L? -Estimates for a Trilinear Pseudo-Differential
Operator with Flag Symbols

GUOZHEN LU ¢ LU ZHANG

ABSTRACT. In this paper, we establish the LP-estimate for a trilinear
pseudo-differential operator, where the symbol involved is given by the
product of two standard symbols from the Hémander class BSY ;. The
study of this operator is motivated by C. Muscalu’s analysis on the flag
paraproducts that is used to investigate the trilinear Fourier multiplier
operator with flag singularities in [11].

1. INTRODUCTION

For n > 1, we denote by M(R"™) the set of all bounded symbols m € L*(R"),
smooth away from the origin and satisfying the classical Marcinkiewcz-Mikhlin-
Hérmander condition

1
|&l

for every & € R™ \ {0} and sufhiciently many multi-indices . Denote by Ty, the
n-linear operator

10%m(&)] =

Tm(fl,---,fn)(x) = J[Rn m(g)fl(gl) e fn(gn)e2ni(§1+---+§n)-x dg,

where € = (&1,...,&,) € R™ and f1,..., fn are Schwartz functions on R, de-
noted by S(R). From the classical Coifman-Meyer theorem, we know T, ex-

tends to a bounded n-linear operator from LP1(R) x - - - X LPn(R) to L" (R) for
1<pi,...,pn<oand 1/pi+---+1/py = 1/¥ > 0. In facg, this property holds
for the high dimensions when f; € LPi(RY),i=1,...,nand m € M(R") (see

(4,7,9]). The case p = 1 was proved by Coifman and Meyer [4], and was extended
to p < 1 by Grafakos and Torres [7] and Kenig and Stein [9]. Moreover, in the
multiparameter setting, the same boundedness property is true (see [12—14]; and
also [2] for a weaker restriction on the smoothness for the multiplier).
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For the corresponding pseudo-differential variant of the classical Coifman-
Meyer theorem, let the symbol o (x, &) belong to the bilinear Hérmander symbol
class BS ?,0; that is, o satisfies the condition

U Ao 1 _
(1.1) 0k 08T (D) = T

forany x € R, & = (&1,...,&n) € R™, and sufficiently many indices ¢, x. We
have the following result.

Theorem 1.1. The operator

Ta_(fl,___’fn)(x) = JRn O—(X,E)fl(gl) e fn(gn)ezﬂi(glJr---JrEn)'X dg

is bounded from LF*(R) X - -+ x LPn(R) to L"(R) for 1 < p1,...,pn < © and
1/pi+ -+ 1/pn=1/v >0, where fi,..., fn € S(R) and o satisfies (1.1).

For the proof of the above theorem, see [1] for the bilinear, high dimensional
case and [12] for the one-dimensional, n-linear case. This boundedness property
also holds in the multi-parameter setting (see [6]). Properties of multi-parameter
and multilinear pseudo-differential operators of Coifman-Meyer type have also
been studied in [8].

For the trilinear Coifman-Meyer type theorem, Muscalu [11] proved the fol-
lowing theorem where the multiplier involved is a product of two symbols and has
flag singularities. That is, for my, m, € M(R?) satisfying

1

(IE] + [nh)yo+h’
1

(Inl +ITHE+Y’

|02 afm, (€, )| <
(1.2)
105 oY ma(n, ) =

for every &, 1, € € R and sufficiently many indices &, B and y, we define

(1.3) Tmym, (f1, f2, f3) ()
= Jw mi (€, Mma(n,€) fi(E) fo() f5(L) 2 END X 4E dn dg,

where f1, f2, f3 € S(R). Then, we have the following result.

Theorem 1.2 ([11]). The operator defined in (1.3) maps LP* X LP> x LP3 — L¥
for 1 < p1,p2,p3 < o with 1/p1 + 1/p2+ 1/p3 = 1/v and 0 < v < «. In
addition, T, m, also maps L XLPXL4 — L5, LPXL®XL4 — LS, L*XLtXL® — Lt
Joreveryl <p,q,t <oandl/p+1/q=1]/s.

Moreover, for the above theorem, the estimates like L® x L® x Lt — Lt or
L® X L® X L® — L* are false; these can be checked if we set f> to be identically 1.
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Our main purpose is to consider a pseudo-differential operator correspond-
ing to the above theorem; that is, let a(x,&,n),b(x,n,C) € BS?‘O be symbols
satisfying the conditions

1
(1+1&] + Inlx+p’
1
(L+Inl+IChHB+y’

0L 0% ha(x,E, )| <
(1.4)

000K alb(x,n, 0)| =

and for every x, &, 1, € € R and sufficiently many indices , B and y, define the
operator

(1.5) Tap(fog, 1) ()
= |, atx & mboxn ©F @G MA@ ENO g dndg.

It is easy to see that the symbol a(x, &, n) - b(x, n, C) satisfies a less restrictive
condition than the condition (1.1) for the symbol o in Theorem 1.1. The main
result of this paper is the following theorem.

Theorem 1.3. The operator Tap defined as (1.5) is bounded from LP' X LP2 X LP3
toL" for 1 < p1,p2,p3 <o with1/p1 +1/p2+1/p3 =1/v and 0 < v < . In
addition, Tap also maps L* X LP X L1 — L5, LP X L*® X L9 — L5, L® X L' XL® — L!
Joreveryl <p,q,t <oandl/p+1/q=1]/s.

