), 235-254 (1996)

A NOTE ON A POINCARE TYPE INEQUALITY
FOR SOLUTIONS TO SUBELLIPTIC EQUATIONS

Guozhen Lu!

Department of Mathematics and Statistics
Wright State University
Dayton, Ohio 45435

Abstract

We prove Poincaré type inequalities for solutions to certain classes of quasi-
linear subelliptic equations, including the well-known p-Sublaplacian. A no-
table feature in these inequalities is to replace the usual fg, the average of f
over a metric ball B, by f(zo) for zg € B. Result of this kind was considered
earlier by Ziemer [18] in the classic case. We mention that our endpoint result,

even in the classic case, is not obtainable through the compactness argument.

1 Introduction

In R™, given vector fields X; = a-ij,i =1,2,---,n, then for any Euclidean ball

B = B(z,r) € R* and any 1 < p < oo we have the Poincaré-Sobolev type
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inequalities as stated below provided that 1 < ¢ £ ¢(p) :

(rlB—I/B(f—fslq>1/ <or(g 2 ,fip) ,

where |E| stands for the Lebesgue measure for any measurable set £ C R,
and fp is the average of the function f over the ball B. We refer the reader
to the book of W. Ziemer [19] for a fairly thorough study of classic Poincaré
type inequlities. Weighted inequalities also hold when the Lebesgue measure is
replaced by certain pairs of two different weight functions satisfying a balanced
condition (see for example, Chanillo-Wheeden (3] and the references therein).
The above inequality is also known to be true when the vector fields { X},
are of Hérmander type (see (5], (8], [10], 11]). In section 2 of this note, we
consider solutions f to a certain class of quasilinear subelliptic differential
equations and prove such a type of Poincaré inequality with fg replaced by
f(zq) at any distinguished interior point xq when the vector fields {X;}, are
degenerate and satisfy Hormander’s condition. We will also establish inequali-
ties on certain extension domains with respect to the vector fields and remark
that such an inequality also holds on domains satisfying a certain chain condi-
tion. Weighted Poincaré inequalities of such type for solutions to degenerate
subelliptic equations will be derived in Section 3.
Let ©? be a bounded, open and pathconnected domain in R", and let Xi,--
v X be a collection of U™ real vector fields defined in a neighbourhood of
the closure @ of (1. For a multi-index & = (i,- - -, %), denote by X, the
commutator [X;,, (Xi,, [ Xi,_,» X, ], ] of length & = |a|. Throughout this
paper we assume that the vector fields satisfy Hormander’s condition: there
exists some positive integer s such that { X }jaj<s span the tangent space of R*
at each point of ). There is a metric associated with these vector fields and the
Lebesgue measure is doubling with respect to the metric balls (see [14]). We
also define Q = ¥%_; jm; where m; is the number of linearly independent free

commutators of length j. This number @ is called the homogeneous dimension,
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We now define the Sobolev space W'?() to be the completion of Lipschitz

(or smooth) functions under the norm

e = ([ 1)+ ([ 1xae)".

where | X f| expresses (27, |X,-ff2)%.

We also define W, P() as the completion of Lipschitz functions with com-
pact support (or functions in the class Cg°(§1)) under the above norm || -
[lwieqy-

Let @ be an open and bounded domain in R*. We say  is a Whe-
extension domain associated with the vector fields if there is a domain
Q' C R" containing 0 and an operator 7 : W'(Q) — Wy™(€V) such that
Tf(z) = f(z) a.e. in Q and [T f[{wr e < C||fllwrrq) with C independent
of f.

