Advances in Mathematics 319 (2017) 567-598

Contents lists available at ScienceDirect

Advances in Mathematics

www.elsevier.com /locate/aim

MATHEMATICS

Sharp Hardy-Adams inequalities for bi-Laplacian
on hyperbolic space of dimension four ™

Guozhen Lu®, Qiaohua Yang"*

@ CrossMark

& Department of Mathematics, University of Connecticut, CT 06269, USA
P School of Mathematics and Statistics, Wuhan University, Wuhan, 430072,

People’s Republic of China

ARTICLE INFO

ABSTRACT

Article history:

Received 29 March 2017

Received in revised form 1 August
2017

Accepted 4 August 2017

Available online 1 September 2017
Communicated by Erwin Lutwak

MSC:
primary 46E35, 46E30, 35J91, 35J20

Keywords:

Hardy inequalities

Adams inequalities

Fourier transform and Plancherel
formula on hyperbolic spaces
Fractional Laplacians and Paneitz
operators

Harish-Chandra c-function

We establish sharp Hardy—Adams inequalities on hyperbolic
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As applications, we obtain a sharpened Adams inequality on
hyperbolic space B* and an inequality which improves the
classical Adams’ inequality and the Hardy inequality simul-
taneously. The later inequality is in the spirit of the Hardy—
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Lu and Yang in [33].
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The Fourier analysis techniques on hyperbolic and symmetric
spaces play an important role in our work.
© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Our main purpose of this article is to establish sharp Hardy—Adams inequalities on B*,
a hyperbolic space in dimension four.

We first recall the classical Trudinger—-Moser inequality in any finite domain of Eu-
clidean spaces. Let @ C R"™(n > 2) be a bounded domain and 1 < ¢ < ni’—’;p.
Then it is well known that the Sobolev embedding theorem tells us the embedding
WP (Q) < L9(Q) is continuous when kp < n. However, in general W, () € L>(Q).
Trudinger [45] established in the borderline case that Wy ™ () C L, (), where L, ()
is the Orlicz space associated with the Young function ¢, (t) = exp(B[t|*/"~1) — 1 for
some S > 0 (see also Yudovich [49], Pohozaev [43]). In 1971, Moser sharpened the

Trudinger inequality in [39] by finding the optimal 3:

Theorem 1.1 (Trudinger—Moser). Let Q0 be a domain with finite measure in Euclidean

1
n —

n-space R™, n > 2. Then there exists a sharp constant 5, =n (%) """ such that
2

1) dx < ¢

|—§12‘ /eXp(ﬁlu
Q

for any B < B, any u € Wy ™ (Q) with Jo IVu|"dz < 1. This constant B, is sharp in
the sense that if B > B,, then the above inequality can no longer hold with some cg
independent of u.

In 1988, D. Adams extended such an inequality to higher order Sobolev spaces. In
fact, Adams proved the following:

Theorem 1.2. Let ) be a domain in R™ with finite n-measure and m be a positive integer
less than n. There is a constant co = co(m,n) such that for all u € C™(R™) with support

contained in 2 and |V™ull,/m < 1, the following uniform inequality holds
1 n/(n—m)
9] exp(Bo(m, n)|ul Ydz < ¢, (1.1)
Q

where
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n [a"22mD((mg1)/2) 1 () o
©On_1 [ T((n—m+1)/2) } ;M= odd;
Bo(m,n) = . o/ (nem) (1.2)
n |:7r”/ 2mr(m/2)] m— even
Wn—1 T'((n—m)/2) ’ ’

where wy,_1 1s the surface measure of the unit sphere in R™.

Furthermore, the constant So(m,n) in (1.1) is sharp in the sense that if Bo(m,n) is
replaced by any larger number, then the integral in (1.1) cannot be bounded uniformly by
any constant.

Note that §(1,n) coincides with Moser’s value of ,. We are particularly interested
in the case n = 4 and m = 2 in this paper where 3y(2,4) = 3272

There have been many generalizations related to the Trudinger—Moser inequality on
hyperbolic spaces and Riemannian manifolds (see e.g., [7], [10], [13], [21], [25], [26], [27],
[30], [31], [32], [33], [37], [38], [47], [48]) and affine versions were also established (see [8],
and also [24]). For instance, Mancini and Sandeep [37] proved the following improved
Trudinger—-Moser inequalities on B ={z =z + iy : 2| = /22 + 3% < 1}:

647ru2 -1
sup /ﬁdzdy < Q.
wEWE2(B), [, |Vul2dedy<1 (1—1z?)

B
Later, Karmakar and Sandeep [21] generalize this inequality to hyperbolic space H™ if
n is even. In [30,31], the first author and Tang established sharp critical and subcriti-
cal Trudinger-Moser inequalities on the high dimensional hyperbolic spaces which are
different from those in [38]. The results have been generalized by Ngo and Nguyen [40],
among other results, for bi-Laplacian on hyperbolic spaces.

Wang and Ye [46] proved, among other results, an improved Trudinger—Moser inequal-
ity by combining the Hardy inequality with the Trudinger—Moser inequality. Their result
is the following

Theorem 1.3. There exists a constant C > 0 such that

T2
/eﬁ“”% dedy < C < 00, Yu € C3°(B),
B

where ||ully = [ |Vul*dedy — [5 oz dedy.

