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ABSTRACT. Let © C R? be a smooth bounded domain, and H}($2) be the
standard Sobolev space. Define for any p > 1,

Ap(@) = inf IVali3/luli,
u€Hg(Q),uz0

where || - ||p denotes LP norm. We derive in this paper a sharp form of the
following improved Moser-Trudinger inequality involving the LP-norm using
the method of blow-up analysis:

2y 2
sup / etrtelluly)e g « 4o
weH(Q),[|Vul2=1/Q

for 0 < a < Ap(R2), and the supremum is infinity for all a > Ap(Q). We
also prove the existence of the extremal functions for this inequality when « is
sufficiently small.

1. Introduction. Let Q C R? be a smooth bounded domain, and HJ(£2) be the
completion of C5°(Q) under the norm |[ull ) = ([q(Jul> + [Vu|?)dz)'/2. The
classical Moser-Trudinger inequality [23, 26, 22] states:

sup / e dx < 400 (1.1)
u€H} (Q),||Vull2=1JQ
for any o < 4w. The supremum is infinity for any a > 4. Here and in the sequel,
for any real number ¢ > 1, || - ||, denotes the L%-norm with respect to the Lebesgue
measure.
On the other hand, P. L. Lions [18] proved the following:
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Theorem A. Assume u. € H}(Q), ||Vuell2 = 1 and ue — uo weakly in H ().
Then for any q < 1/(1 — ||Vug||3), we have

limsup/ R (1.2)
Q

e—0

Clearly, this result is stronger than inequality (1.1) when u. — wuo weakly in
HY(Q) with ug # 0. However, for the case u. — 0 weakly in H}(9), Adimurthi
and Druet [1] proved the following modified Moser-Trudinger inequality involving
L?-norm:

Theorem B. Let Q be a bounded smooth domain in R? and let

AQ) = inf Vul|3/||ul|?
@)= n IVl
be the first eigenvalue of the Laplacian with Dirichlet boundary condition in Q. Then
we have
(1) For any 0 < a < A(92), sup / et (ralluld) g < 4 oo
weHY (Q),]|Vulla=1 /@

(2) For any o > A(Q), sup / edmu? Aelluld) gy = o0,
weHL(Q), ]| Vulla=1 /9

In this paper, we first extend L?-norm in Theorem B to LP-norm for any real
number p > 1. For this purpose, we define

[Vull3
ueHE(@) o ull3
for any p > 1. The fact that A\,(€2) is attained and A,(£2) > 0 will be proved in the

next section. Second, we prove the existence of extremal function for « sufficiently
small. More precisely, one of the main results in this paper is the following:

Ap(€) = (13)

Theorem 1.1. Let Q be a smooth bounded domain in R?, and \,(§2) be defined by
(1.3) for any p > 1. Then we have

(1) For any 0 < o < A\,(Q), sup / et (rallully) gy < 4 oo
weHL(Q),|Vull2=1J0
(2) For any a > A\p(92), sup / edme? Atallulp) o — 4o,
we HY(Q),]|Vull2=1 /2

When p = 2, Theorem 1.1 is exactly Theorem B. Thus, our theorem extends that
of [1]. To prove part (2) of Theorem 1.1, we first choose test functions to achieve
the goal. Since the test function chosen in [1] does not meet our needs when p # 2,
we will select a test function in our work which is quite different from that of [1],
but more similar to that in [27]. We will make more precise comments on this at
the end of the introduction. Next, we use blow-up analysis to prove part (1) of
Theorem 1.1. The earlier blow-up scheme can be found in [13, 1].

Another fundamental question about Moser-Trudinger inequalities is whether
extremal function exists or not. The first result in this direction is due to Carleson
and Chang [2] in the case that € is a ball in R™ (n > 2). Then Flucher [8] extends
this result when Q is a general bounded smooth domain in R?. Later, Lin [16]
generalized the existence result to a bounded smooth domain in R”. Recently, Li [13,
14], Li-Liu [15] obtained existence results for certain Moser-Trudinger inequalities
on compact Riemannian manifolds with or without boundary. More recently, the
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authors of the current paper derived in [19] the sharpened Adams inequalities for
bi-Laplacian and extremal functions in dimension four, and existence of extremal
function for Moser-Trudinger inequality for functions with mean value zero in R?
in [20].

