This article was downloaded by: [Wayne State University]

On: 12 October 2008

Access details: Access Details: [subscription number 788846047]

Publisher Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House,
37-41 Mortimer Street, London W1T 3JH, UK

| Communications in Partial Differential Equations
Publication details, including instructions for authors and subscription information:
COMMUNICATIONS http://www.informaworld.com/smpp/title~content=t713597240

IN
PARTIAL A PDE Perspective of the Normalized Infinity Laplacian
DIFFERENTIAL
EQUATIONS

Guozhen Lu % Peiyong Wang 2
2 Department of Mathematics, Wayne State University, Detroit, Michigan, USA

Online Publication Date: 01 October 2008

To cite this Article Lu, Guozhen and Wang, Peiyong(2008)'A PDE Perspective of the Normalized Infinity Laplacian',Communications in
Partial Differential Equations,33:10,1788 — 1817

To link to this Article: DOI: 10.1080/03605300802289253
URL: http://dx.doi.org/10.1080/03605300802289253

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://ww informaworld.conitermnms-and-conditions-of-access. pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |loan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
wi || be conplete or accurate or up to date. The accuracy of any instructions, fornulae and drug doses
shoul d be independently verified with primary sources. The publisher shall not be liable for any |oss,
actions, clainms, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713597240
http://dx.doi.org/10.1080/03605300802289253
http://www.informaworld.com/terms-and-conditions-of-access.pdf

04:52 12 Cctober 2008

[Wayne State University] At:

Downl oaded By:

Taylor & Francis

Taylor & Francis Group

Communications in Partial Differential Equations, 33: 1788-1817, 2008
Copyright © Taylor & Francis Group, LLC e
ISSN 0360-5302 print/1532-4133 online

DOI: 10.1080/03605300802289253

A PDE Perspective of the Normalized
Infinity Laplacian
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The inhomogeneous normalized infinity Laplace equation was derived from the
tug-of-war game in [21] with the positive right-hand-side as a running payoff.
The existence, uniqueness and comparison with polar quadratic functions were
proved in [21] by the game theory. In this paper, the normalized infinity Laplacian,
formally written as ANu = | v u|™? >iiet 6x‘_u8x/_u62x,-xju, is defined in a canonical
way with the second derivatives in the local maximum and minimum directions,
and understood analytically by a dichotomy. A comparison with polar quadratic
polynomials property, the counterpart of the comparison with cones property, is
proved to characterize the viscosity solutions of the inhomogeneous normalized
infinity Laplace equation. We also prove that there is exactly one viscosity solution
of the boundary value problem for the infinity Laplace equation

ANu = f with positive f

in a bounded open subset of R". The stability of the inhomogeneous infinity
Laplace equation AN u = f with strictly positive f and of the homogeneous equation
ANu=0 by small perturbation of the right-hand-side and the boundary data is
established in the last part of the work.

Our PDE method approach is quite different from those in [21].
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posedness.

Mathematics Subject Classification 35J70; 35B35.

Introduction
The homogeneous infinity Laplace equation

Agu:= Y ax,ué’xjuﬁixju =0,

ij=1

Received December 1, 2007; Accepted April 1, 2008
Address correspondence to Guozhen Lu, Department of Mathematics, Wayne State
University, 656 W.Kirby, 1150 FAB, Detroit, MI 48202, USA; E-mail: gzlu@math.wayne.edu

1788



04:52 12 Cctober 2008

Downl oaded By: [Wayne State University] At:

A PDE Perspective of the Normalized Infinity Laplacian 1789

a quasi-linear degenerate elliptic partial differential equation, has received extensive
study since 1960s. To help the reader to trace the development of the theory, the
authors would like to just list a few references such as [1-6, 8-11, 13, 15-17, 19].
The viscosity solutions of the infinity Laplace equation A_u =0 in the sense defined
by Crandall, Evans and Lions have been adopted due to the absence of classical
solutions in general settings. The well-posedness, initially proposed by Hadamard
for any partial differential equation, of the homogeneous infinity Laplace equation
in bounded domains in R” or other settings is well developed. See, for example,
the manuscripts [4] and [16]. The existence (see [4]) and uniqueness (see [11]) of a
viscosity solution with prescribed growth rate of the homogeneous infinity Laplace
equation in an unbounded domain are also known, at least to a large extent.

Study of the singular inhomogeneous normalized infinity Laplace equation
AVu =1 u|™? P @,.Max,»“aix/“ = f in this work was inspired by recent works,
[21] and [18, 20], on the inhomogeneous infinity Laplace equation by the theory of
partial differential equations, and on its normalized counterpart by the game theory.

In [20], the well-posedness problem of the inhomogeneous infinity Laplace
equation A_u = f was investigated. A counterexample shows that the
well-posedness fails if f changes its sign. On the other hand, under the assumption
inf, f > 0, existence and uniqueness of a viscosity solution of the Dirichlet problem
for the inhomogeneous infinity Laplace equation A_u = f in a bounded domain
were proved. In addition, a family of special solutions of A_u =1 were found to
fully characterize the viscosity solutions of the equation A_u = f via a comparison
principle with those cone-like special solutions. Stability of the inhomogeneous
infinity Laplace equation A_u = f with inf, f > 0 and of the homogeneous infinity
Laplace equation A_u = 0 has been justified with the existence, uniqueness and
comparison with the cone-like functions results being employed. Moreover, the
restriction inf, f > 0 can be relaxed to f> 0 in Q in most results in the work
except in the stability problem of A_u = f.

In the manuscripts by Kohn and Serfaty [18] and by Peres et al. [21], they
studied the differential games and their connection to normalized inhomogeneous
infinity Laplace equation. In particular, in the tug-of-war game, the underlying
equation that the value u of the game verifies is the discrete infinity Laplace
equation

(sup u@)+ inf u(y)) = 2u(x) = ~2/(x),
( (x,y)eE

x.y)€E

where E is the transition graph and f is the payoff function. Let E® be the transition
graph that admits all pairs (x,y) with d(x,y) < e for any & > 0. The limiting
value u = lim,_,u® if existing verifies the normalized infinity Laplace equation
ANy = —2f. This continuum value u is proved to be unique as long as the payoff
function f stays strictly positive. A counter-example was provided to show this
assumption is necessary. We also refer the reader to the recent works of Barron
et al. [7], and of Evans [14], in which nice interpretations of relevance of infinity
Laplace equation to two-person game theory with random order of play, rapid
switching of states in control problems, etc. are given.

Motivated by the method we used for the non-normalized inhomogeneous
infinity Laplacian A_u in [20], we will revisit the normalized infinity Laplacian
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ANu studied earlier in [21] using game theory. Our approach is based on the PDE
method and is thus quite different from those in [21]. We first give a definition of the
normalized infinity Laplacian AYu as a possibly multi-valued function by applying
the Hessian matrix to the maximum and minimum directions. This definition is
consistent with the one used in [21] and other places in the literature. The idea
using the maximum and minimum directions in the definition appears to be new.
The dichotomy that follows inevitably makes the proofs of uniqueness and existence
considerably more difficult. However, the comparison with cone-like functions
property which characterizes the viscosity solutions of the normalized equation A%
is neater than that for the non-normalized equation considered in [20] in the sense
that we do not require here the assumption |Du| > 0 for the normalized equation.
We also improve the approach given in [20] so that we can relax the restriction
infg, f > 0 on the right-hand-side of the equation AYu = f to f > 0 in Q in most of
the theory except the stability for A¥u = f. This improvement also applies to the
results in [20]. Our current work also helps to build a further connection between
the partial differential equation theory and the differential game theory about the
infinity Laplacian. Such a connection has already been recently explored in [7]
and [14].

