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ON A PRIORI C!* AND W2? ESTIMATES
FOR A PARABOLIC MONGE-AMPERE
EQUATION IN THE GAUSS CURVATURE FLOWS

By QiNnGBo HUANG and GUOZHEN Lu

Abstract. This paper establishes Holder estimates of Du and L estimates of D?u for solutions u to
the parabolic Monge-Ampére equation —Auy + (det D2u)!/" = .

1. Introduction. In this paper, we consider the following parabolic Monge-
Ampere equation

(1.1) — A@u; + (det D*w)'/" = f(x,1), in Q=Q x (0,T]

where u = u(x, t) is convex in x for every 0 <t < T, D?u denotes the Hessian of
u with respect to x, and Q is a bounded convex domain in R”".

Equation (1.1) arises in connection with geometric evolution problems in-
volving powers of Gauss curvature which have drawn a great deal of attention
and undergone a rapid development. For instance, see [Fir], [Tsol], [Cho], [An
1,2], [Ham], [C-E-I], and [Ur]. Let Xo(s), s € S" be a smooth strictly convex
closed surface in R™!, and consider the Gauss curvature flow
12) {%—’f(s, 1) = —sgn(B)K (s, (s, )

X(s,0) = Xo(s),
where 8 # 0, sgn(3) is the sign function of 8, K the Gauss curvature, and v is
the unit outward normal at X(s, t).

If the strictly convex surface X is parametrized by the inverse of the Gauss
map, then the support function H(v, f) of X can be written as

Hv,t)=X(w,t)-v=supx-v,
xeX

where the unit outward normal at X(v,¢) is v. As in [Tsol] and [Cho], (1.2) is
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equivalent to the equation
OH
(1.3) -, W20 = —sgn(BK”.

From (1.3), u(x,t) = H(x, —1,1), x € R”" satisfies

(1.4) — u(det D*u)? = sgn(B)(1 + |x[}H1 —A0+21/2

1
When 6 =——, (1.4) leads to (1.1) with f = 0.
n
When (=1, (1.4) becomes the following equation

(1.5) — u; det D?u = f(x, ).

Equation (1.5) is nonlinear both in u, and D?u and is parabolic if u(x, t) is strictly
decreasing in ¢ and convex in x. This operator plays an essential role in the
parabolic version of the Alexandrov-Bakelman-Pucci maximum principle proved
in [Kry], [Tso2], which is an indispensable tool for fully nonlinear parabolic
equations. Tso [Tsol] also used (1.5) to study the Gauss flow (1.2) with g =1
and established the existence and some asymptotic estimates. Firey’s conjecture
about limiting shape of convex surfaces under the Gauss flow (1.2) with 8 =1
was proved in [An2]. Recently, analytic aspect of (1.5) has been also studied.
The Schauder C> estimates were established in [W-W1] and W?? estimates
were proved in [G-H3]. A Calabi type result about entire solutions for (1.5) was
obtained in [G-H1].

Equation (1.1) with A(x) = 1 has recently been investigated by some authors.
It was first introduced in [Kry]. Ivochikina and Ladyzhenskaya [I-L] considered
the initial-boundary value problem. They proved the existence of classical solu-
tions if given data satisfy certain smoothness and compatibility assumptions. In
the case of less smooth given data, the Bernstein technique is not enough for
obtaining C22 estimates. In that case, [W-W2] adapted a nonlinear perturbation
that Caffarelli had used for the elliptic Monge-Ampere equation to study (1.1)
with A(x) = 1 and established the Caffarelli-Schauder type estimates if f(x, ) is
Lipschitz together with other assumptions.

It is our purpose in this paper to establish Holder estimates of Du and L
estimates of D?u for solutions u to (1.1), when f(x,t) is merely continuous but
not necessarily Lipschitz continuous and f; satisfies some one-sided boundedness
condition and integrability condition as well with other assumptions. For the
elliptic Monge-Ampere equation, the estimates of these types were established in
[Cafl].

It seems that (1.5) is more nonlinear in appearance than (1.1). However,
(1.5) has an advantage that it is the Jacobian of the associated normal mapping
N defined by N(x,1) = (Du(x, 1), xDu(x,t) — u(x,1)). The lack of being as a
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Jacobian operator for (1.1) gives rise to new difficulty. In deriving estimates
about eccentricity of sections which can lead to C'** estimates, since (1.1) has
not the same affine invariance as (1.5) when rescaling, we have to deal with a
family of equations with different coefficients and need to carefully control the
bounds of these coefficients. We will use the Calderén-Zygmund decomposition
in terms of sections to establish W?¥ estimates. One ingredient of the proof is the
estimate of density of good sets where the Hessians of solutions are controlled.
The existent approach heavily relies on the structure of Jacobian operators and
is not suitable for (1.1). To overcome the difficulty, we use the concavity of the
operator in (1.1) and one-sided W24 estimates (0 < § < 1), together with the
property of (1.1) that if the Hessian of a solution is bounded from above then it
is also bounded from below. This approach can also be applied to (1.5) and the
elliptic Monge-Ampere equation.

Although the notion of viscosity solutions to (1.1) can be introduced (see [W-
W2]), for simplicity, we will work with smooth solutions which are convex in x
throughout this paper. But the estimates obtained are independent of smoothness
and depend only on the structure constants.

Now we state the main results of the paper.

THEOREM A. Let u = u(x, t) be convex in x and a solution to (1.1) in the cylinder
Q=Qx (0, T withu= ¢ on d,Q=0Q x (0, T1UQ x {0}. Assume that:

(A1)A € C(Q)and 0 < X < A(x) < Ain Q;

(A2)f € C(Q), f; € L"(Q);

(A3) ¢ € C>1(Q) is convex in x, By, C Q C By convex, 0Q € C Laywith
a>1-— % and

(A4) there exist v > 0, a > 0 such that f; < ain Q and

1
. . (detD*¢)n — f(x,0) N
< > .
1nf{8 1Xn£’T] O1s 1Xn{0} o +inf 2ad v

Then:

@) ||ue]| ooy < My and A(x)uy+f(x,t) > Av > 0in Q, where M depends only
on structure constants above.

(ii) Forany0 < < 1,e >0, Q cc Q

[Dx”]cﬂ-B/Z(Q/X[E,T]) < M,
where M, depends only on (3, ¢, dist(Q',0Q), and structure constants in
(Al)—(A4).
(iii) Forany 1 <p < o0, > 0,Q CcCc Q

|D2ul| 1 ey < M3,
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where M3 depends only on p, e, dist(Q',0Q), and structure constants in
(Al)—(A4).

Remark B. All conclusions of Theorem A still hold, if assumption (A4) in
Theorem A is replaced by the following assumption:
(A4)*: there exist v > 0, a* > 0 such that ||f;*||nr1(g) < a* and

1 1
. . (detD*¢)n —f(x,00| . .f . s <dﬂ>m
f f £l — — >
m {mlxn(o,ﬂ o len{O} Ax) 10 A Cua A =
on 1/(n+1)
where C;, =n ( 7) and o, is the surface area of unit sphere in R”.
op(n+1)*

Remark C. If we assume that A € C® and f € C**/2 in addition to
assumptions (Al) to (A3) and either (A4) or (A4)*, then the eccentricity of

sections can be shown to be uniformly bounded and C>*o!*+ » estimates can be
established. See Theorem 3.2.