The proof of Theorem 1.3 involves reducing the trilinear pseudo-differential
operator with a flag symbol to a localized version, and taking advantage of the flag
paraproducts from Muscalu’s work [11] on the L”-estimates for the Fourier multi-
pliers with symbols of flag singularity. Specifically, we need to prove Theorem 1.3,
which is an equivalent localized version of Theorem 1.3 (see Muscalu and Schlag
[12] for the one-parameter case, and [6] for the multi-parameter setting). More-
over, the key to proving the localized result is that conditions (1.4) allow us only
to consider the dyadic intervals with lengths at most 1 in the flag paraproducts.

More precisely, in Section 3 we will show that our main theorem can be re-
duced to an estimate for a localized operator

T (f,9,h) (x)
- (JR a0 (€, My (n,©) F ©19 (AL EN ) G an T ) po (x),

where @q(x) is a Schwartz function supported near the origin, and ay, by satisfy
a stronger decay condition than the classical Hormander-Mikhlin condition.

In Section 4, we will decompose the operator Toy to some operators of differ-
ent forms. Among these operators, some of them could be reduced to the classical



880 GUOZHEN LU ¢ LU ZHANG

pseudo-differential operators in Theorem 1.1, and the others could be written as
flag paraproducts, which are used in the proof of Theorem 1.2, in the form of

1

(T1(f,9,h) - @) (x) = %W“’ b1)(Bl (g, h), d7) b7 P,
where
1
Bilgh = 2 tesepih iy,

JEJ, |w}lslw}

but with dyadic intervals having lengths at most 1. Then, by taking advantage
of the flag paraproducts mentioned above, we will be able to prove the desired
estimate for the localized version of our theorem in Section 5.

We end this introduction by briefly describing some recent works related to
the results in this paper. In our recent paper [10], we study the bi-parameter
pseudo-differential variant of Theorem 1.3. In order to study such a bi-parameter
pseudo-differential operator, usually a bi-parameter version of Theorem 1.2 has to
be established first. However, such a result is hard to prove when the multipliers
there have bi-parameter flag singularities involved. Fortunately, it turns out that
we can strengthen the conditions on the bi-parameter trilinear multipliers and get
a Holder-type estimate for such strengthened bi-parameter trilinear multipliers.
The L?-estimates for these bi-parameter trilinear multipliers will be sufficient in
the study of bi-parameter trilinear pseudo-differential operators of flag symbols.
That is, let m3,m4 € BMo(R?" x R?"™) be smooth symbols that satisfy

(1.6) 19§ g% o, afims (€, m)|
- 1 1
T (L& ]+ InDIal* BT (1 + [E] + [na|)leel+1Bal?
(1L7)  1af) af: a¥ 0fms(n, O
1 1

<
S W I+ IS FTFDT (1 + [nal + [GDFrDeT

for every & = (£1,82), n = (n1,n2), T = (1,C2) € R™ x R™ and all multi-
indices & = (1, &2), B = (B1,B2) and ¥ = (y1,y2). Then, we can establish the
following L? -estimates (see [10]).

Theorem 1.4. For f,g,h € S(R?"), the bi-parameter operators
ng,m4 (f,g,h) (x)
= Jﬂw ms(E, Mma(n, C)f (£)§(nh(C)e2™ EN+0x 4z qp dg

map LP1 X LP2 X LP3 — L" for1 < p1,p2,p3 < o with1/p1+1/p2+1/p3 = 1/r
and 0 <v < o,
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Actually, from the proof of the above theorem, we can get a more general result
without much difficulty. For £,n = 1, let m(€) € C*(RY'2"), where € = (§)!_,
and & = (£],€2) € R" x R". We say m € BMo(R?21) if

o0 1

|a§11’§% agll’glz m(§)| 5 (1 + |§11| Foeee gt |§})|)‘(xl|+"'+‘o‘é’|
1

x 2 AR
(T+ &7+ -+ [& D™ ¢

for every & € RY-2" and all multi-indices &1, &1,..., &g, &p. Then, the following
result has been proved in [10].

Theorem 1.5. For integers n, € = 1, let

mE:= [ msEs),
Sc{l,...,.0}

where ms € BMo(RAS) 2 the pecror E¢ € RdS)2n jg defined by Es :=

(&)ics, where E; € R™, and & is the vector € := (§i)f:1. Every such symbol m can
define a L-linear operator

Th(fien ) X) = | MERAED - FuEpermx@r e gg,

where fi,..., fy are Schwartz functions on R*™. Then, we also have that Tf;l maps
LPiX -« XLPU - LP if1 < pi1,...,pp <o and 1/p1 +...1/py = 1/p.

Now, we state the result for L?-estimates for the corresponding bi-parameter
trilinear pseudo-differential operators proved in [10]. Let

(18) Tab(f,g,h)(X)
= |, atx & Wb ©F MA@ END g n g,

where f, g, h € S(R?), and the smooth symbols a, b € BBS?’O satisfy the follow-
ing conditions:

104, 02 9, 087 0n, dmia(x,E, )|

5 1 1

T (LA &+ In DIl BT (1 + (o] + [na])leel+1B2l
10410% 9f! aF 3% 0¥ b (x, 1, 7))

) 1 1

T (L Iml + GBI+ [nal + [ B2l
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for every x = (x1,x2), & = (§1,&2), n = (N1,N2), T = (C1,82) € R xR, and all
multi-indices £ = (£1,¥2), & = (x1,00), B = (B1,B2), and y = (y1,y2). Our
result established in [10] is the following theorem.