This paper is organized in the following order. In Section 1, we introduce the
normalized infinity Laplacian AYu. We prove a comparison with polar quadratic
functions for a viscosity solution of the inhomogeneous infinity Laplace equation
in Section 2. In Section 3, we prove a strict comparison principle which is by itself
a very useful tool in our approach and which immediately implies the uniqueness
theorem. Section 4 is devoted to the proof of the existence theorem. In the last
section, we establish the uniform convergence of the viscosity solutions of the
uniformly perturbed inhomogeneous infinity Laplace equation to the viscosity
solution of the homogeneous infinity Laplace equation.

1. Definition of AYu and the Main Results

We adopt the standard notations in analysis and the set theory. For example, 0Q)
and Q mean the boundary and closure of a set ) respectively, while 0,,u denotes the
partial derivative of u with respect to x;. V CC Q means V is compactly contained
in Q, ie., V is a subset of () whose closure is also contained in Q. Also, for two
positive numbers / and yu, A < u means A is bounded above by a sufficiently small
multiple of u. o(g) denotes quantities whose quotients by & approach 0 as & does,
while O(e) denotes quantities that are comparable to €.

For two vectors x = (x;, Xy,...,x,) and y= (y;, ¥, ---,¥,) € R", (x,y) =
> ", x;y; is the inner product of x and y, while x ® y is the tensor product yx', or
[viX;],x, in the matrix form, of the vectors x and y. For x € R", |x| denotes the
Euclidean norm (x, x)? of x and % = 77 denotes the normalized vector for x # 0.
B, (x) denotes the ball with radius r and centered at x. S' denotes the unit sphere of
the Euclidean space R”.

Suppose S is a subset of R". A function f:S — R is said to be Lipschitz
continuous on S if there is a constant L such that

|f(x) = fO)| < L|x =y,
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for any x and y in S. The least of such constants is denoted by L(S). If S is an
open subset ) of R”, we use the symbol Lip(Q)) to denote the set of all Lipschitz
continuous functions on (. If instead S = 0Q is the boundary of an open subset
Q of R”, we use the symbol Lip,(Q)) to denote the set of all Lipschitz continuous
functions on 0Q. Q) always denotes an open subset of R" and is usually bounded.
C(Q) denotes the set of continuous functions defined on Q and C(Q) denotes
the set of continuous functions on Q. C%(Q) denotes the set of functions which
are continuously twice differentiable on . A smooth function usually means a
C? function in this paper. If f € C(Q), then ||f|l,~q) = Sup,cq |f(x)| denotes the
L“—norm of f on Q.

Y.«n denotes the set of all n x n symmetric matrices with real entries. We use
I to denote the identity matrix in &, For an element S € &,,, ||S || denotes its
operator norm, namely ||| = supleRn\ 0} \xl’ . And we use 4,(S5), 4,(S), ..., 4,(S) to
denote the eigenvalues of an n x n symmetric matrix S.

<,, ¢ means u — ¢ has a local maximum at x,. In this case, we say ¢ touches

u by above at x,. Almost always in this paper, u <, ¢ is understood as u(x) < ¢(x)
for all x € Q in interest and u(x;) = ¢(x,), as subtracting a constant from ¢ does
not cause any problem in the standard viscosity solution argument applied in the
paper. On the other hand, if ¢ <, u, we say ¢ touches u by below at x,.

For ue C(Q), x,€Q, and r>0 with B,(x)) C Q, we define g(r) =
max,,_, _, (x) and A(r) = min,_, _, u(x). In addition, x} denotes any point with
|x — xo| = r such that u(x) = g(r), while x; denotes any point with |x; — x,| = r
such that u(x;) = h(r).

If x, € Q and u € C(Q) such that u is twice differentiable at x,, we define the
set of maximum directions of u at x, to be the set

+

x
E*(xy) = {eeSl:ezli?l -

0
for some sequence r, | 0}
’
3

and the set of minimum directions of u at x, to be the set

XD —x
E‘(xo)z{eeSl:ezhkm L

0
. for some sequence r; |, 0}.
k

Definition 1.1. If u € C(Q) is twice differentiable at x,, we define the upper infinity
Laplacian of u at x, to be the set Atu(x,) = {{D*u(xy)e, ) : e € E*(x,)}.
Similarly, the lower infinity Laplacian of u at x, is defined to be the set
Au(xy) = {{D?u(xy)e, e) : e € E(xp)}.
Proposition 1.2. Suppose u € C(Q) is twice differentiable at x.
(a) If vu(xy) # 0, then
ALu(xy) = ALulxy) = {| v u(xo)| > (D*u(xy) v u(xo), vu(xy))}.

(b) If vu(xy) = 0, then both At u(xy) and A u(x,) contain a single element.
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Proof. (a) There exists a positive-valued function p with p(r) — 0 as r | 0, defined
for all small positive numbers r, such that

|u(x) = u(xo) = vulxo) - (x = xp)| < p(r)r (L.D)

for all x with |x — x| = r.
Take X = x, + rvu(x,). Then

u(xo) + vu(xo) - (x7 = x0) — p(r)r < u(xy) < ulxo) + vu(x) - (¥ = xo) + p(r)r-.
The second inequality is due to the choice of x}.

So vu(xy) - (xf —x) <2p()r.
On the other hand, the chain of inequalities

u(xo) + vu(x) - (57 = x0) — p(r)r < u(x;)
< u(x]) < uxy) + vu(x) - (x7 — xo) + p(r)r
implies vu(x,) - (x —XF) > —=2p(r)r. So
| v ulx) - (x7 = %) < 2p(r)r. (1.2)

If we denote the angle between x} — x, and X — x, by «(r), then the above
estimate (1.2) gives

| v u(x)|(1 = cosa(r)) = 2p(r), (1.3)

sin <%oc(r)> < <%>é (1.4)

So a(r) — 0 as r | 0. So for any e € E*(x,), e = u(x,) holds. Similarly,
E~(xy) = {—vu(x,)}. Therefore

or equivalently

AZu(xg) = Aju(xy) ={| v u(xo)|’2<D2u(xO) v u(xy), vu(xy))}.

(b) If vu(x,) = 0, we denote D*u(x,) by S. Clearly,
1
u(x) = u(xo) + §<S(x — x9), X — X) + o(|x — xo[*). (1.5)

Let 1,,,,(S) and 4,;,(S) be the maximum and minimum eigenvalues of S. It is
not difficult to provide a proof similar to that of (a) to show that E*(x,) and
E~(x,) are precisely the sets of normalized eigenvectors corresponding to A,,.(S)
and A.;,(S) respectively.

S0 Alu(xg) = {Amax (9)} and A_u(xp) = {Ain(9)}- O

From now on, we do not distinguish Afu(x,) or A_u(x,) from its single
element. It is implied by the above proof that AT u(xy) > A u(x).
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Definition 1.3. Suppose u € C(Q) is twice differentiable at x,. We define the
normalized infinity Laplacian of u at x, to be the closed interval

Alu(xo) = [ AL u(xg), ALu(xo)], (1.6)

and if A¥u(x,) contains only one real number, we do not distinguish A¥ u(x,) from
its single element.

Remark 1.4. If u is twice differentiable at x, with u(x,) # 0, clearly

AJu(xe) = | v u(xo)|*(D?u(xg) v u(xp), vu(x,)) (1.7)

which is the usual normalized infinity Laplacian.
If u € C2(Q), then AYu(x) is defined at every point in Q.

We define viscosity solutions of the normalized infinity Laplacian as follows.

