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Abstract

In this paper, we establish the following sharp Adams inequality with exact growth con-
dition in the entire space R" (n > 3): There exists a constant C(n) > 0 such that for all

feWH®RY (n > 3) with [|Afllz <1,

f QBT 4 < camif
R

DIT IT

o (1+|f)m
Jjn=2 . L . .
where ®(1) = exp(r) - X2, %5, jy = min{j € R : j > %} > n/2 and B, = B(n,2) =
wn,, [F(Z/Zi])]ﬁ. This extends the main result in [27] when n = 4 to all dimensions n > 3.

A crucial technical lemma we need is Lemma 4.2 for all p > 1 (corresponding to the Adams

inequality for all n > 3) whose proof is quite involved. As an application, we obtain the

best constant for Ozawa’s inequality of Adams type in the Sobolev space W3 (R") in [29]:
For any a < f3,, there exists a constant C(a,n) > 0 such that for all f € W2E(R") (n > 3)

satisfying IAflly < 1, we have [, ®(alf|i2)dx < C(a, n)lfIl}. Moreover, if a = B, then
the inequality cannot hold with a uniform constant C(e, n).
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1 The Moser-Trudinger inequality

The Moser-Trudinger inequalities can be considered as the limiting case of Sobolev in-
equalities. They were established independently by V. Yudovi¢ [36], S. PohoZaev [30] and
N. Trudinger [35]. In 1971, J. Moser [28], sharpening Trudinger’s inequality, proved that

Theorem A Let Q be a domain with finite measure in Euclidean n—space R", n > 2. Then
1

there exist a positive constant C(n) > 0 and a sharp constant a,, = nwfl (where w,_ is
the area of the surface of the unit n—ball) such that

1 \
@fgexp(mﬂm)dmam@o (1.1)

forany a < ay, any f € C§ () with fg |VfI" dx < 1. This constant a,, is sharp in the sense
that if @ > a,, then the above inequality can no longer hold with some C(n) independent

of f.

This result has been generalized in many directions. For instance, the best constants
for Moser-Trudinger inequalities on domains of finite measure on the Heisenberg group
were established in [7, 17]. There has also been substantial progress for the Moser-
Trudinger inequalities on spheres, CR spheres, or compact Riemannian manifolds, hyper-
bolic spaces, etc. We refer the interested reader to [3], [4], [8], [10], [21], and the references
therein. Moser-Trudinger inequalities have found many applications in geometric analysis
and PDEg, see e.g., [6], [28], [31], [22], [37], etc.

When Q has infinite volume, sharp versions of Moser-Trudinger type inequalities with
best constants on unbounded domains were obtained by S. Adachi and K. Tanaka [1]. They
proved that

Theorem B Let 0 < a < a,. There exists a constant C(a, n) > 0 such that

sup f ®, (lul )dx < Cla, mlull’
ueWn (R, [, [Vul"dx<1 YR

where ®,(t) := e’ — Z?;()z f—', Moreover, the constant «,, is sharp in the sense that if a > a,,
the supremum will become infinite.

B. Ruf [31] (for the case n = 2), Y. X. Li and B. Ruf [22] (for the general case n > 2)
established a critical Moser-Trudinger type inequality for unbounded domains in Euclidean
spaces. They obtain the following theorem.

Theorem C There exists a constant C(n) > 0 such that for any domain Q Cc R",

sup f D, (@, |ul™)dx < C(n).
Q

1,
UEWL Q) 1.1y <1

Moreover, the constant a,, is sharp in the sense that if a, is replaced by any a > a,, the
supremum will become infinite.
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The existence of extremals of the Moser-Trudinger inequality (1.1) on bounded do-
mains was first established by Carleson and Chang in their celebrated work [5] on balls,
and then extended to arbitrary smooth domains in [9] and [23]. The existence of extremal
functions for the Moser-Trudinger inequality on the entire space was dealt with in [31],
[22] and [12]. More recently, Such a sharp Moser-Trudinger inequality at the critical case
has also been established on the entire Heisenberg group in [14] and at the subcritical case
in [18] where symmetrization argument is not available.

