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Abstract

The main results of this paper concern sharp constants for the Moser-Trudinger
inequalities on spheres in complex space C". We derive Moser-Trudinger in-
equalities for smooth functions and holomorphic functions with different sharp
constants (see Theorem 1.1). The sharp Moser-Trudinger inequalities under con-
sideration involve the complex tangential gradients for the functions and thus we
have shown here such inequalities in the CR setting. Though there is a close
connection in spirit between inequalities proven here on complex spheres and
those on the Heisenberg group for functions with compact support in any finite
domain proven earlier by the same authors [17], derivation of the sharp constants
for Moser-Trudinger inequalities on complex spheres are more complicated and
difficult to obtain than on the Heisenberg group. Variants of Moser-Onofri-type
inequalities are also given on complex spheres as applications of our sharp in-
equalities (see Theorems 1.2 and 1.3). One of the key ingredients in deriving the
main theorems is a sharp representation formula for functions on the complex
spheres in terms of complex tangential gradients (see Theorem 1.4).

© 2004 Wiley Periodicals, Inc.

1 Introduction and Statement of Main Theorems

In 1971 J. Moser [28] found the largest positive constant By (which sharpened
the result of Trudinger [39]) such that if €2 is an open subset of euclidean space R"
(n > 2) with finite Lebesgue measure, then there is a constant Cy depending only
on n such that

1 n
(L1) l—m/exp(ﬂmx)w)dx < Cy
Q

for any 8 < By and any f in the Sobolev space Wol’”(Q) provided ||V f 1) < 1.

In fact, Moser showed By = nwi/_('ffl), where w,_; is the area of the surface

of the unit n-ball. He also proved that if 8 exceeds By, then the above inequality
cannot hold with uniform C, independent of f. Later, D. Adams found sharp
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constants for the Moser inequality in higher-order Sobolev spaces [1], and these
higher-order Moser-Trudinger inequalities were proven for Riemannian manifolds
by Fontana [22] and Branson, Chang, and Yang [7].

Along with the Moser-Trudinger inequality, the question of whether the supre-
mum

(1.2) sup{ﬁ f exp(nw, {71 (0|7 T)dx : f € Wy (@), IV fllunie < 1}
Q

is attained has also been considered. In 1986 Carleson and Chang [10] proved
that the above supremum has extremals for the case where €2 is a ball in R” for
n > 2. Their result came as a surprise since it was already known that Sobolev
inequality has no extremals supported in balls for p > 1 (see Talenti [38] and
Aubin [2]). Carleson and Chang proved the existence of extremals by reduction
to a one-dimensional problem using a symmetrization argument. We note that
the Carleson-Chang result was extended to arbitrary bounded smooth domains by
Flucher when n = 2 [21] and by Lin for the case n > 2 [27]. Furthermore, Soong
extended the result to some domains contained in n-spheres [36].

With a modification of Moser’s proof of his inequality (1.1), Moser also proved
in [29] that there exists a constant Cy such that 47 is the best constant for the
inequality

(1.3) / exp(4| f (x)|))do < Co

S2

for any smooth f on S? with [, [V f|*do < 1and [, f do = 0, where do is the
surface measure and V is the gradient on S2.

Moser further proved that when the function f is in the class of even functions
onS?,ie., f(£) = f(—&), the best constant for Moser’s inequality is 877. Namely,
there exists a constant Cy such that 8 is the best constant for the inequality

(1.4) / exp(87| f (x)|))do < Co

SZ

for any smooth f on S? with [, [V f|*do < 1, [, f do =0,and f(§) = f(—§).

Inequality (1.3) is motivated by the Nirenberg problem: characterize all Gauss
curvature functions K (x) belonging to metrics ds? that are conformally related to
the standard metric dsg so that ds? = e/ dsg for a function f on S?. Let A be the
Laplace-Beltrami operator on S? with respect to the standard metric dsg. Thus K
and f are related by the equation

(1.5) Af+Ke*) —1=0.
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Moser applied inequality (1.3) to the problem of prescribing Gaussian curvature
on S?. He considered the functional

1.6) G(f) = log{ ! /Ke2fdo}——/|Vf| da——/fda

S2
Using inequality (1.3) Moser showed that there is a positive constant C such that

(1.7) —/ 2fda<CeXp{ /lVfI da—l——/fdo}
§?

It follows from (1.7) that the functional G (f) is bounded from above. Under the
further assumption that K (§) = K(—£&) on S?, Moser showed that equation (1.5)
has a solution f such that (&) = f(—£&) provided that maxg K (£) > 0 using the
boundedness from above for the functional G (f) and inequality (1.4).

We now recall that the Moser-Onofri inequality on S? states that

1 2y ( 1
(1.8) —/ do <exp /(2f+ [V f] )da)
4 4

s? S?

with equality if and only if €%/ g, is isometric to gy. The contribution of Onofri
[31] lies in the fact that (1.8) is an improvement of (1.7) in the sense that the sharp
constant C in (1.7) is 1. Onofri’s inequality was also independently proven by
Hong [23] (see also another proof in [32]). It was applied to geometry by Osgood,
Phillips, and Sarnak [32, 33], who used it to compute extremals for determinants of
Laplacians on two-dimensional manifolds. As a corollary of Onofri’s inequality, it
follows that among all the metrics on S?, log det A is the maximum. Moreover, it
is shown by Osgood, Phillips, and Sarnak that the isospectral family of metrics on
compact surfaces without boundary forms a compact set in the C* topology.

We now turn to the generalization of Onofri’s inequality to the higher-dimen-
sional case. Let Ag denote the Laplacian on S". We note that the inequality in-
volves the Paneitz operator on the sphere. The Paneitz operator on 4-manifolds
was discovered by Paneitz [34]. It was extended for all dimensions n # 2 by
Branson [6] and Beckner [5].

On the n-dimensional sphere, the Paneitz operator is defined as the pullback of
(—A)"? under the stereographic projection. More precisely, define the operator
A, on L*(S") by

n—2
2
A, =] |(—As+jn—1—j)) ifniseven
j=0
and
n—3
2

: : n—1\%\? .
An=H(—As+J(n—1—J)) R when n is odd.

j=0
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The eigenvalues of A, are [({ +1)- (I +n—1),] =0,1,2,..., and the eigen-
functions are spherical harmonics. It is easy to check that

Al =(=Ag)?, Ay=—Ag, and Ag=(—Lg)*+2(—As).

This operator A, is a natural generalization of the conformal Laplacian on S? and
the Paneitz operator on S* [7, 34]. We note that A, is given in the stereographic
coordinates by h~l(=A) 7, where

2 n
_ ni—1
B=I8l <1+|x|2>

is the Jacobian of the stereographic projection. It is also easy to see that A, is
covariant in the sense that for each conformal map

7:8" > §"

and for f : S" —> R,
A(for)=I|T:|(Axf)oT.