The organization of the paper is as follows. In §2, the bounds of time deriva-
tive of solutions are discussed. In §3, estimates on the eccentricity of sections
and Holder estimates of Du and D?u are given. Finally, §4 contains the proof of
L7 estimates of D?u.

2. Bounds for time derivatives. The purpose of this section is to establish
bounds for time derivatives of solutions to (1.1). Noting that if u is a solution
to (1.1) then u, satisfies the linearized equation, we will use the Alexandrov-
Bakelman-Pucci maximum principle and an auxilliary function to show that u; is
bounded and A(x)u; + f(x, f) is strictly positive.

Let us define the linearized operator L, of (1.1) by

1
L, = —A®@)u; + —(det D*u)/"ae(D*u) "' D?v).
n
Given a smooth function v, the parabolic Alexandrov-Bakelman-Pucci maximum

principle yields

1
n+l1

max v < max v + Cn(diamQ)% / |0y det (D*v)| dxdt ,

0
¢ g T,

where

I,={(.0€Q: y>0andD*v <0} and C,=[n(n+1)/o,].
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Obviously, on the contact set I',,

LA(x)u, . det [( det D*u)n (D*u)~'( — D%)}

v - det (D*( — v)) yre

1 nA(x)UtHr((detDzu)% - (D*u)~ (= D?v)) e
~ nA®X) n+1 '

It follows that

1

n+l

2.1) max v < max v + C / / (— Loy Vdyde|
0 pQ -

where C =n[(n + l)no'n)\]_1/(n+1)(diamg)n/(n+l)'
Let u be a solution to (1.1). By differentiating (1.1), we obtain

L,(uy) = fi.
It is clear that u; = ¢, on 0Q x (0, T] and
A(u; = (det D*¢)/" — f(x,0) on Q x {r=0}.

Thus, applying (2.1) to u, yields

1

//( —f,)“"*“dxdt} el

Ty,

(2.2) maxu, < maxu;+C
[9) pQ

26y —
< max{_max (detD¢)n — f(x,0)

» qng + ClIf |1 g)»
0Qx(0,T] th{O} A(x) } Hft HL ()]

which gives an upper bound for u;.

Now we show that u, + f is strictly positive and hence u, is also bounded
from below.

In the case that assumption (A4) holds, by observing that

1
Z(detDzu)% (D) > 1,

we obtain that w = u, — Jalx — xo|? satisfies

Lw)<fi—a<0 inQ.
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Without loss of generality, one may assume Q C B;(xp) in assumption (A3). By
the maximum principle

1
igfut > infw = inf w > infu, — 5acﬂ.

apQ 8[)Q

Therefore by assumption (A4)

23) A™ur+f(x, 1) > Ax) [éng u — %ad2 + igfi]
p

2 %_
> A®x) [inf{ inf o (detD79) f(x,O)}

QX (0.T] o Qx{0} A(x)

Y A U
f~ — —ad’| > \v.
+15A Had”| = Av

If assumption (A4)* holds, by applying (2.1) to —u,, we obtain

24) AW+ > AR) E{r}g ty = CIf [l o) + inf ﬂ
1
. O . (f”)’”‘
> S -
> A®x) [élrjlgu,+1rQ1fA C,a 3
> .

By (2.2), (2.3), and (2.4), we get the following result.

THEOREM 2.1. Let u be the solution of (1.1) in Q with u = ¢ on 9,Q. Suppose
that assumptions (Al) to (A3) and either (A4) or (A4)* hold. Then u, € L°>°(Q) and
A@u; +f(x,8) > Av > 01in Q.

We make some remarks about assumption (A4). When ¢ satisfies
—A(X) ¢, + (detD*¢)n =f on Q x {r=0},

assumption (A4) is reduced to

1
inf ¢, vintL — Lo > .
0 0A 2

In the case of the homogeneous equation (i.e., f = 0), if ¢ is strictly convex
in x and strictly increasing in ¢, then (A4) holds.
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3. Eccentricity of sections and Holder estimates for Du. In this section,
we will use a perturbation argument to investigate the eccentricity of sections
and derive Holder estimates for the gradient and Hessian of solutions to (1.1).

Let u(x, t) be a solution of (1.1) with initial-boundary value ¢. By Theorem
2.1, u; € L>™®(Q) and A(x)u; + f(x,t) > Av. Clearly, v(x,t) = u(x,t) — Mt has
the same regularity as u(x, t), and is strictly decreasing in ¢ and convex in x for
large M. Without loss of generality (Otherwise replace u(x, t) by v(x, 1)), we can
assume from now onwards that u(x, r) satisfies

(3.1) 0<m < —u < my,
and
(3.2) 0<\ < —udetD*u< Xy, in Q.

For zg = (xp, f0) € Q, recall the section Qy(zo9) = On(u, zo) is defined by
On(z0) = {(x,1) € Q: u(x,t) <L (x)+hand t < 1},

where £, (x) = u(xo, to) + Du(xo, fo)(x — x0), and the elliptic section S;(u;xo|tp) =
Sn(xolto) is defined by

Sn(xolto) = {x € Q: u(x,t9) < £,,(x) + h}.
The parabolic boundary 9,Qy(z0) of Qn(zo) is given by
0pOn(z0) = {(x,1) € Q1 u(x,t) =L, (x)+h and t < 1o}.

Let us recall some facts about sections. It follows from (3.1) that there exists ¢y,
¢y > 0 such that for 0 < 0 < 1

Son(xolto) % (to — c1(1 — h, 15] C On(zo) C Su(xolto) % (tg — c2h, to].

By [G-H3, Theorem 6.3], for (xq, %) € Q' x (g9, T] with Q' CC Q, there exists
hg such that

On(zo) CC Q  for h < hy,
and by [G-H2, Theorem 2.3], diam(Qy(z0)) — 0 as h — 0.
Since A and f are continuous, f > A(v+m), u, is bounded and diam Qy,(xo, fo)

— 0, for € > 0, there exists iy > 0 such that

(3.3) (1 — &)f (x0.10) < —A(xo)uy + (det D*uw)'/" < (1 +£)f (x0,10),  in Qpy (X0, 10)-
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We now normalize (or rescale) u and Qp,. From Fritz John’s Lemma, there
exists an ellipsoid E such that

’}/()E C Sho(xO’to) CE.

