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Abstract

Let 2 C R* be a smooth oriented bounded domain, Hg(.Q) be the Sobolev space, and A(£2) =
infueHg(.Q), lul3=1 ||Au||% be the first eigenvalue of the bi-Laplacian operator A2, Then for any «o:
0<a<XA(£2), we have

sup /632”2L‘2(1+°‘||”||%) dx < 400
ueHg (), [Aulz=1F
and the above supremum is infinity when o > A(£2). This strengthens Adams’ inequality in dimension 4
[D. Adams, A sharp inequality of J. Moser for high order derivatives, Ann. of Math. 128 (1988) 365-398]
where he proved the above inequality holds for « = 0. Moreover, we prove that for sufficiently small & an
extremal function for the above inequality exists. As a special case of our results, we thus show that there
exists u* € H3 (22) N C*(82) with || Au*||3 = 1 such that

2 42 22
/e32n Wodx = sup /632” “dx.
)
P ueHI(RQ). [o |Aul dx=1},
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This establishes the existence of an extremal function of the original Adams inequality in dimension 4.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction and main results

Sharp geometric inequalities and their extremal functions play an important role both in anal-
ysis and geometry. The investigation on the sharp constant for Moser—Trudinger’s inequality
dated back to 1960s to 70s. In 1971, J. Moser [30] sharpened the result of Pohozaev [34] and

1

Trudinger [41] and found the largest positive constant Sy = na),'l’:'] , where w,,_ is the area of the
surface of the unit n-ball, such that if §2 is an open subset of Euclidean space R" (n > 2) with
finite Lebesgue measure, then there is a constant Cy depending only on n such that

1 n_
ﬁ/eXp(,B|f(x)|"*l)dx < Co
2

for any B < Bo, any f in the Sobolev space Wol’"(.Q), provided ||V f|1n(2) < 1. Moser also
proved that if B exceeds fp, then the above inequality cannot hold with uniform Cyp independent

of f.
In 1986, Carleson and Chang [7] proved that the following supremum

1

1 =T
sup {ﬁ/exp(nwn_lv(x)
Q

FEW™ (), IV fllzn (o) <1

ﬁ)d)c}

has extremals for the case when §2 is a ball in R” for n > 2. Carleson and Chang proved the exis-
tence of extremals by reduction to a one-dimensional problem using a symmetrization argument.
Much work has been done since then, and we refer the reader to the sharp Moser—Onofri type in-
equality with extremal function for Paneitz operators on high dimensional spheres by Becker [4],
Carlen and Loss [6], a sharp Moser inequality with mean value zero on domains in R? by Chang
and Yang [8] (see a recent extension to high dimension by Leckband [20]), the work on existence
of extremal functions by Flucher [16] on smooth domains in R"” when n = 2, by Lin [27] for
the case n > 2, and a Moser type inequality related to the mean field equation by Ding, Jost, Li
and Wang [13,14], and more recently on existence of extremal functions on Riemannian man-
ifolds by Y.X. Li [21] and Yang [43], and by Lu and Yang [29] for functions with mean value
zero, and on unbounded domains by Ruf in R2 [35]. We should also mention that Tian and Zhu
[40] proved a Moser—Trudinger type inequality for almost plurisubharmonic functions on any
Kahler—Einstein manifolds with positive scalar curvature which generalizes the stronger version
of the Moser—Onofri inequality on S? and also refines a weaker inequality found earlier by Tian
in [39].

Research on finding the sharp constants for higher order Moser’s inequality started by the
work of D. Adams [1]. To state Adams’ result, we use the symbol V™ u, m is a positive integer,
to denote the mth order gradient for u € C™, the class of mth order differentiable functions:
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m

A2u for m even,

Vmu = { m—1
VA 7 u form odd,

where V is the usual gradient operator and A is the Laplacian. We use ||V"ul|, to denote the
L? norm (1 < p < 00) of the function |V™u|, the usual Euclidean length of the vector V" u. We

also use Wg "7 (£2) to denote the Sobolev space which is a completion of Cgo (£2) under the norm
of [lullLr2) + ||Vku||Lp(g). Then Adams proved the following

Theorem A. Let 2 be an open and bounded set in R". If m is a positive integer less
than n, then there exists a constant Co = C(n,m) > 0 such that for any u € W(;n’z(.Q) and

m
[|V u||L%(_Q) < 1, then

ﬁ)dx < Cy

1
ﬁ/exp(ﬂ}u(x)
2

forall B < B(n, m) where

gh/2pm pemtly o n .
I [#]”‘"’ when m is odd,

Wy—1 I(=mtly
B(n,m) = :
n 71”/22’"1"(%)]L h .
—_— = _|n—m
o T (5m) when m 1s even.

Furthermore, for any B > f(n, m), the integral can be made as large as possible.

Note that B(n, 1) coincides with Moser’s value of By and B(2m, m) = 2*"7" I"(m + 1) for
both odd and even m. We are particularly interested in the case n = 4 and m = 2 in this paper
where B(4,2) = 32x2.

We remark here that both Moser and Carleson—Chang’s works rely on a rearrangement ar-
gument. In order to adapt this symmetrization principle of Moser, one needs to establish the
L?-norm preserving properties of the high order gradient functions V"', which is still not known
to be true in general for m > 2. What Adams did was to represent the function u in terms of its
gradient function V™ u using a convolution operator. Then he used the O’Neil’s idea [33] of rear-
rangement of convolution of two functions together with the idea which originally goes back to
Garcia. Such an argument avoids in dealing with the issue of L " norm preserving of the gradient
of the rearranged function. This idea has also been developed to derive the sharp constants for
Adams’ inequality involving higher order derivatives on Riemannian manifolds without bound-
ary by Fontana [17] and more recently in the subelliptic setting to derive the sharp Moser’s
inequality on the Heisenberg group and CR sphere by Cohn and Lu (see [10] and [11]).

It has remained an open question whether Adams’ inequality has an extremal function,
namely, whether the following supremum

ﬁ)dx

1
sup ﬁ/exp(mu(x)
1 Q2

n

m, —
ueW, " (£2),|IV"u <
o "2, IIL%( S

can be attained. Unlike in the Moser’s inequality with first order derivatives, we are unable to
adapt Carleson and Chang’s idea [7] of symmetrization to establish the existence of extremal
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functions for inequalities involving high order derivatives. It is still a rather difficult problem
to answer the above question in the most generality. Nevertheless, one of the main purposes
of this paper is to address this issue and provide an affirmative answer in an important and
particularly interesting case when n =4 and m = 2, where considerable attention has been paid
to the geometric analysis on fourth order differential operators on four manifolds (e.g., see the
survey article [9] and many references therein). As it has been pointed out earlier that the sharp
Moser—Onofri inequality and existence of extremal functions on high dimensional spheres S” for
high order derivatives were derived by Beckner using deep Fourier analysis techniques [4], see
also Carlen and Loss [6] using elegant competing symmetry method, and the Beckner—Onofri
inequality on CR sphere by Branson, Fontana and Morpurgo [5].

To state our results, let 2 C R” denote a smooth oriented bounded domain, HOZ(Q) denote
the Sobolev space which is a completion of space of smooth functions with compact support
under the Dirichlet norm ||u ||H§(Q) = ||Au||2, where || - ||» denotes the usual Lz(.Q)-norm. Then

Adams’ inequality in the case of n =4 and m =2 can be stated as

sup /e’”‘z dx < +oo forall y <3272, (1.1)
HAMII2<19

This inequality is optimal in the sense that the corresponding supremum is infinite for any growth
e’ with y > 3272

The first aim of this paper is to strengthen the Adams inequality (1.1). Let
1Aul3

ueH(2).uz0 Null3

M82) = (1.2)

be the first eigenvalue of the bi-Laplacian operator A%, By a direct method of variation, one can
show that A(£2) > 0. In this paper we show that replacing the best constant 3272 by 3272(1 +
a||u||%) for any a: 0 <o < A(£2), (1.1) is still valid. More precisely, we prove

Theorem 1.1. Ler 2 C R* be a smooth oriented bounded domain, A ($2) be defined by (1.2).
Then for any a with 0 < o < A($2), we have

sup /632n2u2<1+anun§) dx < 400, (1.3)

ueHg (). | Aull3=1¢,

2
The inequality is sharp in the sense that for any growth 32 () ypin o > M82) the
supremum is infinite.

The special case of Theorem 1.1 when o = 0 is exactly Adams’ original inequality (1.1).
We remark here that one can obtain a weaker version of the Adams inequality (1.1) for any
y < 3272 by using a sharp representation formula of the function « in terms of its higher order
gradient V"'u and combining with Hedberg’s idea [19]. However, this argument does not lead
to the sharpest constant y = 32772, Nevertheless, our argument of proving inequality (1.3) only
requires to know that the weaker version of the inequality (1.1) holds. Namely, as long as we can
show that (1.1) holds for any y < 3272, we can derive the strengthened Adams inequality (1.3)
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for all 0 < o < A(£2). Thus, our method in this paper also provides an alternative way of deriving
Adams’ result for « =0 whenn =4 and m = 2.