Theorem 1.6. The operators Tap defined as (1.8) map LP' x LP2 x LP> — L
Jorl <pi,p2,p3 <o withl/pi+1/py+1/p3 =1/v and0 < v < .

The main idea in proving Theorem 1.6 is to reduce the bi-parameter trilinear
pseudo-differential operator to a localized version. Then, by taking advantage of
the L -estimates of the bi-parameter trilinear multipliers satisfying (1.6)—(1.7), we
can establish Theorem 1.6. We refer the reader to [10] for more details.

2. NOTATION AND PRELIMINARIES

Let S(R) denote the Schwartz space of rapidly decreasing, C*-functions in R.
Define the Fourier transform of a function fin S(R) as

F(f)(E) = f(§) = ka(x)e_mx.gdx

extended in the usual way to the space of tempered distribution §"(R), which is
the dual space of S(R).

Throughout the paper, we use A < B to represent that there exists a universal
constant C > 1 so that A < CB, and use the notation A ~ B to denote that A < B
and B < A.

We call the intervals of the form [2¥n,2k(n+1)] in R dyadic intervals, where
k,n € Z. We denote by D the set of all such dyadic intervals.

Definition 2.1. For I € D, we define the approximate cutoff function as

dist(x,I) )100

@2.1) $1(x) 1= (1+ -

Definition 2.2. Let I = R be an arbitrary interval. A smooth function @ is
said to be a bump adapted to I if and only if one has

1 1
IT1E (1 + |x = xg|/1THM

D) < CoCu

for every integer M € N and sufficiently many derivatives £ € N, where x; denotes
the center of I and |I| is the length of I.

If @y is a bump adapted to I, we say that |1|'/? @y is an LP-normalized bump
adapted to I, for 1 < p < .

Definition 2.3. A sequence of L?-normalized bumps (®)ep adapted to
dyadic intervals I € D is called a non-lacunary sequence if and only if, for each
I € D, there exists an interval w; = w7 symmetric with respect to the origin so
that supp&J\I c wyand |wy| ~ I
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Definition 2.4. A sequence of L?-normalized bumps (®;)ep adapted to
dyadic intervals I € D is called a lacunary sequence if and only if, for each
I € D, there exists an interval w; = wj| so that supp@ c wy, |lwil ~ |II7 ~
dist(0, w;), and 0 ¢ Sw;.

Definition 2.5. Let1,] = D be two families of dyadic intervals with lengths
at most 1. Suppose that (qb]) 1eq for j = 1,2, 3 are three families of L2-normalized
bump functions such that the family (¢?) Ie1 is non-lacunary while the families
(d),);eg for j # 2 are both lacunary, and (d)J)Jeg for j = 1,2, 3 are three families
of L?-normalized bump functions, where at least two of the three are lacunary.

We define as in [11] the discrete model operators T} and Tk, for a positive
integer ko by

(22) T(fig.h) = 3 s b (B 0, ), 1),

where -

(2.3) Bj(g,h) = % |J|1/2 (g, b)) (h, p1) P73
lw}l<lw}|

(2.4) Tigo (fr9.0) = S u%wz“’ b1)(BLy, (9, 1), )b,

where -

2.5) Buoh = 3 i (0, B I .

2k0 |} |~ wi]

3. REDUCTION TO A LOCALIZED VERSION

To prove the theorem, we proceed as follows. First, pick a sequence of smooth
functions (@) € Z such that supp @, < [n—1,n+ 1] and Z @n = 1. Then,

we can decompose the operator Typ in (1.5) as nez
Tap = Z ab»
nez
where

Tap (f, 9, 0) (x) := Tap (f, g, h) (X) P (x).
Suppose we can prove the estimate

3.1 1T, (fs9, Wy = If X lpy 19X, 1, 1AXE, N5,

where I}, is the interval [n,n + 1], and ¥j,, is defined as in (2.1).
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Then, our main Theorem 1.3 can be proved by the following estimate:

1 Tan (gl = (ST (Famll)

nez
_ _ _ 1/
< (SRl NRelh, g ,)
nez
_ 1/ _ 1/ _ 1/
< (SR (S Haxnl22) (S g l)
nez nez nez

S W fllp, 1gllp, 11l p,-

Thus, we only need to prove (3.1).
Consider that for a fixed n¢ € Z, we have

Top (£, = | aG6E P, (X001, D)@y ()P, ()
x fE)GMA(L)eX™*E1+0 4g dndg,
where @y, is a smooth function supported on the interval [ng — 2,19 + 2], and

equals 1 on the support of @,. Then, we rewrite the symbols a(x, &, n) @y, (x)
and b(x, n, C) Pn, (x) by using Fourier series with respect to the x variable:

a(X,E,fI)Ci?no(x) = Z arel(g’n)QZWixl’l’
U ez

b(x,n, C)(i)no (x) = Z bﬁz(n; C)QZTTixﬁz’
U,ez

where by taking advantage of conditions (1.4), we can have

1 1
9 an & = g (T g e
1 1

By
1Onizbe (O = e (T I+ 12hFey

for a large number M and sufficiently many indices «, B,y. Note the decay in
{1, ¥, means we only need to consider the case for £1, £, = 0, which is given by