We note that the proof of Theorem 1.3 in [46] depends on Schwartz rearrangement
argument. In the same paper, they conjecture that such Hardy—Trudinger—Moser inequal-
ity holds for bounded and convex domains with smooth boundary. Using Theorem 1.3,
Mancini, Sandeep and Tintarev [38] proved, among other results, the following modi-
fied Trudinger-Moser inequality on B and their proof also depends on rearrangement
inequalities.
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Theorem 1.4. There exists a constant C such that for all u € C§°(B) with

2

U

||U||H=/|Vu|2dxdy—/mdxdy§ 1,
B B

there holds

(6477“2 — 1 — 47u?)
[ s

Recently, the current authors confirm in [33] that the conjecture given by Wang and Ye
[46] indeed holds for any bounded and convex domain in R? via an argument from local
inequalities to global ones (see [22,23]) together with the Riemann mapping theorem.
More precisely, the authors established in [33] the following:

Theorem 1.5. Let Q be a bounded and convex domain in R?. There exists a finite constant
C(2) > 0 such that

/613;7@) dxdy < C(Q2), Yu e C§°(Q),
Q

where Hy = [, |Vul*dzdy — % [, d(%;mgdxdy and d(z,09) = Z{IéianQ |z — z1].

It then becomes a very interesting and highly nontrivial question whether Theorem 1.3
holds for higher order derivatives. In this paper we shall show this is indeed the case on
n-dimensional hyperbolic spaces B™ when n = 4.

To state our results, let us agree to some conventions. We use the Poincaré model of
the hyperbolic space B”. Recall that the Poincaré model is the unit ball

B" ={z = (z1, - ,z,) € R"||z| < 1}
equipped with the usual Poincaré metric

ds? — 4(dz? + - + dz?)
A= fa)?

The hyperbolic volume element is

2 n

The associated Laplace-Beltrami operator is given by
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\l‘|2
Ag = (1 — |z|?) Zaz+2 leaxz .
The GJMS operators on B™ are given by (see [15], [20])
Pi(P+2)-- (P + k(k = 1)), ke N\{0},

where P, = —Apg — W is the conformal Laplacian on B”. In the case n = 4 and
k = 2, the GJMS operator is nothing but the Paneitz operator on B* which satisfies
(see [28])

1—|z2\"
Pi(P +2) = ( 2|x| ) A?
4
where A = > 59% is the Laplacian on R*. Therefore, for u € C5°(B*),
i=1 "

/(—AH)(—AH —2u-udV = / |Aul?dz. (1.3)

B4 B4

It is known that the spectral gap of —Ag on L?(B") is ("11)2 (see e.g. [36]), i.e

2 (n — 1)2 2 00 (RN
|ViauldV > | dv, we Cg°(B"), (1.4)
B?L ]B”
and the constant ("_41)2 is sharp. Therefore, by (1.3), we have in dimension four,

9 u?
o [ o ov > [ 2av — — .
/|AUI dx /( An)(—An — 2)u - udV 2 16/“ v 9/(1—|$l2)4dx
B4 B4

B4 B4

Furthermore, the constant 9 in above inequality is also sharp (see e.g. [42]).
One of the main results of this paper is the following

Theorem 1.6. Let o > 0. Then there exists a constant Cy > 0 such that for all u €
Cs°(B*) with

/ (—Am —9/4) (—An + a)u - udV < 1,
]34
there holds
327202 1 2,2
/(e?’%zuz —1-327%u2)dV = 16/ < LB e < C
4

B4
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Choosing a = i and combing (1.3) and Theorem 1.6, we have the following Hardy—
Adams inequalities

Theorem 1.7. There exists a constant C1 > 0 such that for all u € C§°(B*) with

/\Au\ do — /( ;')dxgl,

there holds

327202 2
327242 2 . € —1—32u
/(e —1-—32u )dV—lG/ A= 2Py dx < (.
4

B4

Theorem 1.6 implies the following improved Adams inequalities.

Theorem 1.8. Let A < 9. Then there exists a constant Cy > 0 such that for all u €

Cs°(B*) with
U2
Aul|*dr — / ———dx < 1,
/ A (= [«P)’

there holds

2,2 632#21‘2 -1
/(632” v 1)dV = 16/ Oidx < C).
B4

—[z?)*
B4

As an application of the above theorem, we also have the following Hardy—Adams
inequality which is a higher dimensional analogue of the Hardy—Trudinger-Moser in-
equality given by Wang and Ye [46] and the authors [33].

Theorem 1.9. There exists a constant C3 > 0 such that for all u € C§°(B*) with

/\Au\ dx — /( |2aj| 7 dr <1,

there holds
/632“2“2dx < (5.
]B4

Obviously, this theorem is stronger than the classical Adams inequality in [1] which
is stated as:
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2,2
/6327Tud.13§03

B4

under the more restrictive constraint [5, [Aul*dz < 1 for all u € C§°(B*).

We remark that in a recent paper [34], we have established sharp Hardy—Adams in-
equalities on hyperbolic spaces of all dimensions n when n is even and n > 4. More
precisely, we have proved the following: Given any hyperbolic ball B™ of any even di-
mension n > 4, for any a > 0 there exists a constant C, , > 0 such that

B 1y (30)
BD(%,n)u2 1 ﬁ 2 _ 9n € 0\2> <
BZ(@ 1— 05y (2,71) u?)dV =2 BZ A= P)r dr < Con

for any v € Cg°(B") with

/(AH _ %) (AH— % +a2>%_1u-udv <1,

B~

where dV = (ﬁ)n dzx is the hyperbolic volume and Sy (g, n) is the corresponding
sharp constant of Adams’ inequality of 5-th order derivatives on n-dimensional Eu-
clidean space. As applications of such inequalities, we will improve the classical Adams’
inequality and the Hardy inequality simultaneously. The later inequality can be viewed
as the limiting cases of the Hardy—Sobolev—Maz’ya inequality for higher order derivatives
established by the authors [35].