Thus the higher-dimensional Onofri’s inequality of Beckner (see also Carlen and
Loss [9]) states that

(1.9 zim/MJ,”f\Zdu > 1og(/ efdu) —/fdu
'S” sn

Sn
holds for all f € L*(S") for which the left side of the above inequality is finite
(here we use du to denote the uniform normalized surface measure on S"). The
equality holds if and only if there is a conformal T whose Jacobian is 7; such that
f = const + log | T |.

The important relationship between the higher-dimensional Moser-Onofri in-
equality and the problem of prescribing Q-curvature on high-dimensional Rie-
mannian manifolds has been explored extensively in the work of Paneitz [34],
Branson [6], Branson, Chang, and Yang [7], Branson and @rsted [8], Chang and
Yang [13], and Chang, Gursky, and Yang [12]. We refer to Chang [11] and Chang
and Yang [14, 15] for extensive recent accounts and many references in this direc-
tion.

Although there has been substantial development of the theory of conformal
geometry on spheres, euclidean space, and more general Riemannian manifolds,
much less is known in the CR setting.

In the 1980s Jerison and Lee successfully completed the program of prescribing
the scalar curvature problem in the CR setting (see [24, 25, 26]). In particular, they
found the best constant and extremals for the L? to L?2/(¢=2 Sobolev inequality
on the Heisenberg group H" (where Q = 2n + 2 is the homogeneous dimension),
and solved the CR Yamabe problem of conformally changing the contact form to
one with constant Webster curvature in the compact setting. The extensive explo-
ration of conformal geometry and Moser-Trudinger and Moser-Onfri inequalities
on Riemannian manifolds as mentioned above, and the work in the CR setting by
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Jerison and Lee [24, 25, 26], Fefferman [19], Fefferman and Graham [20], and
Bailey, Eastwood, and Graham [3] suggest that a satisfactory theory in the CR set-
ting should be developed. To this end, Cohn and Lu obtained the sharp constant
for the Moser-Trudinger inequality on the Heisenberg group in [17]. The method
of [17] is to derive a sharp pointwise estimate for any function with compact sup-
port on H" by the convolution of an integral kernel with the subelliptic gradient
of the function. The rearrangement of the convolution (rather than considering the
rearrangement of the function itself) is then used to derive the sharp constant for
the Moser-Trudinger inequality on H". The ideas and methods developed in [17]
have also been used to generalize to the Heisenberg-type group in [18] and more
general groups in [4].

Motivated by [17], the prominent role of the Heisenberg group H" and the
sphere in C" in CR geometry, and the intimate relationship between them (see
expositions for such a relationship in [16, 37]), in this paper we investigate the
sharp Moser-Trudinger and Moser-Onofri inequalities on the sphere in complex
space C".

Our main result is a sharp Moser-Trudinger-type inequality with the complex
tangential gradient on spheres of odd dimension. A sphere of odd dimension can
be viewed as a sphere in an n-dimensional complex space; therefore there is a
complex tangential gradient on such a sphere. This complex tangential gradient is
bounded above pointwise by the usual gradient.

To state our main theorems, we must first introduce some necessary notation
and definitions. A more precise and detailed account will be given in Section 2.
Let C denote the complex numbers and C" be the usual n-dimensional complex
vector space equipped with the Hermitian inner product

n
(z,w) = ZZ/LI)/'
j=1

where z = (z1,...,z,) and w = (wq, ..., w,) € C".
We define the standard vector fields

1/ 0 ) — 1/ 0 .0
Di=r(2—il) and Di=s(eti), k=1,...n,
2\ 0x;y Oy 2\ 0xx Oy

and recall the complex structure map on vector fields determined by the equations
JDy = iDy and J Dy = —i Dy.

Let S (= S*~!) be the (real) (2n — 1)—dimensional sphere {z : (z,z) = 1}
contained in C", and R(z) = z-D+7Z-D = > i1z Dj+7 D; denote the
vector field normal to the sphere.

If f is a smooth function defined on a neighborhood of a point z € C”", then the
ordinary gradient in C" is

Vf(z) =) 2D;f()D; +2D;f(2)D; .
J
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Let V. f be the projection of V f onto the tangent space at S normal to R, and let
Ve f be the projection of V f onto the complex tangent space at S normal to both
R and J R, respectively. Thus

Vif(@) =V f)—(Vf(2),R(z)R()

and

Ve f(@) =V (@) —(Vf(2), R@)R(@) —(V[f(z), JR()JR({).

From this it is clear that

IVef @I = Vi f@IF = [JRF(2)I*.
Therefore,
Ve f(@)] < IV f@)];

that is, the complex tangential gradient is pointwise bounded above in the norm by
the euclidean tangential.

Let
(1.10) M () =7;Dy —%D;, M (2) = 2;Dx — 2D,
and
(111) Ek:ﬁZZij,k, EkZ\/EZZij,k.
J J
Then we get the formulas
(1.12) Vef(x) = Z Eif(E; + E; f (2)E;
J
and
(1.13) IVef@P =) IE f@F +Ej fQI.
J

Let do denote the normalized volume element on S, and let

1
B(p,q) =/ xP7H (1 = x)? dx
0

be the beta function for p > 0, ¢ > 0. We also denote by | gl .2, or [Ig]l2, the
L?" norm of a function g on S with respect to the measure do. One of the main
theorems of this paper is the following result:

THEOREM 1.1 Let

1
m—1 1\)7T
B=n((—Dr T2 2.2 _ .
2 2
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There is a constant Cy such that, for all smooth functions f with [ f do = 0 and
Ve fllne) < 1, the inequality

(1.14) /exp(B|f|zf”l)da <G
S

is verified. No larger value of B verifies the inequality. If f is taken from the
class of all holomorphic functions with f(0) = 0, then the sharp constant can be
enlarged to By = 2"/?"~V . B,

Recall that the Moser-Trudinger inequality on the real sphere S = S*'~! as
stated in the work of Moser [28] and Fontana [22] states that

(1.15) /exp(ﬁovﬁﬁi)da <Gy

N

with a different sharp constant 8y > 0 for f with fs fdo =0and ||V fllan1 < 1.
There are several differences between inequalities (1.14) and (1.15):

e The smaller gradient |V f| occurs in place of the usual gradient |V, f|.

e The assumptions on the exponents of integrability for the gradients are
different. In (1.14) the exponent is 2n as opposed to the exponent 2n — 1,
which occurs in (1.15).

Using Theorem 1.1 we can derive the following Moser-Onofri-type inequality.
(We do not know, however, the exact values of the sharp constants Cy and C;.)

THEOREM 1.2 Let B be the same constant as in Theorem 1.1. Then there is a
constant Cy such that

logfez”f do <logCy +2n/ fdo
S

S
mB Y
+(2n)2”‘( ) /|v<cf|2" do .
S

2n — 1

If f is taken from the class of all holomorphic functions, then there is a constant C
such that

log/eznfda <logC, —|—2n/fdcr
S

S
2By "
+ >t (ﬁ) /|V@f|2" do
S

where By = 27T . B.
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We now consider the functionals

I(f):log/ez"fda—Zn/fdo

S

S

'nB —(2n—1)

_ (27’1)2”_1 (ﬁ) / |V(Cf|2n do
S

for all smooth f and

J(f) =10g/e2”fda—2n/fdo

S

S

'nB —(2n—1)

— (2n)2n—l<ﬁ> /|V(Cf|2n do
S

for holomorphic f. Then Theorem 1.2 implies the following:
THEOREM 1.3 The functionals I (f) and J(f) are bounded from above. Namely,
supI(f) <oo and supJ(f) <oo.