7% (f, g,h) (x)
= (Jnv ao(E,mMbo(n, ) f(E)J(Mh(C)e2™*E1+0 qg dp dC)‘PnO(X),
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where symbols ag, by satisfy the following conditions:

1
(1 +1&l + Inhx+p’
1
(L+Inl+1ChHB+y”

lagrao(E.m) =
(3.2)

152bo(n, )1 =

Using the translation invariance, we only need to prove the following localized
result for ng = 0.

Theorem 3.1. The operator

(3.3)
T (f,9,h)(x)

= (], @&, mbo(n, ©)F @4 A)TETT ag dn g ) po(x)
has the boundedness property

ITH (g, W)l S 1 F R 19K s 1hED s

Jor 1 < p1,p2,p3 < o and 1/p1 + 1/p2 + 1/p3 = 1/v, where ©q is a smooth
function supported within [—1,1], and ay, by satisfy the conditions (3.2).

In addition, this estimate also holds for the cases where at most one p; = oo for
i=1,2,30rp1,p3=00,1<py < oo

We are now ready to do some decompositions to the operator in (3.3).

4. REDUCTION OF THE LOCALIZED OPERATOR

In this section, we will mainly show that the problem can be reduced to some
operators or paraproducts with which we are familiar.

Let @ € S(R) be a Schwartz function such that supp® < [-1,1] and
@(E) =1on [—%, %]. Define ¢ € S(R) to be the Schwartz function satisfy-
ing

(&) = p(E/2) - P(&),
and let g (-) = @(-/2%) and ¢ _1(-) = @(-). Note that 1 = 3. _; Pk, where
supp < [—2k+1 —2k=17y [2k=1 2k*1] for k > 0. Then, for any m,n € 7, we
use M > n to denote m —n > 100, and m =~ n to denote |m — n| < 100.
Consider the decomposition

(4.1) 1(€,n,0) = ( Z G, (B) Py ()

y
(Z Z o (MT (D).
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Without loss of generality, we consider

42 (X Y o®wgm)

Ki=z-1ki=-1

= > W@+ D G @ ()

ki>ki=-1 —1<kj<ky
+ > U@+ > G E) P (n)
Ky =k} K =k}
k;>100 K} kY <100
or ki'>100
:=A+B+C+D,

where the term D, containing a finite number of terms, can be written out specif-
ically as D = @ (&) P (n) + Others.

To estimate C, note that, in this case, actually both k] and k] are at least 1.
Suppose k7 > 100; then, we have

S @)=Y GE ),

K, =k k>100
k| >100
and then
C= > @+ > GeErn),
k>100 k>100
where

Supp/([/; C [—2k+101 _k=101] ; [k=101 ok+1017,

Estimates for A and B are quite similar:

A=S( S Twm)eg©E =Y GEm),

ki —1<k{<ki-100 k>100
B=Y( S  @u®)ugm= Y $kEy),
ki —1<kj<ki-100 k=100

where @y is a Schwartz function with supp @y < [—2k=100,2k+100] For k > 0,
we refer to the families like (@i)k as ¥Y-zpe functions, whose Fourier transforms
have almost disjoint supports for different scales; and we refer to the families like
(@r)k as P-zype functions, whose Fourier transforms have overlapping supports
for different scales. In the rest of this paper, for convenience we do not distinguish
between @ and (g, since they are of the same type and have comparative scales
for the supports of their Fourier transforms, and we always use @i to represent
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such Y-type functions. Similarly, we always use @y to represent a ®-#ype function.
With such notation, we can write (4.2) as

43 (Y @) > wgm)

ki=-1 ki=-1

= > w@urm + > P@E ) + > Wk(E)Pr(n) +D.
k>100 k>100 k>100

Later from the proof, we will see in (4.3) that the three summations work simi-
larly, since what we really need is at least one lacunary family in each summation.
Moreover, all the functions in D play the same role as @ (§) @ (n), which means
we actually can replace (4.3) by an equivalent version, which is

(4.4) S GLEILM) + PEVD(M),

k=0

where at least one of the families (q/S\,lc(E))k and (q/5\12<(§))k is ¥-type.