Definition 1.5. A continuous function u defined in an open subset ) of R” is called
a viscosity sub-solution, or simply a sub-solution, of the partial differential equation
AN¥u(x) = f(x) in Q, if

ALe(xg) = f(xp), (1.8)

whenever u <_ ¢ for any x, € Q and any C? test function ¢.

X0

Similarly, u is called a viscosity super-solution, or simply a super-solution, of the
partial differential equation AY¥u(x) = f(x) in Q, if

AL e(xg) < fl(xp)s (1.9)

whenever ¢ <, u for any x, € () and any C? test function .

A viscosity solution, or simply a solution, of the partial differential equation
AN¥u(x) = f(x) in Q is both a viscosity sub-solution and super-solution of the
equation.

According to this definition, for a C* function u, AYu = f simply means f(x) €
AN u(x) for every x in consideration.
We will need the concepts of superjets and subjets in our approach.

Definition 1.6. Suppose u € C(Q).
The second-order superjet of u at x, is defined to be the set

J5 u(xe) = {(De(xy), D*¢(x,)) : @ is C* and u <, ¢},
whose closure is defined to be

T u(x) = {(p. X) eR" x £, 1 3(x,, p X,) € Q@ x R" x &, such that

(pn’ Xn) € J(Z):+u(x11) and (‘xn’ M()Cn), P> Xn) — (xO’ M(x())’ b, X)}
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The second-order subjet of u at x, is defined to be the set
5 u(xg) = {(De(xy), D*¢(xy)) : @ is C* and ¢ <, u},
whose closure is defined to be

T u(xg) = {(p, X) eR" x F,, : 3(x,, por X,) € A X R" X F,

nxn

(P X,) € Jg u(x,) and (x,, u(x,), p,» X,) = (x0. u(xo), p, X)}.

such that

The following listed are the main theorems of this paper. The first is a
characteristic property of the viscosity solutions of the inhomogeneous infinity
Laplace equation.

Theorem 1.7. Assume u € C(Q) and f € C(Q), where Q is an open subset of R".
Then

Agu = f(x)

in the viscosity sense in Q if and only if u enjoys comparison with polar quadratic
polynomials in Q) with respect to f.

The concept of the comparison with polar quadratic polynomials property will
be made clear in Section 2.

The second theorem is about the Dirichlet problem, or equivalently the
boundary value problem, for the inhomogeneous infinity Laplace equation.

Theorem 1.8. Suppose Q is a bounded open subset of R", f € C(Q) with f> 0 and
g € C(09). .
Then there exists a unique u € C(Q) such that u = g on 0Q and

AZu(x) = f(x)
in Q in the viscosity sense.

The last is a connection between the homogeneous and inhomogeneous infinity
Laplace equations.

Theorem 1.9. Let Q) be a bounded open subset of R”. Suppose {g.} is a sequence of
Sfunctions in Lip,(£}) which converges to g € Lip,(Q) uniformly on 0Q, and {f.} is a
sequence of continuous functions on ) which converges uniformly to 0 in Q. If, for each
k, u, € C(Q) is a viscosity solution of the Dirichlet problem

ANy, = f inQ
ook fk (110)
Uy = & on 0Q)
and u € C(Q) is the unique viscosity solution of the Dirichlet problem
ANu=0 inQ
(1.11)
u=g on 0Q),
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Then u, converges to u uniformly on (), i.e.,

sup lu, —ul — 0 (1.12)
Q
as k — oo.

Because of the singularity of the normalized infinity Laplacian ANy when
wvu =0 in the viscosity sense, we need to prove the following lemma which does not
automatically follow from the standard viscosity solution theory.

Lemma 1.10. Assume Q is an open subset of R" and f € C(Q). A is an index set.

(a) Suppose u(x) = sup;., u;(x) < oo, x € O, where ANu, > f in Q in the viscosity
sense for every . € A. Then ANu > f in Q in the viscosity sense.

(b) Suppose u(x) =inf,_, u,(x) > —oo, x € Q, where AN u, < f in Q in the viscosity
sense for every 4 € A. Then ANu < f in Q in the viscosity sense.

Proof. Because the proof of (b) is similar to that of (a), we only present the proof
of (a).

Suppose A¥Nu > f in the viscosity sense is not true in Q. Then there exists a
function ¢ € C*(Q) and a point x, €  such that u <, ¢ and A% e(x)) < f(x).
If we replace ¢ by ¢; defined by

@5(x) = @(x) + dlx — x|, (1.13)

then u <, ¢; and

ALes(x0) = ALe(xg) + 0(0) < f(xp) (1.14)

if 0 is taken small enough. So we may simply assume in addition that the original
test function ¢ satisfies

e(x) = u(x) + dlx — x|, (1.15)

for some 6 > 0.

We claim that AT ¢(x) < f(x) in an open neighborhood B, (x,) of x,.

In fact, we prove the claim via a dichotomy.

If vo(xy) # 0, then ve(x) # 0 in a neighborhood Bg(x,) of x,. The continuity
of D?¢ and of f implies that in a neighborhood B, (x,) € Bg(x,) of x,,

ALe(x) = (D*¢(x)De(x), De(x)) < f(x). (1.16)

If vo(xy) =0, then A, (D*¢(x,)) = ALo(x,) < f(xy). So in a neighborhood
B, (xy) of Xg, Apay (D*@(x)) < f(x). As a result,

AL@(x) = T (D*@(x)) < f(x) (1.17)

in this neighborhood B, (x,) of x,.
The claim is proved.
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For any & with 0 < & < 6r%, 34 € A such that u,;(x,) > u(x,) — &. Let &(x) =
¢(x) — e. Then @(xy) = u(x,) — & < u,(x,) and, on 0B, (x,),

O(x) > u(x) +0r* —e > u(x) > u,(x). (1.18)

So there exists x, € B,(x,) such that u; <, ¢. As Alu; > f in Q in the viscosity
sense,

ALo(x,) = flx,) (1.19)
holds, which is in contradiction with the claim we just have derived,

LALe=D0Le<f (1.20)
in B,(x,). 0

2. Comparison with Polar Quadratic Polynomials

We define the domain (x,, b) of differentiability of a polar quadratic polynomial
W(x) = alx — xy|* + b|x — xo| + d, where a, b, d € R, and x, € R", as

R™\{xy}, if b0
D(xp, b) = 2.1
(0. 5) R", if b= 0. @1

If b =0, it is clear that A¥y(x) = 2a, for x € R".
If b # 0, for any x € D(x,, b),

Dy(x) = (2alx — xo| + b)(x =) (22)

and

= (x = %) ® (x — x)). (2.3)
|x - x0|

D Y (x) = 2al +
If 2alx — x,| + b # 0, then Dys(x) # 0 and ANy (x) = 2a.
If 2alx — xo| + b = 0, then D*Y(x) = 2a(x = x,) ® (x = x,). The eigenvalues of
D> are Ay =2a and 4, = --- = A, = 0. In this case, a # 0 as b # 0, and

wrp = [20-0) ita <0 e b>0) »
V10,24, ifa >0 (e, b < 0). '

In particular, we have proven the following lemma:

Lemma 2.1. (x) = a|x — xo|* + b|x — xo| + d is a viscosity solution of ANy = 2a in
D(xy, b).

Proof. The fact that a classical solution is a viscosity solution follows easily from
the definition of a viscosity solution. |
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One also finds that the constant function x > 2a is the only continuous value
of ANy in U(x,, b).

For a continuous function u defined in Q and any open set V CC (), we use
the notation u € Max P(V) to denote the fact that u verifies the weak maximum
principle

Sup ¥ = max u (2.5)
1% A%

on V. Similarly, u € Min P(V) means u verifies the weak minimum principle

infu = minu (2.6)
\4 ov

on V.