Next, we can further generalize Theorem 1.1 to the growth e
polynomial ¢ () defined on R with ¢(0) = 1, namely

2,2 2 .
2r7utq(lull) for some appropriate

Theorem 1.1%. Let 2 C R* be a smooth oriented bounded domain, 1.(2) be defined by (1.2),
and q(t) =1 +ait+art*+---+apt* (k = 1) be a polynomial of order k in R. If 0 < a1 < L(£2),
0<ay < A(2ay, ..., 0< ar < AM(82)ay_1, then there holds

2,2 2
sup /63271 u q(lull) gy < 400,
ueH3 (). | Aul3=1,

If a1 > A(82), and ay, ..., ay are arbitrary real numbers, then the supremum corresponding to

the growth 32 q(ull})

is infinite.

It is easy to see that Theorem 1.1 is a special case of Theorem 1.1* when ¢ (f) = 1 + «at.

Having obtained the sharpened version of the Adams inequality (1.3), we are naturally led
to investigate the existence of extremal functions such that the supremum (1.3) is attained. This
question is rather difficult and requires considerable efforts to accomplish when dealing with
inequalities involving the high order derivatives.

The second aim of this paper is to show the existence of extremal function for the Adams
inequality (1.1) in dimension four. We will prove

Theorem 1.2. Let 2 C R* be a smooth oriented bounded domain. There exists u* € Hg(.Q) N
C*(82) with || Au*||3 = 1 such that

2. %2 2,2
/632” “dx = sup /332” “dx.
2
5 ueH3 (). | Aul2<1 %

In fact, we will prove the following more general result.

Theorem 1.2*. Ler 2 C R* be a smooth oriented bounded domain, »(2) be defined by (1.2),
and q(t) =1+ at + art® + - + apt* (k > 1) be a polynomial of order k in R. If 0 < aj <
A82), 0 < ar < A (82)ay, ..., 0 < ar < A(82)akx—1, then there exists a strictly positive constant
€0 < A(82) depending only on §2 such that when 0 < a; < €p, 0 < ax < A(2)ay, ..., and 0 <
am < M82)am—1, we can find u* € H}(2) N CH($2) such that | Au*|3 =1 and

/ 2 B) g sup / S22 (uld) gy
o ueHZ (), [ |Au|2dx<19

As a corollary of Theorem 1.2*, we have thus also shown the existence of extremal function
of inequality (1.3) for sufficiently small o > 0.

The following remarks are in order. First of all, to prove Theorems 1.1 and 1.2, we only need
to prove Theorems 1.1* and 1.2*. Second, the proof of the second part of Theorem 1.1 (also
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Theorem 1.1%) is based on the test function computations, while the first part is based on blow-
up analysis. More precisely, using a Lions’ type lemma, we can find u. € Hg(.Q) N C*($2) such
that [, |Aue|*dx =1, and

/6(32n2—5)u2(1+a\|u€”%) dr — sup /e(gznz_e)u2(1+a|\u|\§)dx

ueHg (2), | Aulla=1

ko) 2

for any € > 0. Denote ae = (3272 — €)(1 + a[lucll3), Be = (1 + allucl3) /(1 + 2etl|uc13), ye =
af/(1+ 2a||ue ||%), le = f_Q uge"‘f“g dx. Then the Euler-Lagrange equation of u. is

Be

2 .
Aue = Zuce®e + youe in 2,
€

Ue = % =0 on d52.
av
Write ¢e = ue(xe) = maxyeg |ue|. Without loss of generality we assume ¢, — +00 (namely
blow-up occurs) and x, — p € £2. Using the Pohozaev identity and elliptic estimates, we will
exclude the scenario of the boundary blow-up. We also prove that c.u. converges to some Green
function weakly in Hg(f)), which immediately leads to Theorem 1.1 (Theorem 1.1*). Third,
for the proof of Theorem 1.2 (Theorem 1.2*), we will derive an upper bound of the functional
/. o 3270 gy under the assumption that blow-up occurs by using a certain type of capacitary
estimate, and then construct a sequence of functions to reach a contradiction. This leads to the
existence of extremal function. Fourth, as we have pointed out earlier, throughout the paper
we will not require the best Adams inequality (the best constant is 3272), but only require the

subcritical Adams inequality, i.e.

sup /eyuz dx <400 forall y <3272,
HAM\|2<19

This is interesting in its own right. Fifth, we also caution the reader that o, is not necessarily
approaching to 3272 or bounded above by 32772 when € — 0. Thus, we cannot have the uniform

boundedness with respect to € > 0 of the integral |, o %z dx in advance, which is obviously
uniformly bounded for the case ¢(¢) = 1 in Theorem 1.1* (i.e., « = 0 in Theorem 1.1), when we
calculate the upper bound using the capacity estimates. This in turn creates considerably more
difficulty in the proof of Theorem 1.2*. Sixth, an analogous case of Theorem 1.1 for first order
derivatives in dimension two has been studied by Adimurthi and O. Druet in [2] using blow-up
analysis, and existence of extremal function was considered in [43] in this case. A version of
Theorem 1.2 on four dimensional Riemannian manifolds without boundary was recently consid-
ered by Y.X. Li and C. Ndiaye in [22] and existence of extremal functions was derived in [22].
Our results in this paper on bounded, open and orientable domains §2 in R* can be generalized
to the case on Riemannian manifolds of dimension four with boundary. We would also like to
mention that blow-up techniques have been already employed by numerous authors in a relevant
but quite different setting in dealing with Sobolev inequalities instead of Moser—Trudinger type
ones. We refer the interested reader to the works in [3,15,24,26,36-38], etc.

The rest of the paper is arranged as follows. In Section 2, we construct test functions to prove
the second part of Theorem 1.1 (Theorem 1.1*). In Section 3, we give the existence of maximizers
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of subcritical functionals. In Section 4, we analyze the asymptotic behavior of those maximizers.
In Section 5, we obtain an upper bound of the critical functional under the assumption that blow-
up occurs in the interior of £2. We exclude the boundary bubble in Section 6 and finish the proof
of Theorem 1.1*. In Section 7, we construct test functions to conclude the existence of extremals,
and thus give the proof of Theorem 1.2*.

2. Proof of the second part of Theorem 1.1*

The main purpose of this section is to prove the second part of Theorem 1.1* by constructing
test functions. Let ¢(t) = 1 + ayt + --- + axt* be the polynomial given in the assumption of
Theorem 1.1*. We need to prove that for a; > A($2) and arbitrary ay, ..., ai, there holds

2.2 2
sup f832n urqlully) g, — +00. 2.1
ueHg (). [ Aul3<1

Letug € HO2 (£22) N C*(£2) be an eigenfunction of bi-Laplacian operator A2 satisfying

Aug = r(2)ug in 2,
0 2.2
luolla =1, uo=$=o on 942 (22)
v

The solvability of this equation is based on the direct method of variation. Without loss of gen-
erality we assume the unit ball B € §2 and ug > Cp in B for some positive Cp, otherwise we
consider —uq instead of ug and a ball in £2 with radius r and centered at some point xg. Let

L]Ogl _ lx[? 1 x| <6%
2m2 TR fsnrelogl \fsn2log o
te = ;logﬁ‘s 6%<|x|<17
J272log ! *
e, x| >1,
where ¢, is a smooth function satisfying ¢ [sp = elo2 =0, %DB = %, %bg =0, and
2r-log £
Ce, Ve, AL are all O( 1 ). One can check that u, € Hg(.Q), and
1/logé
2 1 2 1
luell; =0 1/10gg ; lAucllz; =1+ 0 1/10gg .

Let ve = uc + tcug with . — 0, téz log% — 400 and tz(log %)1/2 — 0. Then we have

2 2 2 2
lvellz = lluelly + 22 |Iu0||2+2te/ueuodx
2

1
=t3+2t€/ueuodx+ O(l/log—),
€
2
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I Avell3 = [l Auell3 + 121l Augll3 + 2t / Aue Augdx
2

1
=1+2k((2)t6/u6u0dx+k([2)t€2+ 0(1/10g E)'

A straightforward calculation shows
! q< Ive )—l—i—(a] —A(Q))(t2+2t /u uodx>
- € €
lAvells "\l Ave 3 ‘

cofus(oe!) ).