The following Poincaré inequality for Hérmander vector fields has been
established in ({11], [13]):

Theorem If £ CC Q, and 1 < p < oo, then there exist constants ¢(p) > p,
ro > 0, C > 0, such that for all 1 < ¢ < ¢(p) and for any metric ball
B = B(z,r) CQ, x € E, and any f € C*(B), the following inequality holds:
1 1/q 1 mo 1/p
(E/BIf—fB@ <Cr (E/ngv) ,
provided 0 < r < 1o, where C, rg depend only on E and ), and fz may be
taken to be ITIFTIB f. Here ¢{p) can be taken to be % when 1 < p < @ and
any number less than co when p = Q. If f has compact support, then one can
replace fg by 0.

We mention that forp =1 and ¢ = QJi—l, the inequality has been established
in [5] together with an application to a relative isoperimetric inequality. We
also like to mention that the Poincare type inequality for the Grushin operator

has been obtained in [4].
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In this note, we will establish similar inequalities for functions defined on
reasonably nice sets Q) with fo replaced by the value of f at any distinguished
point in ). We also require that the functions f are the solutions to certain
classes of quasilinear subelliptic equations.

This note is self-contained. The only things we need here are certain prop-
erties of the solutions. We have established in [13] certain Harnack inequalities
for weak solutions, subsolutions, and supersolutions of quasilinear second order

subelliptic partial differential equations of the form
ZX;Aj(w,u,Xlu,qu, <oy X)) + Bloyu, Xyu, Xou, -« Xpu) =0 (0.1)
J=1

under certain structural assumptions on the equation (1.1).

We now let ¢ = (21, -+, 2,), n = (M1, *, 7m) denote vectors in R™ and R™ re-
spectively and Xu = (Xqu, -, Xpu). Alz,u,n) = (Ai(z,u, ), Anlz, u, 7))
and B(z,u,n) are, respectively, vector and scalar measurable functions defined
on 1x Bx R™, where {) is a domain in R" on which the vector fields are defined.

The structure of the equation (1.1) throughout this paper will be assumed
to satisfy the following: For all M < oo and for all (z,u,n) € @ x (—M, M) x
R,

|A(@,u,m)] < aolnlP™ + (aa(@)ul)”™ + (aa(@)) 7
n-Alz,un) 2 )P = (aa(@)u))” - (aq(w))” (0.2)
|B(z,u,m)| < bolyl” + ba(2) ™" + (ba(2))? [ul’™! + (bs(x))”

Vv

where p > 1, ag, bp are constants, a;(z), b;(z) are nonnegative measurable func-
tions; p, ao, bo, ai(x), b;(x) may possibly depend on M. Such equations in Eu-
clidean spaces have been studied in {9], {15], [16] and [17]-[19].
We will assume p > 1 and allow a;(z), 6:(x) to be in certain subspaces of
{(§Y), where t = max(p, Q) (see [13]). More precisely, let ¢(p) be a smooth
function defined for p > 0 and such that e(p) — 0 as p — 0. We then define
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the space L9 by

L9 = {u(z) € LD : [fullgu(ayn < o0,
where

lullg.e(oy = sup Oe(p)—lllu”Q;Bp(xo)ﬂQ' (0.3)

Zo €S, 0>

We assume the functions a;(z), b;(z) in the structure condition (1.2) are in

such spaces with certain e(p). More precisely, we will assume when p < @ that
ai(z), bj(z) € L9*°(Q) for some a > 0,i =2,4;7 =1,2,3

and
ai(z) € Lo(Q),i = 1,3,

and we in this case set B = By (o) and
A= allgsne + 07 las + 01 + bollg pem s
B
m(p) = llasllg,5 0 + P ladllgpemna + (2" bsllg pema) - (0.4)
When p = Q, we also assume a;1(7), a3(z) € L?*"(Q) and set for B = Bs,(zo)
A=p""Yay+as+ b + ballg peiB 5
o 7=
m(p) = p*las + adllgema + (03l na) 7 - (0.5)
If p > @ we assume that all a;,b; are in LP(Q) and set

A= p_Q/p||a1 +az+ b + b2”Q,p°;Bﬂnv

£
m(p) = p7llas + asllgmana + (P bollppemna) - (06)

Remark: If we only assume ¢(p) > 0 satisfies a certain Dini condition, i.e.,
ik %‘ﬂdp < o0, then the proofs of all the Theorems proved in [13] still hold
with minimal modifications.