Furthermore, by the theory of the elliptic Monge-Ampere equation, E can be
chosen such that E is centered at (xp, %) and YoE C Sg,u,(Xo|to) for some 0 <
fo < 1. Let T be the invertible affine transformation satisfying TE = B; and
Txo = 0, where B is the unit ball in R"” centered at the origin. Define the
transformation 7 by

(v,9)=T(x,0) = (Tx, %)

and set

1
W(3,8) = = [ = L) T (3,5) = ol

Al— ql

Ty, 10+ Khos) — L,(T~"5) = o),

where zo = (xo, ) and £, (x) is the supporting affine function or hyperplane to
u(-, 1p) at x = xo. From (3.3), one obtains

CAGxo) . C( det D?u*)!/n
U,
Khy °  |detT—1|2/n

(.4 (I —e)f(xo,20) < — < (L+e)f(xo,10) in Qp,

where Q) = 7 Qp,(x0, 10).
Choose C = |detT~'|?/". By (3.1), (3.2), and det D*u* = det D?u, it follows
that

)\1/1112 < det D*u* < )\z/ml, in TSho(XO‘IO)-
By the theory of the elliptic Monge-Ampere equation
2 |Sh, (xolto)|* ~ |E)* ~ | det T2
Here and throughout the paper, we use the symbol a ~ b to denote that the
quantity a/b is bounded by two positive universal constants from above and
below. Thus, C/hy =~ 1. We now choose K = C/hy ~ 1 and get

(3.5 B, x (—¢3,01 C Q}, =T Qny(x0,20) C By X (— c4,0].

Note that @y, is not a cylindrical domain but a bowl-shaped domain defined by
u*. Let 0,05 = T 8,0p,(x0, f0). From the above argument, we conclude that u*
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satisfies

(3.0 (1 —e)f(x0,10) < —A@o); +(detD*u")/" < (1+e)f(xo.10) in Qs
=0, on 9,05, 0<m <—u;g <my.
Let P be the standard paraboloid defined by
(3.7) P={(x0: t<0and §|x]* -t < 1},
and denote the parabolic u-dilation of set S by uS = {(ux, u*t): (x,t) € S}.
To study the regularity of u is reduced to investigate the properties of u*.
Now we prove the following lemma for the normalized solution u*. To simplify

the notation, we still use u instead of u™*.

LeEMMA 3.1. Let u be a strictly parabolically convex function in Q and satisfy

(38)  (1-o)f(zo) < —Axo)u +(detD’w)'/" < (1 +e)f(z0) in Q,

u=>0 on 0,0,
(3.9 my < —uy <mp inQ,
(3.10) A(xo)u; +f(z0) > Av/2  in Q,

where Q = {(x,1): u < Oandt < 0} is a bowl-shaped domain and 0,0 =
{(x,0): u=0andt < 0} is the parabolic boundary of Q.

Assume that u(0,0) = ming u and that
(3.11) B, x (—¢3,0] C Q C By x(—cy4,0].

Then there exists a linear transformation T: (x,t) — (Tx, at) such that

(3.12) m/2 < a<2m
(3.13) C' <l <€, for|lx]| =1
(3.14) —aA(xo) +f(z0) = (det T)?/" > \v /4

and for small 1 > 0 with e < p?

(3.15) [1—C(/e/u+/mIP C i~ 'TQuu,(0,0)

C [1+CGH/e/p+VIP,

where /it ' T (x,1) = (/' Tx, pan).
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Proof. Let w(x, ), convex in x, be the smooth solution to the equation
(3.16) — Alxo)wy + (det D*w)'/" = f(z9) in O
with the boundary value w = 0 on J,Q. For the existence of w, see [W-W2].

We first establish some estimates for w. Similar to [I-L, Lemma 2.2], one can
easily show that the comparison principle holds for (3.8). Therefore, we obtain

A+ew<u<(1—ew in Q.
Since u =w =0 on 9,0, it implies that
(I+ew, <u < (1 —e)w; on 9,0.

For small € > 0, on 9,0 we obtain

—U —U
< -—w < >
l+e¢ 1—¢

Ao
Ao +fa) > 20

m <

N —

1
+f(z0) > ZAV.
On the other hand, both w, and A(xg)w; + f(zo) satisfy the linearized equation
1
—Axo) v + —(det D*w)!/"tr((D*w) "' D?*v) = 0.
n

By the maximum principle again

mi/2 < —w; < 2my in Q,
(det D*w)!/" = AGxo)wr +f(z0) > 1A in Q.

Together with the estimate of Pogorelov type for (3.16) in [W-W2], interior C2!
estimate for w follows, and hence by the theory of fully nonlinear equations, one
obtains estimates for higher order derivatives of w.

Now compare Q,,(u,(0,0)) with Q,(w, (0,0)) for small ;1 > 0. We use C to
denote universal constants.

Recall #(0,0) = ming u ~ const and let ming w = w(x1, 0). Since [u—w| < Ce,
lw(x1,0)—w(0,0)| < Ce and 0 € Sc(w;x1|0) C B¢ /z(x1). Then |x1| < Cy/e and

|Dw(0,0)| = |[Dw(x1,0) — Dw(0,0)| < Clx;| < Cy/e.
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We note that
w(x, 1) — w(0,0) — Dw(0,0)x = u(x, 1) — u(0,0) + [O(e) — Dw(0, 0)x].

Therefore, if ¢ < Mz and p is small, we obtain

Q.17 Oy cyeymw(0,0) C 0, (0,0)) C Qi 2,z (0,0)).

We now claim that for 6 << pu (i.e., 6/ is small)

(3.18) IpQurs(w, (0,0)) C Nesy i (0pQu(w, (0,0)))

where N is the 6-neighborhood with respect to the distance

dy (G 1), (v.9) = |x =y + /e = s,

To prove (3.18), let (x,?) € 0,Q,+s(w,(0,0)) and distinguish two cases to
discuss. Without loss of generality, one can assume that Dw(0, 0) = 0. In the first
case that x € S,,(w; 0]0), there exists < #; < 0 such that (x,#;) € 9,0,(w, (0,0)).
Then w(x, 1) —w(x, t;) = 6 and |f; —t| = C6. In the second case that x & S, (w; 0|0),
w(x, 1) —w(x,0) < 6 and |t| < Cé. Let x, be the intersecting point of S, (w;0/0)
and the segment between 0 and x. Because S, (w;0(0) =~ B¢ \/,7(0), one obtains

6 > |w(x,0) — w(x2,0)| = [Dw| - [x — x2| = c\/t|x — x2].
It yields that |[x; — x| < C6/,/p. Thus, we complete the proof of (3.18).
From (3.17) and (3.18), 0,0,(u;(0,0)) is in Cy/e-neighborhood of

0,Q,,(w, (0,0)). We next compare Q,(w;(0,0)) with the paraboloids.
Let P,, be the paraboloid associated with w given by

Py ={(x,0: t <0 and %DUW(O, O)xixj + wy(0,0)r < 1}

and recall the parabolic dilation /Py, = {(\/1ix, jut): (x,1) € P, }. We now claim
that

(3.19) 9,0, (W, (0,0)) C Ncy (Opr/IPw)

where Nj is the ¢-neighborhood with respect to the distance d,,.
To prove (3.19), it is equivalent to show

0,0, (W, (0,0)) C (1 + C\/1)\/uPy — (1 = C\/1)\/ Py
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If (x,7) € 9, (1 + C/1),/1tPy), then by the Taylor formula

(3.20) w(x,t) — (w(0,0) + Dw(0,0)x) = %Dijw(O, 0)x;xj + w,(0, 0)z

+ 0(]D3wa\3 + | Dw,||x]||¢| + \w,,\t2)

> [(1+ Cymva) — K(xP + x|l + ),

where K is a universal constant depending on the bounds of D}w, Dw; and wy.
For (x,1) € 9, (1 + C/1)\/I'Py), we have that |x| < K,/ and |t| < Kpu. If
@< 1and C > K, then

w(x, 1) — (w(0,0) + Dw(0,0)x) > (1 +2C/m)p — K(*'? + 1) > p.