Noting that [, [uc|dx = O(1/,/log é), we have [ ucugdx = o(t?). Hence for a; > 1(£2),

1 ( llvell3 > < < 1\ /2
q >1+o|t log — .
1Ave ™ \ 1l Ave |12 o/ \loe
Since u, 2,/ﬁlogé on B_1/4, we obtain

llve 13

2
2_ Ve
/632” HAUEH%‘](IlA“E”%)dx > / letﬁ/logé(S\onuo—&-o(l)) dx
>
€

2 B.1/4

_ pley/log é(Sﬁﬂuo(O)Jra(l)).

By our assumption u((0) > C¢ in B,

3002 %, llve I3
|2 |2
/e Iavelly Al gy s 4o
2

as € — 0. We get the desired result (2.1).
3. Extremals for the subcritical Adams inequality

In this section we mainly prove for any € > O the existence of maximizers of subcritical
functionals

/ LG22 =g (lul}) 4 3.1
2
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defined on space of functions satisfying u € H(%(.Q) and |[Aull < 1. Noting that

(3272 — e)q(||u||%) is not necessarily less than the critical exponent 3272, the existence of
such maximizers is nontrivial.
We begin with proving the following Lions’ type [28] concentration compactness result.

Proposition 3.1. Let {uc}e-o C HOZ(.Q) be a sequence of functions such that || Auc|l, = 1 and
Uue — ug weakly in HOZ(.Q). Then for any p < 1/(1 — ||Au0||%),

. 2 2
llmsup/e32” Ple dx < 4o0.

e—0

Proof. If uyp = 0, then nothing need to be proved because of the Adams inequality (1.1). If
ug # 0, then one can see that

| AGe —uo)|5 = 1=l Auoll3 < 1.

Hence we have for p < 1/(1 — || Augl|3)

2.2 2 Y 2 2
/6327[ PUE gy <f632n p(148) (ue—up)°+32m [7(1—5—1/3)u0 dx

2 2

2
32 (o) 1/r 1/s
2 20,2
< (/e I AGue —ug)ll5 dx) (/e32ﬂ plug dx)
2 2

for some § > 0 and p’ > p provided that € is sufficiently small, where 1/r + 1/s = 1. By the
Orlicz imbedding, ¢"0 is bounded in L* (£2) for any s > 1. The Adams inequality (1.1) implies

. 2.2
hmsup/e32” Ple dx < +o0. a

e—0

It is interesting to note that this concentration compactness estimate does not follow from the
Adams inequality (1.1) and it is stronger than (1.1) when || Au0||% # 0. It is also remarkable that
only the subcritical Adams inequality is required in the proof of Proposition 3.1, namely

sup e’ dx < +o0o forall y <3272 (3.2)

ueHg (2). | Aulp<1 Y

Next we prove the existence of maximizers for subcritical functionals (3.1).

Proposition 3.2. Assume the assumptions of q(t) in Theorem 1.1" are satisfied. Then for any
€ > 0, there exists u. € HOZ(.Q) N C*(2) such that fQ |Auc|>dx =1, and

/ 2= (luc?) 4y — sup / L2 =g (ul) 4

ueHZ (), | Aul2<1

2 2

Here 32mw% — € can be replaced by any sequence p. 1 322 as € |, 0.
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Proof. We first note that the supremum is invariant if one replaces the condition ||Au|, < 1 by
[|Au|2 = 1. Hence, for any fixed € > 0, we can choose a maximizing sequence {u;} C HOZ(.Q)

such that o, |Au;|*dx =1, and

/e(32n2—e)u§q(llu,—\|§)dx_) sup /e(32n276)u2q(||u|\%)dx (3.3)

2
5 ueH3(2). | Aul2 <1

as j — +00. Since {u ;} is bounded in HOZ(.Q), we have

uj —ue weaklyin H02(.Q),
uj —> ue strongly in LZ(Q),

uj—>ue ae.in 2.

Hence

2_oy,2 12 2 2 2 .
fj — B —euialulz) £ = B2 = ucqluclly) 46 in 2.

Suppose 1 =0, then 1 + o |lu; ||% — 1. The subcritical Adams inequality (3.2) implies that

2_€y,2
/6(3271 "V dx < 400 forall j.
2

Thus f; is bounded in L*(§2) for some s > 1 and f; — 1in L'(£2). Here s depends only on €.
Passing to the limit j — 400 in (3.3), one has

2| = sup /eoznz—e)uzq(nun%) dx.
ueHZ (), IAul=1¢,

which is impossible. Therefore u. % 0. By Proposition 3.1, we have forany p < 1/(1 — || Au ||%)

limsup/ S g < +o0. (3.4)

Jj—>+oo

By our assumption on ¢(#), 0 < a; < A(£2), 0 < ax < A(2)ay, ..., 0 < ar < A(82)ag—1, there
holds for any u € Hg(£2) with [|ull> # 0,
g(lul3) (1= 1Aul3) =1 +aiul} + -+ axlull — [ Aul3
—alul3lAul3 — - — agllull 3| Aul3

<1 —aglull3Aul3. (3.5)

This leads to

1

— (3.6)
1= IVuel3

q(lu13) = q(lucl?) <
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Combining (3.4) and (3.6), we conclude that f; is bounded in L"(£2) for some r > 1. It follows
that f; — f. strongly in L'(£2). We get the desired result immediately. O

In the rest of the paper, we would mostly analyze the asymptotic behavior of maximizers u.
described in Proposition 3.2. To do this, we consider the corresponding Euler—Lagrange equation
of u¢, namely

A2ue = &ueeasuz + Yelle in §2,
Ae
0
lAuclh =1, ue="=0 ond,
v
ae = (321 — )q (Ilucl3),
2
u
b — i q(y euz)z _ o
qUluel?) +q'(Nuell?) [ u2dx
q'(luell3)
Ye = 3 p 3 TR
qUucl?) +q'(luell?) [ u2dx
Ae quzedeug dx.
2

Here and in the sequel we denote the derivative of ¢ (7) by ¢'(¢). It is of significance to estimates
the constants appeared in (3.7). Firstly, we have the following

Lemma 3.3. o, B¢ and y, are all bounded sequences. Moreover o has positive lower bound if
all coefficients ay, ..., ax of q(t) are nonnegative.

Proof. Since u. € HOZ(.Q) satisfies ||Auc|| = 1, we have |juc]l2 < C by the elliptic estimate
(see [18] for example). Then the desired result is an easy consequence of the definitions of «,
Beand y.. O

Secondly, we have the following property of A..
Lemma 3.4. There holds liminf,_gAe > 0.

Proof. Using the inequality e’ < 1 + te’ for t > 0, we obtain

/e“e“g dx <|2| + ache. (3.8)
2

By Proposition 3.2, one gets for any € > 0

2 2.2 2
/e“‘“f dx < sup /632” wqlull) gy

ueHZ(2), [|Aul=1

2 2

On the other hand, for any fixed u € Hg(.Q) with ||Au|, = 1, Fatou’s Lemma together with
Proposition 3.2 implies
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e—0

2.2 2 . 2_\,2 2 . 2
/e32” q(ul3) gy < lim /ewzn qUuld) gy < tim [ %% dx.
e—0
2 2

2

Combining the above two inequalities, we have

lim [ et gy = sup / e2muauld) gy 3.9)

0 UeHR(R), | Aul3=1

2 2

which together with the inequality (3.8) and Lemma 3.3 gives the desired result. O
4. Asymptotic behavior of extremals for subcritical functionals

We will analyze in this section the asymptotic behavior of u.. We will prove the uniqueness
of the blow-up point, and understand the behavior of u, near the blow-up point and away from
the blow-up point.

The crucial tool to study the regularity of high order equations is the Green representation
formula. Recall that the Green function G (x, y) for A? under the Dirichlet condition is defined
by

G (x, y)

A2G(x,y)=8,(y) in £, Glr.y)=—>"==0 ondQ. A.1)
V

All functions u € Hg(.Q) N C*(£2) satisfying A%u = f can be represented by

u(x) =/G(x,y)f(y)dy-

2

Several useful estimates of G(x, y) are listed here for future reference, see for example [12],
namely there exists C > 0 such that for all x, y € £2, x # y, we have

|G(x,y)|<Clog<2+ ) IVIGx,y)|<Clx—y|™, izl 4.2)

[x — ¥l

Denote ¢, = |ue|(xe) = maxg |ue|. If ¢ is bounded, then applying the standard regularity
theory to (3.7) we obtain u — u* in C*(£2) for some u* € H}(£2) N C*(2) with [|Au*||, = 1.
This together with (3.9) leads to the conclusions of both Theorem 1.1* and Theorem 1.2*.