The organization of the paper is as follows: In Section 2, we review some necessary
preliminaries on the hyperbolic spaces of Poincaré model on the unit ball B”, the con-
volution, fractional Laplacian and Fourier transform on the hyperbolic space B™ defined
using the Harish-Chandra c-function; Section 3 gives the pointwise estimates of Green
function for fractional Laplacians; Section 4 establishes the symmetrization functions of
the Green functions; Section 5 offers the proofs of our main results, namely Theorems 1.6,
1.8 and 1.9.

2. Preliminaries on Fourier transform and fractional Laplacians on hyperbolic spaces

We begin by quoting some preliminary facts which will be needed in the sequel and
refer to [2,14,17-19,29,44] for more information about this subject.
Recall that the Poincaré model is the unit ball

B" ={z = (z1, - ,z,) € R?||2| < 1}
equipped with the usual Poincaré metric

e 4(dx? + -+ + da?)
B (1 —[z[?)?
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The distance from origin to « € B" is

1+ |z
1—|z|

p(z) =

and the polar coordinate is

‘/fdv;f / f - (sinh p)"“Ydpdo, f e L'(B").
n

0 §n—1

For each a € B", we define the Mobius transformations T, by (see e.g. [2,19])

|z —af’a— (1 —|a*)(z — a)

T,(z) =
(z) 1—2z-a+|z?al?

i

where = - a = r1a1 4+ 2202 + - -+ + xpa, denotes the scalar product in R™. Using the
Mobius transformations, the associated distance from = to y in B™ is

p(z,y) = p(Te(y)) = p(Ty()).

Also using the Mobius transformations, we can define the convolution of measurable
functions f and g on B" by (see e.g. [29])

(f* 9z /f v, (2.1)

provided this integral exists. It is easy to check that
frg=gx*f.
Furthermore, if g is radial, i.e. g = g(p), then (see e.g. [29])
(fxg)xh=[fx(g*h) (2.2)
provided f,g,h € L*(B™)

Denote by e?®# the heat kernel on B™. It is well known that e!** depends only on ¢

and p(z,v). In fact, e!®¥ is given explicitly by the following formulas (see e.g. [9,16]):

o If n =2m, then

“+ o0

n n-1)> inh 1 o\" _.»
etAr = (27)~ Phem t/ ST —— — | e Hdry
v/coshr — cosh p sinhr Or

p
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e If n=2m + 1, then

m
etAH _ 2_m_lﬂ_m_l/2t_%€_%t — 1 2 e—é.
sinh p dp

Finally, we review some basic facts about Fourier transform and fractional Laplacian
on hyperbolic space. Set

\/W n—14+i\ )
, te€B" AeR, (eS" .

T\ =

The Fourier transform of a function f on B™ can be defined as

Fno) = / @) re(@)dv
J

provided this integral exists. If g € C§°(B") is radial, then

(f+9)=1-3.

Moreover, the following inversion formula holds for f € C§°(B") (see [29]):

+o00
f(x) = Dy / / FO Oenc ()N ~2dAda(s),

—oo §n—1

where D,, = and c()) is the Harish-Chandra c-function given by (see [29])

D S
23— [Sr—1]

_2n 1= (n/2)T(iN)
ST

c(N)

Similarly, there holds the Plancherel formula:

“+o0
/ f(@)PdV = D, / / FOLO e[ 2dAdo ().

Bn —oo §n—1

2 2
Since ey ¢(x) is an eigenfunction of Ay with eigenvalue — w

that, for f € C§°(B™),

, it is easy to check

(n—1)2+ A~
4

Auf(A Q) = — F00).

Therefore, in analogy with the Euclidean setting, we define the fractional Laplacian on
hyperbolic space as follows:
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- n—124+A\" ~
B0 = (BT g, ver
For more information about fractional Laplacian on hyperbolic space and symmetric
spaces, we refer to [3,5].

3. Sharp estimates for the Green function and fractional power

In the rest of paper, we shall fix n = 4. In what follows, a < b will stand for a < Cb
with some positive absolute constant C'.

Since the work of Adams [1], it has been a standard approach to establish sharp
Trudinger—Moser and Adams inequalities in different settings including both Riemannian
and sub-Riemannian settings such as on the Heisenberg groups (see e.g. [11], [12], [13])
by using the sharp pointwise estimates of Green’s functions together with using O’Neil’s
lemma of convolutions [41]. We shall not go to the details here. To this end, we will derive
the pointwise estimates for Green’s functions of powers of Laplacians in the hyperbolic
spaces to establish our Hardy—Adams inequalities.

Recall that the heat kernel

+oo . 2
efhu = (27r)*gt*%e*%’5 sinhr - _1 9 e*%dr
y/coshr — cosh p sinhr Or
P

and the Mellin type expression on hyperbolic space (see e.g. [4], Section 4.2)

+00
(-Ag+a)7 = ﬁ / to et B g o> —9/4, 3/2> 0 > 0.
0
We have
1 b sinh r b 1 0\’ 2
(—Ag —9/4)71 =5 mdr / t2 (—SthE> e~ it dt
0

1
(V2

sinh r d 1 0 / T P % dt
v/coshr — cosh p "\ sihror 2sinhr  ©
0

+ n\ér S —

8

1
(v2r)?

sinh r 1 a9\ I3 p
— — r
vcoshr — cosh p sinhr Or ) sinhr

[\
3
‘é‘w‘\

1 / coshr J
= T
44272 sinh? 7v/coshr — cosh p

p

Here we use the fact I'(1/2) = /7.
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Lemma 3.1. There holds, for p > 0,

1
47r2 cosh £ sinh? p + 472 cosh £ sinh p’

(=Ag —9/4)~"

Proof. Using the substitution ¢ = y/cosh r — cosh p, we have

—+00
coshr

1
= dr
44272 / sinh? r\/coshr — cosh p
p

(—Ag —9/4)~"