It can be shown similarly that (1 — C/u),/p’Py, is contained inside Q,,(w;, (0,0)).
Thus we complete the proof of (3.19).
By (3.17), (3.18), and (3.19), we get

Now find the affine transformation 7. Since D?w is positively definite, we
can write D?w(0,0) = T* - T, where T is the composition of rotation and dilation.
Set a = —w,(0,0) and

(v,9) =T (x,0)=(Tx,at).

It is easy to verify that (3.12)—(3.14) hold. (3.15) follows from (3.21). The proof
of Lemma 3.1 is completed. O

If the shape of Q is close to that of the standard paraboloid P, then one can
get better estimates for 7" and Q,(u, (0,0)). For our purpose, we state the result
in the following fashion.

LEMMA 3.2. Let u be a strictly parabolically convex function in Q satisfying

(3.22) (1 —e)f(z0) < —aA(xo)u; + B(det D*u)'/" < (1 +e)f(z0) in Q,
u=0 on 0,0,

(3.23) my < —au; <my inQ,

(3.24) aA(xo)u; +f(z0) > Av/2 in Q.
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Assume that u(0,0) = ming u and that

(3.25) A-o)PCcOcCcd+o0)P
(3.26) m1/2 <a<2m
(3.27) —aA(xo) +f(z0) = B > \v/4.

Then there exists a linear transformation T (x,t) — (Tx, a*t) such that

(3.28) la* — 1| < Co

(3.29) 1 —Co <||Tx|| < 1+ Co, for|x| =1
(3.30) my/2 < aa* < 2my

(3.31) —aA(xo)a* +f(z0) = B(det T)2/" > \v /4

and for small pi, 0 > 0 with ¢ < p?

(3.32) [1 — C(\/Je/p+0oVmIP C Vi ' TQ,u, (0,0)

C [1+CGH/e/p+o/wIP.

Proof. Let w be convex in x and satisfy
(3.33) — aA(xo)w; + B(det D*w)'/" = f(z9), in Q
and w =0 on J,Q. As in the proof of Lemma 3.1, by the comparison principle
T+ew<u<d—-¢e)w, inQ.
Similar to the proof of Lemma 3.1, one can obtain the estimates

(3.34) m1/2 < —aw; < 2my, in Q
aA(xo)w; +f(z0) > Av/4, in Q.

From these estimates and the Pogorelov estimate, interior estimates for higher
order derivatives of w follows.

Let P = 1[x|*> —t— 1. By (3.27), it is easy to check that the functions P + 3¢
are also solutions to (3.33). (3.25) implies that P — 30 < 0 < P+30 on 9,0. By
the comparison principle

1
30 <w-— (2\x\2—z—1> <3¢ in Q.
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Since both w and P satisfy (3.33), v = w— P satisfies the following linear equation
of uniformly parabolic type

—aA(xo) v + Btr(D(x, )D*v) = 0,

where D(x,1) = [y Ldet(@D?w + (1 — O)1)'/"(0D*w + (1 — §)1)~" df, and I is the
n X n unit matrix. By interior Schauder estimates

lw— P|| a1 < Cllw— Pl < Co.
loc

In particular, [D*w(0,0) — I| < Co and |w;(0,0) + 1| < Co. 1t is also easy to
verify that the functions (w — P), and D(w — P) satisfy the linearized equation

1
—aA(xo)y; + B= det (D*w)/"ae(D*w) "' D?v) = 0.
n
Again by interior Schauder estimates

|w = Palleze + [[DOw — P)il|1ee + ID*(w — Pl
< Cllw = Pyl +ClIDGw = Pz, < Cor

Therefore

IWiellzge + [Dwel|ge +[ID*w]zee < Co.

oc loc loc

By (3.20) and noting that in current case K can be chosen as Co, we have
8,0,.(,(0,0)) C Newy, (8p /P

where Ns denotes ¢-neighborhood with respect to the distance d,((x, 1), (y,s)) =
lx —y| + /"t — 5| and

1
Py = {(x, 1): t<0and EDUW(O’ 0)x;x; +wy(0,0)r < 1} .
Similar to (3.21), we obtain

(3.35) 3p0,u(11, (0,0)) C Neopry/z) (Gpy/HPw) -

Let D*w(0,0) = T'T and a* = —w,(0,0). Define the linear transformation
T by 7(x,t) = (Tx,a*t). Obviously, (3.28) holds and (3.29) follows from the
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following estimate
(1-Co)ly* <y - D*w(0.0) -y = | Ty|* < (1+ Co)ly)*

Evidently (3.34) implies (3.30) and (3.31), and it is easy to show that (3.32) holds
from (3.35). So Lemma 3.2 is proved. O

We apply Lemma 3.1 and Lemma 3.2 to get estimates about eccentricity of
sections.

LeEMMA 3.3. Suppose that the assumptions in Lemma 3.1 hold and further
assume that there is a sequence {ei};2, with 0 < g1 < epandeg=¢ < ,u2 such
that for k > 1

(1 — ) (z0) < —AGo)uy + (det D*u)' /" < (1+ )f (20) in Q (w0, 0)).

Then there exist linear transformations Tr: (x,t) — (Tix, axt) with a; > 0 satis-
fying
C <l <€, for | =1
lap — 1| < Cép—y1, fork >2
1 — Cop—y < ||Tix|| < 14 Chp—1,  fork>2, ||x|| =1
mi/2 <aj---ap <2mp, fork>1
~A(xo)ar -+~ ag +£(z0) = det (T - T)*/" = v /4
(1 —6)P C p T, - - T10,k(u,(0,0)) C (1+60)P,

where 6 = 1 and &, = C(\/ex—1 /v + Ok—1/11) for k > 1.

Proof. By Lemma 3.1, there exists 71(x, ) = (T'x, a;t) such that

C' < |Twx|| < C, for x| =1
m/2 < a; <2my
—A(xo)ar +£(z0) = (det T1)*" > \v /4
(1 —6)P C ™ ?T10,(u, (0,0)) C (1+8;)P.