In this paper, we investigate the existence of extremal function for the modified
Moser-Trudinger inequality involving LP-norm, which is another main result of this

paper.

Theorem 1.2. For any fixed p > 1, for sufficiently small o > 0, there exists
o € HE(Q) N C%(Q) with ||Vua|l2 = 1 such that

/647r(1+a||ua”2p)uidx: sup /e4w(1+allul\2)u2dx (1.4)
Q weHL (Q),||Vull2=1 /0

For the Moser-Trudinger inequalities and its extremal functions on Riemannian
manifolds, we would like to mention the work by Fontana [9], Ding-Jost-Li-Wang
[6], Druet-Hebey [7], and in the sub-Riemannian manifolds by Cohn-Lu [4, 5] and
the references therein.

For simplicity, we introduce the notations

JG(u) = /Q Ptallulp)e gy (1.5)

where p > 1, and
H={ue H}(Q):||Vul2 = 1}.

Throughout this paper, we do not distinguish sequence and subsequence, the reader
can recognize it easily from the context.

We mention in passing the substantial difference between our work and that
of [1]. First, as pointed out earlier, our test function chosen to prove part (2) of
Theorem 1.1 is significantly different from that of [1]. More precisely, let ug be a
positive eigenfunction of the Laplacian,

—AUO = Al(Q)’UJO in
(1.6)
up € H3(Q), luoll3=1 wp>0 in Q.
¢ is the cut-off Green function
Varlogt, |zl < Ve
¢€($) @log |m|’ \/E<|.I|§1
0, =€ \ B4 (0)
Setting
Ve = Pe + teug (1.7)

with t. — 0, 2 log% — 400 and t2(log %)1/2 — 0. Adimurthi-Druet derived for
a > A () that

P llvell3
ToveZ (1T Towei2
e ellz 2/ dxr — 400
Q

as € — 0. This completes the proof of (2) of theorem B.
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However, our test function is more involved. To describe without loss of gener-
ality, we assume that 0 € Q and By C Q. For any § > 0, we fix some x5 € Q) such
that |zs| = ¢. Choose t. > 0 as above and let

Vs logl, |zl <e

Ge(z) = ¢ /55 log L(log—log |z|) —teo(x5) (log e—log |x|) <z < (1.8)
logd—loge I E

te[po(ws) +n(x) - (do() — o(ws))], |z| >4,

where ¢g is the eigenfunction of the nonlinear equation (2.1) and n € C*°(2) is a
cut-off function (see Section 2 for more details).

The new idea to construct (1.8) is based on two facts: (i) ¢ satisfies a nonlinear
equation (2.1) (while (1.6) is a linear equation); (i) The decomposition of ||vc||2 in

terms of ¢, and log % does not meet our needs when p # 2. The test function in [1] v,
does not work here. To overcome these difficulties, we take cut-off Green function
inside and eigenfunction outside. This enable us to decompose [vc||? explicitly.
Here we use the new ve = ¢./||Ve|2. Then by a delicate calculation, we have

Ap(Q)llvellp = 2(1 + O(t7) + 0(5%)).

p — "€

By a further careful choice of t. and §, we arrive at the conclusion (2) of Theorem
1.1. We refer the reader to Section 2 for more details.

Second, We caution the reader that the method we use to prove the conclusion
(1) of Theorem 1.1 is different from that used in [1] to handle the more complicated
case of p # 2. To prove (1) of Theorem B, they considered in [1] the minimizers u.
of the subcritical Moser-Trudinger functional

—Au, = %ueeaeuf + Yelle

ue € HY (), ||Vl =1,u>0inQ
ae = (4m —e)(1 + alluc||3)

Be = (1 + aflucl3)/(1 + 2o ucll3)

Ve = o/ (14 2alucll3)

2
Ae = fﬂ uZe®edy

(1.9)

™

By blowing up analysis, they prove that if ¢ = maxqu, — 400, then cue — G
in L*(Q) for some Green function (see earlier work in [13]). This leads to the
conclusion (1) of Theorem B.

In our case, for any p > 1, u. satisfying (3.1) in Section 3. We derive an upper
bound of the sharp Moser-Trudinger functional in case of blow-up (Step 1 of the
proof of Theorem 1.1, see Section 3), which was not considered in [1]. It is known
that such an upper bound together with another test function computation may
lead to the existence result of the extremal functions.