We now prove a one-sided comparison principle for viscosity sub-solutions of
the inhomogeneous normalized infinity Laplace equation A¥u = f with continuous
right-hand-side.

Theorem 2.2. Assume u € C(Q) and f € C(Q), where € is an open subset of R”.

(@) If ANu > f in the viscosity sense in Q, then u— 1y € Max P(V) for any polar
quadratic polynomial Y(x) = a|x — x,|* + b|x — x,| + d and any open set V.CC Q
with V € %(x,, b), where a, b, d € R with a < §inf, f and x, € R".

(b) If for any polar quadratic polynomial (x) = a|x — xo|* + b|x — xo| + d, where
x, €R", a< %infvf and b, d € R, and for any open set V CC Q with
V € D(x,, b), the maximum principle u —y € Max P(V) holds,

then ANu(x) > f(x) in Q in the viscosity sense.

Remark 2.3. We say u enjoys comparison with polar quadratic polynomials from
above in ) with respect to f if the hypothesis in part (b) of the theorem holds.

Proof. Part (a) in the case a < %infv f follows directly from the strict comparison
principle, Theorem 3.1, the proof of which is independent of the results in this
section, in the next section and the preceding lemma. If a = %infv f, then

sup(u — 1)) < max(u — ) @7)
V o
is the limiting result of

sup(u — ) = max(u —y,), (2.8)

where Y, (x) = a;|x — x,|* + b|x — xo| + d and {a,} is a sequence that increases to
a=1inf, f.

We turn to the proof of (b). Assume u enjoys comparison with polar quadratic
polynomials from above in Q. Suppose that AYu(x) > f(x) does not hold in Q in
the viscosity sense. So there exist a C* function ¢ and a point x, € Q such that
u =, ¢and ALe(x,) < f(x.).

We will construct a polar quadratic polynomial y(x) = a|x — xo|? + b|x — xo| +d
and an open neighborhood V of x, satisfying the assumption specified in (b) such
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that x, is a strict maximum point of u — in V. Here x, is taken to be different
from x,. Then u — violates the weak maximum principle in the small open
neighborhood V of x,. In order to make x, a strict maximum point of u — in V,
we simply construct y so that x, is a strict maximum point of ¢ — y in V. It suffices
to make x, a strict local maximum point of ¢ —  if Y verifies v (x,) = ve(x,) and
D*(x,) > D’¢(x,).

Without loss of generality, we assume x, =0. Denote p = D¢(0) and
S = D?¢(0).

Again, we handle the problem with a dichotomy.

If vo(0) = 0, then the largest eigenvalue of D*@(0), 4., (D*@(0)), verifies

max

Zmax (D?¢(0)) < £(0). (2.9)

Then there exists an open neighborhood V = B,(0) of 0 such that inf, ., f(x) >
Jmax (D?@(0)) as f is continuous at 0. If we take y(x) = ¢(0) + a|x|*> where
a = 1inf ., f(x), then v(0) = 0 and

DY (0) = 2al >, (D*@(0))1 > D*¢(0). (2.10)
Then 0 is a strict local maximum point of ¢ —y in V. Taking a smaller
neighborhood of 0 as V if necessary, we have shown that u — iy & Max P(V) while

still keeping a < %infv f for the new neighborhood V of 0.
If p:= ve(0) # 0 and S := D*¢(0), then

Ae(0) = (5p. p) < f(0). (2.11)

We take a € R so that (Sp, p) < 2a < f(0) and a # 0.

We will take » € R and x, € R"\{0} so that a polar quadratic polynomial
Y(x) = alx — xy|* + b|x — xo| + ¢(0) satisfies v(0) = p and D*y(0) > S.

Let r = |x|. Then wy(0) = —(2ar + b)%, and D*Y(0) = (2a + 2)I — 2%, ® %,
So v(0) = p and D*}(0) > S are equivalent to

—QRar+b)xy=1p
b b, (2.12)
2a+ — )1 — =%, ® X, > S.
r r

In order to verify the first equality, we take X, = —p, and b and r > 0 must be
taken so that 2ar + b = |p|.

In order to prove the second condition, we write x = ap + y! with (p, y') =0
and show that

(D*y(0)x, x) > (Sx, x) (2.13)

for any x € R"\{0}.
Clearly,

(D*Y(0)x, x) = 2a0® + <2a + g) [y'|°. (2.14)
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On the other hand, if x = ap + y' # 0,

(Sx, x) = o*(Sp, p) + 20(Sp, y')y + (Sy', y")

IA

o 1
o’ (Sp, p) + o’&|SP|* + glyll2 + (Sy', y")

IA

A N 1
(5,5} + el3HP) + (5 + 151 ) o'

IA

1
2a0* + (— + ||S||)|y1|2 as (Sp, p) < 2a and ¢ is small.
€
b
< 2a0® + <2a + —)|y1|2,
,

as 2a + ? = @ — o0 as r | 0. So if we take r > 0 small enough and b = |p| — 2ar,
then (Sx, x) < (D*y(0)x, x) for all x € R"\{0}.

So 0 is a strict local maximum point of ¢ — iy and a < % f(0). Therefore, there is
a small open neighborhood V of 0 such that a < % inf, f and 0 is a strict maximum
point of ¢ — iy due to the continuity of f.

The proof is complete. |

The duality u = —v between the viscosity sub-solutions of AYy = —f and the
viscosity super-solutions of AYu = f leads to a comparison principle for viscosity
super-solutions of AYu = f.

Theorem 2.4. Assume u € C(Q). Then
Alu < f(x)

in the viscosity sense in Q if and only if the minimum principle u — y € Min P(V) holds
for any polar quadratic polynomial (x) = a|x — xo|* + b|x — xo| + d, where x, € R",
a > %supv f, b and d € R, and for any open set V. CC Q with V. C D(x,, b).

We say u enjoys comparison with polar quadratic polynomials from below in
Q with respect to f if the condition u — i € Min P(V) holds for any y and V as
specified in the theorem. If u enjoys comparison with polar quadratic polynomials
from above and from below in (), we simply say u enjoys comparison with polar
quadratic polynomials in ) with respect to f.

The two-sided comparison principle with polar quadratic polynomials,
Theorem 1.7, follows from the above two one-sided theorems.

Theorem 1.7. Assume u € C(Q) and f € C(Q), where € is an open subset of R”".
Then

Alu = fx)

in the viscosity sense in ) if and only if u enjoys comparison with polar quadratic
polynomials in Q) with respect to f.
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3. A Strict Comparison Principle

In this section, () always denotes a bounded open subset of R”.
The main theorem in this section is the following strict comparison principle.

Theorem 3.1. For j = 1,2, suppose u; € C(Q) and

Aluy < fy and AL uy > f,
in Q, where f| < f,, and f; € C(Q).
Then supg (u, — u;) < max,q (1, — uy).

Proof. Without the loss of generality, we may assume u, < u, on 0} and intend to
prove u, < u; in Q. Furthermore, for any small 6 > 0, let u5; = u, — 6. Then u; < u,
on dQ and AYu; > f, in Q. If we can show that u; < u, in Q for every small 6 > 0,
then it follows that u, < u,; in Q. So we may additionally assume u, < u; on 0€} in
the following proof.