The main theorems of this note are the following:
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Theorem 0.7 Let 1 < p < Q and 1 < ¢ < QQ—_LP. Assume that az(z) =
as(z) = ba(z) = 0 in (1.2). Suppose that  is a W'P-cxtension domain and let
u € WHP(Q) be a weak solution of (1.1). Then for any point xo € Q) there is a
constant C depending on xq, the structure condition (1.2), p,q, ||¢lle,n, and Q
such that

Il — u(zo)llga < ClIXullpa.

Since we do not know so far if a metric ball is an extension domain with
respect to the vector fields, the following theorem becomes interesting and

nontrivial. Moreover, Theorem (1.8) below holds for the endpoint ¢ = @Q_”;.

Theorem 0.8 Letl <p<Qandl < ¢ < QQ_LP. Assume that a3(z) = aq{z) =
bs(z) = 0 in (1.2). Suppose that E C Q is any metric ball. Let u € W'P(Q) be
a weak solution of (1.1). Then there is a constant C depending on the structure

condition (1.2), p,q, ||ulls0, and U such that for any point zo € LE

(%{/E o u(zo)lq)% < CplE) (é—,/}flxu[”)%,

where p(£) is the radius of E.

The following remarks are in order:

Remark 1: In theorem (1.8), we assume zo € 1 E, where 1 E stands for the
ball with the same center as E but with half the radius of E. However, 1 is
not essential and can be replaced by any number less than 1.

Remark 2: The main feature of Theorem (1.8) is that the integral on the
right side is over the ball E. It is easy to see that one can replace the L?
norm on the left hand side by the L* norm when we replace the domain of
the integration on the right side by aF for any o > 1. However, the constant
C = C(«) there will blow up as & goes to 1 (see Lemma (2.1)). Theorem (1.8)
says that a can be taken to be 1 if ¢ < % with bounded constant C in the
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inequality. We also note that Theorem (1.8) actually holds for all subsolutions
too since the proof only involves the mean value property.
Remark 3: The proof of Theorem (1.7) adapts a well-known compactness
argument (see for example Ziemer's book [19] and also [18]) while the proof
of Theorem (1.8) needs a covering lemma argument. We need the Rellich-
Kondrachov compact embedding theorem in the subelliptic context derived in
[12] to prove Theorem (1.7). The above theorems also hold for all Q < p < oo
and for any 1 < ¢ < co. We shall not state the results.
Remark 4: The dependence of the constant C' in the Poincare inequality on
the structure condition (1.2) in Theorems (1.7) and (1.8) above, and also in
Theorem (1.9) below, is as follows: C' depends on Ap which is only dependent
on the appropriate norms of coeflicients of the differential equations (see (1.4),
(1.5) and (1.6) ), and C is uniformly bounded in p; note that A is defined as
in (1.4), (1.5) and (1.6).

We also state the following theorem when the domain satisfies a certain
chain condition (see the definition in Section 2). The proof will be similar to

that of the case over the metric ball.

Theorem 0.9 Let Il < p< @ andl1 < ¢ < 50'-_%. Suppose that 1 s a chain
domain and let u € WYP(Q) be a weak solution of (1.1) below. Then there is
a constant C depending on the structure condition (1.2), p,q, ||ulls, and
such that for any point o € By, where By ts the central ball in the definition

of chain domain (see Section 2),
[l = u(@o)llga < Cl|Xuflpq.