Third, we derive the existence of extremal function of the Moser-Trudinger in-
equality for all p > 1. Thus, as a corollary of our existence result, we also establish
the existence of extremal function for the inequality in Theorem B which was not
considered in [1].

We finally remark here that results proved in this paper also hold for two dimen-
sional Riemannian manifolds with or without boundaries by modifying the tech-
niques given in this paper.
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The organization of this paper is as follows: In Section 2, we construct test
functions to prove part (2) of theorem 1.1. In Section 3, we consider the relevant
Euler-Lagrange equation for the maximizers of the subcritical functional J§. __ and
deal with the asymptotic behavior of the maximizers through blow-up analysis.
This leads to the proof of part (1) of Theorem 1.1. Section 4 gives the proof of the
existence of extremal function for the modified Moser-Trudinger inequality, namely,
Theorem 1.2.

2. Proof of Part (2) of Theorem 1.1. In this section, we select test functions
to prove Part (2) of Theorem 1.1. The test functions we will construct here is quite
different from that of [1]. Let A,(2) be defined by (1.3).

We begin with the following:

Lemma 2.1. For anyp > 1, we have A\, (Q) > 0 and A\, () is attained by a function
do € HE(Q) NC>=(Q) satisfying

{—Acﬁo:Ap(mlon%‘%ﬁ’l in § (2.1)

IVoolla=1, ¢o>0 in Q.
Proof. The proof is based on the direct method of variation. Given any p > 1, choose

a sequence of functions ux € H}(Q) such that [|ugll, = 1 and ||[Vugl|3 — A\ (Q).
Hence uy, is bounded in H} (). Without loss of generality, we assume

Uk — Uo weakly in Hi(Q),

Up — Ug strongly in LP(Q).

It follows that ||ugl|, = 1. Since

/|Vu0|2da::/VUOV(uo—uk)d:c—l—/VUOVukda:,
Q Q Q

we have

/ |Vug|?dr < limsup [ |Vug|*de = A, ().
Q k—+oo JO

Thus A, (Q) = [[Vuo||3/|uol|3, and whence X,(€2) > 0 for otherwise ug = 0, which

contradicts the fact |Jugl[, = 1. Since ||V]ug|||3 < [|[Vuoll3, |uo| also attains

[Vull3
ueH} (Q)uz0 |ul?

Set ¢ = |uol|/||V]uol|l2- Then ¢g attains the above infimum and satisfies the Euler-
Lagrange equation (2.1). By the elliptic estimates ([11], Chapter 9), ¢ € C*°(Q).
The maximum principle implies that ¢g > 0 in Q O

Proof of Part (2) of Theorem 1.1. Here and in the sequel, we always assume p > 1.
Without loss of generality, we assume that 0 € Q and B; C Q. For any § > 0, we
fix some x5 € € such that |z5| = §. Choosing tc > 0 such that t?log 2 — +o0 and
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,/%log%, x| < e

be(x) = \/ilog%(logJflii\ré_\):ltMo(ra)(logEflog\r\) e<l|z] <o
g 0og €

te [Po(ws) +n(x) - (do(x) — dolzs))], |z >4,
where ¢g is described in Lemma 2.1, n € C°°(Q) satisfying |Vn| < 2/§ and

0, || <4
nx)y=< 0<n<l, o<|z]<2
1, x| > 26.

3

: _ 1
Taking 0 = oD we have

| = \/ 35 log L + tedpo ()]
e<|z|<é e<|z|<d

|z]2(log 6 — log €)?

27 (tepo(ws) — 4/ % log %)2

logé — loge

_ quso(xa)(l +0(1)),

[ o= o),

§5<|x|<26

[ Wopdr=e [ (Voo = i1+ 00)
|z|>28 |z|>28

Hence
B 2t

/|V¢€|2dac = 11— —
Q \/%log%

Let ve = ¢c/||Ve||2. Then we have ||Vue|l2 = 1, and

do(z5)(1+0(1)) + t2(1 4 O(6%)).

2/p
A ()12
(0 . 2 > P pd
A= e s </|x|>25¢° )
= M0l + OGN {1+ =)+ 0(1)
27 08¢

—t2(1+0(6))}
= 2Dl doll5 +O*) (1 + O(t2))
= t2(14+ O(t2) + O(6?)).

