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Abstract Let o be a real number satisfying 0 <« <n,0 <t < o, a*(t) = % We
consider the integral equation

a*()—1
u(x) = ui(y)dy’ 1)

A [y[f]x — y["—@

which is closely related to the Hardy—Sobolev inequality. In this paper, we prove that every
positive solution u(x) is radially symmetric and strictly decreasing about the origin by the
method of moving plane in integral forms. Moreover, we obtain the regularity of solutions
to the following integral equation
lu()Puly)
u@x) = | @
Iyl =yl
RV!

that corresponds to a large class of PDEs by regularity lifting method.

Mathematics Subject Classification (2000) 35B06 - 35B65

1 Introduction

In this paper, we consider a class of integral equations related to the Hardy—Sobolev inequal-
ity. Let o be a real number satisfying0 < o < n,0 <t < o, a*() = % Let R" be
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564 G.Lu, J. Zhu

n-dimensional Euclidean space. The main purpose of this paper is to study the symmetry and
regularity of extremals of the following integral equation:

a*(t)—1
u(x) = ui(y)dy. 3)

2 [y[']x — y["—@

‘We will show that solutions to the following differential equation of fractional order satisfy
the above integral equation (3):
(—0)fu="0 iR
u >0, @

ue H32(RY),

where flull 5o = [((1+ L)Vl 2.
When t = 0, (3) becomes

u(x) = / P W ) . 5)

|}’I(X

The integral equation (5) arises as an Euler-Lagrange equation in the context of the
Hardy-Littlewood—Sobolev inequality which has been extensively explored by Chen, Li and
Ou [10] and Li [17] recently, where regularity and extremal functions of (5) are also obtained.
(5) is actually equivalent to the following partial differential equation

n+a

(— A)Zu—una. (6)

When o = 2 and 0 < t < 2, the differential equation (4) and the integral equation (3)
are closely related to the well-known Hardy—Sobolev type inequalities. Such inequalities
of second order have been extensively studied by many authors (see [3,6,7,13,20] and the
references therein).

In fact, when ¢ = 2 and ¢ = 0, (3) is closely related to the Euler-Lagrange equation of
the extremal functions of the classical Sobolev inequality. Namely, (3) turns out to be the
corresponding integral equation of the well-known Sobolev inequality

n—2
2n 2

2
/|u|n—z dy <C /|vu(y)|2dy
Rﬂ

R~

where the best constant C and the extremal functions were identified by Aubin [2] and
Talenti [23].

Moreover, when « = 2 and 0 < ¢t < 2, (3) is closely related to the Euler-Lagrange equa-
tion of the extremal functions of the classical Hardy—Sobolev inequality which is a special
case of Caffarelli-Kohn—Nirenberg inequality [5]. The classical Hardy—Sobolev inequality
is stated as follows: There is a positive constant C such that

%m
|u|2 (t)

T < c/|vu<y>|2dy @)
l er
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Symmetry and regularity of extremals of an integral equation 565

for any u(x) € D'2(R"). Furthermore, the best constant in (7) is achieved and the extremal

function is identified by Lieb [19] up to dilation and translation by
1
ux) = ———.
(L+ [xP) %

We should note that the inequality (7) is a special case of the following more general Caf-

fﬁrelli—Kohn—Nirenberg inequality [5]: If 0 < a < %, a<b<a+1l,p= Wn(b—a)’
then
P
Ju ()P )
[ Hdx | = Cus [ 1 vuwPds ®)
R® Rn

for any u € C3°(R"). Positive solutions of the associated Euler equation to (8) on an appro-
priate weighted Sobolev space turn out to be symmetric and they can be identified explicitly
by solving an ODE and they are of the same form as in the case @ = 0. We refer the reader
to [6,7], etc.

In Sect. 1, we prove the following theorem by the moving plane method in integral forms.

2n
Theorem 1 Assume u(x) € L (R") is a positive solution of (3), then u(x) is radially
symmetric and strictly decreasing about the origin.

2n

In fact, we will derive the same result under the weaker condition that u(x) € L], * (R") as
indicated in Remark 2.1.