Let

G0 = [u/E T ptfan) = (minu+ )



468 QINGBO HUANG AND GUOZHEN LU
and
01 = /i~ ' 1101, (0,0)).
Simple computations give
(1 = £1)fzo) < —A(xo)ar (uy); + (det Ty)>/"(det D*up)' /" < (1+e1)f(z0) in Oy

It is easy to verify that the assumptions in Lemma 3.2 hold, and one can apply
Lemma 3.2 to u; in Q;. Hence, there exists a linear transformation 7,(x,t) =
(T>x, ast) such that
|612 — 1| S Cél
1 — Cé < ||Tpx|| < 1+Céy, for|x||=1
m1/2 < ajay < 2myp
~Axo)araz +f(z0) = det (1 T2)*/" > v /4
(1= 6)P C /it " H0pu(u1,(0,0) = p~ "B T1Q,2(u, (0,0)) C (1 + &)P.

We now use the induction to proceed. Assume that the conclusions in the lemma

are valid for the case k. As above, consider the normalized solution and domain
by

e, 1) = = (P (T O™ it @) — (minac+ )]
and Oy = /f"/ 27 - - -TlQ#k(u, (0,0)). One can easily check that u; satisfies

(1—e)f(z0) < —A(xo)ar - - - ax(u)+H(det Ty - - - Tp)?/"(det D*up)/™ < (14+e)f (z0),

in Q. The induction hypotheses imply that the assumptions in Lemma 3.2 are
valid. By applying Lemma 3.2 to u; in O, there exists a linear transfromation
Ti1(x, 1) = (T41X, ag1t) such that

lags1 — 1] < Céx
1 — Co < ||Tgsrx|| < 1+ Ch, for ||x|| =1
m /2 < ay - agage < 2my
—A(X)ay - - - ags1 +f(z0) = det (Ty - - T/ > A /4
(1 = 8P C /1t~ a1 Qput, (0,0))
= = EDRT - TQ ke (1, 0,0)) C (14 6141 )P
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The proof of Lemma 3.3 is done. O

We now give C1* estimates.

THEOREM 3.1. Let u be a strictly parabolically convex function in Q and satisfy

(1 — e)f(z0) < —A(xo)u; + (det D*u)!/" < (1 +e)f(z0) in Q,
u=>0 on 0,0,
m < —u; <my inQ,

A(xo)ur +f(z0) = Av/2 in Q,

where Q = {(x,1): u < 0andt < 0} is a bowl-shaped domain.

Assume that u(0,0) = ming u and that B, x ( —¢3,0] C Q C By X ( — ¢4,0].
Then for small > 0 and & < p?:

(i) there exists 6 < C\/u such that for k > 0

B ke x (= C1pt,01 C Qu(w,(0,0)) C B v X (— Gy, 0.

N
Ci ( 1+g6)

Cz(l—\/gé)

(ii) 0 < u(x,0) — u(0,0) < Cl|x|'*B for (x,0) € Q, and u is C'# at (0,0) with

respect to x, where 3 = 11:22: and 7 = —n{1+Cd) (ﬁfﬂc 8,

Proof. By Lemma 3.3 with all ¢, = ¢, there exist linear transformations 7
given by 7i(x, 1) = (Tyx, art) such that

C' < |Tix| < C, for ||x|| =1
1 —Co < ||Tyx|| <1+C6, fork>2, ||x|| =1
m1/2§a1--~ak§2m2

A= &Ou T TP C Quw, (0,00) C (1+6)u Tt TP,

where § < C(v/e/p+ /i) < 2C\/pi. By the estimates of ax and Ty, it is easy to
obtain conclusion (i).

To prove (ii), let x € S (u; 0|0)\S en (5 0]0), ie., p**! < u(x,0) — u(0,0) <
,uk. From (i)

< < .
C1<1+c5 shl=el\ie
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Obviously 1+ C6 = p~7 and u(%”)(k“) < €y '|x|. Therefore
lu(x, 0) — u(0,0)| < Cp~'|x| 7 = Clx|"*P.

So the proof of Theorem 3.1 is completed. O

Proof of Theorem A(ii). As we did in the beginning of this section, we can
assume that (3.1) holds and A(x)u, +f(x,t) > Av. For zg = (xo,9) € Q' x [0, T1,
let E be the Fritz John’s ellipsoid of Sj,(xo|#p) and T be the affine transformation
such that TE = By and Txy = 0. Set

_ _ t— 1
(v.s) = T(o1) = (Tx, o ) ,

W'(y,8) = |det TP/ | — L) (T~ (3, 9) = ho

where /,,(x) is the supporting affine function of u(-, fy) at x = x¢. Let o be small.
If K = |detT|~2/"hy!, then u* satisfies (3.6) and A(xo)u® + f(z0) > Av/2, in
T Qp,(x0, t0). By applying Theorem 3.1 to u*, we have

u*(y,0) — u*(0,0)] < C|y[™*P,  for (y,0) € T Qpy(x0 t0).

Note that 3 can be made arbitrarily close to 1 as ;o goes to 0. Since hfj ~ |E|> ~
|det T~!|?, one obtains that C(ho) < ||T|| < Ca(ho). Therefore

|u(x, t) — £,,(x)| < Clx — xo|"™P,  for (x,10) € O, (X0, 10)-

It follows that Du is C” with respect to x and |Du(x1, 1) — Du(xy, )| < Clx; —xg\ﬂ,
for (x1,1), (x2,1) € Q' x [, T]. Since u(x, t) is Lipschitz in (x, t), by [L-S-U, p.78]
we get
B
|DM(X1,[1) — DM(XZ,tz)’ <cC (|X1 —X2| + |l‘1 — l‘2|2) .

This completes the proof of Holder estimates for Du. O

THEOREM 3.2. Let u(x, t) be convex in x and the solutionto (1.1)in Q = Qx (0, T]
with u = ¢ on 0,Q. Suppose that (Al)—(A3), and either (A4) or (A4)* hold. Assume
that A € C(Q) and f € €3 (Q). Then:

(i) Fore > 0, Q' CC Q, there exist C3, Cy4, ho such that for (xo, tg) € Q' x (&, T],
0<h<hy

B, /i(x0) X (to — C3h,19] C Qu(x0.10) C B, /;(x0) X (to — Cah, 1o].

2+ap,1+0

(i ue Cpp” 2 (Q).
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Proof. The proof of Theorem 3.2 is similar to that for C'* estimates. Since
A € CY(Q) and f € C*/2((), when applying Lemma 3.3, we can find a
sequence of €; which geometrically decays to zero, and therefore we can sharpen
the estimates established under the assumption that A and f are only continuous.

As before, we can assume that (3.1) holds and A(x)u; + f(x,f) > Av. Let
20 = (x0,19) € Q' x (£, T], and let ellipsoid E, transformations 7 and 7, and u*
be as in the proof of Theorem A(ii).

It is easy to verify that u*(y,s) satisfies

(3.36)  — A*(ul + (det D*u*)/" = f*(y,5) in QF = T Oy (x0, o),

where A*(y) = A(T~'y) and f*(y,s) = f(T~'y, to + Khos). Moreover, simple cal-
culations yield

[A*]Cao@*) < HT_l HaO[A]CaO(QhO(ZO))’

[ T2 gy < (1771100 + KR ) 111

03 (@ o))’

Note that ||T~!|| — 0, as hg — 0, by Theorem 3.1 or [G-H3, Lemma 4.5].
Given small 7y > 0, we can choose /g such that

[A*]CO‘O(@*) < 70, [f*]CC’O’(’O/Z(@*) < 7p.