Now, in dealing with (4.1), it is equivalent to consider

1ERD=( Y X @) Y X Ggmig @)

ki=2-1k>-1 ky>—1ky>-1

~ (3 ¢k ©dr, ) + dESm) (S b, (ML, (©) + PP (D))
k1 k2

(S ¢k, ©dbf, () S bk (b, (@) + (3 bk, )bz, (1)) PP (T)
ki ks ki

+ (S ok, ()P @S M) + HE PP ()
ky
=E+F+G+H,

where, for convenience, the symbol ~ is used to show the equivalence; we will
simply treat 1(§,n,C) = E + F + G + H in the rest of the paper.
Then, using the above and (3.3), we can decompose the localized operator as

(4.5)
W (f,g,h)(x)

= ([, @& mbotn, £ ©a @)1 ag dnaz ) o )
= <JR3 ao(E,mbo(n,C)(E +F + G + H) f () §(Mh(T)

x e2MiXE+n+0) € 4 d§> Po(x)

._ 7E00 F,0,0 G,0,0 H,0,0
=T+ T, + T + T,
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4.1. Estimates for Tﬁ,’o’o. Recall

T 10,000 = ([ a0 mbon, e @@ (@)

X ()9 (mh(Q)e2mxEn+0) gg dp dc) Po(x),

and note that mpy (§,1,C) := ao(€,mbo(n, )P (E)P (M) P (1) (L) satisfies the
condition

1
(L+ &l + In| + IT|)x+B+y

102 0 oY mu(E.n,0)| <

for sufhiciently many indices «, B, y. Then, our desired localized estimate follows

from Theorem 1.1, since we find that the operator T(};},o,o is just the localized
operator used in the proof of Theorem 1.1 (see [6, 12]).

4.2. Estimates for T;"" + TS*°, Recall

= (S ¢k, © b3, )PP (D),
ki

where at least one of the families (d)k )k, and ((l)k )k, is ¥-type.

When (d)k )k, is ¥-type, note that, to make >, (i)k (mM@n) + 0, ky will
have an upper bound for the summation (say k; < 100) Then, the desired

. o . . TH00 .
estimate under this situation can be done in the same way as in T;;; ", since only
a finite number of terms are involved.

When (qSk )k, is ®-type, we must have (qSk )k, is ¥-type. Recall
4.6) TH(f.9.h)(x) = (Z jﬂv ao(E, M}, (6L, (Mbo(n, DIP P (C)
ki

X JE19 MA@ END) 4E dn T ) o ().
Then, we can use Fourier series to write

ao(E Ml )by, (m) = 3. Ciy e mmER il

n;,nyeZ

. . k .
where the Fourier coeficients Cp} », are given by

1 T e 10 iy K i K
Chim, = g |, a0(E ML, (€1 BF, (me2mim et gamimni2t,
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By the decay condition (3.2) and the advantage that (df)lzl )k, is ¥-type, we can get
the following by integration by parts sufficiently many times:

1
(14 [n|+ Ina)M”

ki <
|Cn1,7l2 ~

Note that, by the decay in 11, 12, we need only consider the case when ny,n, = 0
(see [12] and the proof in Section 5 for more details), and similar things can be
done for bo(n, )P (N)@(L). Then, we can use Holder’s inequality and take
advantage of the fact that @ is a bump function adapted to [-1, 1] to prove the
localized result for (4.6), that is,

(2], ok ©, e e @)F ©9nh@em=ETE ag dnag ) go(x)
k1 ’

r

(S, &L @eme @ @ amh@em e agandg) pox)
k1 ’

= (X bk, % £) @0 (0) (@ % 9) ()P0 (x) (@ % ) (x)Po(x)]|,
ki

s[[(Z ek, )o@ % 9) )P0y (@ 5 1) () Bo(x)
ki

b ”f}?l() ||p1 Hg}’(h”yz ”hXIo”}Bs

where we take ¢ to be 1 on supp ¢y and supported in a slightly larger interval
containing supp ¢o. The last inequality is true since (i, )k, is ¥-type. Also, we

can simply write >, d)il (M@ () = @(n) in the above, since k; is positive.

4.3. Estimates for T5"" Recall

E=(3 ¢n,@dp,m)( S ki, @),

k1 >0 kz >0
where at least one of the families ((]5,1<l )k, and (qbil )k, is Y-type, and at least one

of the families (q/b,1<\2)1<2 and (q/b%z)kZ is Y-type.
Also, we consider the corresponding localized operator

T (f,.9,h) (%)
= ([ (S ok @ m)acEn) (S ok 7, ©bo(n, 0)
ki k,

x F(E)G(MA(T)eTxEn+0) g dn dC)cpo(x).
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By using Fourier series as before, we only need to consider the following operator:

(JW (S oL @bt ) (S bk mel, @)
ki k>
% FEGMAE)TEN dE dn T ) o ).
As usual, we consider three cases of E,

E=( > + 3 + Z)(@(5)5{1(:7))(@(:1)%\@(:)):=1+J+1<,

k1>>kz k1<<k2 k1

and decompose

E,0,0 1,0,0

K,0,0
Tab _Tb

7,0,0
+ T, + T,
Note that K is actually a symbol in BS{,;, since k is positive. That is,

TS (f, 9,0 (x)
- ([R mi (€1, F O (A(Z)eTE10 ag dnag ) o o),

where mg (&, n, C) satisfies the condition as (3.2). Thus, the desired localized
estimate follows from the proof of Theorem 1.1, just as Thp""

Since Ti ,;),0 and T(i i)o,o are similar, we define Tib by the following equality:
(47)  Tap(f,9.0)(X) - @o(x) =: T (f, 9, 1) (x)
- ([ (S ek @k m) (S bk m ez, ©)
s N 2

X F(E)9(mh(Q)e2mixEn+0) gg ap dC)Q%(X)-

From [11, 12], we know T2, can be written by using paraproducts, which is the
following lemma.