It is well known that the moving plane method was invented by the Soviet mathematician
Alexandrov in the 1950s. Then it was further developed by Serrin [21], Gidas et al. [15],
Caffarelli et al. [4], Chen and Li [8], Chang and Yang [14] and many others. Recently, Chen
et al. [10] applied the moving plane method to integral equations to obtain the symmetry,
monotonicity and nonexistence properties of the solutions to the integral equations, see also
Li [17] using moving sphere method. Instead of the extensive use of maximum principle of
differential equation, moving plane method in integral form explores various specific fea-
tures of the integral equation itself. By virtue of Hardy—Littlewood—Sobolev inequality or
Weighted—Hardy-Littlewood—Sobolev inequality and comparison of solution to the integral
equation (3) and its reflection with the plane, the plane can be started to move from infinity.
Furthermore the plane has to be moved to a critical point. Hence symmetry and monotonicity
properties of solutions to (3) are consequently derived.

In Sect. 2, we study the regularity of extremal functions of the following integral equation

wiy = [ JmoPu) ©

A [y[']x — y["—e

where p > 0. In [11] and [17], the authors consider the nonnegative solutions of the above
integral equation in the case t = 0 and p = ’12_010(' They prove u € C®°(R").
In this paper, we consider the symmetry and regularity of solutions to the integral equation

(9) in the case 0 < t < «. Thus, the second main result of our paper is as follows:

Theorem 2 If u(x) € L%(R”) is the solution of (9), then u(x) € L*°(R"). Moreover
u(x) € Cle=thB(R" forany B < a — t — [a — t]. In particular, u(x) is C*® in R* \ {0},
where [a — t] is the greatest integer function.

@ Springer



566 G.Lu,J. Zhu

If p = a®(¢t) — 2, then % = n2 > which is exactly the critical Sobolev imbedding
exponent of H %*Z(R”). If « = 2 and p is as above, our Theorem 2 provides a new proof
of regularity of extremal function of Hardy—Sobolev inequality, since we prove it through
the corresponding integral equation. See [20] for Holder’s regularity of solutions of (4) in
case of @ = 2. Moreover our Theorem 2 not only proves the regularity of extremal function
of (4), but can also be applied to regularity for more general integral equations or correspond-
ing partial differential equations. The method used here is called Regularity Lifting theorem
based on contraction map theorem. The related lemma is presented in Sect. 2. It is a simple
method to boost regularity of solutions. We refer the reader to [11] for more details.

In Sect. 3, we will study the relations of (3) and (4).
Theorem 3 If u(x) is a solution to (4), then u(x) satisfies (3).

In [10], the authors prove the equivalence of (5) and (6), namely the special case of t = 0.
We will prove that (4) and (3) are actually equivalent in Sect. 3. Moreover, if « is an even
number, we then give a new and relatively easy way to derive (3) from (4) by choosing an
appropriate cut-off function.

Combining Theorems 1 and 3, we get the following

Corollary 1 Assume u(x) € anfna(R”) is a positive solution of (4), then u(x) is radially
symmetric and strictly decreasing about the origin.

Throughout this paper, the positive constant C is frequently used in the paper. It may differ
from line to line, even within the same line and it has nothing to do with u(x).

2 The proof of Theorem 1

For the convenience of the reader, we present the following Weighted Hardy-Littlewood—
Soboley inequality (see [16]).

Lemma2l Letl <I,m <00,0 <v<n,t4+8 >0, %+%+”+ﬁi = 2 and
1—L_r< % <1-— rle Then the weighted HLS inequality states

S @)g(y)
dxdvy| < C m _
‘//I)d Tlx — yl'|y|8 Y= Clfllem gl

The Weighted Hardy-Littlewood—Sobolev inequality can also be written in another form.
—_ g(y)
Let Tg(x) = [pn T dy, then
ITg) Ly = supyfim=1 <Tgx), [f(x)>=Clgly, (10)

where%—i—”"i_l—i—f f—i—f_l

*m
In order to prove our theorems we first introduce some notations. For any real number A,
define

Sh={x=(1,x2,...,%), X1 <A},
T)L = {x|x1 = )\}.