In the proof of Theorem 1.1 above, the main tool is a sharp representation for-
mula. For A € C, let

(omiprn(nFB 1)) o =P
Kﬂm_@ B( 2 02)) O e

and let the convolution on the sphere S be defined as

[ Kg(§) =/f(z)Kﬁ(<z,$))dz.
S

Then we get a one-parameter representation formula, which leads to the following
pointwise inequality, where, from now on, ¢, = (n — 1)z~

THEOREM 1.4 Suppose B > —n + 1 and
By = (e, i-1p( P ]
p= 2 72

(1 =z, 5)PHP*12
11—z, {)ItP

Then

(1.16)  |f () = [+ Kg(©)| =< Bﬂ/|v(Cf(Z)| do(z).
S

If f is holomorphic, then the constant Bg on the right-hand side can be replaced
by the smaller number /22 - Bg.
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By choosing 8 = n — 1 in Theorem 1.4, we have

(1 =z, o)) 12
11— (z, &)t

@17 () = f* Ku1 (D] = Bn_l/Ich(Z)l do(z).
S

Using (1.17) we get the sharp Moser-Trudinger inequality

2n

If—f*KmI)Z'”)
1.18 B| —— — d C
(1.18) S/exp< ( Vel 7 =00

with the same sharp constant B as in Theorem 1.1. The passage from this to The-
orem 1.1 requires the use of an embedding theorem relating the complex gradient
V¢ f and the ordinary gradient V, f (see Section 7 for more details).

To conclude this introduction, we make some remarks concerning the relation-
ship between the sharp Moser-Trudinger inequalities on the Heisenberg group and
those on complex spheres. One might suppose that the sharp Moser-Trudinger in-
equalities on the sphere S in C" should follow from those on the Heisenberg group
by using the well-known Cayley transform. As far as we understand, this is not the
case. Indeed, none of the theorems in this paper on the complex sphere seem to
follow in such a way.

To be more precise, we recall what we have proven in [17] concerning the
Moser-Trudinger inequality on the Heisenberg group H". Let H" be the n-dimen-
sional Heisenberg group

H'"=C"xR
whose group structure is given by
(z,0)- ()= @+ 1+t +2Im@z-2))
for any two points (z, ¢) and (z’, t') in H".
The Lie algebra of H" is generated by the left-invariant vector fields

T 9 X 0 +2 9 ¢ 9 2 9
= > i = i o i = L T X,
ot ox; Vo dy: ot
fori =1, ..., n. These generators satisfy the noncommutative relationship

[Xi, Y;] = —46;T .
Moreover, all the commutators of length greater than 2 vanish, and thus this is a
nilpotent, graded, and stratified group of step 2.
We now use |vur f] to express the (euclidean) norm of the subelliptic gradient

of f:

n l
(Vi fl =Y (X f)? + (V)72
i=1
We also use WO1 "P(Q) for the open set 2 C H" to denote the completion of Cyo(2)
under the norm
Il fllr + Ve fliLr) -
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The following sharp Moser-Trudinger inequality on the n-dimensional Heisen-
berg group H" was proven by Cohn and Lu in [17].

THEOREM A Let Ag = Q(cp)?/2, where

n_plrb
0=2n+2, Q’:L, and CQ:w2 TN ).

-1 r$)

There exists a constant Cy such that for all Q@ C H", |2| < 00, and [ € WOI’Q(Q),

1 ,
@/GXP(AQU(M)lg)dM < Co,
Q

provided ||Vu f||Le < 1. Furthermore, if Ag is replaced by any number greater
than A, then the statement is false.

We now let B” = {w € C" : |w| < 1} be the unit ball in C" whose boundary
is S. Let

={z=(Z,z) 1 Imz, > |} C C".
The Cayley transform C : B" — D is thus defined as

, w1l —w,
C(w)=(w’wn)= 1+wsl1+w .

This transform explores the biholomorphic equivalence between D and B”. The
(n — 1)—dimensional Heisenberg group H"~! arises as the group of translations
of D, and this leads to its identification with the boundary of dID; see Stein’s
book [37, p. 530].

This Cayley transform also maps the sphere S minus the south pole to the
boundary of D, the (n — 1)—dimensional Heisenberg group H"~!. It is natural
to see if there is any way to derive the Moser-Trudinger inequality on S from the
one on H"~! obtained from Theorem A. (Note that we need to replace n by n — 1
in Theorem A). This does not seem to be a straightforward matter, as is explained
below.

Theorem A gives only a sharp Moser-Trudinger inequality on the Heisenberg
group for functions with compact support for any given bounded open set 2. Un-
der the Cayley transform, such functions are transformed to those functions with
compact support away from the south pole (0, ..., 0, —1) in S. More precisely, we
can derive through Theorem A an inequality of the following type on S:

2n
/CXP(A2n|f|2" )|1+ /|1+w |2n

E

provided || V¢ fll2, < 1, where E is an open subset of Sand E N (0,...,0,—1) =
@ and f are functions supported in E.



1468 W. S. COHN AND G. LU

This inequality is unsatisfactory for two reasons. First, the inequality only holds
for functions supported in an open subset away from the south pole. The Moser-
Trudinger inequality derived in this paper (see Theorem 1.1) involves arbitrary
smooth functions on the complex sphere S without restriction on their support. To
achieve this we must have a term [ fdo subtracted from f in the inequality of
Theorem 1.1. Second, inequalities derived from Theorem A will involve an extra
weight \1+d+‘n|2" in the integrals on both sides. Such an inequality is clearly different
from the sharp Moser-Trudinger inequality given by Theorem 1.1.

In summary, although the Cayley transform certainly can be used to reformulate
results on the Heisenberg group to results on the complex sphere, Theorem 1.1 is
not simply a reformulation of Theorem A. This is why we have taken the direct
approach used in this paper.

The organization of the paper is as follows: In Section 2, we introduce in de-
tail the necessary notation and consider the divergence of vector fields in C". The
purpose of using this divergence is to make it easier to realize the differential oper-
ator Lg  under consideration in Section 3 as a divergence operator. In Section 3,
we prove a representation formula in terms of this differential operator Lg , (see
Theorem 3.3) and thus prove the sharp pointwise estimates Theorem 3.4 (namely,
Theorem 1.4 stated above). Section 4 deals with the estimates for distribution
functions for the kernel arising in the sharp pointwise estimates in Theorem 1.4. In
Section 5, we use the distribution estimates in Section 4 and the sharp pointwise
estimates to prove the Moser-Trudinger inequality (1.12) for f — %K, _;. We then
prove in Section 6 that such constants derived in Section 5 are optimal. Section 7
provides the proof of the main theorem, Theorem 1.1 stated above. In Section 8§,
we prove Theorems 1.2 and 1.3 and give some remarks concerning the functionals

I(f) and J(f).