Without loss of generality we assume there exists some point p € £ such that

Xe > P, Ce=1Uc(Xe)= m_(azlxue — 400 ase— 0, 4.3)

for otherwise we consider —u. instead. We call p as the blow-up point. Here and in the sequel,
we do not distinguish sequence and subsequence, the reader can understand it from the context.

Since u, is bounded in Hg(.Q), we may assume u, — ug weakly in Hg(.Q), and us — uo
strongly in L*(§2) for any s > 1. Suppose uq # 0, then || Augl|2 # 0. We have by (3.5)

1

a(lluell) = q(luoll) < T
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which together with Proposition 3.1 implies that ¢%? is bounded in L (£2) for some r > 1
provided that € is sufficiently small. Applying the standard regularity theory to Eq. (3.7), one
gets ¢ is bounded and a contradiction with (4.3). Hence

ue —0 weakly in H}(£2),
uc. — 0 strongly in L¥(£2), Vs > 1, (4.4)
e — 3272, Be—1, ye—ai.

In the rest of this section we focus on the case p € §2, and leave the case p € 952 to Section 6.
When p € 2, we claim a Lions type energy concentration result, i.e.

|Aue |2 dx — §, in sense of measure, 4.5)

where §,, is the usual Dirac measure supported at p. Suppose (4.5) is not true. Noting that
|Aucll2 =1, we can find » > 0 and 1 > 0 such that

Sobolev imbedding theorem together with (4.4) leads to Vu, — 0 strongly in L?(£2). Hence for
any cut-off function ¢ € C(%(Br (p)) with0 < ¢ < 1on B,(p) and ¢ =1 on B, 2(p), there holds

lim sup / |A(q§u€)|2dx <1—n.
—0
¢ By (p)

The Adams 1nequahty (1.1) together with (4.4) implies that e"‘f‘f’ ug is bounded in L2 1(82),

and thus e%"¢ is bounded in L2 1 (By2(p)) provided that € is sufﬁ01ently small. Applying the
standard regularity theory to (3.7), we have u. is bounded in Cl(B, /4( p)). This contradicts our
assumption (4.3). Hence we conclude (4.5). In fact we have proved that there is no other blow-up
point if p lies in the interior of £2 due to the fact that || Aucll, = 1.

To proceed, we introduce the following quantities

2
uce%te dx

be = Ae/f luc|le®“ dx, = lim Gy iy Jotetdx (4.6)

2

e—~0b’ 0 [, |ue|e¥etE dx

By the definition of A, (see (3.7)), we have T > 1 or T = +00. Obviously |o| < 1. We will prove
o=1 at the end of this section.

2 .
Let r ﬂkéz e %% and 2, ={x € R* xc+rxe $2}. We claim that r. converges to zero

rapidly. Indeed we have for any y: 0 <y < 32772,

; 1 1
r?cze”‘g = ‘B—e(}'*‘"f)""g / uzeo‘f”g dx < ﬂ—/u?e}’”g dx — 0. 4.7)
€ €
2
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Here we have used the Holder inequality and (4.4). In particular . — 0 and £2. — R* as € — 0.
To understand the asymptotic behavior of u. near the blow-up point p, we define two sequences
of functions on £2., namely

Yel) = M 9e (6) = b (1te (xe + rex) — cc). (48)

€

Firstly the asymptotic behavior of ¥ will be considered by proving the following

Lemma 4.1. . (x) — 1 in C} (R%).

loc

Proof. Obviously, || < 1. Since for any fixed R > 0, x € Br(0),

1
| A2 ()| = |rd (f—w (x)eleetietren) | w)‘ < S +rive—~0,
€ Ce
and
2 1 2
[AYe|”dx = ) [Aue|“(y)dy — 0. 4.9)
Br(0) ¢ BRre (xe)

The standard regularity theory and (4.9) give ¥ — ¥ in Cl e (R*) with Ay (x) = 0in R*. Noting
that ¥ (0) = 1, one gets by using the Liouville Theorem ¢ = 1 in R*. O

Now we investigate the convergence of ¢..
Lemma 4.2. Let T be defined in (4.6). Then g — ¢ in C}} (R*), where

1 1 4 .
——log——, xeR"ift <+o0,

<p(x)={ 1672t 1+%|x\2
0, x eR*ift < 4o0.

Proof. Using the Green representation formula and the estimates (4.2), we have fori = 1, 2 and
x € Br(0)

|V ge (x)| = ber / VG (x. +rsx,y>A2ue(y)dy‘

ﬂe Qe
[ TEluele <y>  veluel
< Cbery ——dy
pA Ixe+rex—y|’ |xe+r€x—y|’
ﬁs |u ( oeu? (y)
: yle u
< Cberé( / / Velue(y)| J
Ixe-st—yll |xe+rex_)’|l
Bag(xe)

belue ()i
+ / 6—_dy>
|xe +rex — y|'

2\BaR(xe)
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<cC be /‘ dz b / dy n 1

< — 7 c _— 4+ —

Ce lx — z|f e¥eDeCe |xe +rex —ylf  RI
2

Bag(0)
< C(R). (4.10)

Here we have used (4.7). Note that ¢, satisfies the following equation:
b ce
Age(x) = e (r)ec s VDD 1y pcerdye(),  x € Q. (.11
Ce

Because of (4.10), applying the standard regularity theory to (4.11), we have ¢, — ¢ in C? (R%).

loc
If T =limc_0cc/be < +00, then one can see from (4.11) and Lemma 4.1 that ¢ satisfies

1
A2p(x) = —eSTTD  4(x) < 0(0) =0, / ST gy o 4o, (4.12)
T

]R4
To understand ¢ further, we calculate
B 2
A@e (x) = ber? f AxG(xe +rex,y) <fue(y)e“€“<(y) + yeue(y) ) dy
€
2

and for any R > 0,

) d
[ 1avdas<cna? | f—e}uay)!eaeu?m( / —X> oy
€

|xe +rex — y|?
BR(0) Q Br(©)

dx
+Cbeyer52/’ue()’)|< / m)d}’
€ €

2 Br(0)

Hence, for any R > 0, we have f B (0) |Ag|dx < CR?, which together with (4.12) and results of
[25,42] gives that

1

, xeR* 4.13
l—i—%lxl2 19

p(x) = ——>—log

If © = 400, we have by (4.10), |Ap(x)| < CR~2 for all x € Bg(0). Letting R — +00 we
know that ¢ is a harmonic function in R*. Noting that ¢ (x) < ¢(0) = 0, Liouville Theorem leads
top=0. O

Next we consider the asymptotic behavior of u, away from the blow-up point p. We first have
the following
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Lemma 4.3. bcuc is bounded in HO2 () for any 1 < r < 2. In particular there exists a constant
C depending only on $2, M(§2) and o such that ||beu @) S < C uniformly for ay € [0, ap]

with ag < A($2), where a; = ¢’ (0).

”Hz’(

Proof. Let v be a solution of the following equation:

A, (x) = f—ébeue(x)e“‘“g(x) in 2,
by (4.14)
€

ve=—=0 on 0s2.
av

By the Green representation formula, we calculate fori =1, 2,

Vive)| < C / x — y|*"f—€b€|ue<y)|e“f”5<” dy.
€
2

For any 1 < r < 2, we have by Holder inequality and definition of b, (see (4.6) above),

[Vive(x)]" < C/ |x — yl_irf—ebe|ue(y)|eaeuz(y) dy.
€
2

Hence Fubini’s Theorem implies IVivell, < C,i=1,2, whence

<cC. (4.15)

Vel 2

Denote we = beue — ve. Then, by (3.7) and (4.14), w, satisfies

Azwg(x) = YeWe + VeVe 1n £2,

9 416
We _ o on 92, (4.16)
Jv

We =

Noting that y. — a; < A(£2), testing (4.16) by w¢, we have by the definition of 1(£2) and the
Holder inequality,

/|Awe|2dx=y6/w3dx+y€/vewedx
Q

2 2

f|Aw€| dx +

)L(_Q) mllvellzllﬁwellz,

which together with (4.15) gives || Aw||2 < C for sufficiently small €. This constant C depends
only on £2, A(£2) and «p. Hence ||w || H2(2) < C, which together with (4.15) and Sobolev imbed-

ding Theorem implies that bcu, is bounded in Hg Tforany 1 <r<2. O

Secondly we will prove that c.u. converges to some Green function. Noting that both b
and o are defined in (4.6), we will prove the following
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Lemma 4.4. beue — Gy, (-, p) weakly in Hoz’r (82) forany 1 <r <2 with

A’Gy =08, +a1G, in £2,

G “4.17)
=4 _9 on 982.
ov

Gy,

Furthermore, beue — Gy, (-, p) in C;t)c(ﬁ \ {p}). Also we have

o

Ga = 812

log|x — pl+ Ap + ¥ (x), (4.18)
where A, is a constant depending on p and o, Y € C3(2) and ¥ (p) =0.