Lemma 4.1. Define Téb as in (4.7); then, we can write

M-1 )
Tl,(f,g,h)(x) = Ti(f,g, ) (x) + > > 27%)Ty (f,g,h)(x)
£=1 ko=100

+ > 7)M Ty (f,9,h) (x),
ko=100
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where
1
Ti(f.9.h) = 3 T, 1) (Bl (g,h), d}) b3
1€
with
1
Bigh = > it e ih i),
Jej
lw3 | <|w}]
and
1
Tok,(f,9:0) = . s ¢, S (Bl (9. h), d1) b3
1€1
with
1
Bl (g.0) = > —|J|1/2<g,¢}><h,¢§>¢3.
Jej

20 w3 |~ [w}|

In the above, note the following:

@) Ti(f,g,h) and B} (g, h) are defined as (2.2) and (2.3) in definition (2.5).

(b) For each £, Tp(f,g,h) and Bf(g,h) are of the type (2.4) and (2.5) in
definition 2.5; ¥ here is actually involved in the families ((]5%)1 and ((]53)],
but it would not affect our proof since it does not change the types of those
Sfunctions.

(c) M is a large positive integer, and the multiplier Mk, (&,n,C) in Ty,
satisfies the condition

1
(L+I&1+ Inl + [ThHathry

(4.8) 138 h 0¥mu i, (5.1, T)| 5 (2ko)x+b+y

for sufficiently many indices &, B, y.
(d) All of the dyadic intervals in T\ and Ty, have lengths at most 1 for all
ko=100,1<¥ <M - 1.

Proof- Here, we follow closely the work [11], where the Fourier expansions

of d/)i\l (n) are used to get the desired forms of paraproducts. The only two state-
ments we need to show are that all the dyadic intervals there have lengths at most

one, and that one can obtain a decay number 1 in the denominator from (4.8).
Actually, both of these follow from the fact that k;, ks > 0. O

. I
So far, we have reduced Theorem 3.1 to the estimate of the operator T/’
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5. PROOF OF THEOREM 3.1

In this section, by using the decomposition in Lemma 4.1, we are able to prove
the localized estimate for T2, which will complete the proof of Theorem 3.1.

5.1. Estimates for Z,fo=100(2‘k0)MTM,k0 (f,g,h)(x). For this part, note
that the condition (4.8) is almost the classical case. Then, by repeating the work
in [6, 12], we will see that this condition can provide an estimate

I Tw ko (f 2 @ W @0 () Nl < C21%N £ R1y L, 19K |y 1R K sy
which is accepted since we can choose M large enough.

5.2. Estimates for Ti(f,g,h)(x). Using the fact that |I| < 1, we can split

1) Tf,a =Y mll,z<f,¢}><B}(g,h),¢%><i>?

I1<51

+IC§ |1|1/2 (f b1 (B} (g, h), d1) b7
=T+1I.

For Part I, we do the decompositions

f=2fx,, 9=2.0x,, h=2hx,
n n, n3 )

first, where Iy, = [ni,n; + 11,1 =1,2,3, n; € Z. Then, we can write

Ti(f,9,0) () = 3. > > Ti(fXy, 91, Xy, ) (X).

ny ny; N3

When |11, [nzl, |n3] < 10, the desired estimate follows from Theorem 1.2:
| > 3 3 K, 9%, b, ) (X) - @ox)||

[n11<10 |ny|<10 |n3|<10
H . IX 1y ||y

sl 3 fx

[n1<10 [n2]<10 [n3|<10

S X1 llp, 19X 111 p, 1R X1, s

where the last inequality holds from x;_;; ;17 < X1, ().
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When |11, [nzl, |n3] > 10, we write

1T (f X1, » 9K, hX1, ) () - @o ()1

1
Z Z <fXIn d)I
fe1 jey |I|1/2|J|1/2 !
lw3 <] w3

X (gX1,,s PIAX,,  PIHDT, b)) D]

Then, we use Hélder’s inequality to get

-2 H|I|1/2 |J|1/2<fXI" ¢1><gxln b))

x (hx;,  d7 (b, pT) b7

) —M,
1 1 dist(I;,,, I _
R (14‘%) (HfX]"all 1| (Pi=D7pr)

dist(In,, )\
X (1 + %) (”gXInZ”PZ |J|(lﬂz—1)/nz)

dist(ny, )\
<1 + %) (||hXIn3||p3 |J|(v371)/v3)|1|1/r

y LR (1 . dist(x,1)>M2 (1 . dist(x,])>N3 b

1] |J
1 | 1/p2+1/p3 ) dist(I,,,,I) -M
< — | = VR
~ (|J|> ( T )
dist(T, )\ dist(In,J))_N2
1 4 L5%n, J) 14 &8 )
X( T ) ( T
dist(x, 1)\ M dist(x, )\ ™
XJR(l-i- ] ) (1+7|J| ) dx

< 1LEx, Iy 19X, 1o, 10X, T,

893

where Mj, N; are sufficiently large integers, and A qb} are L?-normalized bump

functions adapted to I, J for j = 1,2, 3.