2 Preliminaries

Recall from Section 1 that we let C denote the complex numbers and C" be
the usual n-dimensional complex vector space equipped with the Hermitian inner
product

n
(z,w) = ZZle)j
j=1

where z = (z1,...,2z,) and w = (wq, ..., w,) € C". If z and w are identified with
vectors in R?", then z - w = Re(z, w) is the usual real inner product.

At each point in C" we also use the notation (-, - ) to denote the usual Hermit-
ian Riemannian metric on complex-valued tangent vectors. Defining the standard
vector fields
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it follows that the vector fields {~/2 Dy, +/2 D;} form an orthonormal system. If
a € C" it will also be convenient to use the notation a - D = Z?:l ajDj and

a-D = 2 i a;D;. Tt follows that any vector field X is of the form X (z) =

a-D+b-Dwherea:C" — C"and b : C" — C" are C"-valued functions. Note
that(@a-D+b-D,c-D+d-D)=1((a,c)+(d,b)).Inaddition, we recall the
complex structure map on vector fields determined by the equations J Dy = i Dy
and JDy = —iDy. Thus J(a-D+b-D) =i(a-D —b- D). Itis easy to see
that J2 = —1, (JX,JY) = (X,Y)and (JX,Y) = —(X, JY) for all vector fields
XandY.

Let S be the (real) (2n — 1)—dimensional sphere {z : (z,z) = 1} contained in
C". We will be working with functions defined on the sphere S and vector fields
that are tangent to the sphere. Let R(z) = z - D + Z - D denote the vector field
normal to the sphere. Let X = X (z) be a vector field defined on a neighborhood of
S. Then X is called tangential if (X(z), R(z)) =0 forallz € S,i.e., X(|z]*) =0
for all z € S. It follows that the vector field X = a - D 4+ b - D is tangential if and
only if (a(z), z) + (z, b(z)) =0 forall z € S.

A vector field X is called complex tangential if both X and J X are tangential.
Let N = —iJR = (z - D — 7 - D). Equivalently, X is complex tangential if and
only if both (X, R) = 0 and (X, N) = 0 at all points of the sphere. It is not hard to
verify that X = a- D +b- D is complex tangential if and only if both (a(z), z) = 0
and (b(z),z) = 0 for all z € S. Obviously, X is complex tangential if and only if
both a(z) € C" & zC and b(z) € C" & zC forall z € S.

If f is a smooth function defined on a neighborhood of a point z € C”, then
V f(z) denotes the unique tangent vector with the property that, for all vectors
X (z) in the tangent space at z, X f (z) = (X (2), (Vf)(2)). Itis easy to see that

Vf(z) =) 2D;f()D; +2D;f(x)D; .
j

If f is a smooth function defined on S, then V, f denotes the unique vector field
that is tangential to S with the property that X f(z) = (X (z), (Vif)(2)) for all
tangential vector fields X.

If f is a smooth function, then there is also a unique complex tangential vector
field that we denote by V¢ f with the property that X f (z) = (X (2), (Vc f)(2)) for
all complex tangential vector fields X. We will need formulas for V. f and V¢ f.

To get V. f and V¢ f, we simply take the projection of V f onto the tangent
space and complex tangent space of S. Thus

Vif(z) =V f(2) —(Vf(2), R(2))R(z)
and
Vef(2) =V (@) —(Vf@),R@)RE) —(Vf(2), JR(2))JR()
=Vif(2) = JRf()JR().
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From this it is clear that
Ve f@F = IVif @F = [JRf ().
It is easy to check that if E; and E; are the projections defined by

Ej(z) =v2D; — (v¥2D;, R2)R(z) — (vV2D;, JR(2))JR(z)

and
Ej(z) =v2D; — (V2Dj, R)R(z) — (vV2D;, JR())JR(2),
then
Ej(z) =v2(D; —Z;(z- D)) and E;(z) =~2(D; —zjZ-D)).
Since

Vef = Z(ch, Ej)Ej + (Ve f, Ej>Ej ’
J
we get the formulas

Vef() =) EfQE;+E;[(DE;
J

and

IVef @17 = (Vef (), Ve f (2)
= Ve f(f)
=Y |Eif@P + Ej f ).
J

Let V : C* — C”" be a complex linear map. Then the map defined on tangent

vectors by
V@-D+b-D)=V(@a)-D+ V() -D

is also complex linear, and if V* is the Hermitian adjoint of V with respect to the
inner product on C”, then it is also true that (V X, Y) = (X, V*Y). We have the

following proposition:
PROPOSITION 2.1 Let V be a unitary map. Then
Ve(f o V)(2) = VII(Ve H(V ()]

PROOF: Notice thatif X(z) = a(z) - D+ b(z) - D is complex tangential, then

the vector field defined by
Y(z) = V*(X(V(2)) = V*@(V2))- D+ V*(b(Vz)) - D
is also complex tangential. By the chain rule,

(@-D+b-D)(foV)(z) = (V) D+ Vb)) D)(f)(V2).
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From this it follows that if X is complex tangential, then

X(foV)(@)=(VX(2), (Ve V)
= (X (), V*(Ve NH(V2)).

Since Y (z) = V*(Vc f)(Vz) defines a complex tangential vector field, the propos-
tion is established. 0

Let
Mji(2) =%De —%D; . Mj(z) = 2;Dx — %D,
and
N(z)=z-D—-Z-D, NG =z-D—z-D=—N.

It is easy to see that these are tangential vector fields and that M;; and M are
complex tangential. Furthermore,

(N,Mjy) = (N, Mj;) = (Mj,M,,)=0.
LEMMA 2.2 The following formulas are true:

Ek == ﬁZZij'k and Ek = \/EZZ]'ML]( .
J J

The advantage of the vector fields M; ; and M is that they satisfy the follow-
ing formula, which is easy to check:

LEMMA 2.3 Let f and g be smooth functions on S. Then

/‘gMj,kde:/fMj’kgdS and /gﬁ,,kde:/fM/,kgdS.
S S

S S

We now turn to the discussion of divergence of tangential vector fields. The
purpose of defining such a divergence is for the convenience of presentation in
Section 3 in proving the sharp representation formulas using the differential op-
erator Lg in the form of divergence. It is convenient to adapt this notion to do
integration by parts.