Proof. By Lemma 4.3, there exists some function G, (-, p) € H02’s such that beue — G, (-, p)

weakly in HOZ’S (£2) for any 1 < s < 2. For any fixed r > 0, by (4.5), e%!? is bounded in L5($2\
B, (p)) for some s > 1. This is based on the subcritical Adams inequality and a cut-off function

argument. By the standard regularity theory beue — G in Cl40 C(§ \ {p}). It is easy to see form
(3.7) that bcu, satisfies

A%(beue) = %bguge“f”g + yebeue in £2,
€

beue = 0(beue)/dv =0 on 052.

For any ¢ € C*(£2), we have

/(p(%beueeaeug + Vebeue) dx = /(d’(x) - ¢(p))f_6b€u6(x)eaeuz(x) dx
2 ¢ 2 ¢

+¢(p)f f—ébéueeaeuf dx—i—/q&yebeuedx.
€
2 22

Lebesgue dominated convergence theorem implies that f{x €2 Jue|<1) OlE dx — |£2]. We have
by (3.9) that

2 2 2.2 2
f e |e¥< e dx > f e*e dx — sup fe32” waqllul) gy — |82].
2 {

2
<
xeR: luc|>1) ueHy (), |Aula<1

This leads to the fact that b¢ /A, is bounded. Hence we obtain by using Holder inequality together
with (4.4) and that %% is bounded in L° (82 \ Br(p)) for some s > 1,

. :36 aeu? _
lim f (¢ —o(p) A—ebeuee dx =0.
2\B, (p)

Since [, ) Lbelucle® dx <1, fe — 1, and
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‘ / (¢—¢<P>)%beuee"‘e“?dx < f |¢—¢(0)|f—€be|ue|€“€“gdx.

B (p) Br(p)

We immediately have

lim lim f(¢—¢@»%bm¢%ﬁdx=o

r—>0e—0
B, (p)

It is obvious that

e—0 €

1in})/¢y€b5u€ dx =a1/d)Gal dx, lim %beuee"‘f"g dx =o.
€e—
2 2

Combing all above estimates, we obtain

e—0

lim qb(f—ebgugeo““g + y€b€u€> dx =0¢(p) +a /¢>Ga1 dx.
€
19 2

This proves the first part of the lemma.
To prove the second part, we define a cut-off function n € Cg (2)suchthat0<n <1, n=1
on B.(p) and n=0o0n 2\ By (p), where By (p) € §2. Let

o
8(x) =G (x, p) + o7 n(x)loglx — p.
It can be checked that g is a solution of

A’g=f  ing,

dg
g=—=0 onadf2
av

in a distributional sense, where
o
fx)= —g(Aznlog |x — p| +2VAnVlog|x — p| +2AnAlog|x — p|
+ 2A(V77V10g |x — p|) +2VnVAlog|x — p|) +a1Gg, (x, p).

Noting that r is a fixed positive number, we can see from Lemma 4.3 that f € L*(£2) for any
s > 1. Standard regularity theory implies that g € C3(£2). Let A » =8 (p) and

o
V() =g@) —g(p)+ g5 (1 —mloglx —pl.
We get the desired result. O

Now we are in a position to derive an upper bound of |, o €%<"< dx by using a Pohozaev identity,
namely
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Lemma 4.5. (See [31,32].) Assume 2’ C R* is a smooth bounded domain. Let u € C*(2) be a
solution of A*u = f (u) in 2. Then we have for any y € R*,

1 Bl
4/F(u)dx:/(x—y,v)F(u)da)—i—E/vz(x—y,v)da)—i—Z/ 8—uvda)
v
X ¥k A%’ EXed

ov ou
+ / (—(x -y, Vu)+ —(x —y,Vv) — (Vv, Vu)(x — y, v)) dw
ov ov

a2’

where F(u) = fou f(s)ds, —Au = v and v(x) is the normal outward derivative of x on 982’.

Choosing ' =By (xe), y=Xe, u = ute, f(ue) = f—Zueeo‘f”g + Yele, noting that v = —Au,,

F(ue) = 2a T L areud 4 Tveu?, we obtain by Lemma 4.5,

2 a r 2
/ eo‘f"édx=—ﬂ:b;7/e / (beue)zd.x—‘r‘z / e dw

By (x¢) By (x¢) 0By (xe)
as)te)/e 2 2
+ 4ﬂ€b2 / (beue)? dx +4ﬁ€b2 / |A(beue)|” dw
9By (xe) 0By (xe)
e e 0(beue)
— A(b d
,35173 f 3 (beue) dw
9By (x¢)
A oA (b a(b
_ Bele / 238 0beue) 8bette) o\ VVbens) ) deo
2B b? or or
0By (x¢)
4.19)

By the representation of G, (-, p) (see Lemma 4.4), we have for any fixed r > 0

2
/ G2 dx =o(1), / G2 do=o(l), r f IAG,, |2 dx = % +o(D),
T
Br(p) dB;(p) aBr(P)
3Gy, o? NGy, 3Gy, o?
/ ar AGal dw = = Ti2 +0(1) r / a—ra—rda) 8 ) +0(1)
3B, (p) 9B, (p)
02
r f VAG4, VG, do = —23 + o(1),
8
3B, (p)

where o(1) — 0 as r — 0. Note that fBBr(xe) % dop — |0B-(p)| as € — 0. Fixing r > 0 first
and letting € — 0 in (4.19), then letting r — 0, we have by Lemma 4.4
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. . 2 LA
lim lim %Y dx = o2 lim —.
r—>0e—0 e—0 g
By (xe)

Since |Auc|?dx — 8 p in sense of measure, we immediately have

. . 2
lim lim eYtedx =|82|.
r—0e—0
Q2\Br(p)

Combining these two identities we obtain

A
lim [ €% dx = || + 0% lim =<, (4.20)
e—0 e—=0 bé

2

provided that o # 0 in case lim¢_,¢ 2—; = +400. It is remarkable that we do not know whether or

not the limits in (4.20) are finite at this stage. Keeping in mind that || < 1 (see (4.6) above), we
claim that o # 0. For otherwise, if A /bZ — +00, noting that Holder inequality gives

1
< —/uze"‘f“zdx/e“f“gdx:/e"‘f”gdx, 4.21)
‘9 2 2

we can easily get a contradiction with (4.19) for sufficiently small €; if A/ bf is bounded, o =0

leads to f o ety — |§2| because of (4.20). This contradicts (3.9) and confirms our claim. We
can further locate o as follows.

Lemma 4.6. There holds o = 1.

Proof. By Lemma 4.4, beue — G, in Cfoc(ﬁ \ {p})), and G,, = —87‘;—2 log|x — p|. We have
known that o # 0. Suppose o < 0, then G, (x, p) < —C < 0 in B,(p) for some p > 0 and
positive constant C. Whence u. < 0in B,(p) \ {p} for sufficiently small €. On the other hand
we have by Lemma 4.2, u. > 0 in Bg,, (x¢) for any fixed R > 0 and sufficiently small €. Note
that Bg,, (x¢) C B,(p) for sufficiently small € > 0. We get a contradiction with the sign of u,
on Bgy (xc) \ {p}. Hence o > 0. Then G, (x, p) > C; > 01in B,(p) \ {p} for some r > 0 and
positive constant Cy. Whence u, > 0in B, (p) \ {p} for sufficiently small € > 0. Hence

2 2
/|u€|e“€”fdx: / uce®"edx.

