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COMMUN. IN PARTIAL DIFFERENTIAL EQUATIONS, 17(7&8), 1213-1251 (1992)

EXISTENCE AND SIZE ESTIMATES FOR THE
GREEN’S FUNCTIONS OF DIFFERENTIAL
OPERATORS CONSTRUCTED FROM
DEGENERATE VECTOR FIELDS

Guozhen Lu

Department of Mathematics, 253-37

California Institute of Technology
Pasadena, CA 91125

1 Introduction

Let @ C R? (d > 3) be a bounded, open and connected domain and
X1,-++, Xm be C* vector fields satisfying H6rmander’s condition on a neigh-
bourhood of §, i.e., there is a positive integer s such that all the commu-
tators of Xy, -+, Xm up to order s span the tangent space of R? at every
point of Q (see [H], [RS] or [NSW)).

There has been much important work for the existence and estimates of

the fundamental solutions for subelliptic operators formed by vector fields.
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In [Fo] Folland obtained the fundamental solutions for the homogeneous op-
erators on the nilpotent groups. Since the Rothschild-Stein lifting theorem
for vector fields was proved in [RS], the fundamental solutions for differential
operators formed by the general vector fields satisfying Hérmander’s condi-
tion have been studied in [NSW] and [Sa]. In particular, Sdnchez-Calle [Sa],
and Nagel, Stein and Wainger [NSW}, Fefferman and Sanchez-Calle [FeS]
proved the estimates for the Green kernel for sums of squares of vector fields
and certain subelliptic operators. Later on, Jerison and Sénchez-Calle [JS],
and Kusuoka and Strook [KS] obtained the size estimates for the heat kernel
for certain classes of subelliptic differential operators. We refer the inter-
ested reader to the above papers and references therein. The results cited
above were in principle for differential operators with smooth and “ellip-
tic” coeflicients for the leading terms. Thus it seems interesting to study
the differential operators formed by vector fields with nonsmooth and even
unbounded coefficients.

The purpose of this article is to deal with the existence and bounds
estimate for Green's function of the degenerate differential operators

Lu= f: X! (ai(z)X;u)
ig=l

where X denotes the adjoint of X; and the coefficient matrix A = (a;;)
satisfies

(1.1) clu(@)|EfF << AL, € >< cu(z)|E € € R™

Here, < -,- > denotes the dot product in R™ and w is a nonnegative func-
tion which will be specified later. The representation of the solutions to L is
proved. We also show a Rellich compact embedding lemma in the weighted
Sobolev space for the vector fields which is of special interest. We also re-

mark out that when the coeflicient matrix satisfies even stronger degeneracy
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assumption, say,
clu (2)|E7 << AL, € >< cwn(2) €)%, € € R,

where w;, wy satisfy certain conditions such that the Poincare-Sobolev in-
equality holds (see [L1]), then we can also obtain the existence and bounds
estimate for the fundamental solutions for the operator L by mimicing the
proof of the present work. We do not intend to do so here.

Precisely speaking, we shall show that a Green function for the oper-
ator L exists and will also derive the local interior estimation for its size.
By “Green’s function for 2 with pole y” we mean a function G(z,y) =

GY¥(z),z,y € Q, which solves LGY = §, in the weak sense, i.e.,
L < AXGY,X¢ > dr = ¢(y), for ¢ € Lipo(R),

where Lipy(§2) denotes the class of Lipschitz continuous functions supported
inQand Xf = (X:f, -+, Xmf). Moreover, GY vanishes on the boundary 99
in the sense that it is the limit, in appropriate norm, of functions supported

in 2. We shall also obtain the representation of the solution u to
Lu= finQ, withu=0o0n 99,

in terms of a potential of f which has G as its kernel.

Before we state our main theorems in this paper, we like to introduce
some notations and definitions. Throughout this paper we will always as-
sume that w € Ay(Q, o), for the metric g defined by vector fields X3, -+, Xy,
(see [L1)) i.e.,

1 1 -1 .
(TE—]/B w) (Tfl /B w ) < ¢ for all metric balls B C 2,

For an example of A; weight on the Heisenberg group, we refer the reader

to [L1]. We will denote ¢B the ball with the same center as B and c times
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as large. We will also denote B(z,r), Bi(z,r) or B.(z) the metric balls
defined in [NSW] with center x and radius r. For the definitions of these
metric balls, we refer the reader to [NSW]. We will work on different metric
balls whenever necessary. As we proved in [L1], w € A, implies that for any
balls B=B(z) C Q,

s [w(B, 1/q X 1/2
iLEa] =lEw@] o

for some ¢ > 2. We shall also denote 0 = £ and sp = ;%, then o > 1,1 <

(1.2)

sp < 2.

For 1 < p < 00, we use the notation

2= {£ 1l = ([ 1fPuteris) ” < oo}

and we write L? for w = 1.
We shall also adopt the notation X = X, for the Banach space which

is the closure of Lipo(§2) with respect to the norm

I lze, + 10X fllze,s

where X f] = (52, [X:f)"/2. For 1 < s < 0, define s’ by 1/s +1/s' = 1.

Since we only consider the local interior estimates for Green’s function,
we will derive the existence and estimates of Green'’s function for a small ball
B inside ©? when the pole lies in the middle half of B. The important point
here is that all the constants below will be independent of balls B inside 2,
but only dependent on the domain (2, the geometry of the metric defined
by the vector fields, the degeneracy constant for the matrix A = (a;;) and
the Ay constant for the weight w.

We now are ready to state the main result in this paper.

Theorem 1.3 Suppose that w € Ax(Q, ), and A is a symmetric mairiz
which satisfies (1.1). Let E CC § and let B = Bg(xy) be a ball with
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20 € E and B C Q. Then for almost every y € %B, there is a nonnegative
function G(z,y),x € B, which satisfies
(i) G € X,, fort < o and s < so, and the size of the norms are uniform in
y, that is,

€ss sup [/ G(z,y)w(z)dz +f |XG(m,y)|’w(:c)dm] < 00

yein /B B

for such t and s;
(i) Jp < AX:G(z,y), X¢ > dz = ¢(y), ¢ € Lipo(B);
For 0 < r < R/4 and with ¢ independent of B,y,r, we have

R 2
(i11) €85 SUPypjnco(egy<r G(2,Y) < € ¥ grprs &

. . 2
(w) ess lnfz:r/2<9(r,y)<1‘ G(:l‘, y) 2 cer m%ﬁ

There are two Hilbert spaces Hy and H associated with the operator L. The
definitions and properties are discussed in [L1]. For completeness, we will
introduce them briefly in section (2). We recall that Hy consists of elements
of H which vanish at 3B in an appropriate sense, and that the inner product

ao(u, ¢) on Hy satisfies
ao(u, ¢) = /B < AXu,X¢ >

if u, ¢ € Lipy(B). Moreover, ag(u, $) can be defined for u, ¢ € H, and there
are associated functions 4, ¢ € L2(B) (even L2°(B)) such that X, X¢ €
L%(B) and

a0, ¢) = /B < AX5,X$> .

