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1. Introduction and main results

Let 2 C R? be a smooth bounded domain, H(}(Q) be the completion of C;°(£2) under the norm ||u||H3(m =

([ IVul?dx)'/2, and H'(£2) be the completion of C*(£2) under the norm [[ul|y1 ), = ([, (Jul* 4 |Vu|*)dx)'/2. We state a
special case of the Moser-Pohozaev-Trudinger inequality for functions with a mean value of zero.

Theorem A (Chang-Yang [1]). Suppose £2 is a smooth bounded domain in R?. There exists a constant cg such that for all

u € H'(£2) with [, |Vu|*dx = 1and [, udx = 0 we have [, e dx < cq. If we replace 27 with any positive B, the
integral is still finite, but if B > 2 it can be made arbitrarily large by the appropriate choice of u.

This should be compared with the following original Moser-Pohozaev-Trudinger inequality in dimension two.

Theorem B (Pohozaev, Trudinger, Moser, [2-4]). Suppose £2 is a smooth bounded domain in R2. There exists a constant C such
that if u € Hy(82) such that [, |[Vu|*dx = 1, then

/ e dx < C|02].
2

If 47 is replaced by any « > 4, the integral on the left hand is still finite, but can be made arbitrarily large by an appropriate
choice of u.
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In this note, we will establish a new Moser-Pohozaev-Trudinger inequality which is an extension of Theorem A. Let us
introduce some notations before we state our main results. The first nonzero Neumann eigenvalue of the Laplacian operator
reads

A= inf /qu|2dx. (1.1)
ueH! (), [o u?dx=1, [, udx=0 J

The basic variation principle together with the regularity theory for elliptic equations implies that A can be attained by some
smooth function uq satisfying

—Aug = Alg in £

u (1.2)
2 0
u =1, — =0,
lluolly 5 loe
where v denotes the outward normal vector on 052. Let
q(t) = ag + art + - - - + at* (1.3)
be a polynomial of degree k with nonnegative coefficients ay, a, . . ., a,. We denote the derivative of q(t) by ¢'(t).

We state our main results as follows:

Theorem 1. Let q(t) and X be defined by (1.1) and (1.3). Suppose q(0) > 0,0 < a; < Xap,0 <ay, < Aay,...,0 < ay < Aag_1.
Then we have

270 2
2 d
sup / eao Ve "™ gy o 400,
ueH(2), [o |Vul2dx=1, [, udx=0J 2

Theorem 2. Let q(t) and A be defined by (1.1) and (1.3). Suppose q(0) > 0, a; > Adg,a; > 0, ..., a, > 0, then

2mu? 2
2 d
sup / eao WWa ™ gy — 4 oo,
ueH!(2), [o |Vul2dx=1, [, udx=0J 2

Theorem 3. There exists ¢g > 0 such that if 0 < ¢'(0) < g, then there exists an extremal function for the inequality in
Theorem 1.

The proof of Theorems 1 and 3 is based on blow-up analysis, and the proof of Theorem 2 is based on test function
computations. Earlier contributions in this direction similar to Theorems 1 and 2 are due to Adimurthi-Druet [5] when q(t) =
1 + a4t for functions with boundary value zero. We should point out that the blow-up occurs on the boundary 92 in our
case, and therefore it is more difficult to deal with. For the existence of extremal functions for Moser-Pohozaev-Trudinger
inequalities for functions with boundary value zero, we should mention Carleson-Chang [6], Flucher [7], Lin [8], Li [9] when
q0) = 1.