Here we have used the fact that A,(Q)]|doll2 = Vo3 = 1.
On the domain {z € Q: |z| < €}, we have
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Am (1 + A (Q) | |2)02 ()
mog%(l 21+ 0(2) + 0(6%)))

1
2

Y

{1+ 21/ 5= Tog D)os) (14 0(1)) — 21+ 0(2)))

= 210g%+4\/% 1og%¢0(a:5)(1+0(1))

+2t2 1og1(1 + O(t2) + O(8?)).
€
Note that ¢o(zs) = ¢0(0) + o(1), t2log L0(5?) = O(1), we obtain

/ ATUHA D022 g > ty/2T 08 To0(0)(1+0(D) _, | oo
Q

as € — 0, where C' is a positive constant independent of e. Hence Part (2) of Theo-
rem 1.1 follows. O

3. Proof of Part (1) of Theorem 1.1. In this section we prove Part (1) of The-
orem 1.1. Let © C R? be a smooth bounded domain and 0 < a < A,(9).

Step 1. Existence of maximizer for J5._. and the Euler-Lagrange equation.

Given any € > 0, we take u. € C°°(2) NH such that
Jrﬂ'—e(uf) = sup Jé(llﬂ—e(u)
ueH
where we recall that
Jg (u) = / efO+ealulln)e gy
Q

for p > 1 and
H={uc HQ):|Vulz = 1}.

The existence of wu, is based on the direct method of variation and the elliptic
estimates. Thus the proof is similar to that in the case p = 2 and we omit the proof
here but refer the reader to [1] for details.

Furthermore, after a careful calculation one can check that the Euler-Lagrange
equation of u. is

—Au, = f—Zueeo‘euf + %Hueﬂf,_puﬁ_l in Q
IVuella =1, ue>0 in Q

ac=(4m —€)(1 + O‘H“e”?))

Be = (L + alluellz)/(1 + 2aluc]?)

Ve = a/(1+ 2aucll})

(3.1)

2
Ae = [ uieveda.
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Step 2. The case when u. is uniformly bounded in €.

Let ce = ue(x.) = maxq u.. We first assume that {c.} is a bounded sequence as
e — 0. Since for any 1 < ¢ < ﬁ, Holder’s inequality implies

1/q 1 1
( / (ui’l)“dw) < izt
Q

and thus

1
_ _ 4 11
(/Sl(%HUeh% Puy l)qu> §%||U6Hp|9|q+p 17 (3'2)

which together with (3.1) implies that Au, is bounded in L(Q)) for some 1 < ¢ <
p/(p — 1) because ¢, is bounded. Hence u, — u* in C*(Q) for some u* € H by the
standard elliptic estimates ([11], Chapter 9), and Theorem 1.1 follows immediately
from the easy fact

lim Jg._(ue) = sup Ji(u). (3.3)
=0 ueH

Step 3. Asymptotic behavior of the maximizers u. when u. is not uniformly
bounded in e.

We will now use blow-up analysis to understand the asymptotic behavior of the
maximizers u.. We proceed in the spirit of [13] and [1]. We assume

Te — 10 €Q, uc(r) — +00 (3.4)

as e — 0.
We first claim that xg can not lie on the boundary 0.

Using equation (3.1), we have

—Au, = %ueeo‘eug + 7€||u5|‘§_puf_1, ue >0 in Q, ue =0 on 09,
€
where a, 7., 8. are positive constants depending on € as defined in (3.1). Thus, u.

satisfies
—Au = f(u)

where

felu) = %ueo‘éu2 FYellulZPuP~ >0 in Q

Similar to the argument indicated in [1], we have by using the results of Gidas-
Ni-Nirenberg [10] (see page 223 of [10]) that there is some § > 0 depending only
on  (independent of f. and w.) such that u. has no stationary point in the
d—neighbourhood of 9S). Therefore, o can not lie on the boundary 9. As a
result, we have excluded the boundary blow-up'.

From now on, we assume z( € .

Sub-Step 3.1. A Lions type Lemma of concentration compactness.