An argument based on the Lax-Milgram theorem shows that if f/w €
LZ7Y(B) and the assumption of Theorem A holds, then we can solve the

problem

(1.4) Lu = f in B,with u =0 on 0B,
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in the sense that there exixts u € Hy with

aO(u>¢)=/Bf¢a ¢€H0

Vve will refer to u as the Lax-Milgram solution of (1.4).

Likewise, if F is a vector with |F|/w € L2(B), it is possible to solve
(1.5) Lu=X"F in B,with u =0 on 8B,
in the sense that there exists © € Hy with
a(u,¢)= [ <F,X¢>, ¢eH,

where X*F = ¥ X} F;, F = (Fy,- - -, F,). We shall refer to u as the
Lax-Milgram solution to (1.5).
The following is the represention theorem of solutions to operator L in

terms of G.

Theorem 1.6 Let w € Ay and assume (1.1) holds. If f/w € L% (B) for

somet < ¢ and u is the Laz-Milgram solution to (1.4), then
w(y) =/ f(2)G(z,y)dz for ae. y€ lB.
B ’ 2

Furthermore, if %‘ € L(B) for some s < fﬁ and u is the Laz-Milgram
solution of (1.5), then

i(y) = /B < F(z),X.G(z,y) > dz for ae. yé€ %B.

The proofs of theorems (1.3) and (1.6) need the mean-value and Harnack

inequalities and also the following Sobolev inequality

00 (g y1ire) " <or (s fesre) s 1 im®

for B = B(z,r) or B = By(z,7),z € E CC Q,r < 1o, with ¢ independent
of f, B. The number q is the same as in (1.2).
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This paper is the continuation of our previous work [L1]. In [L1}, we
proved the Poincaré and Sobolev inequalities with two weights w;, w» sat-
isfying certain condition. A uniform Harnack’s inequality and mean value
inequalities are also derived in [L1] for the following two types of differential
operators:

L= i Xi(aij(2)X;), L= i Xi(aij(z)X;).
ij=1 ij=1
The proof of Theorem (1.3) and Theorem (1.6) relies on adapting the meth-
ods of finding out first the approximate Green’s function developed in [CW]
to our case. In [CW], the existence and size estimates for green’s function
are proved for the operator L = 3, a%(a,-j(x)b%) in the case of unequal
weights. The proof of the same problem in the setting of equal weights was
given in {FJK] (for uniformly elliptic case, see [GW] and [LSW]). Thus, our
result here extends the one in [FJK] in the sense by letting X; = a%.-’ m = d.
As an application of this paper, we have shown in [L2] the Harnack inequal-
ity for a class of strongly degenerate Schrédinger’s operators formed by the
general vector fields satisfying Hé6rmander’s condition:
L= 3 Xiloyla)X;) +V(a),
ij=
for the potential V in the so-called Kato-Stummel class. We also like to
point out that the Relich compact embedding lemma (2.6) for vector

fields is of independent importance.

2 Weak maximum principle, and Rellich’s
embedding lemma for vector fields

Throughout this section, we assume that €)' is a subdomain of Q and so

small that the Sobolev inequality holds on a ball By containing €. The
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results obtained in this section will apply to any small ball inside Q. The
constants appearing in all the inequalities below will be independent of the
particular ball but only dependent on w, the vector fields, and Q.

As in [L1], let
a(u,@) = [ <AXuXp>, uée Lip@),

where Lip($Y') as usual denotes the class of Lipschitz continuous functions

on the closure of {¥'. Then by the degeneracy condition (1.1),
/ﬂ' IXu?w < ap(u,u) < /Q: | X u)?w.

It is easy to see that ao(u, @) is an inner product on Lipo(fY') by the as-
sumption that Xj,-- -, X,, satisfies Hérmander's condition (see the proof in

[L1]) Hence ag(u, ) is a norm on Lipg(§'). We note that
ao(u, 4) < ao(u, u)!%ag(¢, ¢)'?
and also note that
| < Az,y > | £< Az,z >« Ay, y >V?

since A is symmetric.

We define Hy = Hy(fY') to be the completion of Lipy()') with respect
to the norm ag(u, u). Thus an element of Hy is an equivalence class of the
Cauchy sequences {uy}, ux € Lipo(SV').

If u,¢ € Hy with u = {uz} and ¢ = {¢r}, ur, dx € Lipe('), it is easy to

check that ao(u, @%) converges, and we define
ao(u, $) = lim ag(u, $1)-

Thus we see that |jullo = ao(u, u)'/? is a norm on H,.
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As noted in [L1], we can associate to each u € Hp a unique pair (&, X)
so that if u = {uz}, then ux — @ in L% (even in L?) and Xu — Xd
in L2. This is because the fact that Sobolev inequality holds on a ball
By containing §¥'. We can also argue as in [CW] and show that X is the

distributional “gradient” of %, that is,
[ux+¢= [ xap
where X*¢ = (X1, -, X5 ®).

The Hilbert space H = H({') is also introduced in [L1] . H = H(Y') is
defined as the completion of Lip(§)') with respect to the inner product

a(u, ) = ao(w,8) + [ ugw, v, € Lip(T)

Several facts about H are given in [L1]. In particular, Hy can be viewed as
the subspace of H, that is, the inclusion map from Hj to H is continuous
by the Sobolev inequality. Furthermore, if v € H,u = {u},w € Lip(V),
then u; converges to @ in L2 (thus in L2) and Xuy converges in L2 to a
vector X#. It is also easy to see that if ¢ € H,¢ = {¢x}, then the limits
a(u, ¢) = lima(u, ¢ ) and ag(u, ¢) = lim ag(ux, dx) exists and the following
holds
a(u, ) = ap(u, ¢) + /Q' adw,
and a(u, ¢) is an inner product on H.

Now we state the following

Lemma 2.1 Letu,¢ € H and let Xii and X é be the associated “gradient”
to u and ¢, respectively. If u = {ux} and ¢ = {¢x}, then

< AXup, X >—< AXi, X > in LNO).

In particular,

ao(u, ¢) = /n < AXU,X$>
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and
a(u, ¢) = /Q < AXE,X$> +/Q, idw.

The proof of the above lemma can be found in [CW] in the case X; = 8—3—,.

In our case, the proof is almost the same.

We recall « € H is nonnegative, or « > 0, in € if u can be represented
by a sequence {ux},ur € Lip(f¥),ur > 0 in ©'. It is easy to see that if
v > 0, then & > 0 a.e. in V. We now give the definitions for solutions,
supersolutions and subsolutions. An element u € H is called a solution of
Lu=0 if ap(u, ¢) = 0 for all ¢ € Hp; u is called a subsolution if ap(u, ¢) < 0,
for all ¢ € Lipy(€V'), ¢ > 0; u is called a supersolution if -u is a subsolution,
We also review two results proved in [L1]. First, if u is a solution in H(2B),

then the following mean value inequality holds

1/p
1
2 i| < — i|P .
(2.2) esss%plul_cp(w(B) 2B[ul w) 0<p<oo
Furthermore, if u > 0, then we have the following Harnack inequality
(2.3) esssupi < ¢ essinfii.
B B
The next three lemmas will be essential throughout this paper.