Before we end the introduction, we remark that a similar Moser-Pohozaev-Trudinger inequality for functions with
boundary value zero can be established by the same idea. We only state but omit the proof of the following results in this
note:

Theorem 4. Let q(t) be defined by (1.3), and 11 be defined by

A= inf / |Vu|?dx. (1.4)
ueH(}(Q),fQ w2dx=1J¢
Suppose q(0) > 0,0 < a; < A1ag, 0 < ay < Aay,...,0 < a, < Aiay_1. Then we have
JTUZ
sup / e a0 102 ) gy +o0.
2

ueH}(2). [ |Vul2dx=1

Theorem 5. Let q(t) and A, be defined by (1.3) and (1.4). Suppose q(0) > 0, a; > Xiap,a; > 0, ..., a; > 0, then

4mu? 2
Lot d
sup / a0 U gy — oo,
ueH}(2). [o |Vu2dx=17 2

Theorem 6. There exists €y > 0suchthatif 0 < q'(0) < €, then there exists a extremal function for the inequality in Theorem 4.

A similar Moser-Pohozaev-Trudinger inequality holds on Riemannian manifolds with or without boundary. The method
in this note can be adapted to prove results in those settings.
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The organization of this paper is as follows: We give the proof of Theorems 1 and 3 in Section 2 and the proof of Theorem 2
is given in Section 3. In Section 4, we state some recent theorems derived in [ 10] for Adams’ inequalities for bi-laplacian and

extremal functions in dimension four which are considerably more difficult to prove.

2. Proof of Theorems 1 and 3

This section contributes to the proof of Theorem 1. Without loss of generality, we assume q(0) = 1, i.e, q(x) =
1+ ax+ -+ ax*, where0 < a; < 4,0 < ay < Aaq,...,0 < ay < Aag_;.Our aim is to prove
sup / 2?0 ¥ d) gy « 4 oo,
2

ueH (), [o IVul?dx=1, [, udx=0

Since the proof is very long, we will divide it into several steps.

Step 1. Forany € > 0 there exists au, € H'(£2) N C*®(82) such that [, [Vuc|*dx = 1, [, ucdx = 0, and the supremum

Ac = sup / eCr—ena(fo ud) gy
ueH(2), [o IVul2dx=1, [, udx=0J 2

can be attained by u.. The Euler-Lagrange equation is

—Au, = &use"‘éug + Velle — B in @
Ae e
ou,
5 lag =0, [[Vuel2=1
v
o, = 2m —€)q (/ ufdx)
2
g — q ([, u?dx)
©a(fp udx) + 4 ([, u2dy) [ u2dx (2.1)
= q ([, u?dx)
©q(fpud) +q ([ uldx) [ u2dx
Ae = f ufe"‘f”zdx
2
€ a2
= € €d
ST

Proof. Choosing u; € H'(£2) such that [, [Vu;|?dx = 1, [, ujdx = 0, and
lim e(zﬂ_f)"izq(fg ”fzdx)dx = A..
jtoo Jo
Since {u;} is bounded in H'(£2), passing to a subsequence (still denoted by u;), we have for some u,,
u; — u, weakly in H'(£2),
u; — u. strongly in [*(£2).

Obviously fg ucdx = 0,and u; — u, a.e.in £2. A contradiction argument together with Theorem A implies that u. # 0.
We first claim a Lions’ type result [11]: there holds forany 0 < r < 1/(1 — ||Vu, ||§),

2
lim sup/ e”™™i dx < +o0. (2.2)
jo+oo J@
Notice that ||V (y; — u€)||§ — 1—||Vu, ||§ asj — 400, the claim is an easy consequence of Theorem A and the inequality
ab < ya® + ébz forany y > 0.
Since0 <a; <A,0<a, <Aaj,...,0 <ag < Aag_1, adirect calculation shows
q (/ u?dx) (1= Vucl®) = 1+ arfucl + - - + alluc |5 = I Vuc 3
2