1 / t2 + cosh p
= ~dt
2v/272 ) [(¢2 + cosh p)? — 1]z

“+ o0
1 / t2 + coshp —1
2v/272 [(#2 4 cosh p)2 — 1]3

e

+oo

dt
2\/_71'2 0/ t2—|—coshp —1]
=:(I)+ (1)

where

1 [ 2 tcoshp—1
PYNETNY J E VESR
2v/272 ) [(t? 4 cosh p)? — 1]2

+oo

1 1
= / 3 di
2v/272 ) (t2 + coshp+1)2 (2 + coshp — 1)2

1 1 1
§2\/§T(2 vcoshp —1 , (t2—|—coshp—|—1)%
(oo}
1 1 1 t
fQ\/EWQ Vcoshp — 1 ’ coshp+1 \/m 0
1 1 1 _
:2\/§7r2 sinh py/cosh p + 1 ~ 472 cosh £sinh p’

+oo
1 1

dt
2v/2n2 0/ (t2 + coshp + 1)2 (2 + coshp — 1)

(IT) =

+oo

1 1 1
< dt
~2¢/272 (coshp+1)3 o/ (t2 + coshp —1)2

577
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1 1 1 ¢ N
T 9y/2r2 (coshp-l—l)% . coshp —1,/t2 + coshp — 1 0
1 1 !

- 2v/272 sinh? py/cosh p + 1 ~ 4n2cosh 2 sinh? p’

The desired result follows. O

Also via the heat kernel and the Mellin type expression, the fractional power

+o00
1 1
—A _1 _ t~32 t(A[-H—Oé)dt
(Bt = g [ ke
0
1 +00 il +o00 ) 5 ) (3.1)
sinh 7 9 2
= d tlemot=at [ — A
V7(v2m)b / y/coshr — cosh p " / ¢ sinh r r €
P 0
where o > —9/4. It is easy to check that if « > —9/4, then
(=D +a)77 < (~Aa - 9/4)72. (32)
Furthermore, we have the following estimates of (—Ag — 9/4)" 2.
Lemma 3.2. There holds, for p >0
1 1 V2 1
—Ag—9/4)"2 < . : :
(=Au—9/4)72 < 1672(1 + cosh p)  sinh® 2 i 472\/1 + coshp sinhp
8 1
—Ay —9/4)7F < : .
(=Au —9/4) ~ /7 (V27)5  py/coshp+ 1(coshp —1)
Proof. By (3.1),
17 sinh o 1 9\?
sinhr 2
—Ag—9/4)77 = d /t’l — =) e Tdt
(ZAu —9/4) vV (V2m)d V/coshr — cosh p " sinhror ) ©
P 0
Notice that, for r > 0,
+00 2 +o0
/t—l— L 9 e‘édt—/ L9 UENLIES o)
sinh r Or N sinhr Or sinhr 2¢2
0 0

19 7

— (- g L

_( sinhr@r) 2sinhr /t ¢t
0
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B 1 0 2 B 2 n coshr
o sinhr dr ) rsinhr  r2sinh?r rsinh®r’

we have,

+oo
2 / 1 1 n coshr dr
V(\/2m)5 Vcoshr — coshp \ r2sinhr  rsinh?r
p

coshr coshr

+oo
2 1
N - dr (33
_\/7_7( 27T)5 / \/m<7“sinh2r rsinh2r> r ( )
P

+oo

4 / coshr
= — dr.
Vr(v/2m)d rsinh® ry/cosh r — cosh p

p

To get the first inequality in (3.3), we use the inequality * < cothr(r > 0). Therefore,

s h
coshr

~Ay —9/4)7% < / dr
(ZAm = 9/4)72 < V(v2m)d rsinh? 7y/cosh r — cosh p

p

“+oo

< 2 / cc;sh r(coshr + 1) dr.
w(v2m)> sinh® r/cosh r — cosh p

p
Here we use the fact 1 < Lcothf = Ltcoshr(, 5 () Using the substitution t =
v/coshr — cosh p yields

—+o00

dr

2 / cosh r(coshr + 1)
sinh® rv/cosh r — cosh p

coshr

- dr
sinhr(coshr — 1)y/coshr — cosh p

t2 + cosh p
(t2 + cosh p + 1)(12 + cosh p — 1)2

dt

t2 +coshp — 1

dt
(t2 4 cosh p + 1)(¢2 + cosh p — 1)2

Il
)
ﬁ W~
N
A
o\—é_ o\-é— va\-é- °

—+oo

4 1
- Vr(v2m)8 o/ (2 4+ cosh p + 1)(t2 + cosh p — 1)2dt
— L (IID) + (IV),
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where
4 +o00 9 b .
t 3 —
(III) — / -+ cos 14 dt
V(v2m)d (t2 4 cosh p + 1)(t2 + cosh p — 1)2
0
+oo
_ 4 / 1 dt
- /a(V2r)? (t2 4 cosh p + 1)(t2 + cosh p — 1)
0
4 1 1
< : / dt
V7(v/2m)5 1 + coshp t2 4+ coshp — 1
0
_ 4 1 1 T
- J/m(vV2m)5 1+ coshp (/coshp —1 2
V7 ( Vcosh p
R
~ 472\/T +coshp sinhp’
.7 1
V) = dt
1) V7 (v2m)d / (12 4 cosh p + 1)(t2 + cosh p — 1)2
0
+oo
4 1 / 1
< dt
~ /7(v/27)5 (1 + cosh p) (t? + coshp — 1)2
0
_ 4 1 1 m
~ /7(v2m)5 (14 cosh p) (cosh p — 1)3/2 4
B 1 1
~ 1672(1 + coshp) sinh® L '
Thus,

(=Ag —9/4)"% = (IIT) + (IV)