Lemma 2.4 (Weak Maximum Principle) Let u be a supersolution in
H(®Y) to Lu=0. Letu = {w},ur € Lip(%¥), and assume uz > 0 in some
neighbourhood of 8QY (depending on k). Then @ > 0 a.e. in §Y.

Proof: Let u; = — min{u,0}. Note that u; € Lipo(§)') since ux > 0 near
Y. It is easy to see that ||ur || g, is bounded since |jui|| i is bounded. Thus
we can select a subsequence uy; converging weakly in Hy to some ¥ € Hy.

Since u is a supersolution,

limag(ukj,u;j) = limao(u,u;j) = ao(u,¥) >0
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Thus
lim [ < AXug,, Xug, >20,

which implies

lim [ < AXug, Xuj, ><0.

Therefore, we have that [|Xuj [|z2 — 0. By extending uj; to the ball By
containing ' and applying Sobolev’s inequality, we see |jug,||zz — 0. But
we have ui, — (@)~ in L2 since u; — @ in L2. Thus (&) = 0 a.e. in &

and we are done.

Lemma 2.5 Let By, By and Bz be balls with a common center and radii
1,72, 73, Tespectively, and satisfying ry < ro < r3. If ¢ € H(B3) and é<l
a.e. in B3\B), then given L > I, there ezists ¢ € Lip(B3) such that ¢ — ¢
in H(B,) and ¢, < L in some neighbourhood of By. Moreover, if u is a
solution in H(By),u = {ux}, and if up < ¢ near 8B, for these ¢, then

@<L ae in B,

The proof of lemma (2.5) is similar to the proof of lemma (2.7) in [CW]. In
fact, the proof given in [CW] not only works for three balls B,, Bz and Bs
but also for any three proper subdomains £; C Qs C §s.

Next we prove a version of Rellich’s imbedding lemma adapted to our

situation.

Lemma 2.6 (Rellich) Let w € As. Let {f;} be a sequence of functions
supported in §) having the property that

1 fill 2,y + 1 X fill @) € ¢ < 00,V5 .

Then for any compact subset K C §Q, there exists a subsequence {fi;} such
that {fi;} converges in LY (K) for any 2 < ¢* < q, where g is the ezponent
in the Sobolev inequality (1.7)
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Proof: As in [RS], we lift X; to X; for i = 1,--.,m and define f(¢) = f(z),
w(€) = w(z) for £ = (z,t) € § = Q x T, where T is a unit ball in R? for
some d > 0 (see [RS] for details about the lifting of vector fields). We also
denote K = K x T. Since X;f = X;f, we have

(2.7) 1Fillia oy + 1% Fill sy < 0 ¥

Now we drop all the tildes for simplicity. We pick ¢ € C§°(G), supp{¢} C

{lyl < 1},
Jod=1, 0< ¢ <1, where G is the graded nilpotent Lie group as in [RS].

For £ € K and t small enough, we define

$4€) = [ FnL:o (8, 8) dn

where I;¢(y) = t"9¢(6,-1y) and §; is the dilation on G, and Q is the homo-
geneous dimension of G ( see [RS] ). Then, if let f(§) = f;(¢) and denote
o(§,m) = |9(&, )], by (2.7) we have,

P e [ If@ldn <@ [ |#n)ldn

(€.m)<t

1/2
< fl ([ wt) " <0
where C is independent of f, t.
Let a = (11, -+, i), define X, = [X;,, [ -+, [Xir_,» Xit)s - - ] and denote
by |a| = k the length of X,. We note (see [J])

11X, 1O = 3. [ 1Xef ()i (87 0 O(m, ) 1=+ [ F(mFL(E, MO
i=1

where [F3| < ct, supp F,, C {(&,n) : o(€,m) < ct}, and ¢ie = Diq¢ for some
differential operators D;, as defined in [J]. Then by (2.7) again,

9 X, f(n)|dn+ t*dny < CtOH
e K n [fn)lie*dn <

X OIS [
=170
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with C independent of f and t. Therefore
| XafH(E)] < CtmaITlel,

Replace f(£) by h(¢) = &8, where g(£) = §(¢,0), and §(¢, &iy) is defined
by
((57 to 95)_1) t™%dn = §(¢, éy)dy

and note that
9 € C (B(E,ct) x {|s] < 1}),and g ~ 1 o B(g,et) x {ly] < 1)
(see [J] also). Since
A < l(©)] and 1XA(E)) < c(1Xe| + 11D,
the previous computation shows that
[R(&)] < ct™? and | Xah!(E)] S ct=O*I M

Note now,

Ih(8) - £(6)] = / Al

< [ { [1xnnne® @ eplan+ [ i mian) o

m t 14
< . -Q -Q
< C;./o | Xih(n)|s~%dnds + c/ / |h(n)|s~%dnds

e(Em)Ss
<C/ 1_1|Xh77)|+|h
= Jaemst e(§,n)@-!

@ 4,

where |K}(&,n)| < ¢s79, supp K} C {(&,7) : o(£,m) < cs} asin [J]
Now we estimate [|2(§) — f(€)llzg,(x)» for R(€) = hy(€) = L8, f(¢) =
f;(€) and K C Q. Let F(n) = (|Xf(n)| + |f(nl)xa(n)), then

WO -101s [ T
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But we note that

F(n) F(n)
) g = )
/g(Em)<t 0(£ 7)e-1 dn = Z/ D Y ()
Z 1 (27 ’“t)Q 1/9(6 n)<2-k+1e F(m)dn
(2—-k+1t) 1

F(n)d
TS (271 (27KH1)Q Sg(emyga-tine (n)dn

f: 27k4)2Q F*(£) < 29tF*(¢€)

where F* is the Hardy-Littlewood Maximal function with respect to the

pseudo-metric defined by o(&,7). Since w € A, by a theorem in [Cal,

I114(€) — £z < 29UF (Ol 2o
< ctllFllez@ < all(1Xf] + 1 Dllzz@
< et [IX ez + 1z @) < Ct

with C independent of f, t. By the above, 3C independent of j and t such
that

[RL(E)] < Ct79, | Xah5()] < Ct™91el and IR — filla@) < Ct
If we note {X,}(s(<s Spans the tangent space of B", then

| 7 h(O] < ¢ 3 1Xah3(E)l

’ Jal<s
So by Ascoli’s theorem, we can obtain a subsequence { f;k} convergent in
L%(). Integration with respect to the variables t shows that the same

subsequence {f;, } converges in L2 ().
Now let ¢ > 2 be the exponent in the Sobolev inequality. For 2 < ¢* < g,

there exists some 0 < € < 1 such that qi =5£+ 1—;—5 Thus

(28) ”fji: - fjl”[,fu' < C”ka - erueL?, ' llfjk - fjl ”}:‘:
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Now,
s = fillzz = 0 as j, 1 =

By Sobolev’s inequality and the hypothesis in our lemma, we have

I fi = Fillzg < CNX(f5 = filleg, £ C

Thus in (2.8) above the first term on the right in the inequality goes to zero
while the second term on the right is uniformly bounded. This establishes
the convergence of f;, in LY.
Q.E.D.
By adapting the above proof to the case w = 1 and also use the Sobolev

inequality without weights proved in [L1], we will get the following

Lemma 2.9 Given 1 < p < Q. Let {f;} be a sequence of functions sup-

ported in ) having the property that
W fillzecoy + 1X Fill oy < € < 00, V5 .