We first consider the case when dist(I, J) < 3. Recall we have the restriction
that |w3| < Iw%l, which implies that [I|/[J] S 1. By using the subadditivity of

| - I”, we have that
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T2 (fXs,, 91,0 B, ) (X) - o) =

1 dist(I,,, 1)\ ™
S22 (m<“ )

i,jZO 19510,19910

=274, |J|=277
X (1 + W>N1<1 W>M
J J
% J[R (1 - %y%(l + %y% dx

X WX, o 19X, o, 1RX, . ||p3)

s > > (221 Um - 6) ™M+ 2 (Inyl - 9) M
i,j=0 I1<51y,J<9]y
[I|=27%,|J =274
. r
X (1+27(1n3l = 9N (LF Xy, llp, 19X5,, p, Xy, 1))

< (il = 6) M (Ing| - 9)™Ni(Ing| - 9~
s
X HfXIanIﬂl ”gX[nZ”pz ||hX[n3||p3) .
Observe that, for large enough integers M1, N1, N>, we have

Xr,, (Il = 6) "2 < %y,
Xt,, (2l =)™ < %y,

Xt,, (N3l =972 < Xy,
Thus,

| > 3 3 nfa,.ax,hx,) 0 @]

[n1[>10 |n2[>10 |nsz|>10

= > S S (Ul =6 ™M (nal = 9)Ni(Ing| - 9)7N:

[ny[>10 [ny|>10 |n3z/>10
.
X LFxi, o, 195, p, 17X, D1ps)
= > > Y (Umil =6 ™MP2(ny| - 9)N2(Iny| - 9) N2

[ny[>10 |n,[>10 |nsz|>10
.
< 1LE Ry 119810 1, IR )
< (LF Ry 198RS, 1))

For the other possibility, that is, when dist(I,J) > 3, we consider whether
J is close to I, or I,. Without loss of generality, we assume dist(J,In,) < 2,
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dist(J, In,) > 2, and other cases will follow in the similar way. Using the notation
Jm =[m,m+ 1], m € Z, and (5.2), we can get

IT1(f X1, 91, KX, ) (%) - @o(x)][}

S22 2 2 <%(1+M>_Ml

i,j=0 I=51y |m|>3 jcj,,, |J|=2"7 |I|
T|=2-t dist(J,In,) <2
dist(J,Iny)>2
<1 N diSt(InQ;J)>N1 <1 s dist(In3,_])>N2
IJ1 1]
M —M2 . —N3
y J (1 N dlst(x,I)> (1 N dlSt(X,])) dxc
R 1] 1]

;
X WX, o 19X, g, 1RX, . ||p3)

=S Y Y Y (a+2idnl-6)

i,j=0 Is5ly Im|>3 jcJ,,|]|=2"
[=2"" dist(J,In,)<2
dist(J,In;)>2

J -N, -No r
X (1+27 (Im = ng|) ™ mI =N fx, Ny, 19Xy, e 11X, l1p,)

<> Y Y Y (Aa+2idml-e)™

i,j20 I1S5Iy |m|>3 jcj,,|J|=2"/
|I|=2"1 dist(J,In,) <2
dist(J,Iny)>2

' -N -N, r
X (1+27(Im —n31) a7 X, Np, 19X, g, IIthn3||p3) ,

where Ng = min{M;, N3} is sufficiently large and we use m ~ n,.
Now, we take the sum over 11, n,, n3, and get

| > 3 Tix,.ax,,.hx, ) () @)

[n[>10 |n2[>10 |nsz|>10

= > Y Y (Umil =6 M2y No(Ing| - 3) 7N/

ny|>10 |n,|>10 |nsz/>10
.
X LFxi, 1o, 195, p, 17X, N1ps)
= > > Y (Uil =6 My N2 (jng | - 3) 7N/

[n11>10 |ny|>10 |nz|>10

.
X ALF & llp, 1950 1p; (1R ,)
S (”fXIo”I!h ”gklonpz ||h)210||p3)r'



896 GUOZHEN LU ¢ LU ZHANG

Other possible choices of 11,13, and n3 will be treated in different ways.
Among these cases, when [1;]| > 10, we can do much as we did above, to get our
desired estimate directly, by considering whether J is close to I or not. Note in
this case we are free to take summation over J, since we have a decay on i and
Jj=<i.

When, however, |n;] < 10 (say, |n;l,|n2l < 10, [n3| > 10), the situation
is different. In this situation, the term (1 + dist(I,,,,I)/[I1)™ in (5.2) would
not give us a decay factor, which means we will have trouble when taking the
summation over dyadic intervals I. Actually, the decay factors from other terms
are with respect to j, which cannot help since i > j. Recall our desired estimate
in this case:

| > > Tl(fxlm,g><1"2,hXIM)(X)"Po(")HyS

1, In21<10 |nz/>10

S I Xiollpy 19X 11p, 1K, | ps-

Suppose that from the proof of Theorem 1.2 (see [11,12]) we can get an additional
decay with respect to 13, such as 1/|n3|™ for sufficiently positive integer M; then,
we only need to apply Theorem 1.2 to get

| > X T, 9%, hx,,) () - @o(x)]],

1], |n21<10 |nz/>10
1
S |n3|M ”fXInl ”1171 ngl"z ”pz ”I'lX]n3 ||p3
S WX llp 19X1lp, 1A &1 ps -

Now, we will see how to get such a decay 1/|n; M. As before, we consider two
possible cases, dist(I, J) < 3 and dist(I, J) > 3.
When dist(I, J) > 3, as before consider the integral

LR (1 . dist|(I)|c,I)>M2 (1 . dist|(JX|,])>N3 b

We can get a decay about |m| M for J € Jim, m € Z, and see whether J,,, is close
to n3 or not. As before, by considering whether J is close to Iy, or not, we will
get an additional decay 1/[n3|M.