Bp (p) B/) (p)

Since |Aue|? dx — 8p and u, — 0in L*(£2) for all s > 1, Holder inequality leads to
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. 2
lim lue|e®! e dx = 0.
e—>0

£2\B,(p)

It can be easily derived from Lebesgue dominated convergence theorem and (3.9) that

. 2 . 2
lim e*edx = |82, lim e*"edx > 0.
e—0 e—0

{xe2: u.<1} {xe2: uc>1}

Noting that u — 0, a.e. in §2, we have

. 2 . 2
lim luele® e dx > lim e“Medx > 0.
e—0 e—0
B, (p) {xef2: uc>1}

By definition of o, we calculate

2 2
Ja\s, ) Hee™" dx + [p, ) uce™ " dx

o ZeIE;%f ae“%d +f aguﬁd
Q\B,(p) [Uele® e dx + [p ) luele<e dx

. 2
lime_o fBr(p) uce¥ve dx

= =1. O
lime_0 fB,(p) U el dx

Thus Lemma 4.4 can be restated as
Lemma 4.7. beue — Gy, (-, p) weakly in Hoz’r(.Q)for any 1 <r <2 with

A’Gy =8, +a1Gy in 2,

G
Goyy=—2L=0 ond.
av
Furthermore, beue — Gy, (-, p) in C;;C(S_Z \ {p}). Also we have
1
Gy = —@log [x = pl+Ap +¥(x),

where A, is a constant depending on p and ay, ¥ € C3(2) and Y (p) =0.
5. Neck analysis

In this section, we still assume u, blows up and the blow-up point p € §2. We will use capacity
estimates to calculate the limit of A/ bf, which together with (4.20) gives the supremum of the
functional |, 327 w*a(lul3) gy under the assumption that u, blows up. The technique of capacity
estimates applied to this kind of problems was first used in [21] in dealing with Moser’s inequality
of first order derivatives.

Let x (1) : (0, +00) — R be a smooth function satisfying 0 < x < 1, |x'(6)| <5, |x" ()| < 10,
x =1whent <4/3,and x =0 when ¢ > 5/3. Define a function g on domain B; g, (x¢) by
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— |x — xel 1 T e
ge(X)—“G(X)_X< Rre )(ue_ce_z(p( re >>

where ¢ is given by Lemma 4.3. It is easy to check that g, satisfies the following boundary
conditions

1 X — Xe
ge(X)=ce+—0 on 0By, (xe), 8e =Ue ON IByg, (Xe),
€

b Te
(5.1
08c 1 0¢ [(x — xc 0ge  OJue
— = — 0B , — = 0B ,
v bere v\ on 3 Brr.(xe) v~ oy O 9B2re(x)

where v is the outward unit vector on the boundary of Bag,. (x¢) \ Bgr, (x¢). By Lemma 4.3, we
geton Bogy, (x¢)

20 ) 1A X — Xe¢ n 1
r U\ X) = — o\ — .
¢ ‘ be v Te be

Whence we obtain on Bag,, (xc)

— — i -2 2 -1
A(e — ge) =0 5 re e, re|Aue] < C(R)b,
€

for some constant C (R) depending only on R. This immediately leads to
2 2 1
|Age(x)| dx = |Aue(x)|"dx +o ) C(R). (5.2
Bakre (x\ By (x6) Bakre (x\ By (x6) ‘

We also define a sequence of functions 4. on Bs(x.) by

_ 1 A
hg(x) =Ue — (1 — X(Z(S 1|x —x€|))<u€ + Sn—zbelog|x —x€| — b_ep)
One can check that A satisfies the following boundary conditions
1 1 1
he(x) = Z Sn—zlogg +A4, on 9 Bs(xe), he =ue on dBsy(xe),
5.3)

dhe 9 B3 (x.) ohe  Jue 3By a(x.)

=————— on Xe), — =— on Xe),
v 8r25h, ot v v okt

where v denotes the outward unit vector on d(Bs(xe) \ Bsy2(x¢)). According to Lemma 4.7, we
have for x € Bs(x¢) \ Bsy2(xe)
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1 A, +o(l)
ue(x) = — gy log r —xe| + ==
beVue(x) =~ 51— —~ |2+Wf(x)+o(1)
beAue(x)z—m+Alﬂ(x)+0(l)~

Here and in the sequel, o(1) — 0 as € — O first and then § — 0. A straightforward computation
shows

o(1)
==,

|A(ue - he)|2dx = B2

Bs(xe)\Bs/a(xe)

This, together with the fact that [be Auc| < C on Bs(xe) \ Bs/2(xe) for some constant C depend-
ing only on &, gives

o(1)

o (5.4)

|Ahe|?dx = / [Auc|>dx + —=

Bi(xe)\Bs2 (xe) Bs(xe)\Bs/2(xe)

Define a sequence of functions

8e(x), x € Bagy (xe) \ Bry, (Xe),
ui(x) =1 ue(x), x € Bsp(xe) \ Bagr, (xe),
he, X € Bs(xe) \ Bsya(xe).

Combining (5.1)—(5.4), we conclude u} € H 2(Bs(xe) \ B rr. (x¢)) and satisfies boundary condi-
tions

1
ur(x) = <8 2log + A ) on dBs(x¢),

1 X — Xe
u (x) =ce t+ b -9 on aBRr6 (xe),
€

Te
5.5
ou; 1 on 9Bs(xc) (5-3)
=—— n Xe),
v 8r25b P
ou; 1 3¢ (x —x¢
— = 0B ,
v Dere v ( Te > on 9Bgr (xe)
and energy identity
FUENT R o(1)
|Aut(x)|" dx = | Auc(x)|* dx + =2 R (5.6)

Bs (x)\ Brre (x0) B (x\ Brre (xc) ¢
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Now we start to derive the capacity estimates. Write for simplicity
. . 2
is R =1nf / |Au|“dx,
Bs (xe)\BRre (xe)
here the infimum takes through all functions belonging to H 2(33 (x¢) \ Brr, (x¢)) with the same

boundary conditions as u#*, namely (5.5). Then, noting that ||Auc|l» = 1 and (5.6), we have by
Lemmas 4.3 and 4.7,

is Re < f |Au*|? dx
Bs (xe)\BRre (xe)
2 o(1)
/ ‘ ug(x)] X+ bg
Bs(xe)\ BRre (xe)
2 2 o(1)
<1-— |Au5(x)| dx — |Aue(x)| dx+b—2
2\ Bs(x¢) BRre (xe) ‘
1 2 2 0(1)
:l_b_§< / [AGy, | dx + / [Ap] dx>+¥- (5.7
2\Bs(p) Br(0)

It is known (see for example [22,23]) that the infimum i5 g . can be attained by a bi-harmonic
function 7 which is defined in the annular domain Bj(x,) \ Bg,, (x¢) with the same boundary
condition as u*. Moreover 7 takes the form

1
T(x)=Alog|x — xe| + Blx — x> +C——— +D
|)C_xs|2

for some constants A, B, C and D. Hence
1)
|AT? dx = 8% A% log =t 32w AB(8% — R*r?)
T
Bs (xe)\BRre (xe) ‘
+ 327282 (5* — R*D). (5.8)

Substituting 7 (x) into the boundary conditions (5.5), one gets A, 3, C and D by solving a linear
system, in particular

2 2 2 2
Rre (6“—R 8(8“—R
PPyt Rre@=RiD) 5 L 562 —RD)

A 2(82+Rrd) 262 +Rr2)
= . ,
8=—Rr¢ Ry,
+log =€
Ziri2 8T

2R3,3 . 3
2Py=PO)~(Rre+ 5= 7 log 555) Qi+ 60+ 525 7 log 559) Q2

- 4(82—R2r2)+4(82+R2r2) log &re

Here Py, P2, Q1 and Q5 are boundary values of 7, precisely
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1 1
@(R) s logs+ A,
P1="TlsBg, (x.)="Ce+ , P2 =TlyBs(x) = L LR
¢ be be
9T o' (R) T 1
9 ——E|63Rr€<x€)—ﬁ, Q2—W|635(x6)—_m-

Noting that ¢(x) is radially symmetric, we have denoted ¢ (x) by ¢(|x|) without any confusion.
Now we can calculate the capacity is g ¢, i.e. |AT ||% precisely. Our aim to calculate the capacity
is to derive the limit of A,/ cg. Though we have no idea on whether or not A, /cz is bounded at
this stage, we can control its possible divergence speed, say

Lemma 5.1. We have CLZ log # —0ase— 0.

Proof. For any fixed s > 0, by definition of A, we have

)‘_; g/easug dxgechfe(as—s)ugdx.
Ce
2 2

Noting that f o e@e=uZ gy [$2| and B — 1, we immediately obtain

li ! 1 ke o
imsup — log — <.
e—0 C? ﬁecz

Letting s — 0, one has

li 11 he <0
imsup — log <0.
e—0 Cg ﬂecg

he

By e — 1 and Lemma 3.4, there exists a constant x > 0 such that Bocl
€be

1
>k = whence
€

liminf ! 1 he
minl — 10
e—0 Cg & ﬂecg

> 0.