Then for any compact subset K C §Q, there exists a subsequence {fi,;} such
that {fi;} converges in LY (K) for any ¢* < q, where ¢ = -QE%, is the ez-
ponent in the Sobolev inequality proved in [L1] and Q is the homogeneous

dimension of G.

We record lemma (2.9) here just for the future reference and there is no

value to the present article .

Corollary 2.10 Lemma (2.6) holds as stated if we replace the hypothesis
that {f;} have support in @ by the alternate hypothesis that 3f;, supported
in Q such that f;, — f; and X f;, = Xf; in L2 as k — oo.

The proof of the corollary is easy. We only need to apply the previous
lemma, to the sequence ff 7, where for a given j, we select k; such that the

L2(§) norm of both f; — fi7 and X f; — X f}’ go to 0.
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3 Estimates for the approximate Green func-
tion G”

In this section, we are going to define the approximate Green function for

the operator L.
Given y € ', where ¥ defined as before. Fix B,(y) = B(y,p) = {xr € Q' :
o(z,y) < p} C Q, p small enough, where g is the metric on Q. Define

1
tom [ bw b€ Ha
¢ — o(B,) B,¢w ¢ € Hy
We claim that [ is a continuous linear functional on Hy. In fact,

1/2
W =15y fo #91 < (557 o, #)

For a ball Bg, containing €', we get for ¢ supported in §V,

vors [58]” (g )

/2
w(BRo) 12 1 9 1 RO
< < O
s¢ [ w(Bp) ] 'RO w(BRo) o 'X¢l w = Cw(Bp)1/2”¢”H°
Thus the claim follows.
We know

ao(u, @) = / < AXu,X¢ >

is bounded and a coercive bilinear form on Hy. By the Riesz representation
theorem, there exists G? = G*¥ € Hj such that I(¢) = [ < AXGP, X¢ >,
that is,

1
oA, /B ow, Vo € Ho.

G” is called the approximate Green function for L. Now we shall study G*.

/ < AXGP, X >=

Lemma 3.1 G? > 0 as an element of Hy, i.e., 3 G € Lipo(Q') such that
G{ > 0 and G — G” in Hy ( Consequently, G* will be nonnegative as a

funetion ).
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Proof: Pick G € Lipy(fV'), 3 Gf — G” in Hy. Now we show that for some
subsequence {|Gj {}, |Gx;| — G, in Hy. Since |G} | > 0 for each k; and lies
in Lipo(§)'), we will be done. Note that

X(IGKI) = XGg sgn Gf; if GE#0

and

X(IGE) =0 if G2 =0

holds almost everywhere. Now,
|, <ax(egn. xqet >= [ < axet, xg >,

Since ||Gkllgo — |G Il &, {|GEl} is bounded in Hp for all k. Thus 3 |G§,| —
h in Hy weakly. Since for any ¢ € Hy,

u— [ <AX$Xu>
QI
is a bounded linear functional on Hy, we have
/Q, < AX(|GL,]), XGP > /n < AXh,XGP > .

Note

0 < ao(G*, GF) = w(lB ) R
P »

1 . 1
= lim —— < lim P
lim o(B,) /Bp Gi,w < lim o(B,) -/;3, IGkJ,]w
1
= — = P
) jB hw = ao(G?, )
Thus ag(G?, k) > 0. Following the same proof in [CW], we have
1G* = 1Gk, g — 0

and thus |G} | — G” in H,.
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;From now on, when we write G* = {G}}, we always mean G} > 0. We
shall assume ) = Bg(zq). We outline the suceeding steps as follows.
(i) Obtain an estimate for w({z € Bg(zg) : G*(z) > t}) for large t, which
is independent of p, y.
(ii) Use (i) to estimate the size of L2()') norm for G? for 1 < p < 0.
(iii) Use (ii) and the mean value inequality for nonnegative solutions to
estimate esssupg G” for B away from y.
(iv) Estimate XG*

We start with (i). Define,

1 11t /11
U = @ = it X{G2>t}

Thus ¥, € Lipy(B) and
XG,, .
XU, = Z—(—;-i)—’;x{czﬂ} a.e. fort fized.
Now we claim that ||¥,|lo is bounded in k. We first compute
1 1
2 X >= [ AXGEXGE > — < —[IGLI
Nl [< AX Ty, k> (1) < k (GDYt — 1 GZllo
It is easy to see that ||¥x|lo is bounded in k for fixed ¢ > 0. Therefore,
3 ¥, — ¥ € Hy weakly, thus
ao( ¥k, GP) — ao(¥,G”).
Note -
Ty, GP) < AXG}, XGj, S
20 Gly) = /{G:>t} Gh ' G
and

klimoo ag(¥y;, G*) = klimoo ao(T;, G,;) = ao(¥, G°).

We thus obtain

y / AXGE, XGY, S (¥,6°)
< ___._” — = ,
b ey TG G
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and

1 1 1
— [ ww=lim—— / Tpw < =
B Jn, ¥ =y Jy, o S 3
By the definition of G*,

ao(¥, G?) = '117(}‘93/3 T,

Thus,

|1XGy, 2 |2 c
(3.2) lxmsup/Gk o) (G w < 7

Gi
Define ¢, = log* ( ) We easily verify

. Gy,
¢kj € LZpO(B) and X¢kj = —C';'z.—JX(G:,},)
So by (3.2),
(3.3) lim Sup / | X i, [Pw < Z

By Sobolev’s inequality (1.7) applied to (3.3), we see for ¢ > 1,

: - R?2\°1
hmkfggo/BMij w<e ( (B)) —w(B).

Inserting the definition of ¢, above we get,

G R? 1 w(B)
H + kj 20 <
lim sup J,lce ( : )' w"c[w(B)] ”

Restricting the integeration to {G%, > 2t} we thus have,

(log 2)?° lim k,s.‘_’&w ({m € B:Gf,(z) > 2t}) <ec ( (B))

where c is independent of p, y and B, t. If we replace t by ¢/2,

td

hmksup w({z € B: Gf,(z) >1}) < c( RZ))a 1 —w(B)

B

w(B)
tc
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We note that G5 — G* in L2, this follows that Gt — G* in L2. Picking a

further subsequence (called G, again ) such that Gf. — GP a.e., then
¢ ?

X(gesyy < lim mf [ XG>0
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So,

P . R2 \? 1
Jipn < [1mintx gy < im, 0 = (J(B“) ) = (B)

Hence

(34) w({zeB:G@)>t))<e (;U}(%)a téw(B),t > 0.

We now use this distribution function estimate to get control |G|z (5 for

p<o.