1We thank the referee for pointing out this argument.
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The following concentration phenomenon is crucial in our blow-up analysis:

Lemma 3.1. For the sequence {u} we have that ue — 0 weakly in H}(Q), ue — 0
strongly in LY(Q) for ¢ > 1, |Vuc|*dz — §,, in sense of measure, where 8, is the
Dirac measure at xo. Furthermore, we have o — 4w, B — 1 and v, — .

Proof of Lemma 3.1. Since ||Vu,|lz2 = 1 and u. € H}(2), we may assume
ue — ug  weakly in  H}(Q),
ue — uo strongly in  L9(9)

for any ¢ > 1.
Suppose up # 0, then we have for any 0 < a < \,(€2),

1

2

Thus by Theorem B of Lions we conclude that e®<“ is bounded in L"(2) for some
r > 1 provided that ¢ is sufficiently small, which together with (3.2) implies that
Aue is bounded in L% (Q) for some ¢y > 1. Employing the elliptic estimates to
(3.1), one gets uc is uniformly bounded, which contradicts (3.4). Therefore ug = 0,
and consequently a, — 47w, 8. — 1 and v, — a.

Assume |Vu|?dz — p in the sense of measure. Note that ||Vuc||3 = 1 and
ue — 0 strongly in L(Q) for any ¢ > 1. If u # 6,,, we can choose a cut-off function
¢ € C§(R2), which is supported in By, (z0) C € and equal to 1 in B, /2(20) for some
small 79 > 0 such that

/ |V(¢u5)|2d:c <l-17¢
]BT‘()(w(J)

for some 1 > 0 provided that e is sufficiently small. By the classical Moser-Trudinger
inequality (1.1), e<(#49)” is bounded in L*(2) for some s > 1. Then the elliptic esti-
mate on the Euler-Lagrange equation (3.1) implies that u. is bounded in B, /2(z0),
which contradicts (3.4). Therefore, |Vu,|?dz — §,,. |

Sub-Step 3.2. Asymptotic behavior of ue near the concentration point xg.

re = \/Aeﬁglce_le_%aecf. (3.5)

Since . — 47 and ||[Vue||3 = 1, we have by Holder inequality and Moser-Trudinger
inequality (1.1),

Let

2 1 2 3 2 1 2
Ae = / ufeo‘éuedx < e1%<C / ufezo‘éue dr < Cet1®
Q Q

for some constant C' independent of e. This together with (3.5) implies
7“626%"‘603 —0 as e—0. (3.6)

Denote
Qo={rcR?: 2 +ruxecQ}
Define the blowing up functions
Q/JE(CL') = Ce_lue(xe + 7'655)7 (3.7)

©e(x) = ce(uc(e + 1) — o).



972 GUOZHEN LU AND YUNYAN YANG

A direct computation gives

— Atp(x) = ¢ 2pee D p 2y 2 2PYP T i Q. (3.9)
—Ape(r) = ¢e($)ea€(l+we)we + Tfo”Yelluelﬁ_pi/ff_l in Q. (3.10)
By (3.6) and (3.7),
2 2 1y-2 2 H 2 1
( / e >wd:c> S o [N e A

< 1y uc, — 0.
Applying the elliptic estimates ([11], Chapter 9) to (3.9) and (3.10), we have
e — 1 in C?_(R?), (3.11)
pe— ¢ i Cp(R?), (3.12)

where ¢ satisfies
Ap =—e¥% in R?

»(0) =0=supyp (3.13)
fR2 e8P dr < 1.
Here we have used the definition of A, 5. — 1 and the fact that for any fixed R > 0,

/ 8™ dr = lim Be / uf(y)eo‘éuz(y)dy.
31(0) 0 A Sy, (20)

The uniqueness theorem obtained in [3] implies that
1
o(z) = i log(1 + 7|z |?), (3.14)

and
/ S™dr = 1. (3.15)
Rz

Sub-Step 3.3. Convergence away from the concentration point.
Similar to [13, 1], define ue 3 = min{fce, ue}, then we have
Lemma 3.2. For 0 < 3 < 1, we have limsup,_,q || Vu, g3 < 3.