2 2 2k 2
—a1||lle ||2||Vu€||2 - ak”ue ||2‘||Vu5||2

< 1—aelluc |3 Vue 3. (2.3)
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Hence

q (/ ufdx> (1= IVuell®) = q (/ ude) (1—[Vu|) <1 as j— +oo.
2 2

_ 2 2
Again we have by our claim (2.2) that e~ (/e /&

large. Therefore

is bounded in L' (£2) for some r > 1 provided that j is sufficiently

2 2
e(27rfé)ujq(fgujdx>_)e(znfe)ugq(fgugdx) inL'(2)asj — oo,

and the conclusion of Step 1 follows immediately. O

Step 2. Energy concentration phenomenon of the maximizers u, : Precisely speaking, u. — 0 weakly in H'(£2), u. — 0 strongly
in [2(£2), |Vuc|?dx — 8, in sense of measure, where 6, is the Dirac measure at p, and p lies on the boundary 952. Furthermore,
ae — 27, Be — land y. — q'(0).

Proof. On one hand, we have by Step 1,

/e“fuzdx: sup /6(2”_6)”2"(-f9”2d")dx
2 2

Jo IVul2dx=1, [, udx=0

e B
o IVuPdx=1, [, udx=0J 2

One the other hand, we have for any u with [, |[Vu|*dx = Tand [, udx =0,

f lerqu(f_Q uzdx)dx < liminf/ e(ane)qu(f_Q uzdx)dx
2 2

e—0

< lim inf/ e@r—enq(fg uZdx) gy
Q

e—0

Hence we obtain

lim [ e%"dx = sup / e2m’a(fg u'dx) gy (2.5)
=0 /¢ Jo \Vulzdx=l,f9 udx=0J 2

Using the inequality ' < 1+ tef, one has

f el dy < || + arehe. (2.6)
Q
The Poincare inequality implies that ¢, is bounded, which together with (2.5) and (2.6) gives
liminfi, > 0. (2.7)
e—0

By the inequality tet’ <e+t? et there exists a constant ¢ such that
le/2el < c. (2.8)

Let c. = |ue|(xc) = maxg |u|. If c. is bounded, by (2.7), (2.8), the boundedness of S, and Y., and the standard elliptic
estimates (see for example [12], Chapter 9) with respect to (2.1), Theorem 1 holds. Hence we may assume without loss of
generality that

Xe > P E §a Ce = ue(xe) — 400 (29)

as € — 0. Here and in the sequel, we do not distinguish sequence and subsequence, the reader can understand it from the
context.

Since ||Vu, ||§ = land f:z u.dx = 0, we have by Poincare inequality that u, is bounded in H'(£2). Hence we may assume
ue — up weakly in H'(£2), and u. — ug strongly in L*(£2). Suppose ug # 0, then the fact [, updx = 0leads to || Vu||5 # 0.
Similar to (2.3), we have

1
2 2
q /udx>—>q(/udx><7,
<g ¢ 2 ° 1—[[Vuoli2
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which together with (2.2) implies that e is bounded in L" (§2) forsomer > 1 provided that ¢ is sufficiently small. Applying
the standard elliptic estimates to Eq. (2.1), one gets c, is bounded, and a contradiction. Hence ug = 0, and whence o, — 27,
Be — 1and y. — ¢'(0).

To prove the rest of Step 2, we consider two cases.
Case 1. p lies in the interior of 2.

Pick r > 0 such that B, (p), the ball centered at p with radius r, is contained in the interior of £2. Take a cut-off function
¢ € C, (Br(p)) satisfying ¢ = 10n B, »(p), and

limsup/ |V (pu)|Pdx <141 (2.10)
2

e—0

forsome 0 < n < 1/2.The existence of such ¢ is based on the facts fg |Vu,|?dx = 1and fg uﬁdx — 0. Note that e, — 27,

we have by the classical Moser-Pohozaev-Trudinger inequality (Theorem B), e%¢ “ is bounded in L" (B;/2(p)) forsome r > 1.
Applying the interior elliptic estimates to (2.1), we obtain the boundedness of u, in C'(B; 2(p)), which contradicts (2.9).
Hence this case can not occur.