Consider now the case B = B,(y) C Q. We argue assuming r < rg for
some ro. Let G? = GPV'B. We restrict x so that r/2 < ¢(z,y) < 3/4r, and
p < r/4. Note that B, s(z) C B\B, if r/2 < p(z,y) < 3r/4. Furthermore,
G? is a solution in B\ B, since V¢ € Lipy(B\B,), ¢ = 0 on B,, and hence,

ao(G*,¢) = w(—;;/&¢w=0-

Recall G? > 0, thus by the mean value inequality (2.2), and because G” is

a solution in B\B,,

. 1 . 1/p
(3.5) G*(z) £ Cp <_-_—w(B(a;,r/4)) B(z,r/4)(G ) w)

for 0 < p < cc. By applying (3.4), we can estimate as follows:
GP p b B 4): G° 14
/B(z,r/4)( Juw _p/o w({B(z,r/4): G" > 1})
(= -] r2 o 1
fr 21 o
<o mm{[w(B)] taw(B)’w(B)} =14

.2 oo 2 70
< cp /O “® w(B)dt + f-z’-s [iB-)] w(B)tP~o1dt
w(B

=) |5 <[] @[]

Thus
PP <C[—-T-i—-p(B) if0<p<
(8.6) /I;(”M)(G Yw < w(B)] w(B), ¢ p < 0.
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Thus by (3.5) and (3.6) we have G*(z) < Cts ) for r/2 < o(z,y) < 3r/4,

which is equivalent to

"’p g(x, y)2
@) < CuBly, o))

To sum up we have shown,

. r2 2
3.7 su GP(xYL C &
( ) Bar/q\%rlz ( ) - ’U)(B,-) w(B(y, Q(I, y)))

where C is independent of p, y, r.

for p< /4,

What we really want to show is that

2
= r
3.8 ess sup GP(z) K C——
(38) s, 0 = oy

Now consider B* = By,/3 and let (G?)* be the corresponding approximate

y p<r/d

Green function for B*, then by (3.7), we have

3 2 2
sup (Gr<cC 4r/3) <C—
By/a(ars3) \Bi2(4r/3) w(Byysr) w(B,)

ie.,
2
ess Brs\glz)m(GP)* <C——= w(B.)
If we knew that G* < (G*)* in B, then we would be done. So we need
to show if G?,(GP)* are the approximate Green functions for two domains
0 C O repectively, then G? < (GP)* a.e. in ). We note that (G?)* — G” is

a solution in § since for ¢ € Lipy(2),

ao((G*)" - G*,¢) = ao((G”)‘,¢) - ao(G*, ¢)

1
= wB) 1s, % w(B,,) g, =0

We also note that (G°)* — G* € H() and is represented by a sequence
(G%)" — G% and obviously (G%)* — G} > 0 in a neighbourhood of 952 (de-
pending on k), then by the weak maximum principle (G*)* - G? > 0 a.e. in
. Thus we have proved (3.8).
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Lemma 3.9 Let B = Bp(xzo),y € %B, let G* be the approximate Green
function for the ball B with pole y. If x € Bpjs(y),0 < p < "—(%)-, then
~ R 2 dt
3.10 Go(z) < C / L 2
(3.10) ()5 C e wBiw) ¢
where C is independent of R, zg, ¥, p, T.

The proof just follows the lines of the proof of lemma (3.5) in [CW].

Corollary 3.11 For a.e. y € %B,B = Bpg(zy), where R is small enough,
there exists ¢ independent of p, but dependent on y, R, w such that if p <
Qﬂ-ﬁi), then

G*(2) < emin{o(z,y)*%, o(z,y)75}
where 0 = q/2 for q as given in (1.2) and (1.7), 0 < a = afy) < Q is
dependent on y, and Q is the homogeneous dimension as in the proof of

lemma (2.6).

Proof: First of all we note by the result in [NSW] that there exists ry > 0

such that for any z € , there is a multiple I = (i, - - -,44) such that
By(z,8) C B(z,8) C By(z,cb)

for some ¢ > 1 independent of z é.nd § < rq. If we select rg even smaller, the
Sobolev inequality will be valid on such balls (see [L1]). Thus, for a = d(I)
(see [NSW] or [L1] for the definition of d(I)), we know that
x R ?  dt
GP(z)< ¢ ———
@ << aTBG T
e R dt
<c|sup ——— / e
- (Kg w(B,(y))) e(=z,y) t
¢ independent of p, x, v, R.

Performing the integration since a > d > 3, we get

a

- t o
GP(z) < Cfgg WQQ (z,9)
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We now use the symbol M,, for the Hardy-Littlewood function with respect
to the weight w. Since w € Aj, by a theorem of Calderén (see [Ca)), then

1 1
1840 (3 X, )l < el lzzcom < oo

Thus by noting that t* = |B,(y)|, we have

o , 1
BT < O aBTS Joir ™
1

_ 1 vl
< w d < w - . .
- w(Bt(y)) Bi(y) W war = (wXBR)(y) < o0 a.e
Thus

G*(z) < C(R,y)o(z,y)*~*

For w € A; and t < R, we also have (by (1.2))

t [wB)]* _ o [wBw)]"
R[w(BR(y))} SC[w(ﬁ'zz(y))] ’
which implies

t2

w(BD) < Cruw(Bi(y))~~

Inserting this to (3.10), we get

R o :
() < Ca [ [—t—-} s dt

e(=,y) 'UJ(BtSy)) t
< Cg [?‘3}3 (Wg@—ﬁ)} ) /Q( t’y) ‘55? < C(R,y)o(x,y)"%

Thus the proof of the corollary is complete.

4 Estimates for XG*

The purpose of this section is to derive an estimate for ||X G?||1, (5) which

is uniform in p for s < so. We will prove the following
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Lemma 4.1 Let B = Bg(zy), G? be the approzimate Green function for
the B with pole y. Then there is a number sy with 1 < sg < 2 such that
I3 | X GP?|*w is bounded uniformly in p for each s < so and a.e. y € 3B.
The bounds depend on s, y, B, w.

Before we prove this lemma, we need the following lemmas. Lemma (4.2)

below is a Cacciopolli type of lemma.

Lemma 4.2 (Cacciopolli) Let B and G be as above and let B, = By(y,r)
forr < Rf2. Fory € B and p < cr with ¢ < 1/2

. - C -
AXGr, XGP > | < = Gr)?
|/B\B, < >1s r? /B,\B,/z( Vv

Proof: By the existence of a cut off function relative to balls B; (see {L1}),
we can pick 7 such that 7 = 1 outside B;, n = 0 in B,/; and |[Xq| < €.
Thus ¢ = Gin? € Lipo(B). We can easily see that {¢;} is bounded for all
k in Hy. Then 3 ¢ — ¢ € Hy weakly, and thus

aO(Gij:‘ﬁkj) - aO(Gpa¢kj) - aO(Gqus)

Since ¢; = 0 on B, for p < cr for some small enough c independent of y

(notice B,(y) C Bi(y,r/2) when p < cr for small ¢), thus

8¢, = a0(Gl,, dr;) = by = /B < AXGL, Xy >— 0
Dropping the subscripts,

5= /B < AXGP,X¢ >= /B < AXGP, X(12G?) >

= / < AXGP,XGP > ® + f < AXG?,20(Xn)G* > .