We now define the notion of solutions, subsolutions and supersolutions of
the equations (1.1). A function u(z) is said to be a weak solution of (1.1) in

Qif u(z) € WLP and

/Q{Xqﬁ- Az, u, Xu) — ¢B(z,u, Xu)}dz =0
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for all bounded ¢(z) € W3”(Q).
A function u(z) is said to be a weak subsolution (or supersolution) of (1.1)

in Q if u(z) € WP and
/Q{Xq% A(z,u, Xu) — ¢B(z,u, Xu)}dz < 0(or > 0)

for all bounded ¢(z) > 0, é(z) € Wy 7(Q).

We note here that if the above expressions hold for all ¢(z) > 0,4(z) €
CH®) and a,(z),b(z) € LT (Q),u(z) € L, then a standard argument of
approximation will show that it still holds for all ¢(z) given in the definition.
We need the following two theorems which have been proved in [13]:

Mean value inequality Suppose that u(z) is a weak subsolution of (1.1)

in a metric ball Bs, C @ with |u} < M in Bs,. Then for any 1 < & < 3,
=1
max lu(z)| < C (|BI7 fu(@)lh5., + m()) (0.10)

for any v > p—1, where C = C(p, @, ag, boM, Ap), and m(p) and A are numbers
defined as in (1.4), (1.5) and (1.6) (m(p) = 0 when as(z) = a4(z) = b{z) = 0).
A Harnack inequality for nonnegative solutions was proved in [13] and one
application of it is the Hélder continuity of the weak solutions of (1.1).
Holder continuity Suppose that u(z) is a weak solution of (1.1) in
which is also locally bounded (assuming |u| < M). Then u(z) is Holder con-
tinuous in  and if B,, C Q then

3
sup |u<x)—u(y>1sc*(ﬁ) {suplu<w>i+m<po>}, (0.11)
z,yEB, Po

0

for all B, C B,, and some 3 = 0, and C = C(p, Q, ao, boM ).

1 Proof of Theorems (1.7) and (1.8)

We first prove Theorem (1.7) by adapting the compactness argument together

with the mean-value inequality and Holder’s continuity of the solutions (see
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Ziemer [18]-[19]). The proof of Theorem (1.8) will differ from this and uses a
covering lemma argument (and then keeps the endpoint result ¢ = b-”—_ohp) We
mention some related results in this line, see for example, [1], [2], [4], [7], [8],
[11], etc.

Proof of Theorem (1.7): Let ¢ < E?Q—Bz;' Suppose the theorem is false. Then

for any positive integer j there is a weak solution u; such that
llu; = uj(zo)llen > jlIXuslp0-

If we set wj(z) = u;(x) — u;(z0), then u(x) = w;(x) is a weak solution of an
equation of the form (1.1):

i‘X;‘AT(x,ﬁ, X7, Xow, - -+, X W) + B(z, 0, X7, Xa%, - -+, Xp0) = 0

i=1
where A(z,%,1) = A(z,T + u;j(z0),7) and B(z,%,7) = B(z,T + u;(x0), 7).

Thus the equation above for T; has the same structure as those satisfied by

u; except the coefficients can depend on the constant u;(zo) which is bounded
by |lu;)le.a by the mean value inequality (1.10) because m(p) = 0 under the
assumption that as(z) = as(x) = b3(x) = 0. For simplicity we drop the
"bar” from A, B, u(z) and simply write A, B, u(z). Therefore, we may assume
u;{z0) = 0 by replacing u;(zo) by u; — u;(zg). We may also assume that

[lu;llq.0 = 1 by replacing u; by n‘:ﬁ;; Thus we have

uillen > 71X uillpe

with [Ju;|ls,0 = 1. Since we have assumed that  is an extension domain, then

we can extend each u; to be defined on some Q' containing £ with
leillwre@y < Cllusllwrsay-

Since || Xujllpa + ||ujlipg is bounded, [[Xuj||par + [lujl|par is also bounded

by a constant, i.e., u; have bounded Sobolev norm in W'?(€}'). Then we can
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pick a subsequence (still called u;) such that u; converges weakly to some
u € WiP(QV).
Therefore by the Rellich-Kondrachov compactness theorem for vector fields

proved by the author in [13] one can get, since O C €V,

lJu; ~ ullgo — 0.