When dist(I, J) < 3, as before we have that J is near the origin J < 9Iy. In
this case, our desired decay comes from the size and energy estimates used in the
proof of Theorem 1.2 (see [11, 12]). Those size and energy terms corresponding
to the function hx,,, would be defined based on the inner product terms like

|(hx1n3, (b%)l. Now, since J is close to the origin, such an inner product will

provide a decay about 1/Im31M. (Or, one can see the proof of Lemma 2.13 or
Section 8.11 in [12] to see that clearly we can actually get such a decay factor
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for the size estimate.) This means we can get an additional decay from the re-

sult of Theorem 1.2, since the boundedness there is based on the size and energy
estimates.

So far, we have proved Part I of (5.1).

For Part II, using the intervals I, = [n,n+ 1], J;, = [m,m + 1], m,n € Z,
we can write

ITi(f, g, 1) (x) - @o(x)]|)

1 1
> 2 T enas e th ¢ (7, 1) b7 (x) o (x)
wyl<|w;

1 1

<Y Y Y Y ||lgmmmtehe ehted
In|=5 mez Igln‘ {‘g],lm2|
UJ']S(U[

s
s

x (b2, d3) b3 (x)Po(x)

v
v

We will use Hélder’s inequality and take advantage of the decay factors as before
to write the above as

1 1
63 > > 2 > HWW—”Z(JC’(I)})(“@’(M)

In|=5 mez i,j=0 ISIp,J<)m
[I=274J1=27/

X (1, @) (b2, d3) b3 (x) o ()
1 1
DYDY

201712
In|=5 mez i,j=0 ISln,JSJm <|I| LJ1
=274 1J1=27/

g
's
(I f &1, I p, [T Pr=D7Pn)

_ _ _ _ dist(I, I)\ M
% (1G% 5 s LTIP DI (I N 112 1>/m>|z|l/r(1+%)

. LR <1 * %)%(1 + %)‘Nﬁ dx)’

s> > > > <2i(1+2i<|n|—2>>M3||f>21"||p1||g>2]m||m

n|=5 mezZ i,j=0 I<In,JSJm
[I]=27%|J1=27/

<l [ (14 %V(l ; %)Ndx)

where again M, N; are sufficiently large integers. Then, we consider two possible
cases, dist(I,, Jm) < 5 and dist(I,1, Jm) > 5.
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When dist(In, Jm) < 5, we use the same technique as before:

(In| =2) ™M1 1 < 1%,| and 185 ] ~ 1R,

for M sufficiently large. Note here that the decay factor for i actually implies
a decay for the summation over dyadic intervals J, since i = j. Then, we can
estimate (5.3) by

s D Un =202 FR1,lp, 19R1lps 1R Z 1 p3)"
n|=5

s D (U =2 fRollp, 19Ky, 1hXollp)"
Inl|>=5

s (Hf}?[()”pl ||g)’2[0||p2 ||h>?10||p3)’ry

which is the desired estimate.
When dist(In, Jm) > 5, we need to take advantage of the integral in (5.3).
That is,

[, (1o ) ™ (1 A < i

where L = min{M>, N3} is large enough. Now, (5.3) can be written by

s> X X3 @as2nl-2)™™

n|=5 |m-nl>5 i,j=0 ICSly,J<]m
[]=27%|J]=277

XNf X lpy 19X g lps 1hX g Iy I — 0
s D Un =2 F R py 19% 1,1, 1RZ g, 1 ps)”

In|=5

< (LfXnollpy 19X16 1p, 1AX 1 N p)"

="

where, as before, the decay factor for i allows us to take the summation over dyadic
intervals J, since i > j.

We are now done with Part IT, which means we have proved the desired esti-
mate for T1(f, g, h)(x).

5.3. Estimates for ZE=100(2"‘0)€T&1{0 (f,g,h)(x). There is nothing new
in this case, since it will be almost the same as what we did for T;(f, g, h) (x).
Note that, for Ty, (f, g, h)(x), the only difference is that we have

1171~ Jwfl ~ 2% 1] ~ Jw?]y

instead of |I|7! ~ [w?| = |J|7! ~ |w3| in T1(f,g,h)(x). That is, given
Il =274 |J| = 274, we will have i — kg = j > 0, ko > 100. Recall we only
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need i = j in the proof for Ti(f,g,h)(x), and the method obviously works
for Ty, (f,g,h)(x) in the setting i — ko = j = 0, ko = 100, which will give
us a bound uniformly with respect to ko. Then, we will be able to take the
summation over ko by using ¢ > 1. In this way, we can get the estimate for

S k=100 27K Ty, (f, g, 1) ().
So far, we have proved the desired localized estimate for the operator

TS (f, 9,0 (x)

in (4.5), which means Theorem 3.1 has been proved. Then, from this localized
result, we can conclude that Theorem 1.3 is true.
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