Thus,
/ < AXGP,XGP > =6~ 2/ < AX P, X7 > nGP
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So we have
/ < AXGP, XG> 1 < 6] + / | < AXG?, X1 > |

<6+ e/ | < AXGP,XGP > |n* + %/ < AXn,Xn > (GF)?

Thus

[<axce,x6e > < ¢ (G + Clo|
T BI‘\Br/2

Letting k; — oo, and noticing that §; — 0,

X Grltw < & GrY2w

-/B\Bl(y,r/i’) 72 JBi(y,r\B1(y.r/2)

with C independent of y, 1, p.

Lemma 4.3 Let B, r, and Gr be as above, y € %B,B = Bpg(2o), then
given any small ¢y > 0, there are ¢y, c3 independent of y, v, p such that if
p.>< co0(z,y), we have
« R 2 dt
ess sup GPf(z 303/ —_—
ar<e(z,y)<r ( ) o(z:y) w(Bt(y)) t

where r < R/2 .

The proof of lemma (4.3) is just a modification of that of lemma (3.9).

By lemma (4.3), we also have,

Corollary 4.4 Let B, r, y, &, and G* be as before, then for any ¢; > 0
small, 3 ¢ > 0 such that for p < cz0(z,y),

(i) ess sup Ge(z) < c min{o(z,y)?"%, o(z,v)"%}

arge(zy)sr

(44) < AXGr,XGr >< Cr~7, C=C(B,y,w).
B\Bi(y,r)

Proof: The proof of (i) is just a modification of that of corollary (3.11). To

show (ii), we note that there is ¢; small enough which is independent of y,
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r such that B, (y) C B(y,r/2). For this ¢, choose c; as in (i). Then we
get,

Gr)?

I < AXGe,XGr>< <
B\B(y,7) 7% JB1{y,»)\B1(y,r/2)
C

5 C a2
< GrY?w < = min{o(2,9)*, o(z,9)"% } w(B
= 72 B,(y,r)\B(y,c,r)( Jws 3 {e@. 9 e(z,9)7%} w(B,)

= Cr=% min P27+, r~ 0o+ D) w(Br)
ra

Since w € Ay, we have for a.e. ¥,
w(B,)r~* < Mw(y) < C(y, B,w) < oo.

Thus the expression above is at most r~2C(y, B, w), which for a.e. y is
finite, for the fixed r.

We are now ready to prove lemma (4.1).
Proof of lemma (4.1): For B = Bg(z), t > 0,

w({z € B:|XG?| > t}) < w({z € B\Bi(y,7) : | XG?| > t}) + w(Bi(y,r))

1 o
g—/ XGo2w + w(B,).
t2 B\Bz(w')l | (Br)

For r < R/2, we may use corollary (4.4) (ii) to get,
1 5 C _a
i XGrlPw < =r~7
2 ~/B\Bl(y,r)l ' v t27‘

Thus for a.e. y € B, 3 ¢ = ¢y g such that
w({z € B:|XGr| >t}) < c(t727 +w(B,)),r < R/2
But w(B,) < ¢r®, thus

w({z € B:|XG?| >t}) < C(t™%~7 +r%), r < R/2

al{o4]

Choose r = ¢~ %, which is < R/2if t > (R/2)~*%™. Using the choice
of r in the inequality above we get

20

B:|XGrl >t} < ct™oH = ¢t~ 5y =
w({z € B:|XGr| >1t}) <™ =ct™, 5o e
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Furthermore we also have the trivial estimate,
w({z € B : |XCr| > t}) < w(B),Vt > 0.
Thus,
Sopw=s [ ¢! P
/B 1XGe|w 3/0 to-Ly({|XGe| > t})dt

alo+1
(ry2)- A oo .
=c / w(B)t*~1dt + /(Rm stosyy t0F N (B)dt < oo,
0 - [

5 Existence of the Green function G

In this section, we are going to prove (ii) and (iv) of theorem (1.3). In
section (4) we showed that 3sq,1 < sg < 2, such that for ae. y € %B,
XGr € L2, uniformly in p for s < so. We also showed (see (3.4)),

wiz € B:Gr>)\) < cmin{[l—u-%]a/\—t,l}w(B)

with ¢ independent of p, y, and t.

Consequently, G» € L!, uniformly in p and y for t < o. Since G% is
supported in B and G2 — G in L% and XG2 — XG in L2, it follows
that for a.e. y € 1B, G» € X, uniformly in pfor 1 <t <o, 1 < s < 3o,

where we recall that X = X, , =closure of Lipy(B) with respect to

Nlze, + 1 X Flles, -

We want to show that 3 G = GY € X, such that GY satisfies the properties
stated in theorem (1.3). Since ||G?||x,, is bounded uniformly in p, 3 G# —
G = GY in X,, weakly. By using a diagonal procedure, we may assume the
same sequence G® works for all t < g, s < 3.
By definition,
1

a(G*, ¢) = w(B,(v)) I8,

¢w, for ¢ € Lipy(B), y fized.
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The right side of the above equality goes to ¢(y) as p — 0. We claim that
the left side goes to [ < AXGY, X¢ >. If so, then we get

/ < AXGY¥,X¢ >= ¢(y) for ¢ € Lipy(B).
To show the claim, fix ¢ € Lipo(B). Let
I(h) = / < AXh,X¢ >, h€ Xy,
then
N < [ < AXh, Xo> | < e [|1XR]- Xl

1/s ,
< [ IXB WX lm < Xl ([ 1XRIFw) - w(B)*
< coslXdllm - hllx,.

So ! is a continuous linear functional on X,,. Since G* — GY weakly in
X..s, the claim follows. Thus this shows (ii) of theorem (1.3). Since ||G*|| L
is uniformly bounded in both y and p, it shows the uniformity in y of thwe
L! norm of G by using Fatou’s lemma. In section (6), we shall prove the
uniformity in y for the norm of XG.

Now we want to show G® — GY pointwise a.e. for some subsequence.
Let B, = B.(y), r < R/2. By lemma (4.2) and corollary (4.4), we have
shown

Gl caerma) + 1X GOl oz < e
and G* — G in L2(B\B,). Since G% supported in B, G{ — G in L2, and
XGr — X G in L2, by Rellich’s lemma (2.6), it follows that 3 a subsequence
GPix convergent in L2 (B\B,) (the subsequence depends on r). We now show
the limit must be G by using the similar argument in [CW].

Given a bounded function ¢, let I(g) = [ g¢w. Furthermore,

@) < Ndllzee - lgllzy, < NBllzee - w(B) Y ligllzy, < cllglix..
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Thus ! is a continuous linear functional on X. Thus
/ GPigw — / Géw

Assume that G* is the limit in L2 (B\B,) of G*. Then for any bounded
¢ supported in B\B,,

/ GPi pw — / G* pw
Thus, for ¢ picked as above,

/G¢w = /G#¢w,

and it follows G* = G a.e. in B\B,.

Summarizing, we have shown now that GP* — G in LZ(B\B,) for a
subsequence {p;, } which depends on r, p;, — 0. Hence there is a further
subsequence, again denoted by {p;, } such that G+ — G pointwise a.e. in
B\B,. Letting r — 0 through a sequence and using repeated subsequence
and a diagonal process, we have a fixed p;, — 0 such that G®* — G a.e. in
B.