We note || Xu;llpn — 0 as j — oo and ||u;{ls0 = 1 by assumption. There-
fore we get |jull, o =1 and || Xul|,0 = 0.

Since each u; is Holder continuous on any compact subset of ) by (1.11),
we then conclude that {u;} are uniformly bounded. By Ascoli’s theorem, there
is a subsequence of u; converging to u uniformly on each compact subset of
Q. Therefore, u(zo) = 0. But || Xull,q = 0 so u = constant a.e. and then
u(z) = 0 for all z € Q since u(zo) = 0, which is a contradiction to |[u|l;q = 1.

Q.ED.

Before we prove Theorem (1.8), we need the following lemma:

Lemma 1.1 Let K be any compact subset of Q. Assume az(z) = ay4(z) =
bs(z) = 0. Let 1 < p < oo. Suppose that B = B(z,r) C Q with z € K C
is any metric ball. Let v € WYP(Q) be a weak solution of (1.1). Let o be a
constant with « > 1. Then there is a constant C depending on «, the structure
condition (1.2), p,q and ||ullq.q, and ) such that for any point 2o € B and for

all1 < ¢ < o0,

(‘-113‘/3 Ju —u(:vo)l"f < Cp(B) (éTAB]Xu1P>;, (1.2)

where p(B) is radius of B and aB stands for the ball concentric with B but
with radius ap(B).

Remark: The proof provided below actually shows that (2.2) holds by replac-
ing p on the right-hand side by any t > p — 1.
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Proof: We note that in this case m(p) = 0. By the mean value inequality

{1.10) of the solution u, we have for any 2o € B and o > 1,

y ]' t %
sup fu(z) = u(zo)| < C(a) (W /aB Ju| ) forallt>p—1 (1.3)

where C(«a) is a constant and usually blows up as @ — 1. If we set u(z) =
u(z)—uqp, where u,p = Tcxl—m J.5 U, then T(z) is a weak solution of an equation

of the form (1.1):
> X A(x, W, Xam, X, - -, Xn®) + B(z, 8, X017, X, +, XnW) = 0
i=1

where A(z,%,n) = A(2,T + uap,n) and B(z,7,n) = B(2,7 + tap, 7).

Thus the equation above for @ has the same structure as that satisfied by
u except the coeflicients can depend on the constant u,g which is bounded by
[lullq.0 by the mean value inequality (1.10). For simplicity we again drop the
"bar” from A, _E,_(x_) and simply write A, B, u(z).

Thus we have for any t > p — 1 by replacing u by u — u,p in (2.3),

1

sup |u(z) — u(ze)| < Cla) <I_%_f '/;B lu(z) — uaBlt) t .

z€B

The right-hand side of the above is bounded by the Poincare inequality by

clept) (g [, it

1
t

Therefore

lute) = w(an)lsmion < Clat8) (3 [ 1X7P)

by taking ¢ = p. The case for any 1 < ¢ < oo then follows immediately.
QED
We give now a defintion of Chain domain:
Defintion: A domain @ C R" is called a Chain domain if there exist constants

M >0, p > 1 and a family F of disjoint metric balls B such that
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(i) @ =Uper2B
(ill) X per Xiop(2) < Mx,(2) for all z € X.
(iii) There is a so-called “central ball” By € F such that each ball B € F can
be connected to By by a finite chain of balls By, - - -, By ) = B in such a way
that 2B; 28,41 # 0 and 4B, N4B;41 contains a metric ball D; whose volume
1s comparable to those of both B; and B;44
(iv) Moreover, B C uB; for all j = 0,1, -, k(B).

The explicit numbers 2,4 and 10 are not essential here and are chosen just

for simplicity.

Lemma 1.4 Let £ = E(&,m) C @ be a metric ball. Then E is a Boman

chain domain.