We apply the sup- and inf-convolution technique here. Take any
A > max{|lu; || ~y> |42l 1=y} For any sufficiently small real number & > 0, we
take 0 = 3v/Ae and Q; = {x € Q : dist(x, 0Q) > 5}. We define, on R”,

. 1
o) = if (1) + = oF ) @)
ye &
and
e 1 2
u3(x) = sup | uy(y) — 2—Ix - ) (3.2)
yeQ &

For any y € Q such that |y— x| >2vAg, u;(y) + 5|x — y> = u;(x) holds.
So, in ;,

1 1
L(x) = inf +—|x—yf) = inf +2)+ — 2), 33
o= it ()P = i (e 5 kE). (3)

as x + z € Q for any x € Q; and |z| < 2+/ Ae. Similarly, for x € Q;,

1 1
6= s (1o)== ) = s (o - 5 kF) G4

yeQ,|x—y|<2v/As € lz|<2VAs €

Let
fikx)= sup  fi(x+z)= sup fi(x+2) (3.5)
x+zeQ,|7|<2VAe |z]<2v/Ae
and

fre(x) = inf  filx+z)= inf fo(x+2), (3.6)

x+z€Q,|z|<2V Ae |z|<2VAe



04:52 12 Cctober 2008

Downl oaded By: [Wayne State University] At:

A PDE Perspective of the Normalized Infinity Laplacian 1801

for x € Q4. Clearly, f{ is upper-semicontinuous. It is continuous due to the
equicontinuity of the one parameter family of the functions x — f(x + z) in any
compact subset of ). f,, is continuous for a similar reason.

We notice that, for every z with |z| < 2+/Ag and x € Q;,

82 (42 + 5P ) < Al 2) = £ 67)
and
82 (14 2) = 5P ) 2 (2 2 .0 (8)

Lemma 1.10 implies that AYu, , < ff and AYu§ > f,, in Q; in the viscosity
sense. The rest properties of u;, and u5 are summarized in the following
proposition, the proof of which is well known (see, for example, [4] Proposition 6.4.).

Proposition 3.2. —u, . and u; are semi-convex in R". u, , < uy and u5 > u, in . u
and u5 converge locally uniformly to u, and u, in ), as € — 0. u, , and u5 are both
differentiable at the maximum points of u5 — uy .

As a result, if we take the value of & smaller if necessary, then u; , > u$ on 0Q;,
ANuy, < ffand ANu§ > f,,in Qg, and ff < f,, in Q.

If we can prove u5 < u, , in {); for any small £ > 0 and 6 = 3J/Ag, then u, < u,
in Q holds. So we may without loss of generality assume that —u, and u, are
semi-convex in R”.

Suppose u,(x,) < u,(x,) for some x, € Q. Without the loss of generality, we
may assume that u,(x,) — u;(x,) = maxg(u, — u;). Then 36 > 0 such that for any
h € R" with |h| < 0, we have u,(x)) < uy(x, + k), while u,(- + h) < u;(-) in Q\Q;,
and f,(x + k) > fi(x), Vx € Q. For any small positive number ¢ and & € R"” with
|h| < 6, we define

1
We (X, ) = tr(x + h) — 1y () = 5| = I, (3.9)
V(x,y) € Q5 x Q.
Let
M, = max(u, — u,), (3.10)
Q
M), = max(uy(- + h) — u, () (3.11)
Qs
and
1 2
Ms,h = Inax ws,h = u2('x£,h + h) - ul(ys,h) - 2_|xs,h - ys,h| (312)
Qs5xQy &€

for some (x,,,y,,) € Qs x Qs Our assumption implies M, > 0 for all & with
0 < |h| < 9, and clearly lim,_ , M, = M,,.
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As the semi-convex functions u,(-+h) and —u; are locally Lipschitz
continuous, the function M, is Lipschitz continuous in & € R” with |A| < 6, if 0 is
taken smaller.

By Lemma 3.1 of [12], we know

li?olMs’h =M, (3.13)
li ! 2=0 (3.14)
81&)1 e |xs,h - ys,h| - .
and
lsiilol(“z(xe,h +h) —u(ye) = M,. (3.15)

As a result of the second equality, lim,q |x, , — v, ,| = 0.

As M, >0 > maxyq (uy(- + h) —uy(-)), we know x.,, y,, €, for some
Q, cC Q; and all small & > 0.

Theorem 3.2 of [12] implies that there exist X = X, ,, Y =7, , € &,,, such that

(2 Xy € T uy(x, + h), (22252 ¥) € T uy(y,) and

3/1 0 X 0 3 /1 —I
_Z < < . 1
s(O 1)_<0 —Y)_s<—1 I) (3.16)
In particular, X < Y.

Again, we solve the problem via a dichotomy.

Case 1. Suppose that 3k with |h| < 6, and &, — 0 such that x, , # y,, -
Then it is easy to see that

fz(x%h) < <X<xgk,h8_ ysk,h)’ (xgk,h 8_ ysk,h)> (317)
k k

< <Y<x5k~h - y'ak,h>7 ('xak,h - yak,h)> (318)
& &

< [i(epn)- (3.19)

For a subsequence of {g;}, x,, , = x, and y, , — y,. As lim, o [x. , — ¥, /=0,
we know that x, = y,, which leads to a contradiction with the assumption f,(x,) <

fr(x)-

Case 2. For every h € R" with |h| < J, x, , =y, , holds for every small & > 0.
Then M, , = uy(x, ;, + h) — u;(y,,) = M,. We simply write x, , =y, , = x,,.

The semi-convexity of u,(- + &) and —u,(-) implies that the two functions are
differentiable at the maximum point x,, of their sum. The definition of x, shows that

1
uy (x, + h) —uy(x,) = uy(y + h) —uy(x,) — £|xh - J’|2’ (3.20)
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which in turn implies

1
(5 + 1) Z (v + 1) = —|x, =P, (3.21)

for small € > 0. So vu,(x, + h) = vu,(x,) = 0.
For small A, k € R",
M, = uy(x, + h) — uy(x;,)
uy (X + h) — up(x,)
= M, + uy(x, + h) — uy(x, + k)
> M, —o(lh —k[), as vuy(x, +k)=0.

v

So DM, = 0 a.e. as M, is Lipschitz continuous, which implies M, = M, for all small
h e R".

At x,, either f(x,) <0 or f,(xy) > 0 holds due to the fact f; < f,. Without
loss of generality, we assume that f,(x,) > 0. The proof for the case f|(x,) <O is
parallel. So u, is co-subharmonic in a neighborhood of x,.

For any & with |h| < 4,

Uy (g + 1) — uy (x9) < usr(x, + h) —uy(x,) = usy(xg) — g (xp)- (3.22)

So u,(x,) is a local maximum of u,. As A_u, > 0, the maximum principle for infinity
harmonic functions implies that u, is constant near x,.

So, if we denote the largest eigenvalue of a symmetric matrix M by A,,.(M),
we have

Aivouz(xo) = ;“max(DZMZ(xO)) =0 < f2(x), (3.23)
which is a contradiction. O
To prove the uniqueness of viscosity solutions to the Dirichlet problem, we need
to prove the following comparison principle which follows fairly easily from the
strict comparison principle.
Theorem 3.3. Suppose u, v € C(Q) satisfy
ANu > f(x) (3.24)
and
ANy < f(x) (3.25)
in the viscosity sense in the domain Q, where f is a continuous positive function defined
on Q.

Then

sup(u — v) < max(u — v). (3.26)
O 0Q
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Proof. Without loss of generality, we may assume that u < v on Q) and intend to
prove u < v in (.
For every small 6 > 0, we take

us(x) = (1 + 0)u(x) — dlull =0 (3.27)

Then u; < u < v on 0Q), and it is easily checked by the standard viscosity solution
theory that

DYuy(x) = (140) AL u(@) = (1+9)f(x) > fx) = Alv(x)  (3.29)

in  in the viscosity sense.
Applying the preceding strict comparison theorem to v and u;, we have u; < v
in Q for any small ¢ > 0. Sending J to 0, we have u < v in Q as desired. O

It is obvious that the theorem is true if the condition f > 0 in  is replaced by
the condition f < 0 in Q.