Proof of Lemma 3.2. For any 0 < ¢ < 1, we have by the equation (3.1) and the
divergence theorem,

|V (ue — Be) T PPde = / V(ue — Bee) T Vuede
Q Q

Y

2
/B ( )(u€ — Be)t (%ueeaeue + ’yé||u5||z2)_puf_l) dz.
Rre (Te €

This inequality together with (3.11), (3.15) and the facts that u. > fSce on Bry_ (),
which is due to (3.8) and (3.12), and

(e = Bee) yelluellpPul ™ rr(Bryonyy < Yelluely =0,
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gives that
|V (ue — 5C€)+|2d$ > (1- 5)/ ¢*"dz + 0c(1) =1— B+ 0e(1).
Q R2
Hence
limsup ||Vu gll3 = 1 — hmi(IJlf |V (ue — Be) T3 < B.
e—0 €
|

Though the following estimate is not used in Step 3, it is a byproduct of Lemma
3.2 and will be employed in the next Section.

Lemma 3.3. lim [ e*"“dz < Q]+ lim limsup/ vl dy.
e—0 Q R—+ BRTG (15)

o0 e—0

Proof of Lemma 3.3. For any 0 < 8 < 1,

2 2 2
/ e“Medr = / e Yedx + / e “edx
Q ue<fBce ue>PBee

a€u2 /\6
< Qe efdr + P
By Lemma 3.2, ¢®Ues is bounded in L1(Q) for some ¢ > 1. Through the proof of
(Q\ {x0}), and whence [, e vindV, —

Lemma 3.1 one can see that u, — 0 in C},
|2| as € — 0. Therefore

: A
AUy o < |Q) AL (1),
[ et [+ oz +oel)

where o.(1) — 0 as € — 0. Letting € — 0 first, then S — 1, we obtain

: 2 : A
lim [ e*"de <[]+ limsup .
=0/ o e—0 C¢

On the other hand, we have by (3.12) that

Ae
/ el dy = 5 / e8™dx 4 o (R) |,
Brr. (z0) BecZ \ JBr(0)

where o.(R) — 0 as ¢ — 0 for any fixed R > 0. By (3.15) and 8. — 1,

. . 2 . A
lim lim sup/ e¥<"e dr = lim sup —26
—+00 -0 Brr () e—0 C¢

Therefore

e—0 Q —+00 0

lim [ e¥dr < Q]+ lim lim sup/ e ue da.
" Bre ()
O

Using the similar idea of Lemma 3.7 in [13] and (3.26) in [1], one can prove
without any difficulty that

hH(lJ (b%céuéeae“zda: = ¢(z0), Vo€ CHQ). (3.16)
v €

The following result can be found in [25]:
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Lemma 3.4 (Struwe). If f € LY(Q), and u € H}(Q) N CH(Q) is a positive solution
of =Au = f. Then for any 1 < q < 2, ||Vullq < C||f|lx for some constant C
depending only on q and Q.

Using Lemma 3.4, we can prove the following:
Lemma 3.5. For any 1 < q < 2, ccu, is bounded in Hy'(9).

Proof of Lemma 3.5. By (3.1),

— Aceue) = %céueeo‘euf + ’yEHcheHg_p(chE)p_l in Q. (3.17)

€
We claim that ||ccue||, is bounded. Suppose not, we can assume that ||ccue|, — +oo
as € — 0. Let we = ceue/||cette]|p. Then we have [|we|l, = 1 and

_ ! &ceuee%“g+7€||w6|\17pwffl in Q. (3.18)
l[ceuellp Ae !

It can be deduced from (3.16) and the definition of w. that Aw, is bounded in

L'(Q). By Lemma 3.4, w, is bounded in Hy%(Q) for any 1 < ¢ < 2. Assume

w. — w weakly in Hy?(Q), and w, — w strongly in LP(Q). Testing (3.18) with

¢ € C3(Q) and letting € — 0, we obtain by (3.16)

/ VoVwdr = o / dwP Lz, (3.19)
Q Q

here we have used ||w||, = 1. Since o < A,(€2), one can derive from (3.19) that
w = 0, which contradicts the fact that ||w|, = 1. Hence ||ceuc||, is bounded. Again
by Lemma 3.4, Lemma 3.5 follows. O

— Aw,

We now prove that ccue converges to the Green function for the operator —AG =
0z + al|G|IZ7PGP~1 in © when € — 0 in a certain sense. More precisely, we have

Lemma 3.6. We have for any 1 < q < 2, ccue — G weakly in H“4(Q)), where
G € CY(Q\ {z0}) is a Green function satisfying the following

—AG =0y + af|GZ7PGP™! in Q
G=0 on Of.
Furthermore, ccue — G in CL (Q\ {z0}).