- 1 L V2 1
= 16m2(1 +coshp) sinh® 2 4n2\/T+coshp sinhp’

On the other hand, for p > 0, we have, by (3.3),

+oo

1 4 coshr
—Am—9/4)"2 < / dr
(FAr—9/4)7% < Vr(v/2m)5 rsinh? 7y/cosh r — cosh p

P
—+oo

< 4 / coshr dr
“Vr(V2m)5p sinh? ry/coshr — coshp

p
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Also using the substitution ¢ = \/coshr — cosh p, we have

+oo
8 t2 + cosh p
Ay —9/4)7% < /
Cha =9 = s | [+ cop 118
+oo
<8 / ! dt
T V/m(V2m)5p ) (t2 + cosh p — 1)2 (2 + cosh p — 1)
“+ o0
< 8 . ! / L dt
“Vm(v2m)Sp +/coshp+1 ) (t2 4 coshp —1)3
8 1

T Um(V2r)®  py/eoshp+ 1(coshp— 1)

The proof of Lemma 3.2 is then completed. 0O

Corollary 3.3. There holds, for p > 0,

1 1 V2 1
—Ap —9/4)7% <
(=8u = 9/4) ~4r2sinh® p N (8772 cosh p cosh p/2 * dr2/1+ coshp) sinh p

and

(—Au—9/4)72 SpleTi p> 1

Proof. By Lemma 3.2,

1 1 1 coshp—1
—Ay—9/4)72 < : :
(—Am —9/4)7% < 1672(1 + cosh p) sinh?® £ <coshp + cosh p ) +
V2 1
472\/1+ coshp sinhp
_ 1 1 n coshp —1 1 n
1672 cosh p(1 4 cosh p)  sinh® £ 1672 cosh p(1 + cosh p) sinh® g
V2 1
47w2\/1+ cosh p sinhp
B 1 L 1 L,
1672 cosh p(1 + cosh p)  sinh® £~ 8r%coshp(l +coshp) sinhf§
V2 1

472\/T f coshp sinhp’

Since 1 + cosh p = 2 cosh? p/2 and cosh p/2 < cosh p, we have
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1 1 1
(Fhu =947 < 1672 cosh p/2 - 2 cosh? p/2 " sinh® §+
1 1 V2 1
8m2 cosh p - 2 cosh? p/2 ' sinh £ * 472\/T+ coshp sinhp
1 1 V2 1
" 4n?sinh® p + (8772 cosh p cosh p/2 + 47r2\/m> sinhp’

Also by Lemma 3.2,

8 1
—Ap—9/4)77 < :
(FAr =9/ < s peoshs T T(eoshp— 1)
1
S——, p>1L
pez?

This completes the proof of Corollary 3.3. O
Lemma 3.4. Let o« > 0. Then there exist ag > 0 such that

(—Ag+a) 7 Se Gtaoe 55

Proof. We have

+oo
1 1 sinhr
—A 2= drx
(=4 +a) Vr(V/2m)5 v/coshr — cosh p "
P

+oo

1 9\ _.»
1 —at—5t [ _ v — ' dt
/ € sinh r Or €
0

—+oo

1 rcoshr — sinh r 9 _at_9y _r2
— r | t e 1teT A dt+
2y/m(/2m)° sinh® r/coshr — cosh p

0

1 +oo 9 +oo )
T 9 r
d t3e e T dt
4y/7(\/2m)° / sinh y/cosh r — cosh p r/ N ¢
P 0
=:(V)+(VI),

+oo

p

where

1 i hr — sinh i
Tcosnr —smnr
W) /

= dr tiQefaF%te*%dt
2y/m(\/2m)° sinh? r\/coshr — cosh p
+oo

P 0
—+oo

< / rcoshr i / N T
~ sinh? ry/coshr — cosh p '
0

p



G. Lu, Q. Yang / Advances in Mathematics 319 (2017) 567-598 583

—+oo +oo

1 7’2 9 r2
VI) = dr | t3e ' "atem Wt
Vi) 4\/7(v/2m)5 / sinh rv/cosh r — cosh p T/ ¢ ¢
0

p

. 9, _(—or? . —
Notice that Ve € (0,1), e=*~1'e~" 2t ~ has as a maximum value e

have,

(aJr%)(lfe)r. We

0o oo

[ e e oy oA PR e S

) ) €r

+oo +oo

/ t—3e—at—%t6—§dt Se—\/(a+%)(1—e)r / t_?’e_%dt _ erDa=ar 1_61.
€r

0 0

Choose € € (0,1) such that ap = /(o + 3)(1 — €o) — 2 > 0. Then, for p > 1,

+o0 b
1
(V)S/ _ rcoshr . i dr
sinh® ry/coshr — coshp r2e2mtaor
P
+oo
1 1
Sz/ . 2 : 1 dr
sinh® ry/coshr — coshp rezmteor
P
7 |
fs 1 / N 2 d7‘
pezPteop sinh® r+/coshr — cosh p
P
+o00

1 1
S 1 R 2 d'r
eapPtaop sinh” ry/coshr — cosh p

p

“+ o0

1 1
< - / - dr
ezPt@o0P ginh p sinh r+/cosh r — cosh p

p

+oo
1 1

VI) < . d
( )N/sinhrx/coshr—coshp r2e5rtaor "

p

+oo

1 1
S 3 / . dr
ez2pPtaop sinh ry/coshr — cosh p

p

On the other hand, using the substitution ¢ = \/cosh r — cosh p, we have
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o 1 o 1
/ - dr =2 / dt
sinh r+/cosh 7 — cosh p (t2 4+ cosh p)? — 1
P 0
+oo

1

=2
/ (t2 + cosh p+ 1)(t? + coshp — 1)
0

dt

“+o0

2 1
< / dt
coshp+1 t2 +coshp — 1
0

2 1 s
“coshp+1 yJecoshp—12°

Therefore, for p > 1,

(V) <— 1 . 2 . 1 T 1 :
~ezptaorginhp coshp+1 Jeoshp—12 ™ elBtaolr
1 2 1 1
VD) S5 : z< .
e3ptaor coshp+1 /coshp—12 "~ eB+ao)r
Thus
1 < 1

The proof is then completed. 0O
4. Rearrangement

We now recall the rearrangement of a real functions on B*. Suppose f is a real function
on B%. The non-increasing rearrangement of f is defined by

f(t) =1inf{s > 0: A\s(s) < t},

where

M) = o eBt i@l > = (L)d

1—z?
{zeB*::|f(x)|>s}

Here we use the notation |Y| for the measure of a measurable set ¥ C B*.