Let g*(y,s) = f*(y,5) —f*(0,0) + (A*(y) — A*(0))u;. Noting that f*(0,0) = f(z0)
and A*(0) = A(xp), from (3.36) we have

—A(xo)u; + (det D*u*)'/" = f(z0) + ¢*(y.5) in Q".
Obviously, |g*(y,s)| < C1p in Q*. Set g9 = Crp. If 79 is small enough, then by
Theorem 3.1, Quk(u*, (0,0) C B v K X (— Copik, 0]. Tt is easy to check that
(%)
185 (3.9)| < Crof*, i Q x(u*,(0,0)),

where 0 = (\/ﬁ/(l — C6)™. Let g, = Crob*. By Lemma 3.3, there exist linear
transformations 7: (x,1) — (Tix, axt) with a; > 0 satisfying
cl'<|Tx| < C, for|x||=1
1 — Cp—y < ||Tpx|| < 1+ Cog—y, fork>2, |lx]|=1

m/2<ay---ap <2my, fork>1
(A =P T TP C Q. (0,0) € (1 + kTt - TP,

where 69 = 1 and & = C(\/ex—_1/p + Ox—1/1t) for k > 1.
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Obviously, §; = C(v/eo/p + /i) < V66 if p and 7o are small. If & <
V06i_1, then 8y < C(\/Ock—1 /10 + \/éék,l\/ﬁ) = v/068;. By induction, 8,1 <
V06, and 6 < /6 for k > 0. This implies that T[S, (1+Cé;) and 135, (1—Cé;)
both converge. We then obtain that

Be_y sz (= CTHih 01 C Qp(",(0,0) € B, sz x (= Cpit, 0],

Since Q. (x0,10)) = T Q) (u*,(0,0)) with K = |det T|~2/"hy! =~ 1,
conclusion (i) of Theorem 3.2 follows.

To prove (ii), let (xo,79) € Q' x (&,T] and (x,1) € Qp,(x0,%). Then there
exists i < hp such that (x,7) € 9,05(x0, 1), i.€., u(x, ) — £, (x) = h, where £, (x)
is the supporting affine function of u(-, fy) at x = xg. By (i) we have

0 < u(x, 1) — £ (x) < C(|x — x0|> + |t — o))

This implies that D?u is bounded from above. Since A(xX)u, + f(x,t) > Av, and
by (1.1), det D*u > (\v)", D*u is bounded away from zero. Thus, equation (1.1)
becomes a uniformly parabolic fully nonlinear equation. By [Wan2], we conclude

2+a0,1+%
that u € C,

O

4. 17 estimates of D>u. Our goal in this section is to establish L” estimates
for the Hessian of solutions to (1.1). Since the structure of (1.1) is different from
that of equation (1.5) and the elliptic Monge-Ampere equation which can be
viewed as Jacobian equations, the difficulty is to estimate the density of good
sets where the Hessian is bounded. We use one-sided W estimates together
with properties of equation (1.1) to tackle it.

As in the beginning of §3, assume that (3.1), (3.2) hold, and A(x)u; +f(x, 1) >
Av > 0. We first give the estimate of the density of good sets for the normalized
problem.

LEMMA 4.1. Let u be a strictly parabolically convex function in Q and satisfy

4.1 (1 — &)f(20) < —Ao)u; + (det D*w)!/" < (1 +)f(z0) in Q,

u=0 on 9,0,
(4.2) my < —uy <my inQ,
(4.3) A(xo)u; +f(zo0) > Av/2  in Q,

where Q = {(x,1): u < 0 and t < 0} is a bowl-shaped domain and satisfies

B,y0 X (—¢3,00CQ C By X (—cy4,0].
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For0 < a < 1,let Oy = {(x,1) € Q: u(x,1) < (1 — a)ming u}. Then there exist
0 < b9 < 1 and o > 0 such that

(44) 0 \o| < £™|Qal,
where

As(m) = A, = {(x0,10) € Q: u= Py at (xo,t0) andu > P, in QN {t <to}}
and P, = o(|x — xo|* — (¢t — to)) + £(x) and ((x) is an affine function.

Proof. Let w, convex in x, be the solution to
(4.5) — A(xo)w; + (det D*w)'/" = f(z0), in Q,
with w =0 on 0,Q. By the comparison principle

T+ew<u<{d-—¢ew, inQ.

By (4.2), | ming u| =~ const, and hence ||u — w||z~(g) < Ce. By the concavity of
the functional F(M) = (detM)l/ " one obtains

[ — Alxo)u; + (det D*u)'/"] — [ — AGxo)w; + (det D*w)' /"]
< —A(xo)(u — w), + %(detDzw)l/” r((D*w) "D (u — w)).
From (4.1), (4.5), the function v = u — w satisfies
—A(xo)u + %(detDzw)l/” r(D*w)"'D?0) > —¢f(z0), in Q.

By the interior C*° estimates for (4.5), w is smooth in Q and the above linear
operator is uniformly parabolic in Q, with 0 < o < 1. By one-sided W>°
estimates in [Wanl], there exists 0 < &y < 1 such that

|0a\{(x0,70) € Qa: v =Py, at (xo,79) and v < Py, in QN {t < 19}}]

< (ol + e My ® < CPoMy™
< %04/, if My is large,
where Py, (x,1) = Mo(Jx — xo|> — (t — 19)) + £(x) and £(x) is an affine function.

Since w € C? can be touched from above by some quadratic polynomial, there
exists M > O such that

|0\ {(X0, 70) € Qa: 1= Py, at (xo,%0) and u < Py, in QN{r < 10}}] < %|Qal.
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To finish the proof of Lemma 4.1, we need to show that if # can be touched
from above by Py, at (xo,f) € Qq. then u can be touched from below by some
P, at (xp, to).

Since u < Py, in QN {t <1y} and u = Py, at (xo, tp), we have

(4.6) u(x, t0) < My|x — xo|* + £y, (x), for (x,19) € O,

where £, (x) = u(xo, tp) + Du(xo, to)(x — xo). By [G-H3, Lemma 6.1], for 0 < a <
op < 1, there exists 7, > 0 such that Qy(xo, 7)) C Qag+1, for A < 1. From (4.6)
2

4.7 B\/MII(X()) C Sh(x()|l‘o).

By (4.1)—(4.3), u(x, tp) satisfies that C~! < detD?*u < C. As in the beginning of
§3, the theory of the elliptic Monge-Ampére equation yields

|Sh(xo0t0)| =~ hi, forh < Na-
Together with (4.7), it implies that diam(S,(xo|t9)) < C \/M’fflh and
Sn(xolto) C ch(xo), for h < n,.
It follows that

u(x, tp) > lx — xo|> + ly(x), ifxesS,, (xol|t).

n—1
1

C Na

By choosing o < mln{W’ diam(o)?

}, we have
u(x,to) > olx — xo|2 + (%), if (x,70) € Q.