Case2.p € 052.
Assume |Vuc|*dx — p in sense of measure. Note that [, |[Vu[*dx = 1,if u # 8, there exists r > 0 such that

lim [Vuc|?dx = u(B:(p) N 2) < 1.
=05 pne

Theorem A together with fg |uc|dx — 0 gives e is bounded in L°(U) for some s > 1 for sufficiently small €, where U is

some neighborhood of p such that dU is smooth, and B, > (p)N3£2 C UNI2 C B, (p)NIs2.Then, note that du, /dv|se = 0,
applying the boundary elliptic estimates to (2.1) we have the uniform boundedness of u, near p, which contradicts (2.9).
Hence u =46,. O

Step 3. The blow-up behavior of u, near p.

_ Take an isothermal coordinate system (U, ¢) near p such that ¢(p) = 0,¢ : UN IR — IR** NByand ¢ : U —
BY = {y = (y1,¥2) : ¥3 + ¥ < 1,y, > 0}. In such coordinates, the original metric g = dx3 + dx3 has the representation

g = eZ V) (dy? + dy?) with f(0) = 0. Define a sequence of functions
i) = {ue 0¢p~'(y1,y2)  fory; =0
‘ Uco ¢~ '(y1, —y2) fory, <0,

on By. Letr? = ﬁ

fixed B < 2, particularly r. — 0.Denote U, = {y € R? : ¢p(xc) + rey € Bq}. Let Yo (y) = ti(¢(xc) + rey)/cc and

Y (y) = Ce(ﬁe(¢(xe) +ry) =€), Y€ Ue.
Given R > 0, we have on Bg,

paec?, By Hélder inequality and Moser-Pohozaev-Trudinger inequality, we have rfef‘fe2 — 0 for any

1 22 n
— Dy e = e D L2y — 12—
C Cehe

€
1 2 2
- Ay Pe = 1//56“‘%( +e) + Cel. Velle — CeT Me/he.

Notice that ¢, (0) = supg, ¢ = 0, applying Harnack inequality and the elliptic estimates to the above equations, we have
Ve = 1inC'(Bgs2), and ¢ — ¢ in C'(Bg/4) with

AJRZ Q= —e4”"’ in ER/4

¢(0) =0=supg

et?dx < 2.
Br/4

In fact, we have ¢, — ¢ in C,})C (R?), where ¢ satisfies the following equation

Ag2 9 = —e¢  inR?
9(0)=0=supgp (2.11)
e¥?dx < 2.
R2

The uniqueness theorem in [13] implies that

1
0(x) = —— log (1 n z|x|2) , / e dx = 2. (2.12)
2 2 R2
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Denote Uf = {y € R? : ¢(x.) + 1y € Bi},and U. = {y € R? : ¢(x.) + rey € B} For any fixed R > 0, let
Bp={y €Br:px)+ry B}, and By = {y € Bg : ¢(xc) + 1.y € B, } we have

/ e“”‘ﬂdy = lim wz le(l‘H//E)@edy
Br

e—0 By Pe

. 1. o)
= lim —iZe* e dy
=0 Sy, (pxe)) A

. 1 1. -
lim Ze“fuf dy + lim e dy.
=05l (o) e e =0 /B (b)) he

A

This inequality together with f‘u U 2gaet? (fy < 1and (2.12) gives

lim lim ! i’ eeledy = 1,
y (2.13)
R0 =0 Jut (pixe)) e e

1.
lim lim 2 eeliidy — 1, (2.14)
R—+00 €—0 Bpy, (9(x)) A

Step 4. The asymptotic behavior of u. away from p. We have for any 1 < q < 2, ccuc — G weakly in H'“9(82), where
G € C*(82 \ {p}) is a Green function satisfying the following

1
—AG=368,+q(0)G— — ing

1£2]
9 _ 0 ona2\ (p) 2.15
gy — 0 omdeAp (2.15)

/ Gdx = 0.
2

Furthermore, V2 CC 2 \ {p}, ccue — Gin COO(E).