Hence we get the desired result. O

Remark 5.2. We caution the reader that when ¢(t) = 1, A/ cg is certainly bounded due to the
Adams inequality. A serious difficulty in the case g(¢) £ 1 would arise when we aim to prove
that A /c2 is bounded.

_ 2
A—‘ze % one has

Recalling that rj =5

Ae
log X — 1 RJFI()g“e—‘%_OlECg (5.9)
og —= =log~ 1 . .

This together with Lemma 5.1 gives
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(p(R)+2R<p’(R)+8]%2 logs—A,— ﬁﬂ)(l)

Ce t+ b 1
A= < =0(— ). (5.10)
R log ﬂ)‘fz —aec? Ce
I+log%s + —=5—+o(1)
Similarly we calculate
acc2+log Ae
—2¢c + —=—% bec + O(M) 1 1
B= 167be b ~ <_> (5.11)
82(log /3);2 —aecZ+4log§)+0(1) 82\ be
According to (5.10), a straightforward calculation shows
oo 16 (|, 2R +ARY(R) + rlogs —24, — 5
aezcg bece
2log ﬁ’:zg +8+ 8log§ log? /3/:23 1
+ 3 + 0 7 +o0 .
oeCy Ce bece
Multiplying (5.9) by 87242, one has
o o = 2 (| R HARG R + 517 logd —24) —
Rre Q¢ bece
log ﬁézg +8+ 4log§ log? ﬁizz 1
+ 3 + 0 7 +o . (5.12)
QecCt g bece

It follows from (5.10) and (5.11) that

b2

€

32n? AB(R3 — R}) = 0( ) 327?B*(R3 — RY) = 0(i>. (5.13)

bece

Integrating by parts, we have by Lemma 4.7

G IAG
|AGal|2dx=— f AGa—da)+ / Ga—da)+a1 / Gﬁl dx
r r
2\Bs(p) dBs(p) 9Bs(p) 2\Bs(p)
1 1 2
:—@—W10g8+A[) +a1||Ga] ||2+0(610g6) (514)
Note also that

arl|Ga, 113 1
ae = (3277 = €)q(lluel3) = (327° — e)(l + %;1”2 +o<b—2)). (5.15)

€ €

Inserting (5.12) and (5.13) into (5.8), then inserting (5.14), (5.15) and (5.8) into (5.7), we obtain
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3272 ( _a1||Gu1||%+2<P(R)+4R(p (R) + 5 logs — 24, —

3272 —¢ b2 bece
log 55 +8 +4log § log? 75 |
+ 2 +0 +0( >
oeCE c6 b
1 Jn0 |80P dx = i — g logd + Ay +arGa I + OGlogd)

: 3272
Noting that Pl > 1, we have

3272 ailGa, 113 N 2¢(R) +4R¢'(R) + 7= loga 24,
32 —¢ bg bece

log ﬁt—zg +8+ 4log§ log? /3):23 1
+ 5 +0 = +0 b2

oec? 4
Jap 18917 dx - o — o logs + Ay +a1lGy I3+ O log8)
b2
Using = gzﬂ = 1+ O(e) and multiplying both sides of the above inequality by ac2, we obtain

log Aez

Bec )\E
1+0(6)+0< e))log

( Cf :BECE

2
_410g§ — (14 0(e))ae (2¢(R) +4R¢'(R) + ! 10g8> + 0<b2)

. A
Since L log 2«
2 8 B

log + log & the above inequality

Be b2
gives

log —(140(1)) ce / Mg dx — —— logs
gﬂelﬂ oD)ae 5 gPdx — —log
Br(0)
Ce , 1
— (14 o(D)ae = ( 20(R) + 4R/ (R) + — log
be 4
2

2
+(1+ 0(1))10g b — (44 o(1))log ? + 0(b2> (5.16)
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From (3.9) and (4.20) we know that lime_.o A /bg > 0, whence log ﬁ > —Cp for some con-

stant Co > 0. We now claim that c. /b, is bounded. Suppose not, ¢ /b — +00. By Lemma 4.3,
¢ =0 and (5.16) becomes

re 2 Ce
1 < (4 D)-=<1ogs — (8 1))—logs
og B0 (44 o ))bg 0g8 — (84 o( ))b€ og
R cz
—(4+0(1))10g§+0 b ) (.17

When € and § are sufficiently small, the right-hand side of (5.17) is less than —2C. This contra-
dicts with log ﬁ > —Cy. Hence our claim holds. In other words, 7 = lim¢_,¢ Z—i is a positive

Ae
Beb?

real number. Whence log
from (5.16) that

is also bounded from above according to (5.16). Then it follows

A 2
log — < (40—62 _gte +4+o(l)> logd — (4+o(1))log R
ﬁfbe be b€

2
— (64n2+0(1))2—6((p(R)+2Rgo’(R)) + 0(%). (5.18)

The power of (5.18) is evident. Noting that

2
455 —85C p 4t o(l) > 4% —8r +4=4(r — 1),
»2 " b,

we conclude T =1 for otherwise we can reach a contradiction with (5.18) by taking € and §
sufficiently small. Therefore the convergence in Lemma 4.3 becomes

Ce (Me(xe +rex) — Ce) — @)= 5 log in Cl‘r)c(RAL)‘

16w 1+ %lez

Also b, can be replaced by ¢, in Lemma 4.7, in particular
cete = Gg (-, p) in Cfoc(s? \ {p}), cete > Gg, (-, p) InL*(82), Vs > 1.

Now we come back to (5.7). Now there holds

o 10917 dx + Jo\ss(p) 1AGa 1dx + o(1)

2
€

IATPdx <1— (5.19)
C

Bs (xe)\BRre (xe)

We estimate further the energy of | Bs (x)\ Bry. (x0) |AT|?dx. (5.12) can be re-estimated as follows:
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S s logﬂi—zg—logg—;—logR4+10g84—64712A1,
Sn.Alogﬁ2l+ e
€ €ve

Ga l? 1
_ 21lGa o Iz +0<—2>. (5.20)

Ce Ce

Also replacing the estimate (5.11) with

—2¢ce + 2+ o0(1))ce < 1 > 1
B= —o( =)=,
—ae8%c +o(c?) 52

we obtain instead of (5.13),

1
3272 AB(8* — R*r?) = 0( ) 32728 (8* — R} = 0(—2). (5.21)
CG

mﬁm| =

A direct calculation shows

1 1 2 1
A = + + :
20 = g 2((1+%|x|2)2 T+ Z Py (1+%|x|2>4>

We compute

L dv=clog(1+ ZR?) —6+0(— ).
I+ ||2)2 NG R

BR(0)
/ ! _3+0(— / ! dr=1+0(~
v
(1+l|x|2)3 R2 (1+l|x|2)4 R4
Br(0) Vo Br(0) Ve
Hence
/|A WPdr=——tog(1+ =)+ 2+ o (5.22)
¢ 12 B\ T G 9672 R2) '
BR(O)

Combining (5.19)—(5.22) and (5.14), we obtain

he
log /3 <10g 36 +10gR4 10g84+64”2Ap+0l6a1||Ga1 2
€C e
1
T 1og<1+%R > 96”2 + 0( )+ 0(81logd)
O¢ € )
tlen2 T 8n2 aeAp —aear||Ga Il + o(1)

5 2 1
—§+327r A +log?+0(l)+0< >+0(610g8)
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Letting € — O first, then R — +o00 and finally § — 0, we obtain

This together with (4.20) and Lemma 4.6 gives

2
sup / AW g — fim [ o gy < To343277 A0 (503

2 2 e—0 6
ueH (@), | Aul3<1, 5

It is remarkable that this supremum is estimated under the assumption that u. blows up and the
blow-up point p lies in the interior of 2.

6. Nonexistence of boundary bubbles

The main goal of this section is to exclude boundary bubbles. Suppose without loss of gener-
ality cc = u(x¢) = maxyep e — +00 and x, — p € 3§2. As in the case p € 2, u — 0 weakly
in Hg(.Q) and strongly in H 1(£2). Moreover we have

Lemma 6.1. There holds |Auc|*dx — § p in sense of measure.

Proof. Suppose not. There exists sufficiently small » > 0 such that

lim [Auc|>dx =6 < 1.
e—0

Br(p)N$2

Choosing a cut-off function n € C*(£2) such that 0 < n <1, n=1o0n 2N B,2(p), n=0o0n
22\ B.(p),|Vn| <4/r. Since uc — 0 weakly in HOZ(.Q) and strongly in H'(£2), whence

lim / |AGue)|> dx =6.