The uniqueness theorem follows as a direct corollary of the preceding
comparison principle.

Theorem 3.4. Suppose Q) is a bounded open subset of R", and u and v € C (ﬁ) are both
viscosity solutions of the inhomogeneous normalized infinity Laplace equation ANw =
f(x) in Q, where f is a continuous function defined on Q such that either f > 0 in Q
or f < 0in Q holds. If, in addition, u = v on 0L, then u = v in Q.

The condition that f does not change sign in ) is indispensable, as a counter-
example provided in [21] shows uniqueness fails without such a condition.

4. Proof of Existence Theorem

We prove the existence of a viscosity solution of the normalized infinity Laplace
equation by constructing a solution as the infimum of a family of admissible
super-solutions.

Theorem 4.1. Suppose Q is a bounded open subset of R", f € C(Q) with f> 0 and

g € C(00)). -
Then there exists u € C(Q) such that u = g on 0Q and

A u(x) = f(x)
in Q in the viscosity sense.
Proof. We define the admissible set to be
sl =f{veCQ): Akv < f(x) in Q, and v > g on 092}. 4.1)

Here the differential inequality AYv(x) < f(x) is verified in the viscosity sense.
Take

u(x) = inf v(x), xeQ. 4.2)

vesly o
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We may take a constant function which is bigger than the supremum of g on 9Q.
This constant function is clearly an element of s(,. So the admissible set s/, is
nonempty. In addition, we take any x, € ) and b <0 and d € R, and define a
polar quadratic polynomial , ,,(x) = 1|x — x|* + b|x — xo| + d. For any v € 54, .
v— (infy Y, »s € Min P(Q)). In particular, v € i, is locally uniformly bounded
below in Q. So infveﬁﬁg v(x) > —oo for any x € Q.

Clearly, u > g on 0Q. As the infimum of a family of continuous functions, u is
upper-semicontinuous on €.

Lemma 1.10 implies u is a viscosity super-solution of A¥u(x) = f(x) in Q.

We next prove A¥u(x) > f(x) in Q in the viscosity sense. Suppose not, there
exists a C? function ¢ and a point x, € Q such that

u=<, @,

and AL e(xg) < f(xp).
For any small & > 0, we define

1
®:(x) = @(xg) + vo(xy) - (x — xp) + §<D2€0(x0)(x — X), X — xo) + &]x — xo|*.
(4.3)

Clearly, x, is a strict local maximum point of u — ¢, in the sense that ¢, (x,) = u(x,)
and ¢, (x) > u(x) for x near x, but x # x,.

We claim that Ate,.(x) < f(x) for all x close to x, including x, and for &
sufficiently small.

As before, we prove the claim by way of a dichotomy.

If vo(x,) # 0, then vo(x) # 0 in a neighborhood of x,. So for all x close to x,,

Do, (x) = (D0, (T8, (x). T, (x)) (4.4)
— Al e(x) + O(e). (4.5)

The continuity of At and f implies that for & > 0 sufficiently small and x
sufficiently close to x;, AL, (x) < f(x) as a result of AT e(x,) < f(x).
On the other hand, if ve(x)) =0, then 4., (D*¢(xy)) = ALe(xy) < f(x,)-
AS L (D? @, (%)) < A (D*@(x)) + Cs, Ay (D?@,(x)) < f(x) for sufficiently small
¢ and all x near x, due to the continuity of f and the C? regularity of ¢.
Therefore

AL@o (%) < dmax (D?@5(x)) < f(x) (4.6)

as

AL, (x) = (D*0,(x) D@, (x), D@y(x)) < Appax (D@, (x)) (4.7)

if vo,(x) # 0. The claim is proved.

Fix the value of & so that the claim holds. We take 6 > 0 so small that a
newly defined function &(x) = ¢.(x) — J satisfies < u in a neighborhood of x,
which is an open subset of the set {x € Q : At ¢, (x) < f(x)}, and § > u outside this
neighborhood of x,.
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Take v = min{¢, u}. Then » = ¢ in a neighborhood of x, and » = u otherwise.
So b > g on dQ and d € C(Q).

Suppose a C? function y satisfies / <_ D for some z € Q. Then either ¢ <, § or
¥ <, u depending on the location of z. In either case, AL(z) < f(z). So b € o,
But v = § < u in a neighborhood of x,. This is a contradiction to the definition of u.

So A¥u(x) > f(x) in Q in the viscosity sense.

We now show u = g on 0Q. For any point z € 0Q), and any & > 0, there is a
neighborhood B, (z) of z such that |g(x) — g(z)| < € for all x € B,(z). Take a large
number C > 0 such that Cr > 2|/g||=(sn)- We define

v(x) = g(z) + &+ Clx — 2|, (4.8)

for x € Q. For |x —z| < r and x € 0Q, v(x) > g(z) + & > g(x); while for |x —z|>r
and x € 0Q, v(x) > g(z) + &+ Cr > gl ~@n) = &(x). In addition, for any x € Q,
vu(x) = C(x —z) #0 and A v=0. So, Vx € Q, Alv(x) =0 < f(x). So ve s,
and v(z) = g(z) + €. Therefore

g(2) <u(z) <gz) +e, 4.9

Ve > 0. So u(z) = g(z), Vz € 0Q.

Our proof is complete if we can show u € C(Q).

We know that A_u > 0 as A¥u > f> 0. So u is locally Lipschitz continuous in
Q. So it suffices to show that, Vz € 0Q,

lim u(x) = g(z2). (4.10)
xeQ—z
Let us construct another set of admissible functions by defining
Fre={we C(Q): ANw> f(x) in Q, and w < g on 0Q}. 4.11)

Again Alw > f(x) is satisfied in the viscosity sense. #;, is nonempty with a
particular element y/(x) := C|x — z|> — D, where z ¢ Q and C and D are so large
that 2C > || f|| =) and ¥ < g on 0Q, since Ay = 2C.

We take

u(x) = sup w(x) (4.12)

weSy o

for every x € Q. Clearly, i is lower-semicontinuous in Q and #(z) < g(z) for any
z € 0Q).
We claim that

linsllinf u(x) > g(z), VzedQ. (4.13)

Vz € 0Q and Ve > 0, 3r > 0 such that |g(x) — g(z)| < & for all x € QN B,(z).
We take a large number A such that

A > sup|x — z| 4.14)

xeQ)
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and a large number C > | f|| = (q) such that

ClA” = (A= 1)} 2 2|8l (oo (4.15)
One may define
wx) =g(z) —e—C{A>—(A—|x—z])%}, xeQ. (4.16)
For x € Q,
vw(x) = 2C(|x — 2| — A)(x —2) # 0 (4.17)
and
AMw(x) = (DPw()TH(x), TB()) =2C > [ fllmo) = f).  (418)

On 0Q N B,(z), w(x) < g(z) — & < g(x), while on 0Q\B,(z), w(x) < g(z) — e —
C{A* — (A = 1)*} < g(2) = 2]gll~(@0) < g(x). So w € ¥, and

u(z) =z w(z) = g(2) — &, (4.19)
Ve > 0, which implies u(z) > g(z).

As the supremum of a family of continuous functions on Q, i is lower
semi-continuous on (). Therefore

liminf i(x) = #(2) = g(2), Vz € 0. (4.20)

The claim is proved. .
The comparison principle, Theorem 3.3, implies w < v on () for any w € ¥,
and v € 9, . In particular, u(x) < u(x), Vx € Q. So

liminf u(x) > liminf @(x) > g(z), Vz e 0Q. 4.21)

xeQ—z xeQ)

On the other hand, the upper semi-continuity of u on Q implies that

limsup u(x) < u(z) = g(z), Vz e 0. (4.22)
xeQ—z
So lim,q,_,, u(x) = g(z), Vz € 0€. This completes the proof. |
The following theorem is obtained from the above one by considering v = —u

and the proof is clear.