Proof. Since the proof is similar to Lemma 4.9 in [ 14], only slight modification is needed, we omit the details. O

Step 5. Completion of the proof of Theorem 1.

By Step 4, we have c.u. — G strongly in L>(£2). Hence

lim aeuedx < lim sup €27 (@ lecte -+ lccuelid+-+aglceue 13 / CT—en gy
e—0 e—0 Q
2 2
< e2ﬂq(f_QG dx) sup / o2 gy

Jo IVul2dx=1, [ udx=0J 2

By Theorem A and (2.5), we have completed the proof of Theorem 1. O

Proof of Theorem 3. Combining Steps 3 and 4, we proceed as we did in the proof of Proposition 3.11 in [15]. We only give
the outline of the proof here. For more details we refer the reader to [14,15]. Under the assumption that cc — 400 and
X, — p, we obtain

T
sup / ety < 2] + —elt2h (2.16)
Jo IVul2dx=1, [ udx=0J 2 2

where

Ay = llm <G+ log |x —p|>
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Let B = G(x) + % log |x — p| — A,. Applying elliptic estimates to (2.15), we have 8 = O(|x — p|). Setr = |x — p| and

c+1(-s1og(1+35)+8)
, T =<Re,
q(ci2 [ Gde>
G—np
de = , Re <1 < 2Re, (2.17)
c2q (Ciz fo szx)
G
s r > 2Re,
c2q (Ciz Jo szx)

where n € C5°(Bare (p)) is a cutoff function, n = 1in Bge(p), V7l = O(é), B, R and c are constants depending on € to
be determined. The rest of the proof is almost the same as [14]. For sufficiently small positive ¢’(0), we can choose ¢, such
that [, [V |*dx = 1and

f 27 @[ $e00%0([o W= [ 90’ ®) gy || 4 Ze1+2nAp,
o 2
which together with (2.16) implies that blow-up can not occur, and the extremal function does exist. O

3. Proof of Theorem 2

In this section, we choose test functions to prove Theorem 2. Let A be the first nonzero neumann eigenvalue defined
by (1.1), and ug be the corresponding eigenfunction satisfying (1.2). By elliptic estimates, uy € C'(£2). We first claim the
following:

Claim 3.1: ug cannot be identically zero on the boundary 052.
Proof. Suppose not. Then u satisfies

{—Auo = Al in £2

U (3.1)

0]
up=0,— =0 onads2.
av
Noting that £2 C R?, according to Aviles ([16], Theorem 1), we know that £2 must be a ball, and ug is symmetric in the ball.
It follows that ug = 0, which contradicts [, ujdx = 1. O

Once claim 3.1 is true, we can then adapt an argument similar to that of [5]. Without loss of generality we can assume
there exists p € 92 such that ug(p) > 0 for otherwise we consider —ug instead of ug. Choose a neighborhood of p,
say U C $2 such that up > uo(p)/2 in U. Choose an isothermal coordinate system (V, ) around p such that Vv C U,

V= B ={y = (y1,y2) € R? 1 y> +y2 < 8%y, = 0}, ¥(p) = 0. In this coordinate system, the original metric
5 11+Y
g = dx} + dx3 can be represented by g = e (dy? + dy3), where f (y) is a smooth function with f (0) = 0.
On B;, we define a sequence of functions

1 1
Voo log—, Iyl < 8Ve,
2 €

M) = V2 SJe <yl <8.

Jmlog?