This lemma has been verified in [11].
Let E be a metricbhallin  C R". Let B € F, where F is the decomposition
of E as in the definition. A Lipschitz curve + connecting two points z,y € 1
is called admissible if
R [05 b] - Qv 7(0) =T, ’Y(b) =Y, and 7/(1") = Zaz(t)X1(7(t))
iz1

with ©7, a?(t) < 1. Then

1=1
o(z,y) = inf{b: I an admissible curve v: [0,b] — Q connecting r and y}.

We now define 45 as an admissible path from the center g of B to & (the
center of E) of length < r;. Denote the subset of E defined by the image of
4B by 78 as well. This path may not be unique, but will be fixed throughout
this paper. Denote F(B) = {A € F:2ANys # 0}.

We will need two technical lemmas.

Lemma 1.5 Given 1 < p < oo. Let {B,} be an arbitrary family of open

metric balls in (Q,0) with puBy C Q and {aa}aer be nonnegative numbers,
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where pp > 1 18 a constant. Then

I Z CaX 5, “Lp(n) <l Z AaXp, “LP(Q)’
where Cis independent of {a.} and {B,}.

The proof is standard. We omit it here.

Lemma 1.6 [fp > 1, then for any metric balls I and B with I C B C 1 we

(28) ()"

provided that 1 < ¢ < QTQP— and p(B) < rg for some o > 0.

have

This lemma is proved in [10]. It is lemma (6.12) in [10].

Proof of theorem (1.8): We set here f(z) = u(z) as the solution to the
differential equation (1.1). Fix the central ball By as in the lemma (2.4). We
also denote the center of the ball B as z5. It is clear that we only need to
show the theorem for zo = zp,. For any other z9 € By the theorem follows
by the mean value inequality and the Poincare inequality by considering the

difference f(zo) — f(zB,). We then have

If— f(l’Bo)Hqu(E)
<27 3N = fapllp, + 27 3 NI tes) — flam)il,,
Ber BeF

=I1+1I (1.7)

We note by Lemma (2.1) (taking o = 2),

(7 110 - stz quz>1/qSCP( (IBI/ (}:| )p)w (18)

for any given B € F. Now fix temporarily B € F and consider the chain
F(B) = {A1,-- - Agp)} constructed in lemma (2.4). Thus

KB)-1

l1f(zp) — (‘TBO)HLQ(B) c¢ Z H1A( ‘TA (‘TA]+1)I|LQ(E)
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k(B)-1 1B /g
< c ; (m> Hf(mAf) - f(zAJ'“)“L“(‘A; (V45410
HB)-1 /1 g\ Ve *B) /B \*
< % (12)" - (ENPEEDS (k) 15 = Fon s
k(B)=-1 B 1/q
< ¢y ( 17 = 8 hen
=\l !

We note that

W = F@aaiay S W = Fl@aa M iaunyy + 1 (20a,) = F(@4) | aa, o

and
Hf(l"‘lA]) - f(mAJ)HLq(;A]) S Hf - f(‘T';A))HLqUAJ)'
Thus

k(B)- lBl 1/q
Hf(’LB)“ f TBo HLq C Z (lA ]) Hf—.f(l"lAJ)HLq(qA])'

Since by the chain condition B C pA; for each A; € F(B), we then have

f(zg) - f(mao)llm)i%%%

<0 % ()1~ el

AeF

=C Y asxapalé).

AeF

In the above expression, a4 is notationally defined in an obvious way. For the

term [ in (2.7), we have

n<cy [ ifies) xm)z)m)"ﬁg)

BeF

Since Y per x5(€) < C, we obtain

II < C/ l Z an4uAl"
AeF
By lemma (2.5), we then get

<0 [ {5 aaxal”

AeF
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Since 3 47 xa(€) < C, we have
20T dy [ xal®) SC XU = F@an)ltyg

AEF AeF

Therefore, by Lemma (1.9),

I <CS|ARPp(A)y (/BA (Z X, f|)p>m

AEF

<cpersirer 3 ([, (Sa))”

AeF i=1

< C|E["9/7 (/ (i |Xif|>p)q/p.

i=1
In the last inequality we used the fact ¢ > p, 84 C E and ¥ 4cr xs4(§) < C,
and in the one next to the last we used lemma (2.6).