Theorem 4.2. Suppose Q is a bounded open subset of R", f € C(Q) with f <0 and
g € C(0Q)). .
Then there exists u € C(Q) such that u = g on 0Q and

AYu(x) = f(x)

in Q in the viscosity sense.
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5. A Connection Between the Homogeneous
and Inhomogeneous Equations

This section deals with the stability of the inhomogeneous and homogeneous
normalized infinity Laplace equations subject to the boundary value condition.
The general approach in this section is similar in spirit to a scheme that we
developed in our earlier work [20] for the non-normalized infinity Laplace equations.
Nevertheless, we have to take extra care of the difficulties arising from the
normalized infinity Laplacian.

In this section, ) again denotes a bounded open subset of R”.

Lemma 5.1. Assume f € C(Q) such that either f>0 in Q or f<0 in Q. For
Jj=1,2, suppose c; >0, g; € C(0Q) and u; € C(Q) is the viscosity solution of the
Dirichlet problem

{Aivoujzcjf in Q) 5.1)
u;=g; on 0Q).
Then
a_ L <|&-& . (5.2)
€1 Ol= ¢ Clrxeaq)
If, in particular g, = g, = g € C(0Q), then
u u 1 1
-2 =\ - = ||g||L°°(aQ)- (5.3)
1 SOl G O
Proof. Let
1
Uj = C—JM}
Then v; is the viscosity solution of the Dirichlet problem
ANv,=f in Q
(54)

1
v, = ;gj on 0€),
J

j =1,2. Applying the maximum principle, Theorem 3.3, and the remark following
it, one obtains

81 &

€1 %)

<

v, — v2||L°°(Q) = > (5.5)

L>(6Q)

which implies the desired inequality. a

Lemma 5.2. Assume f € C(Q) such that either f>0in Q or f<0 in Q. Suppose
¢, = 0, g, g € C(0Q) such that ||g, — gll~@a) — 0, and w, and u in C(Q) are the
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viscosity solutions of the following Dirichlet problems respectively

ANu,=(1+c¢ in Q
=0 +c)f (5.6)
U, = g on 0Q)
and
ANu=f inQ
(5.7)
u=g on 0Q).
Then
sgp(uk —u)—> 0 as k — oo. (5.8)
Proof. The preceding lemma implies
1
Teret W Lo it W
1+¢ L®(Q) 1+¢ L=(00)
which in turn implies
it = sy = Dl ) = ol = e + gl
1 +¢ @ T4 @=1+¢ 1+¢ @)
Therefore
g — ull =) < el (ull ey + 181l =@) + 18 — &ll=oq)- (5.9)
SO hmkg)oo ||Mk - Ilt”Loo(Q) = 0. D

The following perturbation theorem secures the stability of the inhomogeneous
normalized infinity Laplace equation with positive or negative right-hand-side.

Theorem 5.3. Suppose {f.} is a sequence of continuous functions in C(€)) which
converges uniformly in Q to f € C(Q) and either inf, f>0 or supg,f<O.
Furthermore, {g.} is a sequence of functions in C(0)) which converges uniformly on
Q to g € C(0Q). Assume u, € C(Q) is a viscosity solution of the Dirichlet problem

ANy, = in Q
ootk fk (5 10)
U, = g on 0Q)
while u € C(ﬁ) is the unique viscosity solution of the Dirichlet problem
AVu=Ff inQ
* f (5.11)
u=g on 04).

Then supg, |u, — u| — 0 as k — oc.
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Proof. Without loss of generality, we assume inf,, f > 0.
Let &, = supq, |f, — f|.- Then &, — 0 as k — oo and

f(x) —¢g, < fi(x) < f(x) + ¢, forall x € Q. (5.12)

To forbid g, = 0, we replace ¢, by ¢, + % and still denote the new quantity by &g,
as the new ¢, — 0. And now

f(x) — g, < fr(x) < f(x) + &, forall x € Q. (5.13)
Since inf, f > 0, the sequence {c,} defined by ¢, = infsfl 7 converges to 0 but

never equals 0. So, for all x € Q,

(I =) f(x) < fi(x) < (1 + ) f(x), (5.14)

as a result of g, < ¢, f(x).
We define u; and u? to be the viscosity solutions of the following Dirichlet
problems respectively

Ayl =(1=¢ in Q
oo "k ( k)f (515)
u, = g on dQ
and
AV =(1+c¢ in Q
ook ( k)f (516)
u; = g, on 9Q).

By Theorem 3.1, we know that u? < u, < u! on Q, since (1 — ¢;)f(x) < filx) <
(1 4 ¢,) f(x) for all x € Q. In addition, the preceding Lemma 5.2 implies supg, |u; —
u| — 0 for j =1, 2. Consequently,

sup lu, —u| — 0
o
as k — oo. O

Now we are at a position to prove the last main theorem of this paper,
Theorem 1.9. For simplicity, we fix the boundary data for the time being.

Theorem 5.4. Suppose Q is a bounded open subset of R". Suppose g € Lip,(Q) and
{fi} is a sequence of continuous functions on ) which converges uniformly to 0 in €.
If u, € C(Q) is a viscosity solution of the Dirichlet problem

ANy, = in Q
{ ook fk (517)

u, =g on 0Q)
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and u € C(Q) is the unique viscosity solution of the Dirichlet problem

(5.18)
u=g on 0Q),

{Aﬁu =0 inQ
Then u, converges to u uniformly on Q, ie.,

sup lu, —ul — 0
Q
as k — oo.

Proof. Let ¢; = | fill~) and {g;} denote a sequence of positive numbers that
converges to 0.

Let u! and u? € C(Q) be the respective viscosity solutions of the following
Dirichlet problems

AVyl = —¢, —g, inQ
ootk k k (5.19)
u =g on 0Q
and
AVu?=c . +e inQ
kTR (5.20)
u; =g on 0Q.
By Theorem 3.1, we know that
ui <u, < u}( on Q. (5.21)

So it suffices to show that supg, |u£ —u| — 0 as k — oo, for both j =1 and 2.
As the proof of either case of the above convergence implies that of the other, we
will only prove supg (u — u?) — 0 as k — oo. The proof of supg, (u} — u) — 0 follows
when one considers —u}( and —u. In other words, we reduce the problem to the case
in which u, is a viscosity solution of the Dirichlet problem

{Aﬁuk =4, inQ (522)
u, =g on 0}
where §, > 0 and 0, — 0 as k — oo, and our goal is to prove
sup(u —u,) —> 0 as k — oo, (5.23)
Q

since u;, < u is clear. For simplicity, we omitted the superscript 2 in the above and
will do the same in the following.

We use argument by contradiction. Suppose there is an g >0 and a
subsequence {ukj} such that supg (1 — ukj) > g, for all j=1,2,3,.... In addition,
we may assume {5kj} is a strictly decreasing sequence that converges to 0.
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Without further confusion, we will abuse our notation by using {«,} for the
subsequence {u, } and 6, for o, .