_meoy iny '@,
Ue =
ley in ¥\ v '(B)),

where ¢ € C§°(2 \ w‘l(ﬁ)) and [, is a real number such that [, ucdx = 0.
It is not difficult to check that

1\ "2 1

l.=0 1/<logg) , ||Vu€||§:1—|—0<1/logg>,
1\ "2 1

luelly =0 1/<logg> , ||u€||§=0<1/log;).

b
log —,
[yl
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)1/2

Setting ve = u, + feup with tc — 0,t?log ! — +ooand ? (log 1) ' — 0.Then we have

2 2 42 2
vell; = lluelly 4 € ||u0||2+2t€/ Uclipdx
2

1
t2 +2t, / Ucupdx + 0 (1/10g 7) .
Q €

||Vu€||§+t3||Vuo||§+2te/ Vu, Vuydx
2

2
Vvella

1
1 +2M€f uctpdx + At> 4+ 0 (1/log7> )
Q €

! q v =1+ (¢ () — 1) t2+2t5/ufuodx +o|t/ log1 v .
IVvellz ™~ \IVvell3 ‘ e €

We have for ¢’(0) > A

1 q( ||ve||§ )>1+0 f/<log])1/2
IVvel2 " \IIVvell3) ~ ‘ € '

Note that on ¢! (B;ﬁ),

- v? q l[vell3 > o f2U2+ilog1+2t ilogl 1/2u oo logl 1/2
IVoellz " \IVvell3 ) — 02 e ‘\omr e 0 € €

1 1\ 12
> log - + t. (log E) <VSnu0 + o(l)) .

Hence
%o llve 113 ) 1 -
/ e IVeeld T IVeeld qy > / 2 pley/log £ (VBrug+o()) g
1t
2 Ve ) €
> C((S)etq/lOg%(\/EUO(P)‘H’“))
oy 12 llve 12
.. . 2 12 .
for some positive constant C(8). Since ug(p) > 0, then [, e V*<l2 " V<l dx — 400 ase — 0. This completes the proof

of Theorem2. O
4. Adams’ inequalities for bi-Laplacian and extremal functions in dimension four

This section reports some recent results on high order Moser’s inequalities derived in [10], namely the Adams’
inequalities. We refer the reader to [10] for proofs and more details.

Research on finding the sharp constants for higher order Moser’s inequality started by the work of Adams [17]. To state
Adams’ result, we use the symbol V"u, m is a positive integer, to denote the m—th order gradient for u € C™, the class of
m—th order differentiable functions:

m
AZu for meven

Vmu = m—1
VA 2 u for modd.

where V is the usual gradient operator and A is the Laplacian. We use || V™ul|, to denote the P norm (1 < p < 0o) of the

function | V™u|, the usual Euclidean length of the vector V™u. We also use wé‘*’ (£2) to denote the Sobolev space which is a
completion of C§°(§2) under the norm of ||ul|;» o) + ||V"u||Lp(g). Then Adams proved the following

Theorem A. Let §2 be an open and bounded set in R". If m is a positive integer less than n, then there exists a constant

Co = C(n, m) > 0 such that forany u € W(;n’ﬁ(.Q) and ||Vmu||L%(Q) < 1, then

1 n
H/ exp(Blu(x)|=m)dx < Co
2
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forall B < B(n, m) where

no | wvRmr(mE) |t
I—v(n—1121+1)

when mis odd

n [n"/zzmr(’;)

n
n—m
— when mis even.
="

Wn—1
Furthermore, for any 8 > B(n, m), the integral can be made as large as possible.

Note that 8(n, 1) coincides with Moser’s value of 8y and 8(2m, m) = 2°"z™I"(m + 1) for both odd and even m. We are
particularly interested in the case n = 4 and m = 2 in this paper where 8(4, 2) = 3272,

It has remained an open question whether Adams’ inequality has an extremal function, namely, whether the following
supremum

1 n

sup l fg exp(Blu(0| ) dx
uewy ™ (2),[Vmull 0 <1
Lm(
can be attained. Unlike in the Moser’s inequality with first order derivatives, we are unable to adapt Carleson-Chang’s idea [6]
of symmetrization to establish the existence of extremal functions for inequalities involving high order derivatives. It is still
a rather difficult problem to answer the above question in the most generality. Nevertheless, one of the main purposes
of this paper is to address this issue and provide an affirmative answer in an important and particularly interesting case
when n = 4 and m = 2, where considerable attention has been paid to the geometric analysis on fourth order differential
operators on four manifolds (e.g., see the survey article [18]) and many references therein).