We have proved in section (4) that

ess sup G(z) < c/R —f-———ﬂ
r{2<0(zy)<r T Jel=w) w(Bt(y)) t’

For p < g%, taking limits p;, — 0, we obtain

ess sup G¥(z) < c/R __ﬁ___ﬁjf
r/2<e(z.y)<r = Jetew) w(Bi(y)) t
We have also shown that G — G weakly in X, and strongly in L2(B\B,)
for any r > 0, and G*#* — G pointwise a.e.

We now prove,

ess inf  G(z )>c/R t__dt
s Y = w(Biy) T
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where 7 < R/4 and c independent of B, y, r.
Let G” be the approximate Green function for B,.(y) and 0 < ¢ <

¢; < ¢y < c3 < ¢4 independent of y, r be chosen such that

Bcor(y) - Bl(y) CIT) C BT/Z(y) - BS/Zr(y) - BI(yv 027‘) C Bc;r(y) C Bc;r(y)

For the possibility of the above containment of different metric balls, we refer
the reader to [NSW]. Then as shown in lemma (4.2) by taking a proper cut
off function

£

G*)w
72 JBi(y,car\Bi(yse1r)

/ < AXGr,XGP ><
B, \Bi(y,car)

5 : 2
< —% (ess sup @") w(B,) < —% ess sup G| w(B,).
r Br(y,c2r\Bi(y,c17) T Beyr()\Beor()

Since G” is a nonnegative solution in B, (¥)\B, if p < csr for some small

cs independent of y and r, Harnack’s inequality holds, that is

ess sup Gr < cess Gr.

in
Bcsf(y)\Bcor(y) Bca'(y)\Bcor(y)

Thus if p < 57,

2 2
ess inf Gr > | ess inf Ge
By 2 (y)\B:j2(y) Bi(y,c2r)\ By (y,e17)
2
T

2
> (ess inf @P) > c—
Beyr(W\Beor(y) w(B;) JBe,-(v)\Bi(y,e2r)
Now pick ¢ with ¢ =1 on B;(y, co7), supp{¢} C Ber(y),|Xd| < £, B, C
Bi(y, cor). With this choice of ¢,

1
= w(B,)

< AXGrP, XGr>

-/B,, ¢1.U = aO(Gpa ¢)

Thus,
1/2

~ V ~ ~ 1/2
1=/<AXGP,X¢ >< (/ < AXGr XCr >) (/<AX¢,X¢ >) |

upp{X ¢}

_ . 172 P 1/2
<c ( / < AXGe, X G >) (Su)
qu\B[(y,Czr) . r
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Thus
72

~

ess inf Gr > c——r
Bs 2. (y\B./2() w(B,)

, p<CsT,

where G = é{;, is the approximate Green function for the ball B = B.,.(y)
with pole y. By lemma (2.5), 3 sequence G%,,, > C«T(T;T) near 8B,. Now
near 8B,, G, = 0. Thus near 9B,,

2
P -G > _r
qu,k(y) Gr,k = c'lU(B,-)

We also note that G% ., —G? is a solution in B, so by the maximum principle,
2
w(B,)

Now assume for simplicity that B = Bgr(y), if r < f, then choose positive

5 A _
GL,—Gl>c a.e. in B,

m such that 7¢f < R < rcft. In B,

m—1

éﬁz 2 ch;" = qur + E [G¢;+l - chj]
j=1 4
Thus in Ba,-/z\B,./Q a.e.
- 2 m-1 (,rci)2
Grzeo———+cy — 2
® = "w(B,) ,_2 w(B,)

Since w is a doubling weight, the expression on the right side above is
R 2 4t
> / — 2
=) wB)

R
ess inf G(z,y) > c/

B, Br/2

Letting p — 0,
t2 4t
for r < f. In case By is not centered at y, we note that y € %B implies

B D Bpg/a(y) = B' and thus we apply the estimate above to B/, r < % to
get,

2 dt

R
nf S . > —_——
ess inf G(z,y) = ess B,I\Ill?f,,g Ga,,z(l‘,y) > C/r w(Bi(y)) t

B, B,./g
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6 Proof of the representation theorem and
uniformity of the norms for G and XG
Now we prove Theorem (1.6). The proof is standard (see also [CW]). Define
Ue) = [ féds, e H,

then
e < (o) ([ o)
< un (570 0) ™ ([ 1x3P0) " < cuslilin

Thus { is a continuous linear functional on Hy. By Lax-Milgram'’s theorem,
3w € Hy such that
a(u,¢) = [ 9
ie.
Lu=f and [ullg, < cusllffullgor g

Now selecting ¢ = G? (with pole y), we get
G*) = Sedz .
a(u,G%) = [ fGrde

Letting p — 0,

1
w(BP) B,

ap(u,G?) = uw — i(y) a.e.

Further,
74

[, sol < (i) ([ i) " < ( L4y w) lolx

Thus under the hypothesis of Theorem (1.6),

g — / fg is a continuous linear functional on X,
B .
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fort < o. Since GPi — G(z,y) weakly in X fory € %B a.e. fort < o, s < sg,

- 1
/BfGPJ - /Bf(a:)G(x,y)dx forye -2-B a.e.
and hence,
- 1
i(y) = /}3 f(z)G(z,y)dz for y € -Q-B a.e.
This proves the first part of theorem (1.6).

The proof of the second part is similar. Indeed,

[, <Fx6>1< ( / ('—j}')w) ([ o) " < ( / ('5—')21») "

thus there exists a unique u € Hp such that

aw(we)= [ <FX}>, ¢eH,

el < ( / ('wﬂ)zw) "

Chosing ¢ = G? and observing that

[ <FXe>s ( (2 w) (o) < ( 2y w) " ol

the result will follow as in the first part if s < s.

and also

Now we show

NGz, + I XGllzs £ C <0

uniformly in y € {B fort < 0, s < so, which will prove (i) of theorem (1.3).
The uniformity of the first term follows from (3.4) and Fatou’s lemma. But
we now give another proof which applies to the uniformity for both ||G||
and || XG]||.