(3.20)

Proof of Lemma 3.6. By Lemma 3.5, we can assume for any 1 < g < 2 that
ceue = G weakly in Hy(Q)
ccue — G strongly in LP(Q)

for some G € Hy%(Q), where p is the same as that in Theorems 1.1 and 1.2. Testing
(3.17) by ¢ € C3(9), we have

6& acu? — _
V(]SV(CE’U/E)d(E == (ZS)\—CE’U/EG tedr + VeHceueHZQ) P ¢(C€u€)p 1d(E.
Q Q € Q

Letting € — 0, we have by (3.16),

/ VoVGdr = ¢(xg) + a||G|\f;P/ pGP " da.
Q Q
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Hence
—AG = 6,y + af| GG
in a distributional sense.

For any fixed § > 0, choose a cut-off function n € C¢(2\ Bs(xg)) such that
n=1on N\ Bas(xo). By Lemma 3.1, we have ||V(nu.)|l2 — 0 as ¢ — 0. Hence
e’ is bounded in L"(Q\ Bs(x0)), and ¥ is bounded in L7 (€2 \ Bas(zo)) for any
r > 1. Notice that |lccucl|27?(ccuc)?~! is bounded in L7, we derive from (3.17)
that A(ccuc) is bounded in L7 T (2 \ Bas(20)) . Applying the elliptic estimates to
(3.17), we have ccue — G in C1(Q\ Bas(xo)). Hence the second assertion holds. [J

Therefore, we have completed Step 3.
Step 4. Completion of Proof of Theorem 1.1.

We will use the same notations as in the earlier steps. If blow-up occurs, i.e.
Cce — 400, we have

Sup/e4ﬂ'u2(1+a|lu|\g)dx — lim [ e@r—outOtalud?) g
uwer Jo <=0Ja
< limsupe(4”_€)a||05“5|‘i/6(4”_6)“fdx
e—0 Q
2 2
< e47ra||G||p sup/ e47ru dur
ueH JQ
< +o0,

here we have used the Moser-Trudinger inequality (1.1). Thus, Part (1) of Theorem
1.1 follows. O

4. Proof of Theorem 1.2. In this section, we give the proof of Theorem 1.2 by
dividing it into two steps.

Step 1. Under the assumption that cc — 400, T — xg € (2,

sup / e4wu2(1+aIIUHﬁ)dI < |9Q| + 7T€1+47TA207 (4.1)
u€Hg(Q),[|Vull2=1/Q

where Ay, is a constant defined in (4.3) below.

Similar to [16, 27], we need the following result belongs to Carleson and Chang [2]:
Lemma 4.1(Carleson-Chang). Let B be the unit disc in R?. Assume {vc}eso is a
sequence of functions in H(B) with [ |Vue[*de = 1. If |Vo|*dz — 6y as e — 0
weakly in sense of measure. Then limsup,_,, fB(e‘“”’z — 1)dx < me.

By Lemma 3.6, ccu, — G in CH(Q\ Bs(z0)). Recall (3.20), we have

1
— A(G + 5 log |z — z0]) = | G2 PGP~ € L7(Q), Vr> 1. (4.2)
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Hence G + 5= log |z — 20| € C*(R) by the elliptic estimate ([11], Chapter 9). Hence
the Green function G can be represented by

1
G = ~on log |z — xo| + Azy + Yal(x), (4.3)

where A,, is a constant depending on a, ¥, € C1(Q) and 1, (7¢) = 0. By (3.20),
oG

/ IVG|*de = a||G||§—P/ G”d:c+/ G——ds
O\ Bs (20) Q\B (o) ANBs(z0))  ON

1.1
5 log 5 + Ang + o |G|2 + os(1).