It follows from Lemma 2.3 that if X is a complex tangential vector field and X*
its formal adjoint, then

X = (X, EQ)giMjx + (X, EQ)Z M 4
J.k
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and

X*+ X ==Y Ex((X, Ex) + Ex(X, Ex))
k

= > (X, EQOMi(z) + (X, EOM ()
-k

== D E(X. E) + Ex(X. Ev))
k

— D (X, EQ) @k — %) + (X, B (28 — )
j.k

= — Y Ex((X, E0) + Ex((X, Ex)) — (n — D(X, R(2))
k

== E(X. E) + Ex(X. Ey)).
k

If f is a smooth function on S and X is a tangential vector field on S, then the
tangential divergence div; is defined by the equation

ff div, X do =/deo =/(X, Vi f)do

S S S

where do is the volume element on the sphere. Thus, div, is the formal adjoint
of V,. It follows from integration by parts, i.e., Stokes theorem (see Rudin’s book
[35]) that if

X = (X, N)N+ ) (X, E;)E; + (X. E})E;
J

is tangential, then

divi X = —=N((X,N)) = Y E;({X, E;) — E;(X, E})).
J

3 Sharp Representation Formulas on Complex Spheres

The goal of this section is to prove the sharp representation formulas (The-
orem 1.4), which are some of the key ingredients in deriving the sharp Moser-
Trudinger inequalities (Theorem 1.1).

We will use the following notation. Let A € C and 8 > —n + 1. Define
Hy(\) = (1 — AP and Cp(r) = |1 — A7,
and for ¢ € S define
HP(2) = Hy((z.0)).



MOSER-TRUDINGER INEQUALITIES ON COMPLEX SPHERES 1473

Define the operator
Ly f () = —divi(H Ve f)(2)

= E;(HPE; f) (@) + E;(H*E F) @) .
J

andlet Lg, f = Ls. f.

LEMMA 3.1 Let Q;(z) = z — (2, £)¢ be the projection of z onto the orthogonal
complement of the subspace of C" spanned by ¢. Then

Lge = Hﬂ’4<24(Dj5j 7. Dz-D)—2(n+p - 1)R(z)>
J

—2BHP " R(Q:(2)).

Note that 5 o o
Lo=) 4(D;D; —Z-Dz-D)—2(n — DR()
J

is the usual sub-Laplacian in C" and therefore
Lpe = H" (Lo —2BR(2) = 2BH" " R(Q: ().

For each fixed ¢ € S, there is a parametrization of the sphere S using the
variables A € C and & € C" given by the equation

2=2 + V1= A%,
where |A| < 1 and & belongs to the lower-dimensional sphere orthogonal to ¢
{E:1E1=1, (§,¢) =0}
We will use the symbol do to denote the normalized volume element on S.
Then it follows from Rudin’s book [35] that
do(2) = co(1 = [A)" 2 dA(W)dS (§)
where d S is the normalized volume element on the lower-dimensional sphere

{E:151=1, (§,¢) =0},
dA () is the two-dimensional Lebesgue measure, and ¢, = (n — 1)z ~!. It will be
convenient to let dA(L) = ¢c,d A()).

Let
(1 _ |A|2)ﬂ+n—2

T 4.

ag = (n+p —1)>
In<1
From Lemma 3.2 below we conclude that

%
ag=m+pB—1c, [ (2cosd)"F1dg

2 I l)

= — D, 2"V B :
(n+p—1Dc > 5
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LEMMA 3.2
(1 _ |)\‘|2)ﬁ+n—2 5

3

AN =——¢, (2cos0)" Pl a0 .
1 — xntB-1 +8—-1 _x

a | | n+p x

PROOF: Letz = re'? = ﬁ Then

, 2cosf—1
Therefore,
(1 — [A|?)Ptn=2 7 1\ "2 .
WdA()»)Z . 20039—; 2 dr do
[Al<1 zr>;
2cos@
1 b 1
=— (2cosH)"P1qe .
n+p—1Jz
Note that dA(%) = ¢,d A(}), so the lemma follows. -

The main theorem of this section is the following sharp representation formula:

THEOREM 3.3 For f sufficiently smooth, we have

as f(0) = f (L f) 4+ B — 1PHM () (D)) Callz o ()

S

Before we prove this theorem, we will use it to derive the following pointwise
estimates, which are crucial to derive the sharp constants for the Moser-Trudinger
inequalities. Recall ¢, = (n — 1) ~'.

THEOREM 3.4 Let B > —n + L and Bg = (¢,2" P71 B(*£E, 1))~". Then

(1 — 1z, ) P)F*2
F©) = £+ Kp(©)] sBﬁS/ch(zn o).
If f is holomorphic, then
V2 (1 — |z, O)P)FT2
@) = F Ks©)] = TBﬁS/WCf(m o).

PROOF: Let g be a complex-valued function of a single complex variable A.
If f is a function defined on the sphere, we have a substitute for the operation of
convolution given by

frg() = / Fe(6, )do @)
S
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Notice that if V denotes a unitary transformation of C", then
(foV)xg=(f*xgoV.

Let

(1= xP7”

(3.1) KpO) =ag'(n+ B~ D* gy

Then the representation formula above (Theorem 3.3) may be restated as

apf Q) =—Lpf*Cp&) +apf x Ks().

Thus, it follows that

ap(f(©) — f % Kp(0)) = / div(HPSVET)Co iz £))do (2)

S

_ / (HPVeF. ViCp(iz, £))do (2)

S
— / (VT VeC(z, D)V HPE (2)do ().
S

Therefore,

agl f(&) — f * Kg(£)]

1
B.¢
SS/Ich(Z)IH @|Verr g |40 @
(1— |z, 2)»)?
_ _ B.C
—(n+p I)S/Ich(z)lH <z>‘|1_<z’§>|n+ﬁ do(2).

Thus, we have derived

(1= (z, ¢) )Ptz
11— (z, ¢)|"+F

| (&) = f* Kg(O)] = Bﬂ/|VCf(Z)| do(z).
S

In the case where f is holomorphic, we can say a little more. Decomposing the
complex tangential gradient into holomorphic and antiholomorphic parts, we have

Ve = Vi + Vo

where

Viof =Y (E;)E; and Vo.f =) (E;)E;.
J J
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If f is holomorphic, i.e., Vc f = Vo, f, then it follows that

ap(f (&) =[x Kp (@) :/divt(Hﬁ’gvo,lf)Cﬂ((z,C))dG(z)
S
= / (HP<0,1 7. ViCa((z, £))do ()

S

= /(%,17, Vo.1Cp((z, EN)HP (2)do (2) .

S

Notice that if G is a real-valued function defined on S, then |VcG|? = 2|V, (G|
Therefore, we have proven in the case where f is holomorphic that

1

V2 (1 — Iz, 912
10 =1+ Kp(©Ol = By [ IVef @ T do o).

S

We now turn to the proof of Theorem 3.3.
PROOF OF THE REPRESENTATION FORMULA (THEOREM 3.3): Let A < 1.
Let =e; = (1,0,...,0). We show first that for any f € C*(S)
. 3 do(z)
ag f(e) = f111—>m1 / —Lpe f(2) W
S

do(2)

_1\2 B.e1 S
+m+p—1) /f(z)H @ =
S

Let
q)ﬁ,A(Z) = |1 — AZl|_(n+ﬁ_l) .