Letx € X, and x;, = (2A — x1, x2, ..., X,). Moreover, define u) (x) = u(x,).
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Symmetry and regularity of extremals of an integral equation 567

Lemma 2.2 For any solution u(x) of (3), we have

uot*(t)—l(y) uz*(l)*l(y)

1 1
u(x) — u; (x) =/[ - 1l - ldy. (11)
J lx = y["™* o=yt [yl [yal
A
Proof Since |x — yi| = x5 — yl,
L2 0-1 L 01
u(x) = ti(y),dy A—(y),dy,
[y[flx — y|"—« [yallx — yal"—@
a*(n)—1 ua*(t)—l
u(e) = Lj ) dy ? o) dy.
[YI"lxa — y[*—¢ E [yalflx — y[*—¢
N s

By considering u(x) —u(x;) and making a simple calculation, the proof of the lemma is
completed. O

We now outline the ideas of the moving plane method in our proof. To prove Theorem 1,
We compare the value of u(x) with u, (x) in ;. The proof consists of two steps. In step 1,
we show that for sufficiently negative A,

u(x) < up(x). (12)

Thus we can start to move the plane 7} along the x| direction continuously from near negative
infinity to the right as long as (12) holds. In step 2, We show that the plane can move to the
limit case x; = 0, hence u(x) < ug(x) for x € Xg. If we choose to move the plane from
positive infinity to the left and carry on the same procedure as done in Steps 1 and 2, we can
also prove that u(x) > ug(x) for x € R" \ Xg. Therefore u(x) is symmetric about the plane
Tp. Since the direction of x| can be chosen arbitrarily, we deduce that «(x) is symmetric and
decreasing about the origin.

Proof of Theorem : Step 1: We show that for sufficiently negative A,
u(x) <u(x;), Vxex,. (13)
Define
wy (x) = u(x) — ulxy)
and
X, ={x € Tylulx) > uxy)}.

From Lemma (2.2), we have

1 1 ua*(t)—l *(t) 1
u0) —uln) = / (Ix—yl"“" - m—yw—“) AT

AES
ot ) [
e L Iyl |yl
by
@Sprlnger



568 G.Lu,J. Zhu

Since [x — y| < |x; — y| and |y| > |yx| in X;, by the definition of X,

1 1 prO-1 _ ”i*m_l
u(@) — u() < / ( - ) dy.
NS S B Vi U Iyl

zy

Moreover, from the Mean Value Theorem,

1 1 a*(1)—2
ulx)—ulx) < C — U (u —uy)dy. (14)
lx =y~ |yl
e

By virtue of the Weighted—Hardy-Littlewood—Sobolev inequality, i.e. Lemma 2.1 (see also

. N . . _ 2
(IO)h) in the case of T = 0in (14), for any ¢ > " (without loss of generality, let g = =),
we have
a*(1)—2
||wk||Lq(z_A—) <Cllu wk”L%(z;)'

Then from Holder’s inequality, we get

2(a—1)
lwall sy < Cllull "5

L—a (

- ||w)»||Lq(2;)-

78
2n
Since u € L»—« (R"), we can choose sufficiently negative A such that
2(a—1)

Cllull "% <=z
Li=a (%) 2

Therefore
1
”w)»”Lq(z:;) = §||wk||Lq(2;)~

This implies ¥;,” must be of measure zero. Hence (13) is verified.
Step 2: Assuming that the plane can move to the critical point Ao < 0. If there exists some
point xg in X, such that u(xo) = uy,(xo), from Lemma (2.2), we have

* *1)—1
1 1 ][ua -1 g

[xo = y["™%  Jxp, — "¢ [yl [l

0 = u(xp) — up,(xo) = / [

2)‘0

ldy.

Let x;, = (x0)a,- Since |y| > [y;,| in Xy,

u(y)? 01 _ Uy (Y)* 071
[yl [Vao !

inE,\O.

Moreover |xo — y| < |x;3, — y| in X, we infer that
ux) =up,(x) =0, Vx € Xy,.
This also implies that u(x) = 0. But it is impossible. Hence
u(x) < uzy(x), Vx e Xy,.
We Claim that
Ao = sup{Alu(x) —up(x) <0, Vxe %} =0. (15)
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Symmetry and regularity of extremals of an integral equation 569

If not, i.e. 19 < 0, we prove that the plane can be moved to the right a little bit further. Since
2n
u € L=« (R"), for any small €, there exists a large enough ball Bg (0) such that

2n
un—<a dx < e.

R™\Bg(0)
By virtue of Lusin’s theorem, for any §, there exists a closed set Fs such that wy, |, is con-
tinuous, with F5 C Bg(0) () Xy, = E and m(E — Fs) < 8. As wy,(x) < 0 in the interior

of Xj,, Wi, (x) < 01in Fs.
Choosing € sufficiently small, for any A € [Ag, Ao + €1), it holds that

w) < 0, Vx e F,s.
It follows that, for such A,
T, CM:=R"'\Br(0) U(E\ Fs) UI(Z \ ;) NBr(O)].