Let u be the Lax-Milgram solution to Lu=f, u € Hy, u = {u;}, u; €
Lipg(B). Lett < o and k = (fB (%)"w)w. For $>1, k< M < oo,
define

Hu(r)=1" -k, k<7< M,
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and

Hy(r) = BMP Y1 -~ M)+ MP — kP, 7> M.
Let ¥; = uf + k. For fixed M, define
¥i ! 2
¢3(2) = G(¥;(a)) = [ Hyo(r)ar

It is easy to see that {¢;} € Lipo(B) and ||¢;]|o is bounded in j. Thus 3 a
subsequence, denoted by ¢; again, such that ¢; — ¢ € Hy weakly. Thus

limag(uj, ;) = lim ag(u, ¢;) = ao(x, §)

Note,
ao(uj, ¢;) = / < AXuj, X¢; > and ap(u, ¢;) = /f¢j

Thus,
(5.6.1) /E < AXu;, X¢p; >= ]B fo; +6;, 8; =0
By (5.6.1),

[ixue @ <c /B < AXY;, XU, > G(¥;

1

< [ 1716 + 1851 < 1 [ 1193612 +1651

Thus,

1
J1XH(¥)Pw < 2 1] 1B (285 + 165
By Sobolev’s inequality (1.7) ( noticing Hpy(¥;) € Lipo(B) )

(/B IHM(\I'j)IZ”w)a% < %/I;lfl [ Hy (25)%;02 + (65

<k ( L (4 w) (L mmn) o

Note ¥; = u; + k — @t + k a.e. for a subsequence. Dropping subscripts

and setting ¥ = 4t + k, we have

6oz ([ wrw)® <o [ immue)*



GREEN’S FUNCTIONS OF DIFFERENTIAL OPERATORS 1247
Next we observe,
(78 = BB Xy () < Hu(r) and Hyy(7) < 7P,

where X, ,,, is the characteristic function.

Inserting these inequalities into (5.6.2) and letting M — oo we get,

B _ 1.B\2¢ = 24 %
(5.6.3) (/B(\p k?) w) gcﬁ(/Bw w)
Since ¥ > kand 8 > 1,
1 i
8 28 21 ( 28 )2:
(5.6.4) k gc(/B\I: w) < /B\IJ w
Hence by Minkowski inequality we get by combining (5.6.3) and (5.6.4),
7 1 77
. 208 < ( 2tﬂ) .
(5.6.5) (/B\I' w) < ()b /B\It
Fort <o,

L i L
(/B \Ilz‘w) "<e (/B \Ilz”w) ¥<e (/E |ﬂ|2°w> ¥ + ck.

Since # has compact support, by Sobolev’s inequality (1.7), the expression

on the right above is at most,
1/2
c (/B |Xﬂ|2w) + ck < c)lullo + ck < ck

We now apply an iteration argument to the inequality above with the start-

ing choice f = 1 to get [|¥||,c 5, < ck. Thus [|i*||z5) < ck. A similar

argument also works for 4~. Applying

. 1
i= [ f(z)G(z,y)dy, aey € 3B,

(L))" =
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we obtain
/B G(z,y)'wdz < C, with C independent of y.

The argument for the uniformity in y of the size of the norm || X, G(z, y)|l s

w

is similar. In this case, u is the Lax-Milgram solution to Lu = X*F, i.e.,
u € Hy and
ao(u, ¢) = / <F,X¢> forée H,.

We assume now that s < s¢ and %‘ € L:(B). Then by theorem (1.6),
o= /B < F(z),XG(z,y) > dz, forae. y€ %B

Use the same test function ¢; as before except that now

= (1, (2)s)"

The analogué of (5.6.1) is
/B < AXuj, X¢; >= /B <F,X¢; > +6 = /B < F,G'(¥,)XT; > +;.
Thus, for € > 0,
f e se [ et [ (L) oo
B B eJp\ w
Selecting € = 1/2 and using the fact that ¥; > k, we get

|F|

fy o < [ () g epmw + 20

By Hélder’s inequality with exponent s'/2 and s'/(s’ — 2), the expression
on the right above is bounded by

=2

4 M(H;{(w,-)\pj):’*'-—'zw] T o,
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We now use Sobolev’s inequality and let 7 — o0 and M — oo as before to
get :

1/20 als N (s7=2)/28'
B _ 1By20 < ( He ) .
</;3(\1; k)w) _cﬂ/B‘IJ fw
Thus,

1 B a2
(2e) s o 40)
B B
When 8 = 1and s'/(s'~2) < o, the expression on the right above is bounded
by ck. Thus, an iteration argument applied to the inequality above starting

with 8 = 1 shows for s < s¢, i.e., §'/(¢ =2) <0

/;9 |X:G(z, y)|*w(z)dz < ¢ independent of y.

ACKNOWLEDGEMENTS

I would like to take this opportunity to thank Professor S. Chanillo,
my thesis advisor. His constant encouragement and many useful comments

made this paper possible.

References

[Ca] A.P. Caldéron, Inequalities for the maximal function relative to a

metric, Studia Math. 57 (1976), 297-306.

[CoW] R. Coifman and G. Weiss, Analyse harmonique non-commutative

sur certain espaces homogenes, Springer-Verlag, Berlin, 1971.

[CW]  S. Chanillo and R. Wheeden, Existence and Estimates of Green'’s
Function for Degenerate Elliptic Equations, IV. Vol. XV. Fasc. II,
Scuola Norm. Sup., Pisa (1988), 309-340.




1250

[Fo]

[FeS]

[FIK)

(GW]

[H]

]

[I8)

[KS]

[L1]

LU

G.B. Folland, Subelliptic estimates and function spaces on nilpo-

tent Lie group, Arkiv f. Mat., 13, 1975, 161-207.

C. Fefferman and A. Sanchez-Calle, Fundamental solutions for sec-
ond order subelliptic operators, Ann. of Math. (2) 124 (1986), no.2,
247-272.

E.B. Fabes, D. Jerison and C.E. Kenig, The Wiener test for degen-
erate elliptic equations, Ann. Inst. Fourier (Grenoble) 32 (1982),
151-182.

M. Gruter and K.O. Widman, The Green function for uniformly
elliptic equations, Manuscripta Math. 37 (1982), 303-342.

L. Hérmander, Hypoelliptic second order differential equations,

Acta. Math. 119 (1967), 147-171.

D. Jerison, The Poincaré inequality for vector fields satisfying

Hérmander’s condition, Duke Math. J. 53 (1986), 503-523.

D. Jerison and A. Sanchez-Calle, Estimates for the heat kernel for
sum of squares of vector fields, Indi. U. Math. J., 35 (4), 1986,
835-854.

S. Kusuoka and D.W. Strook, Long time estimates for the heat
kernel associated with a uniformly subelliptic symmetric second

order equation, Annals of Math., 127 (1988), 165-189.

G. Lu, Weighted Poincaré and Sobolev inequalities for vector fields
satisfying H6rmander’s condition and its applications, to appear

on Revista Matemadtica Iberoamericana.



GREEN'S FUNCTIONS OF DIFFERENTIAL OPERATORS 1251

[L2] G. Lu, On Harnack’s inequality for a class of degenerate

Schrédinger’s operators formed by vector fields, 1991 Preprint.

[LSW] W. Littman, G. Stampacchia and H.F. Weinberger, Regular points
for elliptic equations with discontinuous coeflicients, Ann. Scuola

Norm. Sup. Pisa Ci. Sci. III 17 (1963), 43-77.

[NSW] A, Nagel, E.M. Stein and S. Wainger, Balls and metrics defined by
vector fields I: Basic Properties, Acta. Math., 155 (1985), 103-147.

[RS] L.P. Rothschild and E.M. Stein, Hypoelliptic differential operators
and nilpotent groups, Acta. Math. 137 (1976), 247-320.

[Sa) A. Sanchez-Calle, Fundamental solutions and geometry of the sum

of squares of vector fields, Invent. Math. 78 (1984), 143-160.

Received June 1991