We integrate by parts (see [35, 18.2.2, eq. (4)]) and see that this is equivalent to
showing that

ag f(er) = /141—>m1{/ —f (@)L, Pp a(z)do (2)

S

+(n+B—1)7? / f(z)Hﬂ’e‘(z)dDﬂ,A(z)do(z)} .
S

In other words,

apbe, = lim{ =L @p.a() + (1 + B = ?HP ' ()Ppa(2)}.
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A straightforward calculation based on Lemma 3.1 shows that
Loy Ppalz) =
HP(2)(4(1 — |21/ DDy —2(n + B — D(z1D1 +721D1)) Pp a(2) .
More computation gives
Lpe ®palz) =
(n+ B = D [HP' (@) @pa(2) + (A* = DHP(2)Ppi2,4(2)].
Integration by parts shows that

/ﬁﬁaequﬂ,A(Z)dG(Z) =0
S

for all A < 1. From this it follows that

B 17 / HP (2) 4 (2)dor(2) =
S

(A7 =1 / HP 1 (2)®g12,4(2)do (2)
S

for all A < 1. It follows that
(A* = DHP' (2)Dp10 4(2)do (2)

converges in the weak-star topology on C(S) to ¢ - §,, where

c=—m4B—1) / HP ()51 (2)do (2) = —ag .
S

This gives the formula for { = e;.

Now let £ € S and let V be a unitary transformation such that Ve; = ¢.
Let Cpo(2) = C({z.£)) 50 Cpe(V2) = Cp((z.e1)). Since (f o V) % K(e)) =
f*K(Vey) = f *x K(¢), it follows from the formula for e; that

ag(f(&) = f*Kp(0)) = /diVI(Hﬂ)eIVC(7O V))Cs((z, e1))do (2)

S

= /(H’“(VZ)V«:(TO V)(2), Vi(Cpc 0 V)(2))do (2)
s

/ (Ve HH(V2), (VeCp o) (V) HP S (V2)do ()
S

= /((%7)(2), VeCp o (2))HP (2)do (2) -
S
This completes the argument and then Theorem 3.3 follows. U
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Remark. By considering a class of quasi-linear subelliptic differential operators
involving the complex tangential gradients on S, we can find an alternative way
to derive Theorem 3.3. This is not hard to do since we already know a priori the
form of the fundamental solutions to such quasi-linear subelliptic equations from
this representation formula (Theorem 3.3).

4 The Distribution Function of the Kernel

We will need to use the rearrangement of functions on S.

Suppose F is a nonnegative function defined on S. Define the nonincreasing
rearrangement of F by

F*(t) =inf{s > 0: Ap(s) <1},
where Ap(s) =o({u € S : F(u) > s}). In addition, define

F*@t) =1! / F*(s)ds .
0

Suppose g is a nonnegative function of one complex variable. For each ¢ € S
let g.(z) = g({z,¢)) for z € S. Since the measure o is invariant under unitary
transformations, the nonincreasing rearrangement (g.)* is the same for all ¢ € S.
In the sequel, we will omit the subscript ¢ and simply write g*.

Now let U = f *x g be the convolution on S. It is easy to check that the
following version of O’Neil’s lemma [30] regarding rearrangement of convolution
of two functions holds on S:

LEMMA 4.1 Suppose U = [ x g on S. Then
U*(t) < U™ (@) <tf*™()g™ (1) +/ fr(s)g*(s)ds .
t

In order to use O’Neil’s lemma, we will need to estimate the distribution func-
tion for various kernels.

Define the measure dm on the unit disk D = {A € C : |A| < 1} by
dm() = (1= A" dAM)
where dA(A) = c,dA(X) and ¢, = (n — 1)~ Let

@.1) Kpu(h) = (1 — AP
: B.o - |1 _ A|n+ﬂ—o{

and
E, ={|A] <1land Kgq(A) > t}.
Set

m(E,) = f (= A2 dA() .
E;
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Observe that for £ € S
o({z €S: Kpo({z, ) > t}) =m(E,).

LEMMA 4.2 Let

n

cn [T 2cos )= "2 de

Agy =

4.2)

o(aatrap(TEU e nte 1))

2(n — o) "2
The following estimate holds:

m(E;) < (Agq) 't75

PROOF: ForO0 <o <n, B > 0,and t > 0, the set E, is

E, ={Al <1, Kgo(X) >1}.

1479

Use the change of variables w = re’® = (1 — A)~!. Then the disk D is mapped to

the half-plane
H = {re" : rcos > %}
and
dA(L) =r>drde,
(1 =12 =r"2Q2cost — 1),
and therefore
dm(}) = c,r " (2rcos® — 1)" 2 drd6 .

Furthermore, the set E; is mapped to the region
. 1\*?
H, = {re’9 : (2cos9 - —) Y > t} NnH.
r

Since
dm}) < c,r " (2 cos0) 2 dr do
and
H; C {reie : (2cos0)Pri e > tyNH

C {re'’ : (2cos0)Pr % > 1, —% <0 < %},
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it follows that

z (9]
m(E,)SC,,/ f o hdr - (2cos0)" " do
[—L— ]«

(2cos0)B

oy NN

_ o (2c0s0)"2(127F cos™? ) 7= do
n

[SIE]

e
7 2 Bn
=cn't7ie | (2cos@)i-a 2 4o

[SE]

ettt g (M (B —a—Dnta 1
" 2(n —a) 2 )

5 Moser-Trudinger Inequalities for Functions Minus a Potential

In this section, we will first use Lemmas 4.1 and 4.2, and follow the argument

as done in the work of authors [17] in the nonisotropic setting to conclude the
following:

THEOREM 5.1 Ifu(z) = f * Kg o(2), then

W) < Ay (gt f FH(5)ds + f T s ds) .
0

t

Moreover, there exists a constant Cy such that withn = ap

Koo\”
/‘exp(Aﬁ,a (f*iﬂ) )d(f <C(Cy.
J I,

We shall not repeat the proof since it is very similar to that for the case on the
Heisenberg group [17] as long as we have Lemma 4.2 available (see also [1] for an
earlier argument of this type in an isotropic euclidean setting).

Combining Theorem 5.1 and Theorem 3.4, we will derive the following theo-
rems:

THEOREM 5.2 Let

1
m—1 1\\7
B=n((n—Dx T2 2. p(L_2 _ .
2 2

Then there is a constant Cy such that the inequality

/exp<3<m>m)da e
J 1V f N2

is verified for all smooth functions f.
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THEOREM 5.3 Let

ot P ~152n-2 2n—1 1Y)77
By =278 =25 n( (n— u 1272 B = —. 5 .

Then there is a constant Cy such that the inequality

_2n_
/exp(BH<m>z I)do— S CO
J Ve f Nl

holds for all holomorphic functions f on'S.

To prove Theorems 5.2 and 5.3, we first restate Theorem 3.4 using the kernel
Kg . We recall that Ky, is defined in (4.1), Ky is defined in (3.1), and Ag is
defined in (4.2).

PROPOSITION 5.4 Let f > —n + 1 and By = (c,2" P~ B(*2E, 1))~\. Then for
any smooth f

£ — £+ Kp(@)] < Bs(IVef 1 Kypy 1)(©).
If f is holomorphic, then

1) ().