It is easy to check that if o < my, then u > P, in QN {¢ < fo} and u = P, at
(xo, f0), where P, = o(jx — x0]2 — (t — 19)) + £, (x). Thus, (xo,%) € Ay, and the
proof of Lemma 4.1 is completed. O

Recall that 7, is the constant in [G-H3, Lemma 6.1] such that Q;,(z0) C Qag+t
2
for zp € Qq, and h < 1,,. The following is a rescaled result of Lemma 4.1.

LEMMA 4.2. Suppose that the assumptions in Lemma 4.1 hold. Then there exists
a constant Cy > 0 such that for zg = (xo, o) € Qq, and (CoN ' <h< %77040

0n(z0) \ Ay-1] < €[Qp(z0)

]

where 6 is the constant in Lemma 4.1.
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Proof. The proof is similar to that of Proposition 6.1 in [G-H3]. Let 2 < 1q,,.
As in the beginning of §3, let 7 be an affine transformation such that B, C
TSh(xO|t0) C Bj. Set

_ _ t—1y
(y.5) = T(x.1) = (Tx, - ) ,

u*(y,8) = [ det TP/ [(u — £ )T~ (3.5) — h] .
If K = |detT|~2/"h~", then u’ = u; and detD§ * = det D?u. We have

(1 — &)f(z0) < —AGo)u; + (det D?u")'/" < (1+)f(z0),  in T Qi(z0) = Q7
u* =0, ond,0".

Applying Lemma 4.1 to u* in Q* with a = %, we obtain

(4.8) 1072 \ Ao )] < £%|0} ),

bl

where QT/z ={(y,s) € 0*: u* < %minQ* u'} = T(Qh/z(z())).
Now we show that there exists a constant Cy > 0 such that

(4.9) T1(Q7 /2 NAsU")) C Qp2(z0) N Acy(u).

Let zj = (y1.51) € Q] ), N A, (") and 21 = (x1,11) = T2} € Op/2(z0)- Then

w(y.50) = 0(3) 2 aly = n*, for (y.s1) € 0,
where ¢* is the supporting affine function of u*(-, s1) at y = y;. It follows that
u(x, 1) — £, (x) > oKh|Tx — Tx; \2, for (x,11) € On(zo).
Since 7 Qy(z0) = Q, T is a dilation and |Tx — Tx{|> > C|x — x;|>. We obtain
u(x, 11) = L, (x) = Cohlx —xi?, for (x,11) € Qi(z0).

By [G-H3, Lemma 6.1], there exists 7 > 0 such that Q,(u*, z}) C Q*. Obviously
Qrn(u,21) =T~ Qy(u*,2]) € T7'Q" = Qn(z0).

For (x,11) & On(20)

u(x, 1) — £, (x) > Knh > Coh|x — x;|*.
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Therefore, z1 € Acyn C Ay—1 for Coh < my and (4.9) is proved. Lemma 4.2

follows immediately from (4.8) and (4.9). O

Let DY denote the set
DS = {(x0,10) € Qu: Sn(xolto) C B, /;(x0), for h < Mg -
By Lemma 6.2 in [G-H3]
DS =0,NAy—2, forA>Cand0<a<ay<l.

The following theorem gives rise to the power decay of distribution function
of the Hessian.

THEOREM 4.1. Suppose that the assumptions in Lemma 4.1 hold. For 0 < 17 <
a < ag < 1, there exist constants M, po, C| such that

|07\ Djpn| < 267200 \ DY
for X > Cyand o — 7 = (MM)~P0,

Proof. The proof is similar to Proposition 6.2 in [G-H3]. It is easy to see that
the set O = Q- \D},, is open and O = Q. \ Ay -2, for MA > C and 7 < ap.
Consequently

Qh(ZO) no C Qh(ZO) \A(M)\)—z.

By Lemma 4.2, we obtain

[2hz) N O] _ 10n(0) \ A2 | < %

4.10 ,
(410 e e

for Cy l(M)\)_2 < h< %77«10 and zo € Qq,. Now recall the section Qj (xo, )
defined by (4.2) in [G-H3]. Let 6 be a small positive number depending on m;.
Let (xp)!;, be the minimum point of u(x, #}) — ¢,,(x), where £ = min{to + 64, 0}.
Set

05(z0) = Qn((x0)pins 10)-
Since O is open, we have

limw =1, forzge O.

h—0 |0 (z0)|
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min>

On the other hand, since ((xp)" t{)’) € Qa4+, from (4.10)
2

|05 (x0,10) N O < b,
|07 (x0, t0)]

for C™HMN) ™2 < h < Ingageny/2- For 2o € O we choose hy, the largest h <
C~1(MN\)~2 such that

|07(z0) N O|
|07 (z0)]

= 4e%.

Applying the Calderén-Zygmund decomposition ([G-H3, Theorem 4.1]), we ob-
tain a family of sections {QZk(zk)},fS], % = (g, tr) € O with by < C7'(MN)~2
such that O C U, Qj (z), [0 < 26%/2| g2 Q) (z)], and

10,z N O _ 4o

4.11
@10 10}, @)l

To finish the proof of Theorem 4.1, it suffices to show that

(4.12) 0, (@) C Qa \ DS.

Since (xg, tx) € O, by Lemma 4.6 and Remark 4.1 in [G-H3], there exists pg > 0
h _
such that ((x¢),5» %) € Omysi, (k> k) C QT%(MA),,,O. If 7 < a— (MNP0, then

sz(xk,tk) C Orimrny-ro C Qa-

We now use an argument of contradicition to prove (4.12). Suppose there exists
20 = (x0, 1) € O}, i (zx) N DS. By the engulfing property at different times ([G-H3,
Lemma 4.2])

he |
Sy (k)i |15 C Soan, (x0|t0) C BA\/@(XO),

where t’,zk = min{#; + 6hy,0}. Let T be an affine transformation such that B,, C
By ok
T(Son, ((Xk)yinl 1)) C Bi. Set

r— t,’f")
T K2k
ay.s) = | det TP [(u — £, (T~ (,9) = 2]
k

(y,8) = T(x,1) = (Tx

where 7% = ()™, £4%). Choose K = | det T|~>/"(2hy)~". Then & satisfies (4.1)

min’®
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(4.3) in Ok = T(thk(zzk)). Applying Lemma 4.1 to # in Ok, we obtain
()1 \ A @)] < e1(Qu1 ],

where (O) 1= T(Qhk(zZ")). We claim that for large M

(4.13) T71((Qu1 NAs(@) C Diy.

Let 21 = (&1,) € (Qk)% NA,(@) and z; = T3, = (x1,1) € Qhk(zzk). Since
Sp(i; 21|71 C B\/m(fq), we have for h < Cy

T1Su(@s 1 [0) C T B (@),

Because T dilates by at least (CA\v/hi)~! and T~! contracts by at least CA\v/7i,
it follows that for h < C

Sokmn(u;x1|t) € T7HB fm(30) C By o).

Therefore, Sp,(u;x;|t1) C B, i(x1) for b < Cohy.