To state our results, let 2 C R" denote a smooth oriented bounded domain, Hg (£2) denote the Sobolev space which is
completion of space of smooth functions with compact support under the Dirichlet norm ||u||H§(_Q) = || Au||,, where || - |2

denotes the usual L?(§2)-norm. Then Adams’ inequality in the case of n = 4 and m = 2 can be stated as

sup /eV”de<+oo forall y < 3272. (4.1)
[[Aullz=1J 2

This inequality is optimal in the sense that the corresponding supremum is infinite for any growth e’ with y > 3272,
Then we have strengthened in [10] the Adams inequality (4.1). Let

2
[ Aull3

r(82) =
ueh2(@)uz0 ||ull3

(4.2)

be the first eigenvalue of the bi-Laplacian operator A2. By a direct method of variation, one can show that A(£2) > 0.In[10]
we have shown that replacing the best constant 3272 by 3272(1 + a||u||§) forany o: 0 < o < A(£2), (4.1) is still valid.
More precisely, we proved in [10]

Theorem 4.1. Let 2 C R* be asmooth oriented bounded domain, A(£2) be defined by (4.2). Then for any a with0 < o < A(£2),
we have

2,2 2
sup / e u(rallul) gy < 400, (4.3)
ueH3(2).]| Aul3=1 2

32722 (14 |u|2)

The inequality is sharp in the sense that for any growth e with o > A(£2) the supremum is infinite.

The special case of Theorem 4.1 when o = 0 is exactly Adams’ original inequality (4.1).

Next, we can further generalize Theorem 4.1 to the growth 327" *4(1u13) for some appropriate polynomial q(t) defined
on R with q(0) = 1, namely

Theorem 4.1*. Let 2 C R* be a smooth oriented bounded domain, L(£2) be defined by (4.2), and q(t) = 1+ a;t + at*> +
-+ 4 agt*(k > 1) be a polynomial of order kinR.If 0 < a; < A(£2),0 < a, < A(2)ay,...,0 < ay < A(§2)ay_1, then there
holds

sup / 32wt auID) gy <« oo,
ueH2 (2).|| Aul3=17 %2

) . 2,2 2y
If a; > A(£2),and ay, . . . , a are arbitrary real numbers, then the supremum corresponding to the growth e327 4" aUIul2) js infinite.
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It is easy to see that Theorem 4.1 is a special case of Theorem 4.1* when q(t) = 1+ «t. We have shown in [10] the existence
of extremal function for the Adams inequality (4.1) in dimension four.

Theorem 4.2. Let 2 C R* be a smooth oriented bounded domain. There exists u* € HZ(£2) N C*(£2) with || Au*||5 = 1 such

that
2, %2 2,2
/ 32T dx = sup / e327 U dx.
2 ueH3 (2), ]| Aull <1792

In fact, we have proved the following more general result.

Theorem 4.2*. Let 2 C R* be a smooth oriented bounded domain, A($2) be defined by (4.2), and q(t) = 1+ ait + ayt* +
-+ 4 agt*(k > 1) be a polynomial of order kin R.If 0 < a; < A(£2),0 < a; < A(£2)ay, ..., 0 < ax < A(§2)ay_4, then there

exists a strictly positive constant €y < A(£2) depending only on 2 such that when 0 < a; < €,0 < a; < A(2)ay, ..., and
0 < ap < A(£2)am_1, we can find u* € H3(£2) N C*(£2) such that || Au*||3 = 1and
/ Q327 13) gy sup / e32n22q(uld) gy
2 2

ueH3(R2), [q 1Au2dx<1
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