(S]]

1
2

2
(&) = f*Kg(O)] = %Bﬁ(lvccfl * K,

PROOF OF THEOREMS 5.2 AND 5.3: We apply Proposition 5.4 with 8 = n—1
and o = % and get

1f(Q) = f* Kot (O] = Byt Ve fI %K, 1 1(0).

33
Therefore, using Theorem 5.1 we have

2n

/ exp(B(my"l)d(, <c
J Ve f 112

2/ (2n—1)
B- B, <A, 11

202

provided

’

i.e.,

B<B /.4

n—

D=
D=

—1/(2n—1)
n—1

1
-1 1))\
=n((n -2 p( L = .
2 2

=nB
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If f is holomorphic, we use the following:

2
(&) = f* Knr(§)] < §B11—1|V(Cf| * K, 1

and the same argument shows

f = f % Koot \
-_ d
S/exp(BH( Vel ) ) 7=C

provided
2n
i -1\~ %1
By - (vV2ce,B ) <A, 11,
ie.,
In summary, the above argument has already shown Theorems 5.2 and 5.3. U

6 Sharpness of Moser-Trudinger Inequalities
for Functions Minus a Potential

To show that the constants B and By in Theorems 5.2 and 5.3 are optimal, we
need several propositions.

PROPOSITION 6.1 Let R < 1 and let o(1 — R) denote that limg_, ;- o(1 — R) = 0.

Then
(1 —[AH>—2
dA(A
/ R (A)
A<l
=1 ! J,-(14+0(1 —R))
TR g N

where the number J, is defined by

z
J, = (2cos0)**2de
6.1) )

_om-2p 2”_11
2 2

PROOF: Make the change of variables w = (1 — R)(1 —1)~'. Letw = u +iv.
Then an easy calculation shows that

f Qu— (1 = R Y lw|™|w+ R|™*'rdrde
2u>1—R

where w = re'?, which can be written as

/OO / (2cosO — I_TR)Z”_Q 40 dr L4 10
1=R |rei® 4+ R|?n ro ’

2
1-R
{cos 0> 5"}
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where
1 cos’l(%) (2COSQ _ #)M—Z dr
= g |<
LR J—cos™1 (158 lre’” + R|™" r
and

00 2 0 — 1-R\2n-2
II:f / (2 cos - L ) do ﬂ
] |ret? + R|" r

{0099>1;—R}
3 (2cos )2 dr
do —
|re‘9 + R|?n r
=C < 0.

1

To calculate I, we make the change of variable »—' = ¢’ and write

) 2 cosf — (1 — R)e'))n—2

logﬁ cos’l( 5 _
1= - do |dt.
/(‘) [/;COSI(LZ_R)) |e—t+10 + R|2n :|

Now make the change of variable

t 2\
x = 5 SO t_log< )

and get

cos—l((l R)l -x) 2 P _R xan2
1—10g< )/[ (Cois( , ) dodx .
K ozt |(E)re 4 R

By the dominated convergence theorem

1 -1
A (lg(m)) o=

where we recall J,, is given in (6.1). This proves the proposition.

1483
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We now define

1\ 1
— (1 Jog ———
fr(@) <0g1—R> Ogll—le

Then an easy calculation shows that we have the following:

PROPOSITION 6.2

VAL

1 —Rzy|’

1
Ve fr(@)| = R(log — R)
(Ve fr (D) lla) 7

e 1 —1 2—311 (1 _ I)‘|2)2n_2 dA~()L) —2,11,1
= 0 - -
S1-R 11— RAP
<1

A<

1 -1\ mt 1 =
= (r(1 ] T (1400 =R .
( (Ogl—R> ) <°g1—R ( o )>)

Furthermore, we have the following:

PROPOSITION 6.3

(1) fr* K,_1(z) = Ouniformlyinzas R — 1.
Gi) If|z1 — 1| < 1 — R, then

1
fe@z 1+ 2 — =140(1-R).
0_

1-R
(i) o{z:lz1— 1| <1 =R}=c(l4+0o(1-R)A—-R)">c(1—-R)".

The proofs of Propositions 6.2 and 6.3 are not hard and we omit the details.

With these preparations, we will be able to show the sharpness of the con-
stant B.

PROOF OF THE SHARPNESS OF B IN THEOREM 5.2: Suppose now that

f = f o Kot |\ 5T
- d C
S/“"@( Ve f T ) ) 7 =00

for all smooth f. Let Qg ={z:|1 —z1| <1 — R} and 0(QpR) = '[QR do. Then

2n
2n—

1 —o(1 — R)\ 2T
o (Q2g) exp| B Ve falon <Cy.
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Therefore,

Bl —o(1 = R)FT < log(Co- o(2) ™" (IVe fillan) #7

1 1\
<|logC 1 11
_<0g o+n0g1_R> <Ogl—R)

(endy - (14 0(1 — R))) %1 - R7"T
= [n+o(1 = R)]- (s - Jy(1 + o(1 — R))) 5T - R%T

Let R — 1 and we get that
,B =< n(cn-]n)znl__l =B.
O

To show that the constant By is sharp, we abuse the notation fx again and
define

1\ 1
fR(Z)=<10g1_R> 'logm-

Then we have the following:

PROPOSITION 6.4

VAL

1 — Rz’

1
Ve fr(@)] = Rﬁ(log — R)

2n_
(Ve frll2n) 2T

1\
(esn(m ) )

A<l
—(ﬁR(l : 712'%1 Lo 1R)2"ll
= Ogl—R) ) <0g1_R-n-<+0(— )) .

Moreover, we have the following estimates:

23"1< (1 _ |A|2)2n—2

1
. T
TN dA(A))

PROPOSITION 6.5

(1) fr * K,_1(z) = Ouniformlyin zas R — 1.
(i) If|z1 — 1| < 1 — R, then

1
IfR(Z)IZI-i-1 2—=1+o0(1-R)
o

1-R

on|zy—1 <1—R.
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PROOF OF THE SHARPNESS OF By IN THEOREM 5.3: Suppose now that

f = f % Kot \ 71
- d
S/exp(ﬁ< Vel Ton ) ) o=G

for all holomorphic f. Repeating the previous argument using the test functions fx
gives the upper bound 8 < n27571 (c, Jy) w1 = B g This completes the proof. [J

7 Moser-Trudinger Inequalities for Functions
Minus the Average: Theorem 1.1

In Section 5, we derived the constants for the Moser-Trudinger inequalities
stated in Theorems 5.2 and 5.3. In Section 6, we proved the sharpness of those
constants. However, we note that the inequalities involve | f — f % K,_| rather
than | f — fs f do|. The goal of this section is to show Theorem 1.1, stated in the
introduction. This will follow from Theorems 5.2 and 5.3 combined with Proposi-
tion 7.3 below.