Choosing €, § and €| so small and from the absolute continuity of integration, we have

2(a—t)
Cllull "5 =
Ln

— (M)

N —

Finally

2(a—1)

1
— < ( n—o _ — _
||w}»”Lf1(EA) = ”u”an—"a (E;)”wk“m(zl) < 2”w)\”L‘1(EK)'

This again implies X, must be empty. It contradicts with the assumption that 19 < 0.
Therefore, (15) is verified.

On the other hand, we can also move the plane from positive infinity to zero by the similar
procedure, hence u(x) is symmetric and monotonic with respect to x; = 0. Moreover, since
the x| direction can be chosen arbitrarily, u(x) is radial symmetric and strictly monotonic
with respect to the origin. We thus have completed the proof of Theorem 1. O

Remark 2.1 Since (3) is invariant under the Kelvin transform, we can also prove that u(x)
2n

is symmetric with respect to the origin under a weaker assumption that u(x) € L% (R").

loc
Assume
@) 1 X
v(x) = ul—-s=1»,
e\ x?

2n

then v(x) satisfies (3) and v(x) € Ly-* (2), where 2 is any domain with positive distance
from the origin. Carrying out the first and second steps for v(x) as we did before, we conclude
that v(x) is symmetric and monotonic with respect to the origin. This implies that u(x) is
symmetric with respect to the origin.

3 The proof of Theorem 2

In this section, we prove the regularity for functions satisfying (9) by the contraction map.
We present the regularity lift lemma below. See also ([9]).
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570 G.Lu,J. Zhu

Let Z be a given vector space, ||.||x and ||.||y be two norms on Z. Define a new norm

II.lz by
Iz = 5% + 1015

For simplicity, we assume that Z is complete with respect to the norm||.||z. Let X and Y be
the completion of Z under ||.||x and |.||y, respectively. Here one can choose p, 1 < p < oo,
according to what one needs. It’s easy to see that Z = X [ Y.

Lemma 3.1 (Regularity Lifting) Let T be a contraction map from X into itself and from Y
into itself. Assume that f € X and that there exists a function g € Z suchthat f =Tf + g,
then f also belongs to Z.

Proof of Theorem 2: We define a linear operator

lu()Pw

L) = [ e = ype
R}’l

For any positive real number a, define

Uug(x) =u(x), if|lu(x)| > aor|x| > a, (16)
uqs(x) =0, otherwise.
Let up(x) = u(x) — uy(x). Since u satisfies (9),
[ualPuq
Ua(0) = [ ey 1), (17

[yIf]x — y|"
RH

P
where 1(x) = [ itttz dy — up(x).

Asto I (x), for s > -2, we Claim that

1(x) € L®R") ﬂ LS (R™Y).
Obviously, up(x) € L®(R") () L*(R").

Thus, we only need to prove A(x) := [ %d}) € L®@®R") N L*(R").
By the definition of u; (x), for Vx € R",

1
A <C ——dy.
A= /‘M%—ﬂ““y

[yvl<a

If x € R" \ B2 (0), |x — y[ = ||, then

1 1
| o< [ g <o

[yl<a lyl<a

If x € By,(0),

1 1 1
[ s | et [ ot

[yl=a lyl=a [x—y|<3a
hence A(x) € L°°(R"). Using Weighted Hardy-Littlewood—Sobolev inequality,

TAGONLs < NuplPupll, ns

L as+n—st (B,) < 00,
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Symmetry and regularity of extremals of an integral equation 571

then A(x) € L*(R"). Therefore, we have proved the claim.
Next for any ¢ > ", we show that T,,,w is a contraction map. Applying the Weighted
Hardy-Littlewood—Sobolev inequality and, then Holder’s inequality, we get

p P
1 Tu, wllLe < |lluql wllLaﬁTq[ = llual ™Il oo wllLa- (18)
. np .
Since u(x) € Lo, for sufficiently large a, we deduce

1
1w, w®llLe = Zliwllze, 19)

which shows that T, w is a contraction map. Applying (19) to both the case of ¢ = %
and the case of any go > ;*—, and by the contraction map lemma (i.e. Lemma 3.1), we can
conclude that u, € LY () L.