Lemma 4.1. There exists a constant A1 > 0 such that

[(=9/4 — Ar) ') (1) (1+ Agtd), t>0.

1
< -
T 427Vt
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Proof. Set ¢(p) = (—9/4 — Ag)~!. Define, for any s > 0,

Ps Ps
Ap(s) = / dv = |S? /sinh3 pdp = 272 /sinh3 pdp, (4.1)
{6(p)>s} 0 0
where p; is the solution of equation
o(p) = s. (4.2)
Therefore, since ¢*(¢t) = inf{s > 0: A4(s) < t}, we have
Py (1)
t=Ag(9* (1)) = 27* / sinh® pdp, (4.3)
0
where pg-(y) satisfies
Bloor) = (1) (4.4)
Notice that
Po* (t) P (t) 9
t = 2m? / sinh?® pdp < 272 / sinh® p cosh pdp = % sinh? P (1); (4.5)
0 0
Po (1) Po* (1) )
2 . 13 2 3 217 3p o
t=2m sinh” pdp < 27 e“Pdp = 3¢ Pox(v) (4.6)
0 0

We have, by (4.4)—(4.5) and Lemma 3.1,

-

2
6(t) < L - (”—)
4\/§ﬁx/f-cosh¢T“) 4m? cosh =52\ 2t

where A = 217~ 2. The desired result follows. O

Similarly, by Corollary 3.3 and Lemma 3.4, we have the following (we omit the proof
because it is completely the same to that of Lemma 4.1).

Lemma 4.2. Let o > 0 and aqg be in Lemma 3.4. Then there exists a constant Ay > 0
such that
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1

[(—AH - 9/4)*%}*(15) SS\i;ti (1 +A2\/i), t>0;
R 1 ]

(s =0/ () S 4> 2

(8w + ) (O Sy, o2

Since for o > —9/4,

we have, by Lemma 4.2,

1

1 1 21
[(~Bs +0) 40 < [(—Au - 9/ M () £ —my (14 A2VD), £>0.  (47)
8y/mt1
Lemma 4.3. Let o > 0 and ag be in Lemma 3.J. Then
1 1 1 1
—Ag —9/4) 2% (—Ag +a) 2]*(t) L ————=(1+ Ayt4), t>0 4.8
(~8u =9/ 3+ (<Au+a) M () < s 1+ it (4)

and

_1 — Lk 1
(~8m = 9/4)75 « (~Bu + ) () S

Proof. Since (—Ag —9/4)72 % (—Ag — 9/4)"2 = (—Ag — 9/4)~L, we have, by (3.2),

t>2. (4.9)

(A —9/4)7% x (—Ag +a) 2 <(—Ag —9/4)"% % (—Ag — 9/4)"2
(—Ag —9/4)L.

Therefore, by Lemma 4.1, we get (4.8).
Now we prove (4.9). By O’Neil’s lemma (see [41]),

(4.10)

By Lemma 4.2, it is easy to check
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wl»—«

2 . t

o

VQ%S/&éﬁuw%fm+/—“wmth>z
0 2

t
/ AH+Oé
0

(4.11)

Also by Lemma 4.2 and (4.7), we have, for t > 2,

2 1
/[(—AH—9/4)—%]*(s)dsg/ 2 (14 Aoy/3)ds +
0

2 (4.12)

Notice that, by L’Hospital’s law,

tll>rgo Vit - tliglo 1— L

Int Int

=2

ds < XLt > 2. Therefore, by (4.12),

We have, f2 flns S

t>2. (4.13)

Similarly, by Lemma 4.2, for t > 2,

3

s2t3]ng tatsaoint

/ (=As — 9/4) 3] (5)[(~An + a) %mdss/ LR P S
t t (4.14)

Combing (4.10), (4.11), (4.13) and (4.14) yields, for ¢ > 2,

AV 1

—Am —9/4)"% % (—Ag + o) 2] (¢ ja— .
[(=Ar = 9/4)7% * (~Au+ ) 2]"(H) S7 - T leomt S Vit

The desired result follows. O
5. Proofs of main theorems

Firstly, we shall prove Theorem 1.6. The main idea is to decompose the whole space
by the level set of the functions under consideration and derive the global inequality on
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the whole space from the local ones. This idea was initially developed in different settings

by Lam and the first author to derive a global Trudinger—-Moser inequality from a local

one (see [22,23]).

Proof of Theorem 1.6. Let u € C§°(B) be such that

/(—AH —9/4) (—Ag + @)u - udV < 1.