For the term [ in (2.7), the estimate is the same by replacing 44 by 24 in
the estimate of 1. Indeed,

I =3 1If = flzs)lli,,,

BeF
m P\ 4/p
<o s isrramy (f (S )
BeF 2B 1

<cw-rer ([, (Sres) )
< cler-spey [ (L1 J))m

i=1

oa

2 Remarks on Poincaré type inequalities for
solutions of degenerate subelliptic equations

We now define the weighted Sobolev space W1 ?(§2) to be the completion of all

Lipschitz (or smooth) functions f under the norm

Wby = ([ 1070)"+ ([ 1xs00) ™,
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We also define WJ:Z(Q) as the completion of Lipschitz functions with compact
support (or functions in the class C§°(Q)) under the above norm || - e q)-
Let 1 be an open and bounded domain in B*. We say 0 is a Wle-
extension domain if there is a domain (' C R* containing  and an op-
erator T : W1P(Q) — Wih(V) such that Tf(z) = f(z) a.e. in © and
1T fllwzeny < Cllfllyieqy with C independent of f.
Let X} be the adjoint of X;. We will consider the differential operators
L= X! (a)(ai(x)X;(z)),
7,7=1
and
L==- 3 Xi(z)(aij(z)X;(2))
i,j=1
where the coeflicients a;; are measurable, real-valued functions whose coeffi-

clent matrix A = (a;;) is symmetric and satisfies
chw(z)lE] << AL E > < ew(a)lEff, (2.1)

where < +,- > denotes the usual dot product, and w € As(£) is a Muckenhoupt
A, weight in the metric space ({2, o).

We then have the following theorems:

Theorem 2.2 Suppose that Q is a W?-extension domain and let u € W}3(Q)
be a weak solution of Lu =0 (or Lu=10). Let1 < g < Qi%-l-é for some § >0
derived in Theorem B of [13]. Then for any point xo € ) there is a constant
C depending on the A, constant of w, ¢, ||ullwq0, and Q such that

Hu — w(zo)llwen < CllXullw2a

Theorem 2.3 Suppose that E C § is any metric ball. Let v € W2(Q) be a
weak solution of Lu =0 (or Lu=0). Let 1 < ¢ < -62%+6for some § > 0 (see
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Theorem B in [13]). Then there is a constant C depending on the A, constant

of w, ¢, ||tllw,ga, and Q such that for any point zo € ;E we have

(;(13—) / lu—uuo)ww)w <or (;(17) / gmunzw)

Remark: The weighted L? norm on the right-hand side of the above inequal-

1/2

ities can be replaced by weighted L? norms for any p > 1 with appropriately
selected ¢ provided w € W1#(Q) N W?(Q) because the mean value inequality
for the subsolutions holds for any 0 < p < oo (see Theorem (7.5) in [L1]).
The proofs of the above two theorems will follow the pattern of those in
Section 2 and adapt the weighted version of the Rellich-Kondrachov compact
embedding theorem (see [12]) and the mean-value inequality and Holder con-
tinuity derived in [10]. One also needs an adaptation of the covering lemma
argument. We omit the details here. A theorem similar to Theorem (1.9) also
holds but we shall not state it.
Added in Proof: After this paper was submitted for publication, we learned
that Ziemer’s result for X; = % can be extended to the case p < 1 (see the
work of S. Buckley and P. Koskela, Indiana Journal, 1994). The main result
of our present paper for Hormander’s vector fields has also been shown to hold

for p < 1 in the forthcoming joint work of us.
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