€E—>
Br(p)ns2

This together with (3.7) implies that nu, is a weak solution of Az(nue) = fe for some ﬂ Whi_ch
is bounded in L"(§2) for some r > 1. Thus regularity theory implies nu, is bounded in C 3(.Q),
in particular, ¢, is bounded. This is a contradiction and we get the desired result. O

Lemma 6.1 implies that if there is a blow-up point on the boundary 92, then this is the unique
blow-up point in §2. Let b, be defined in (4.6). Comparing with Lemma 4.4, we have

Lemma 6.2. beu. — 0 weakly in Hg’q (82) forall 1 <g <2.

Proof. By the same proof of Lemma 4.3 we have b.u, is bounded in Hoz’q (82)forany 1 < g < 2.
Hence there exists F Hg ! such that beue — F weakly in Hg “1(£2) and strongly in Hy (£2).

Using the same method in the proof of Lemma 4.4 we conclude that F* satisfies A’F =a|F
in £2. Regularity theory gives F € C3(£2). Since a; < A(£2), we obtain F =0. O
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Applying the Pohozaev identity (Lemma 4.5) to Eq. (3.7) on the domain §2 N Bs(p), we have
by the same way to drive (4.20) that

. 2
lim | e%"edx =182|.
e—0

2

This is impossible according to (3.9). Therefore we exclude the boundary bubble, i.e., p cannot
lie on 02.
Getting back to Section 5, we have in fact proved the following:

Proposition 6.3. Let c, xe, p and A, be as before. If blow-up occurs, i.e. cc — +00, then the
blow-up point p must lie in the interior of §2, and the supremum

2
sup / Squid) gy < T 3432774,

uEHG (2). | Aulp=1, 6

We end up this section with proving Theorem 1.1*.

Proof of Theorem 1.1*. If there exists an extremal function u( such that

/832n2u%q(||L10\|%) dx = sup feSZHZLth(||M|\%) dx,

ueHZ (2), |au)3<1

2 ko)

then Theorem 1.1* already holds. Otherwise, in case blow-up occurs, Theorem 1.1* is an easy
consequence of Proposition 6.3. O

7. Proof of Theorem 1.2*

In this section we shall construct functions ¢, € HOZ(.Q) such that || A¢e ||% =1 and

2
T 5
/632n2¢€2q(\|¢e||%)dx> |2] + : e§+32n2Ap

2

provided that a; > 0 is sufficiently small, where ¢ (¢) satisfies the assumptions in Theorem 1.2*
and A, is defined by (4.22). Since @; > 0 (i = 1,2, ..., k), we only need to require

2
/632ﬂ2¢€2(1+all\¢5\|%) dx > 2]+ %e%+32ﬂ2Ap, (7.1)
2

This together with Proposition 6.3 and regularity theory leads to the conclusion of Theorem 1.2*.
Denote r = |x — p|. Recall that G, (x, p) = —87%2 logr + A, + ¥ (x). We write

1 7 r?
a———=log(1+7=%5) A+
¢€ _Jec+ 167 _ V6 € + pC v + %rZ’ r < Re, (12)

1
+Ggy, r > Re,
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where a, b, c are constants to be determined later. We choose R =log é To ensure ¢¢ € Hg(.Q),
we require

lim = lim , Iim V¢.= lim V..
r—>Re—0¢€ ;’—>R€+O¢e r—Re—0 ¢E r— Re+0 ¢€

That is exactly

log(1 + %Rz) log(Re) 5 5
— + bR €”,
1672 872
) (7.3)
=" 2p2.2 T p2y
16> R*e*(1 + JER )

a=—c"+

To ensure || A, ||§ =1, we calculate

87 2 , 272 2
1 k€T3 A 8h\?2
/ |Age|?dx = /( V6 ’ +—w+—> dx

 1672c (€2 + Zor?)? c c

Bre(p) BRre(p)

1 T 5 1

Recalling that AzGa1 (x, p) =aGg, (x, p) in 2 \ Bre(p) and integrating by parts, we have

1
|Ape|*dx = = / |AGq, |*dx

£2\Bgre(p) 2\BRre(p)
1 , )
:c—2 ai Gal dx+ Gala—UAGal da)
£2\Bge(p) dBRre(p)
G
— AGal—aldw)
v
9Bge(p)
log =15 + 16724, — 1 G |12 clog?
R2e¢ P allp g €
= 0 . 7.5
1672¢2 taTa ( c? ) (73)

Putting (7.4) and (7.5) together, we have

T 2 5
log 7o + 1677Ap — 3 N 1Ga 113 +0<elog26>

2 _
” A¢E ”2 - 167T2C2 aj C2 C2

Let | A¢e|l3 = 1, then we have

T
Cz = log \/662

1672 4

1
+aillGa Il + 0( -~ )
lo

P 9672 o2 e
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By (7.2) and (7.3), we calculate on Bg¢(p),

647%a?||Ga, I3

2
T 5
321292 (1 + allgell3) > log ca” 327%A, + 5(1 +2a1[Gg, 13) - R

c

<1+a1”G‘””%>1 <1+ - >4+0< ! )
- ———= 1o — ).
c? £ N2 log? e

Hence

2 5 2 10a11Gay 13 647%a}|Gay I3
e32”2¢3<1+“1”¢6“5>dx=”4e§+32” Apt—a ———a

C

Bre(p)
a a 2
/ ( a2 )441'5_21'2
X 14+ —— dx
N2
Bre(p)

2
T3 2
_ _e3+32ﬂ Ap+ 2 :

64

10a1 |Gy, |13 1
X64 1— ar || a1||2+0
3c? log? €

_ﬂ_zesz,,zAp(l_ 647°a1 (G, I3 +0( 1 ))
- ) 2 2 )
6 c log” e

10a1Gay 13 647%a21Gay I3
- 2

On the other hand,

e32n2¢3(1+a1\|¢e\|§)dx > / (1 +32n2¢€2(1 +a1||¢g||%))dx

£2\Bge(p) £2\Bge(p)

Ga I3 1
:|.Q|+327t2” “21”2+0( 5 )
c log~ e

Combing the above two integral estimates, we obtain

4 2 4
64n”ai |Gy, ||2e%+327'[2Ap

2
/e3zn2¢3<1+a1n¢en§> dr s 302 1Galll _
2 6¢2
2

2 1
+|Q|+%e§+32ﬂ2AP+0<l . ) (7.6)
og”e

Noting that ¢> = O (log€), we have obtained the desired estimate when a; = 0. While in the case
ay # 0 it is rather difficult to determine the sign of

2 4 2 4
30572 ”Gazl B _ 647" a; ||2Gal ||2e§+32n2Ap I 0( 12 )
c 6¢ log“e
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because both |G, [|l2 and A, depend on a;. However we claim the following

Proposition 7.1. There exists a constant C depending only on §2, A(§2) and ap: 0 < og < A($2)
such that

A,<C, 1Ga, I3 < C  forall ay €0, a).

Proof. By Lemma 4.4, b.u, is bounded in H(;’q (V1 < g < 2) uniformly for a; € [0, o] with
ap < A(£2). Hence G, is uniformly bounded in L2(£2). Employing the Green function G (x, y)
defined by (4.1), in particular

A’G(-, p) =3, in 2,

_ GG p)
=— =

G(-, p) 0 onds,

we define a function wy, (x) = G4, (x) — G(x, p) on £2 \ {p}. Then wy, (x) is a distributional
solution of the equation

A’w,, =a G, in £2,
dwg, (7.7)

Wq; =

Using the Green representation formula and the Holder inequality, we have for all x € £2,

|wa, ()] = ‘/G(x,y)alGal(y)dy < sug”G(x, I llarGall2 < C (7.8)
xe
2

for some constant C depending only on £2, A(£2) and «. Let

1
R(x,y)=G(x,y) + ﬁbglx -yl
T

It is known that sup, .o R(x, x) is a real number depending only on £2, see [31] for example.
This together with (7.8) gives

. 1
Ap th_I}}](Gal(x, p)+ Wloglx - p|>

1
= lim (wal(x) +G(x, p)+ g loglx — p|>
x—>p 8

< sup wy, (x) + sup R(p, p) <C
xef2 pesR

for some constant C depending only on £2, A(£2) and «p. Hence we conclude the proposi-
tion. 0O

Therefore we have by (7.6) and Proposition 7.1,
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2
2,42 2 T s 2
/63271 dz(+aillgelly) g < 12| + ?e3+32n A,,,

2

provided that a; and € are sufficiently small, i.e. (7.1) holds. This completes the proof of Theo-
rem 1.2%.
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