If he < h < 1, then (xo,10), (x1,71) € On((xk)
property at different times

By,

min?

tZk). By the engulfing

Sn(x1,11) C Son(xolto) C By, /55(*0)-

Thus (x1,11) € Dy, for large M and (4.13) follows.
It is easy to see from (4.13) that

0;, 5 1) N O C Q5 (k1) \ Dl C T~ (001 \ Ao(@).
It implies that

|05, ok, 1) N O . (@01 \ A(®)] i

Oy, (e t)| I(Qk)%\ B

which contradicts (4.11). Thus, the proof of Theorem 4.1 is completed. O

Proof of Theorem A(iii). The proof is similar to that in [G-H3]. We apply
Theorem 4.1 repeatedly to obtain the power decay of the distribution function of
D?u and hence L7 estimates of D?u in the interior of a normalized domain. Then
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use the covering argument to obtain interior I” estimates of D?u in Q = Qx (0, T].
For details, see the proofs of Theorem 6.1 and Theorem 2.1(B) in [G-H3]. O

DEPARTMENT OF MATHEMATICS AND STATISTICS, WRIGHT STATE UNIVERSITY, DAYTON,
OH 45435
E-mail: ghuang @math.wright.edu

DEPARTMENT OF MATHEMATICS, WAYNE STATE UNIVERSITY, DETROIT, MI 48202
E-mail: gzlu@math.wayne.edu

REFERENCES

[Anl] B. Andrews, Monotone quantities and unique limits for evolving convex hypersurfaces, Internat.
Math. Res. Notices 20 (1997), 1001-1031.

[An2] _, Gauss curvature flow: the fate of the rolling stones, Invent. Math. 138 (1999), 151-161.

[Cafl] L. A. Caffarelli, Interior WP Estimates for Solutions of the Monge-Ampere Equation, Ann. of Math.
131 (1990), 135-150.

[Caf2] _, Alocalization property of viscosity solutions to the Monge-Ampere Equation and their
strict convexity, Ann. of Math. 131 (1990), 129-134.
[Caf3] A priori estimates and the geometry of the Monge-Ampere Equation, Nonlinear partial

differential equations in differential geometry (Park City, UT, 1992), IAS/Park City Math Ser.,
vol. 2, AMS, Providence, RI, 1996.

[Ca-C] L. A. Caffarelli and X. Cabré, Fully Nonlinear Elliptic Equations, AMS Colloquium Publications,
vol. 43, Providence, RI, 1995.

[C-N-S] L. A. Caffarelli, L. Nirenberg and J. Spruck, The Dirichlet problem for nonlinear second-order elliptic
equations I. Monge-Ampere Equation, Comm. Pure Appl. Math. 37 (1984), 369-402.

[Cal] E. Calabi, Improper Affine Hyperspheres of Convex Type and a Generalization of a Theorem by
K. Jorgens, Michigan Math. J. 5(2) (1958), 105-126.

[C-E-T] D. Chopp, L. C. Evans and H. Ishii, Waiting time effects for Gauss curvature flows, Indiana Univ.
Math. J. 48 (1999), 311-334.

[Cho] B. Chow, Deforming convex hypersurfaces by the nth-root of the Gaussian curvature, J. Differential
Geom. 22 (1985), 117-138.

[Fir] W. J. Firey, Shapes of worn stones, Mathematika 21 (1974), 1-11.

[Gut] C. E. Gutiérrez, The Monge-Ampére Equation, Progress in Nonlinear Differential Equations and their

Applications, vol. 44, Birkhiuser, Boston, 2001.
[G-H1] C. E. Gutiérrez and Q. Huang, A generalization of a theorem by Calabi to the parabolic Monge-
Ampere Equation, Indiana Univ. Math. J. 47 (1998), 1459-1480.

[G-H2] ____, Geometric properties of the sections of solutions to the Monge-Ampere equation, Trans.
Amer. Math. Soc. 352 (2000), 4381-4396.
[G-H3] ___ W?P estimates for the parabolic Monge-Ampere Equation, Arch. Rational Mech. Anal.

159 (2001), 137-177.

[Ham)] R. Hamilton, Worn stones with flat sides, in a tribute to Ilya Bakelman, Discourses Math. Appl. 3
(1993), 69-78.

[I-L] N. M. Ivochkina and O. A. Ladyzhenskaya, On parabolic equations generated by symmetric functions
of the principal curvatures of the evolving surfaces, or of the eigenvalues of the Hessian,
Part I: Monge-Ampere equations, St. Petersburg Math. J. 6 (1995), 575-594.

[J] K. Jorgens, Uber die Losungen der Differentialgleichung rt — s> = 1, Math. Ann. 127 (1954),
130-134.



480

[Kry]
[K-S]
[L-S-U]
[P1]
[P2]
[P3]
[Taol]

[Tao2]

[Ur]
[Wanl]

[Wan2]

[W-W1]

[W-W2]

QINGBO HUANG AND GUOZHEN LU

N. V. Krylov, Sequences of Convex Functions and Estimates of the Maximum of the Solution of a
Parabolic Equation, Siberian Math. J. 17 (1976), 226-236.
N. V. Krylov and M. V. Safonov, A Certain Property of Solutions of Parabolic Equations with
Measurable Coefficients, Math. USSR Izv. 16(1) (1981), 151-164.
O. A. Ladyzhenskaya, V. A. Solonnikov and N. N. Ural’tseva, Linear and Quasilinear Equations of
Parabolic Type, Transl. Math. Monographs, vol. 23, AMS, Providence, RI, 1968.
A. V. Pogorelov, On the Regularity of Generalized Solutions of the Equation det(
o(x!, ..., X" > 0, Soviet Math. Dokl. 12(5) (1971), 1436-1440.
, On the Improper Convex Affine Hyperspheres, Geom. Dedicata 1 (1972), 33-46.
, The Minkowski Multidimensional Problem, John Wiley & Sons, Washington, DC, 1978.
K. Tso, Deforming a Hypersurface by its Gauss-Kronecker Curvature, Comm. Pure and Appl. Math.
XXXVIII (1985), 867-882.
, On an Alexandrov-Bakelman type maximum principle for second-order parabolic equa-
tions, Comm. Partial Differential Equations 10 (1985), 543-553.
J. Urbas, Self-similar solutions of Gauss curvature flows, Contemp. Math. 226 (1999), 157-172.
L. Wang, On the regularity theory of fully nonlinear parabolic equations I, Comm. Pure Appl. Math.
45 (1992), 27-76.
, On the regularity theory of fully nonlinear parabolic equations II, Comm. Pure Appl.
Math. 45 (1992), 141-178.
R. Wang and G. Wang, On existence, uniqueness and regularity of viscosity solutions for the first
initial boundary value problem to parabolic Monge-Ampere equation, Northeastern Math. J.
8 (1992), 417-446.
, An improvement of a result of Ivochkina and Ladyzhenskaya on a type of parabolic
Monge-Ampere equation, Chinese Ann. of Math. 18B:4 (1997), 405-422.

&u ) =
Oxi Ox/