So we will derive a contradiction from the fact

sup(u —u,) > g, >0, Vk, (5.24)
Q

where u, € C(Q) is a viscosity solution of the Dirichlet problem

ANy, =95, inQ

(5.25)
u, =g on 0Q)
and {J,} decreases to 0.
By Theorem 3.1, one obtains
u, <y <u inQ, Vk. (5.26)

So {u,} converges pointwise on £, as u, = g on Q.
Moreover, {u,} is equicontinuous on any compact subset of €). In fact, let K be
any compact subset of (. Then the distance from K to Q) defined by

dist(K, 0Q) = inf{dist(x, 0Q) : x € K},
must equal to some positive number ¢. Take R > 0 such that 4R < . Then B,;(z) C

Q for any z € K. Since u, is infinity sub-harmonic in (, ie., A u, >0 in the
viscosity sense, it is well-known, e.g., by [4] Lemma 2.9, that

0,(6) — 1, ()] < ( SUD 1, — sup ) Lanbiy (5.27)
Bup(2) Bi(2) R

for any x, y € B,z(2). As u; < u, < u in Q, we have

A

< sup u — sup M1)|x—y| < LR|x—y|’ (5.28)
Bir@  Ba(2) R R

i (x) — ()]
where L, = supg u —inf, u; > 0, which is independent of k. As K can be covered
by finitely many balls B,z(z), where z € K, {u,} must be equicontinuous on K.

Therefore a subsequence of {u,} converges locally uniformly in () to some
function u# € C(Q)). We once again abuse our notation by denoting the convergent
subsequence by {u,}.

We claim that u verifies

(i) A¥u =0 in the viscosity sense in (),
(ii) Vxy € 00, lim,cq ., #(x) = g(xo), and
(1) u € C(Q) if we extend the definition of u to dQ) by defining u|;, = g.

One side of (i), A¥u >0, is implied by Lemma 1.10 as u(x) = sup, u;(x) and
ANy, > 0.
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In order to prove A¥u <0, we suppose ¢ € C*(Q) touches u from below at
xy € Q. Then, for any small & > 0, the function x > u(x) — (¢(x) — £|x — x,|*) has
a strict minimum at x,. In particular,

. e
) = o) < min (w0 = (o0 = Sh-nF))  529)
V0B, (x9) 2
for all small » > 0 and B,(x,) CC Q. B

As {u,} converges to u uniformly on B,(x,), for all large &,

inf (uk(x) - (go(x) - §|x - x0|2)) < uy (%) — ¢(x,)

x€B, (xo)

. QD 2
< min | u(y) — —=|ly—x .
min () - €0) = §y= )
So the function x > u,(x) — (¢(x) — £|x — x,|?) assumes its minimum over B, (x)
at some point x, € B,(x,).

By the definition of viscosity solutions,

AL <<p(x) - glx - xo|2) < (5.30)
at x = x,, i.e.,
ANe(x) + 0(e) < 0, (5.31)

Ve > 0 and Vk > k(r), where k(r) 1 oo as r | 0.

If we send r to 0, we obtain A¥o(x,) < O(g) for any & > 0, which implies
AN o(xy) <0, ie., A¥u(x,) <0 in the viscosity sense.

As the local uniform limit of {u,} in Q, u is clearly in C(Q). In order to
prove (ii) and (iii), we will apply the comparison with polar quadratic polynomials
properties of the viscosity sub- and super-solutions of the equation AYv = 1.

In fact, A¥ 3t =1 in the viscosity sense in Q. Fix x, € dQ. The comparison with

O
polar quadratic Apolynomials from above property states that

u,(x u
U (ol ) = ma (2 Gy =l by =) 63
k

k yeoQ)
forallx e Q,a < % and b € R, or equivalently
U (x) — ad;|x — x0|2 —bd;|x — xo| < I}Té%((g()’) —adly— x0|2 —bo |y — x,]).  (5.33)

Fix the value of a, say a= % Take b=b, >0 large enough so that

b > 2|a| max,g |y — Xo| and b6, = CL,(0Q) for some universal constant C > 1. So,
for y € 0Q),

1
8(y) — adily — xo> — bdily — x| < g(y) — 300y — x| < g(x),  (534)

Le., I)Té%((g(y) — adyly = xol* = bdily — x|) = g(xo)- (5.35)
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As a result, for x € Q near x;,
uy(x) < g(xo) + ady|x — x> + bd,|x — x, (5.36)
< g(xp) + CL,(0Q)]x — x,|. (5.37)

On the other hand, the comparison with polar quadratic polynomials from
below property implies that, for any a > % b e R and all x in Q,

AGN alx — xo|* — b|lx — x,| = min (u%_(y) —a|x — xo|* = b|x — x0|>, (5.38)
k

O yeoQ
or equivalently

up(x) — adylx — x0|2 — boy|x — x| = ?61(13(8()’) —ad;ly — x0|2 — boyly — xol). (5.39)

Fix the value of a. Take b = b, < 0 so that —b > 2amax, g |x — x| and —bJ, =
CL,(0Q) for some universal constant C > 1.
As a result, for y € 0Q),

§0) — adily — 1P by — x| 2 80) — by~ il 2 g(w),  (540)
which means
min(g(x) — ady|x — xo|* = blx — xo[) = g(xo)- (5.41)
So, for x € ) near x,,

uy (x) > g(xy) + ad;|x — xo|* + b, |x — x| (5.42)
> g(xy) — CL,(0Q)|x — x. (5.43)

Therefore, for some C > 1 independent of k,
8(xg) = CL,(0Q)|x — xo| = uy(x) = g(xg) + CL,(3Q)]x — x| (5.44)

for all k and all x € Q) near x,.
Sending k to co, we have

8(x9) = CL (0D |x — xo| < u(x) = g(xg) + CL(OQ)[x — xo], (5.45)

for all k and all x € Q near x,.

Now it is clear that (ii) and (iii) hold.

The uniqueness of a viscosity solution in C(Q) of the Dirichlet problem for
homogeneous equation AYu = 0 in Q under u|,, = g implies that # = u on Q. As a
result, {u,} converges to u locally uniformly in Q.

Recall that supq(# — u,) > g,. There exists, for each k, an x, € ) such that
u(x,) > u,(x,) + &, and x, approaches the boundary 0Q, since {,} converges to u
locally uniformly in ). Without loss of generality, we assume x, — x, € 0Q).
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Then we will have the following contradiction by previous estimate on u, (x) for
x € Q near x.

8(%) = limu(x,) = lim sup u,(x,) + &
> limksup(g(xo) — CL,(0Q)|x; — xo| + &)
= g(x) + &.
This completes the proof. |

We may also perturb the boundary data and still have the uniform convergence
desired. This is the content of Theorem 1.9. Now we prove Theorem 1.9.

Proof of Theorem 1.9.  Let ¢, = | fill ;=) and {g;} denotes a sequence of positive
numbers that converges to 0.

Proceeding as in the proof of the preceding theorem, we let u; and u € c(Q)
be the respective viscosity solutions of the following Dirichlet problems

AVul = —¢c, — g, inQ
T e (5.46)
ul =g, on 0Q)
and
A2 =c, +¢ inQ
kTR (5.47)
u; =g, on 0Q).
By Lemma 1.10, we know that
ul <u, <u, on Q. (5.48)

So it suffices to show that supg(u',f —u) — 0 as k — oo, for both j =1 and 2.

We introduce v} and v} € C(Q) as the viscosity solutions of the following

Dirichlet problems respectively

AVyl = —¢, —g, inQ
ok e (5.49)
v =g on Q)
and
AVvl=c,+¢g inQ
oo 'k k k (550)
vi=g on 0Q.
The comparison principle, Theorem 3.3, implies that
sgp|ui—v£| gn}gx|gk—g| — 0, as k— oo, (5.51)

Q

for j=1,2.
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The preceding Theorem 5.4 implies that

sup|v£—u|—>0, as k — oo,
Q

for j=1,2.
Therefore we have

sup |u; —ul - 0, ask — oo,
Q

for j =1, 2, as expected. O
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