Hence we obtain

1 1 1
/ |Vu|2de = — (— log = + A, + a||G||§ +os5(1) + 05(1)> (4.4)
Q\Bs (o) ce \2m g

Let s = SuPyp; (4,) Ue and Ue = (ue — ). Then T € Hj(Bs(xo)). By (4.4) and
the fact that st(wo) |Vue|?de =1 — fQ\Bs(Io) |Vuc|?dz, we have

1 1 1
/ IV 2de < 7 = 1— — (= log = + Agy + al|GI2 + 05(1) + 0c(1) ) . (4.5)
Bs(wo) CE 27T 5

Hence by Lemma 4.1,

e—0

lim sup/ (64ﬂi?/n — 1)dx < m%. (4.6)
Bs (x0)

By (3.12), we have on Bpg, (z¢) that u.(z) = cc + %gﬁ(%), which together with
the fact that ccue — G in LP(Q), gives on Bg, (z.),

4 (1 + a||u€||127)(ﬂe + 56)2

ATl + Amal||Ga |} + 8msclic 4 0c(1)

Am? + 4o G2 — 4log § + 8T Ay, + 0c(1) + 05(1)
4n2 |7 — 2log § + 4w Ay, + o(1).

e

IN N

IAIA

Therefore

2
/ etedr
Brr, (16)

IN

5—26477Az0+0(1) / e47rﬂf/7'€ dr
Brr, (16)

5726477A10+0(1)/B ( )(6477%2/7-5 —1)dz + o(1)
Rre(Ze

< 5726477A20+0(1)/ (6471'55/7} _ 1)(117
Bs(2o)
It follows by (4.6) that

lim sup/ e d < melTAmAw (4.7)
€0 JBre ()
By Lemma 3.3, we obtain

lim sup/ e dy < Q| + meltimAeo, (4.8)
Q

e—0

Hence we have (4.1).
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Step 2. Existence of extremal function.
We will construct a blow-up sequence ¢, € H(Q) such that | V|2 = 1 and

Q

for sufficiently small € > 0 and sufficiently small ov. The contradiction between (4.9)
and (4.1) implies that ¢, is bounded. Then elliptic estimate implies that Theorem
1.2 holds.

To prove (4.9), as we did in [28, 29], we set 3 = G + 5= logr — Ay, where z is
the concentration point as before, 7(z) = |& — x|, and whence § = O(r). Set

c+1(— 7 log(1+723)+B)

NWEEAeF for r < Re
P = m(G —npB) for Re <r < 2Re ;
#HGH%G for r Z 2Re

where 1 € C§°(Bage(z0)) is a cutoff function, n = 1 on Bre(wo), [Vnllz~ = O(#),
B is a constant to be determined later, and R, ¢ depending on € will also be chosen
later such that Re — 0 and R — +oc. In order to assure that ¢. € H}(Q), we set

1/ 1 , 11
et - (—Elog(l + 7R )+B> = E(—%log(Re)—i—Awo),

which gives

1 1
2rc? = —loge — 21B + 21 AL, + Elogﬂ'—l—O(ﬁ). (4.10)
A straightforward calculation shows
1 1
2 2
|dr = ————————(2log—+1 —1+47A, + 4ma||G
/Q|V¢ | € 471'(62 —I—O[”GH%) ( 0og € + ogm +4m P+ 7TO(H ”p

+0(%) + O(Re log(Re))) .

Let ||[Voe|2 = 1, we have

loge logm 1 1
’=— - —+4 — 1 : 4.11
c 5y + g in + p+O(R2) + O(Relog(Re)) (4.11)
By (4.10) and (4.11), we have
1 1
B= o + O(ﬁ) + O(Relog(Re)). (4.12)
Set R = —loge. It follows that on Bgrc(zo)
2 8ra?||G|A log R
2 2 2 r P g
4z (14 al|¢ell;,) > 4mc —210g(1+7r€—2)+87rB— = +O( i ).
Hence we have by (4.11) and (4.12),
221 |4
/ AT(+allgcl2)? g > peltinAe, _ wel+4ﬂ-/}20 n O(logk;ge).
Bre(zo) B c? log™ e

(4.13)
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On the other hand,

/ eAm(L+alloelD)o? go > / (1 + 4n¢?)dx (4.14)
Q\Bre(z0) Q\ Bare (o)

2
1G5,
2

Y

| + 47

1
+0().
If the following hypothesis

2ma’||G|[2e! T A < 1, (4.15)

holds, we know from (4.13) and (4.14) that (4.9) holds for sufficiently small € > 0.
The elliptic estimate on the equation (4.2) implies that the hypothesis (4.15) can
be satisfied for sufficiently small a.

Therefore the proof of Theorem 1.2 is completely finished. g
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