Furthermore, we Claim that u € L°°(R"). Since u(x) = uqs(x) + up(x) and up(x) €
L (R™), we only need to verify u,(x) € L®(R"). Due to (17) and I(x) € L™ (R"), itis
equivalent to verify that

B L |ua|pua d L®°(R"
(= [ i = ypa® € ETED:
R”
Note
o= [ ey / ot 20)
X _— _— .
=) ik —ype® Iyl — ype
B4 (0) R\ BB, (0)
If x € R" \ By, (0), then |[x — y| > |y| and
|ua|p+1 |14a|erl
/ i —ype = e @Y =0 @b
B, (0) B, (0)

by Holder’s inequality with the help of u, € L4 () L9°.
If x € By, (0), similarly

|uu|p+l dv < |ua|p+l d |uu|p+l d 2
i e @5 | pem @ ) e = G2
B4 (0) B (0) B3q (x)

by Holder’s inequality and the property that u, € L7 (| L1°.
Combining (21) and (22), for any x € R”, we derive that

|ua|p+]
T n—a dy < Q. (23)

[y lx =yl

B, (0)
Next, for Vx € R",
|“a|p+1 1 |ua|p+1 d
i =y @ = ar [ e
R™"\B, (0) B, (x)

p+1
n / |ial dy.

[y|f|x — y[—e
(RM\B (0) N(R™\ By (x))
(24)
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By virtue of Holder’s inequality, it is easy to see that

1 u p+1
— Ldy < 0. (25)
al J x—yre
Ba(x)
Since
/ LA / el
Iylflx —yl"=« =~ |x — y[rmott
(R™\Bg (0)) N (R™\ By (x)) R™\By (x)
|ua|p+1
Iyp—ott 4
R™"\B, (0)
we can also prove that
|”a|p-H
3T x —ype =% 20

(R"\Bqg (0)) N(R™\Bq (x))

by Holder’s inequality and the estimate u, € L7 (| L1,
Through (24), (25) and (26), we deduce that

|ua|p+l
—————dy < . (27)
[ylflx — y["=«

R\ B, (0)
Therefore, from (20), (23) and (27), we have B(x) € L°°(R"). Hence the claim that u(x) €
L°°(R") is verified.
To show the higher regularity, we first show that u(x) € C*°(R" \ {0}).
For any x € R" \ {0}, we choose a ball B3, (x) with radius 3r such that 0 ¢ B3, (x), then

) / lPu oy / P, (28)
u(x) = ——dy ——dy.
[y['|x — y[*—@ [y['|x — y[*—@

R\ B3, (x) B (x)

We show that R(x) := [, () % dy € C®(R" \ {0}).

Let F(x,y) := % XRm\Bs, (x)- For fixed x, if & is small enough, considering

luWPuly) XRM\Bs, (v+he;)  XRU\B3, (x)
‘ F()C + he,', y) - F(x, y) [ (|x+he,~—y|"_” [x—y|—@ )

h h

() 1P XR\Bs, (x-+0her)
IYI|x + Ohej — y[*=e+!

< lu(y)|PH! .
B [y||x + Ohe; — y|r—otl R"\Byy (x)
lu(y)|P !
=¢ [WX&«»
[yl |x — ypr—ott XRNE @UBO) [ -

29)
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Symmetry and regularity of extremals of an integral equation 573

where ¢; = {0,...,1,...,0} is the ith unit vector, 0 < 6 < 1 and € is so small that
Bc(0) N B3, (x) = @. Since u € L (R"), it is easy to verify

|u|p+l
/ [y ffrimar 4y < 00 (30)
Be (0)

for fixed r.
For such fixed r and e, let

|u|p+1 |u|p+1
i =y = / o ypari Y

R\ (B (x)UBe (0)) R™"\B (x)
Ju|PH!
|y|n—a+1+t Y-
R™"\Be (0)
Since u € LY for any ¢ > -2, using Holder’s inequality,
Ju| PH!
lx — y|n—a+1+t dy < 0,
R™M\B, (x)
|u|p+l
(et Y < %0
R™\Be (0)
then
B S 31
DI = yprmed T =% Gh
R\ (B (x)UBe (0))

With (29), (30), (31) and the Lebesgue dominated convergence theorem, R(x) € C 1
(R™\ {0}). Continuing this process,

R(x) € C®@®R"\ {0}). (32)

By standard singular integral estimates (Chap. 10 in [18]),

] Pu
—r————dy € CPI®R" \ {0}) (33)
/ [yl'lx = y|"=«
BZr (.X)
for any 81 < «. Combining (28), (32) and (33), u(x) € chr(rr \ {0}). By the bootstrap
technique, we can prove that u(x) € C*°(R" \ {0}).
The difficulty of regularity occurs around the origin. We note that