We first show the following:

PROPOSITION 7.1
M (f * Ko1)(2) = (Mji f) % Kn_1(2)

and .
Mi(f * Kuo1)(2) = (M f) % K1 (2)
where
o =" _; (=" (=0T whenn #3

n—

and B
Kua) =22 L loed _n):,) whenn =3.
2 a-n7T

Moreover,

| M (f * Kn—1)(@)| < C(f * J)(2)
and o

IMj(f * Ky-1)(@)| < C(f * J)(2)
where

JO) = ———.
|1 — A"z

PROOF: We first note

fx Ky1(2) Z/f(C)Kn—l((Z,é“))dG(C)
S

and K,,_1({z, ¢)) = K,—1({¢, 2)).
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Then it follows from this identity that

M3 K,1((z, €) = =M K,-1((2, £))

where
e o0 =90 4 omi—gd _g
T My 0 TS ° &k i 0&;
Using integration by parts, we get
1 1
M (f % Koo (@) = / f(é)[Mfk el nl}do(s)
4 (I—=(z, &) 7 (A—-(§2)>
n—1 Z& — & 1
= f(é)[ - T nl]da(é)
S/ 2 U-ET -7

= (Mjif) * Kuo1(2).
Using the second equality above and noticing that
D IzE - wE P =D (IGPEP + P15 P) - D Gk — wzigig)
ik Jk Jjk

=2 -2z, &)
=2(1+ {z, &)DA — [{z, &)

=41 =Kz &)l
we have
e 1
1Zj6k — z1§jl < Cl1 — Al
Combining this with the second equality above gives
Mk (f * Kn—1)(@)| = C(f * J)(2)

where
1

JO) = ——.
|1 — A"z

Similarly, we can show

M (f * Kno)@) = My f) * K1 (2)
and
Mi(f % Kao)(2)] < CI(f % D))
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PROPOSITION 7.2
|M (M (f % Kue))(@)| < CIMji f1 % J (2)

and
| M (M ji(f % Kye)(2)] < CIM i f1 % J (2) -

PROOF: We note that

M (M (f * Ku—1))(2)

= M (M f) % Ku1)(2)
- / My f (@) T R (2. £))do ()
S

-1 70, — i 1
_n . [M,-kf(g)[ Gk U m}w(;).
J (1= ()T (= (z )"

So the estimates follow.
PROPOSITION 7.3 Let fs Ve fI*" do = 1 and assume fS fdo =0. Let
F=/fxK,.

Then
[Fllee <C.

PROOF: Suppose now that F = f % K,,_; where

Vef € L and /|V@f|2"a’a:1.
S

We will show that if ¢ < oo then

1
q
(/ |VtF|qu> < ClIVe fllzn -
S

We observe that if NF = 3~ (z; D — Z;D;)F, then
IViF | = [VeFP + INFJ?.

But

(n—DNF ==Y [Mj, MylF,
ik
and each commutator is of the form

MMy F — MMy F = My (Mj(f * Ku—1) — Mju(Mjx(f * Kaz1))
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and it follows from Proposition 7.2 that

I((INF)(2)| = C(IVe fl* ))(2) = / Ve £F1(6)J(z, £)do (§)
S

where

J) = ——.
1= A

We also note that
M F(z) = My (f * Kuo)(2) = (M f) % K21)(2)

and
C

=< .
— AT = A

1K1 (M)] < 1

Thus, the estimate
IViF ()] <= C(IVc fl* J)(2)
holds.
Now if K (z,¢) = J({z, ¢)), it follows that

2
/|K(Z,§)|3d0§Mx<oo for s < nl: "
n—s 2n-—1
S

Let € = g~'. Then there is a constant C, such that

(f |VtF|‘1da>q < Cq(f(|v((:f| * K)qdo—)q
S S
<C, (f Ve fI*" do—)q =G,
S

g '=Cn) s —1=e.

because with s ! = % + €,

1489

We have now shown that |V F| is in L?(do) (with norm less than a constant de-
pending on ¢) for any g < oo. Let ¢ -z = Re(¢, z) denote the real inner product on
R?". Using the well-known integral representation formula for the real sphere (S
is considered to be a (2n — 1)—dimensional real sphere) in terms of the tangential

gradient V,F', we have

|F<z>—/Fda| s/WtF(c)«G(c . do(0),
S S
where

G 7)< —— .
I1—¢ 23
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If [( fdo =0,then [ f %+ Kdo =0, ie., [ Fdo =0. We also note that
201 —¢ -z =15~z onS.

By choosing ¢ sufficiently large (and thus its conjugate ¢ is very close to 1), it
follows that

|F(2)| = / IViF(O1- G(E - 2)do(£)
S

< (fth(c)mdo)q : (/|G(;-z>|q/ do(g))q
S S

<M

where M is independent of F or z. 0

Using Proposition 7.3, we can immediately deduce the sharp Moser-Trudinger
inequalities, Theorem 1.1 stated in the introduction, from Theorems 5.2 and 5.3.
Indeed, given [y fdo = 0 and [ |Vef[*"do = 1, we have ||F|» < C for
F = f % K,_,. Therefore, combining Theorems 5.2 and 5.3 with this, we can
conclude the Moser-Trudinger inequalities in Theorem 1.1 with the same constants
B and By as in Theorems 5.2 and 5.3. The sharpness of these constants for such
inequalities as in Theorem 1.1 follow the same argument as in Section 6.

8 Proof of Theorems 1.2 and 1.3

We now give the proof of Theorem 1.2 using Theorem 1.1. Write

f - fS -1
2n(f — fo) = (6 o )€ @) - IVeflian) -
Vel ) )
Using Holder’s inequality with the exponents p = 2311 and p’ = 2n, we get
2n—1 f — fS P 1/ —1 2n
2n(f = fs) < <€ : ) + @2n)~ (e @n) - Ve fll2n) ™ -
2n Ve fll2n ( )

Taking € = (Bp)?"~Y/?" and using the Moser-Trudinger inequality in Theo-
rem 1.1, we get

/ A8 4o < Cy - exp(2m) (€' @n) - Ve fllan)?).-
S

Inserting the value of €, we conclude the first part of Theorem 1.2.

The proof of the second part of Theorem 1.2 for holomorphic functions is the
same by using the second part of Theorem 1.1.

Theorem 1.3 is an immediate consequence of Theorem 1.2.
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We now end this section with the following remark. The interest of the func-
tionals /(f) and J(f) lie in the fact that the term || V¢ f||2, is conformally in-
variant. This can be seen in the following way: Let V'f = Zk(EkT)Ek; thus
(Ek, E;)o = dkj under the inner product defined by the standard Hermitian metric
(+, -YoonS. Let (-, -); = g- (-, -)o be the inner product defined by the con-
formal metric where g is a function. Thus, (g='/?Ey, g7'/?E;)1 = &;, and the
subelliptic gradient associated with the new metric is

_1 _1 _
Vif=) g Ef g E=g" Vf.
k

and under the inner product associated with the new metric we have

(VIEV ) =g VL V).

Note that do; = g" doy on S, where do; and doy are the volume elements associ-
ated with the new and old metrics. Thus, we can see that || V¢ f |2, is conformally
invariant. We will further investigate this conformal invariant in the future.
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