B4

We have, by (1.4),

/ (—Ag —9/4) (—Ag + @)u - udV

B4
9
> (9 —|—a> /|VHu|2dV— —/\u|2dv
4 4
4 B4
9 2 9 2
> S
>7 /|VHu| dv 4/\u| dv
4 B4

Combing (5.1) and the following Hardy—Sobolev inequality on B* (see e.g. [36])

/|VHu\2dV— §/|u|2dV > ¢y /|u|4dV ,

B4 B*

we have,

where Cy = o
Set Q(u) = {z € B*: |u(x)| > 1}. By (5.3), we have

2wl = [ av < [ueav <z,

Q(u) B

We write

2

1> /(—AH —9/4) (=Ag + a)u - udV >C5* /|u|4dV )

(5.2)

(5.4)
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/ (327 _ 1 — 327%u2)dV

B4

- / (327" _ 1 — 327%u2)dV + / (327 _ 1 — 327%u2)dV
Q(u) BA\Q(u)

< / 327 gy 4 / (632”2“2 —1—327%u?)dV.
Q(u) BAQ(u)

Notice that on the domain B* \ Q(u), we have |u(x)| < 1. Thus,

/ (632”2“2 —1—327%u?)dV
BI\Q(u)

e 22u2)™
_ Z(3ﬂ'u)dv

B\Q(u) "

327"
§Z2( n!’ / fu(z) "V
n= B4

2
<32 052.

589

(5.5)

To finish the proof, it is enough to show fQ () 3274”4V is bounded by some universal

constant. By (5.4), we may assume

|€2(u)] < Q0

for some constant {2y which is independent of u. Now rewrite

B4

and set

v=1/(—An —9/4) (—Au + a) u = \/—Ag — 9/4(\/—Ar + a u).

Then

/|v|2dV = / )\/—AH —9/4(v/-An+a u)’ZdV <1.
B4 B4

(5.7)

/(—AH —0/4) (~Ax + a)u - udV = / VB0 (Bataul av (54

(5.9)
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Furthermore, by (2.2), we can write u as a potential

(S
[N

w= (0% (~u+a)"*) % (~du = 9/4)F = v x ((~Au+a)"F x(~Au—9/4)" ).

Let o1 = (—Ag—9/4)"2 *(—=Ag+a) 2. Then u = v+ ;. By (5.7) and O’Neil’s lemma,

[2(w)] Qo

/632”2“2dV: / exp(327r2\u*(t)\2)dt§/exp(327r2|u*(t)\2)dt

Q(u) 0 0
Qo . t t 0o 2
S/exp 32m? ?/U*(s)ds/ga’{(s)ds—i—/v*(s)cpf(s)ds dt
0 0 0 t
_t e 2
o 1 Qpe Qpe %)
:Qo/exp —t + 32n° ot / v*(s)ds / 1(s)ds + / v*(s)pi(s)ds| | dt.
0 0 0 0 Qoe—t
To get the last equation, we use the substitution ¢ := Qge~!. Next, we change the
variables
¥(t) =v/Qoe~tv* (Qoe™);
©(t) =1/3212Qpe "t} (Qoe ™).
It is easy to check
0o oo Qoe~t Qoe~ ¢
/3972
/efs/zw(s)ds/efs/zgo(s)ds: ;W / v*(s)ds / ©3(s)ds;
t t 9 0
t 0o
/1/}(8)(,0(3)6[5 =V32mr2 / v*(s)p*(s)ds
— 0 Qpe—t
Therefore,
Qo
/ 327 gy < /exp(327r2|u*(t)|2)dt
Q(u) 0
o] 00 o] t 2
:Qo/exp —t+ et/678/21/J($)d5/678/2(p(8)d5+ / Y(s)p(s)ds dt
0 t t —o00

o0

:QO / €_F(t)dt,
0
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where
F(t)y=t- et/efs/%/)(s)ds/e*S/an(s)dsqL /w(s)go(s)ds
Set
o(s), s <t;
a(s,t) = o ] 5.10
(%) {et(ft e~ 2p(r)dr)e=®/?, s>t (5.10)
Then
o 2
F(t)y=t- / a(s,t)(s)ds

To complete the proof, we need to show that there exists a constant C' which is inde-
pendent of ¢ such that

o

/ e FWgt < C.
0

This will be done in the following Lemma 5.1. The proof of Theorem 1.6 is thereby
completed. O

Lemma 5.1. Let ¢(s), a(s,t) and F(t) be as above. Then there exits a constant Cg which
is independent of 1 such that [;° e P4t < Cg.

Proof. The proof is similar to that in Adams’ paper [1]. Notice that

o0

/e‘F(t)dt: / |Ex]e™ A,

0

where E\ = {t > 0: F(t) < A} and |E)| is the Lebesgue measure of Ej. It is enough to
show the following two facts:

(a) There exists a constant ¢ > 0 which is independent of 1 such that gg F(t) > —¢

(b) There exist constants B; and Bs which are both independent of_w such that
|E)\| < Bl‘)\| + Bs.

Firstly, we prove (a). Without loss of generality, we assume Qy > 2 so that In % > 0.
By Lemma 4.3,
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=1/32m2Qpetp; (Qoe ") < 1+ Ay v/Qoe™ 4 teR;
1 C Qo (5.11)

t) =v/327m200e "t (Qge™ ) < < t<ln—
e (t) et (Qoe ) S T S0y TSy

where C' > 0 is a constant which is independent of v. Therefore, by (5.10), for ¢ > 0,

oo 0 ¢ o0
/a(s,t)zds: / a(s,t)2d3+/a(s,t)2ds+/a(s,t)st
s “o0 0 t
0 t o0 2
= / @2(s)ds+/<p2(s)ds+e2t /efr/2g0(r)dr /efsds
“s 0 t t

t
<C/ ds+/ (14 Ay v/ Qoe™1)2ds+
0

et /efr/g(l + A1/ Qoe” 5 )dr

t

<t+c
where ¢ > 0 is independent of ¥. Thus, by Cauchy—Schwarz inequality,

o 2

F(t) =t — / als, t)w(s)ds

— OO

>t — 70 a(s,t)?ds 7 V2 (s)ds

=t — /a(s,t)zds/Qoe_t|v*(906_t)|2ds

2t—(t+c)/|u\2dv
B4
>t —(t+c) = —c

Secondly, we prove (b). Let R > 0 and suppose E) N [R,00) # ¢. Take t1,t5 €
E\N[R,0) # @, t1 < ta. Then

o0

to— A< / a(s,ta)(s)dt

— OO
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593

= (/ a(s,tQ)z/J(S)ds+/a(s,t2)w(s)ds+/a(s,tQ)w(s)ds) (5.12)