) — u(0) el 1 L,
ux) —u = — y
[y|" “lx =yt Jy|te
R"\B2,(0)

+/ |u|pu[ 1 L,
— — .

yIF e =yt yre

By (0)
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574 G.Lu, J. Zhu

Ifa —t < 1,0 € D and the domain D C B,(0), we show that u € C%#(D) for any
B < a —t. Indeed, from the following property

lIx =217 — |y — 2™l < clx — y[P(x — 2177 + |y — 217D,

where ¢ > 0 and 0 < b < 1( see also chapter 10 in [18]),

Ju(x) — u(0)] Ju| P!
S”PxeDT < Csupxep Wdy
R\ B>, (0)
Jue| P!
+ Csu / ——dy.
Peeb | i = ypmets @
]BZr(O)

With the help of Holder’s inequality as in (27), we have

|u|p+1
SUPxeD / Wdy < Q. (34)

R™\B2, (0)

From Holder’s inequality again and the property u € L°°(R"), we show

bt 35
SUpxeD Y x — ypatP y < 00 (35)

B2, (0)

for any 8 < o — t. Therefore, (34) and (35) imply that u € CO#(R").

Ifl < oa—1t < 2, similarly we can prove u(x) € CcB(D) for B < o« — t, then
u(x) € CLB(R"). For more general 0 < ¢ < o, we conclude that u € Cle=tl.B(R") for any
B < a —t — [a — t]. Hence, the proof of Theorem 2 is complete. O

4 The proof of Theorem 3

Proof of Theorem 3:

The proof follows from the properties of the Riesz potential and the Fourier transform
of the Riesz potential and is quite similar to that in [10]. For the completeness and the
convenience of the reader, we include a proof here.

Let¢ € CP(R") and ¥/(x) = [ ‘x‘fﬁ;lla dy.Then (—A)Z ¢ = ¢. Then ¢ € H*(R").

So if u is a solution to the differential equation, then

a a ”a*(t)()’)
/(—A)w(—A)de=/Tw(y>dy.
i i

This implies

a* (1)
/u(x)(—A>%w<x)dx=/ /“ W) g
R'l

yl" |x =y
R}l R}’l

forall¢ € C5°(R"™). Therefore, u(x) = fR,, “a‘;# = \l’l""’ dy,namely, the integral equation
holds. ’
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Symmetry and regularity of extremals of an integral equation 575

On the other hand, if the integral equation (3) i.e. u(x) = fR" % = vll” —dy holds,
then by taking Fourier transform on both sides we get

@ (1) (4
i) = cn|s|—“(”T|f”)@>.

This implies that

(1) (4
E1%0(E) = cn(”Tlfy))(s).

Thus for any ¢ € C3°(R") we have

/<_A>%u¢ _ /(—Aﬁu(—m%zp
R» R~

— / EFREPEE = / (w)(sw)ds

Iyl
RIZ Rll
u® O (y)
= cp / —— ¢ (dy.
ol
Therefore,
a ()
(—aytu ="
[¥]
namely u satisfies (4). ]

We conclude this section by giving another proof of the fact that (4) implies (3) in the
case of @ = 2m, where m is a positive integer.
Proof We argue as follows. By the regularity theorem in [1], u € Wﬁ)"g *(R") for some
1<s < For any x € R", we multiply both sides of (4) by E w" ————%(x — y). The

n+2m
cut-off function ¥ (x — y) = (‘x >') When 0 < r < 1, 7(r) = 1, while n(+) = 0 when
r > 2. Moreover 0 < n)(r) < 21in (0, 2) fori = 1, ..., 2m. Then

O L = =
ylrem 2, [y|Flx — y[r==m

Using integration by parts several times, we have

1 2 —nti ) (X = —i
/”(—A)m(m)w+z’" /ulx—yl”’n‘ ) R
Rn

Rn
:/ @m)*(t)—1 I Y-y

Iyl e — =2
Rn
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2
where C; is some constant independent of u(x). Since u(x) € L =T , using Holder’s inequal-
ity for the second integration,

) n+2m
nznm 2'1
i (0 i . 2n 2n(i—n)
[ =y Ok < cr ([ [ -yt
R* R”? Bor\Br
n+2m
2R 2n
. i=m)
< C;R™ r oat2m Pt -0
R
as R — oo. Therefore,
wn_q 1 1
M(x):/u(Z'n) (r)—1 5 dy.
Iyl" |x — ypr==m
R’l
O
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