— OO tl tz

t ts 50 2
</¢®M$%+/¢®M$@+/d&mw$ﬁ>-

— OO t1 to

Set L(t) = (= %2(s) ds)z. Then

(7@%$@>2s<7@%$M)2
(/Qoe Flo* (Qpe™" |2ds) (H v dV) <1

By (5.11) and Cauchy—Schwarz inequality, we have

(7 @(S)w(S)dS) < ]1902(8)618- (7w2(8)ds—L2(t1))

< / p*(s)ds - (1 — L?(t1))
0 ty

- /<p2(s)ds+/@2<s)ds) (1= L*(t))

— 00 0

IN

L —OoC

< (t1+br) - (1= L2(t));

(]zw(S)lb(S)dS) < f@Q(S)dS'LQ(tl)

t1 t1
to
< /(1 b Ay e )2ds - T2 (1)
t1

< (t2 —t1 + bo) L2 (th);

(5.13)

r 0
C/ﬁdsﬂ—/l—i—/h\/_e i) ] (1—L%(ty))

(5.14)
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2

/a(s,tz)w(s)ds g/a(s,t2>2ds-L2(t2) g/a(s7t2)2ds-L2(t1)
to to ta
o0 2 oo
=t /e_T/ng(r)dr /e_sds ~L2(ty)
(5.15)
tz t2
0o 2
<e'? /e_r/Q((l + A/ Qe 1)dr | - L2 (1)
ta
<bsL?(t1),

where by, by, bs are constants independent of ¢; and ¢5. Combing (5.12) and (5.13)—(5.15)
yields

M

FVERILm))

(1= L2(t)Y2 + [(t2 — tl)% + b4]L(t1)}2,

th— A< {(t1 Fb)E (1 L2(8))Y2 4 [(ta — ty + b)

=

< {(h +b1)
where b4 is a constant independent of ¢; and t5. In a special case to = t; we have
A< {(t1 Fh)E(1 - L2(1)Y? + b4L(t1)}2.
With the same argument as in [1], pages 389-390, we have
(t1+b5)"* L(t2) < AL+ BN,

where bs, Ay and By are positive constants independent of A and L(t1). The rest of the
proof is the same as that in [1] and thus the proof is completed. O

Proof of Theorem 1.8. Let u € C5°(B*) be such that

/|Au| dz — A /ﬁmg 1

Then

2 u2
B4 B4

Therefore, by Theorem 1.7,
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32722 2,2 2
132
/(e32”2u2 —1)dV :16/ c Y dr+ 16~327T2/u7dx
B4 B

(1 —lz[?)* (1—[z[?)*
B4 4
16 - 3272
< _
<Cy{+ Y

The desired results follow. 0O
Before the proof of Theorem 1.9, we need the following improved Hardy inequality.

Lemma 5.2. There exists a constant C7 > 0 such that for all u € C§°(B*),

/|Au| dx — /( EyET da:>C7/u2dx.
B4

Proof. It is enough to show

/|VHu|2dV—z/u2dV > Cg/u2d$7
B4

B4 B4

since, by Plancherel formula,

/\Au\ dz— 9 /Wdl«

:/(_AH —9/4) (— A + 1/2)u - udV

)
D 70 / %2 ' (94?2 + ;) [FOLQPle(N)| " 2dAda(s)
o
> (3 1>D48/ X P OFI) 2 ardo )
_<Z+%>/(_AH—9/4)u~udV
2

_ 9 1 9 9 9
_<4+2> /|VHu|dV 4/\u|dV
4 B4

Set u = (1 — |z|?)f. Then f € C5°(B*) and

Vul? = (1~ PPV S+ 5 (V72 V(1 o)) + 72 - afaf?.
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Therefore,

2 2
/(1_%;"2) /|Vf|2d +/f2 4|x| dm—%/ﬂAIn(l—\xP)?dx
B4 B4 B4
2
:/|Vf|2dx+8/( f| el
B4 B4

Recall that the improved Hardy inequality (see e.g. [6,46])

2 f2 2
B4 B4 B4

We have
9 [Vul? u?
2 2
—_ = :4 _— — _—
/|VHu| av 4/u av /(1_ |x|2)2dar 9/ = |x|2)2dx
4 E4

1 s
—1 /|Vf\ dx—/(m)dx

2
2409/f2dm:409/1+wdx
B4 B4

>4C / u?dz.

B4

This completes the proof. 0O

Proof of Theorem 1.9. Let u € C§°(B*) be such that
2 u?
Aul?dr —9 | —————dx < 1.
J1autr =0 [ e <
B4 B4

By Theorem 1.7, there exist a positive constant C7 > 0 which is independent of u such
that

/ (632”“2 —1-— 327r2u2)d
(

Therefore, by Lemma 5.2,
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/632”2“2dm :/(6327’2"2 — 1 —32r%u?)dx + +/da: + 32#2/u2d$

B4 B4 B4 B4
327%u? 2,2
—1-32
S/%e 24”“)dx+/ﬁx+3%2/u%x
(1 —z[?)
B4 B4 B4

gq+/m+mﬁqﬁ

B4

The desired result follows. O
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