We note that there is a sharp difference between the inequalities in Theorems B and C.
In Theorem B, the inequality only holds for @ < @, while the inequality in Theorem C holds
for all @ < @,,. The reason behind is that the restriction on the class of functions in Theorem
B is for all with the L" norm of their gradients being less than or equal to 1 while the func-
tion class in Theorem C is for those with the full Sobolev W' norm less than or equal to
1. Though there are subtle differences between these two type of inequalities, surprisingly,
Lam, Zhang and the first author proved in [19] that these critical and subcritical Moser-
Trudinger inequalities are actually equivalent. Moreover, we also establish the asymptotic
behavior of the supremum for the subcritical Moser-Trudinger inequalities on the entire
Euclidean spaces and provide a precise relationship between the supremums for the crit-
ical and subcritical Moser-Trudinger inequalities. Since the critical Moser-Trudinger in-
equalities can be easier to prove than subcritical ones in some occasions (for instance for
Moser-Trudinger inequalities on complete and noncompact Riemannian manifolds [20]),
and more difficult to establish in other occasions, our results and the method in [19] sug-
gest a new approach to both the critical and subcritical Moser-Trudinger and Adams type
inequalities.

In particular, we establish in [19] the asymptotic estimates when @ goes to a, for the

following supremum:
1 n\ d
sup py? f o, (a'(l —é)|u|ﬁ)—);.
IVall, <t ||l " n |t

The following theorem provides the lower and upper bounds asymptotically for the
supremum.

1

5o\t

Theorem D Letn>2, a, = ”(r?ﬁl)) ,0<B<nand0 < a < a,. Denote
2

AT (a,B) = su

1 N\ d
Lol
1vall, <1 |[u], " n |x]

Then there exist positive constants ¢ = ¢ (n,f3) and C = C (n,8) such that when « is close
enough to a,, :

0B artap < COB

(1 _ (%)n_l)(n—ﬁ)/n (1 B (a%y_l)(ﬂ—ﬁ)/n ’

Moreover, the constant a,, is sharp in the sense that AT (a,,[3) = .

(1.2)
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We note that we do not assume a priori the validity of the critical Moser-Trudinger
inequality with the restriction on the full norm in order to derive the above asymptotic
behavior of the supremum AT («, ).

Next, we like to know how the supremum AT (a, 5) we established in Theorem D will
provide a proof to the sharp critical Moser-Trudinger inequality. Thus, this gives a new
proof of the sharp critical Moser-Trudinger inequality in all dimension n. We also answer
the question under for which a and b the critical Moser-Trudinger inequality holds under the
restriction of the full norm [|Vull;, + IIMIIZ < 1. Moreover, Lam, Zhang and the first author
establish the precise relationship between the supremums for the critical and subcritical
Moser-Trudinger inequalities.

Theorem E Letn >2,0 <8 <n, a, b > 0. Denote

MT.,(B) = sup f @, (an(l - g)lulﬁ)ﬂ

ﬁ b
IVullellulP <1 |xt

n=

and
MT(:B) = MTn,n (ﬂ)

Then MT,;, (8) < oo if and only if b < n. The constant a,, is sharp. Moreover, we have the
following identity:

G
I-(&)"
MT,, (B) = sup “";‘b AT (a,p). (1.3)

a€(0,a,,) 1) n
In particular, MT (8) < co and

n—1\n
1-(z)
MT B)= sup | ————| AT (a,p).

ae(0,ay) (1)"71

@y

As we have discussed earlier, the failure of the original Moser-Trudinger inequal-
1

ity (1.1) on the entire R” can be recovered either by weakening the exponent a = nw"”|

by strengthening the Dirichlet norm |[Vu||». Then a natural question arises:
1

Can we still achieve the best constant a,, = nw!"'| when we only require the restriction
on the norm ||Vul|pgry < 12

or

Ibrahim, Masmoudi and Nakanishi [11] answered the question in the two dimensional
case. They established the following theorem.

Theorem F There exists a constant C > 0, such that

2
6‘47m _

o (T = €I
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for any u € W'2(R?) with [IVull2r2y < 1. Moreover, this fails if the power 2 in the denomi-
nator is replaced with any p < 2.

Recently, the first two authors [25] of the paper have established the Moser-Trudinger
inequality with exact growth condition on the hyperbolic space H" for all n > 2 which
improves the earlier result by the same authors in [24].

2 Adams’ inequality and statement of our main results

In 1988, D. Adams [2] extended the original Moser-Trudinger inequality to the high order

space W(’)n k (©2) on any domain Q with finite measure. In fact, Adams proved the following
inequality:

Theorem G Let Q be a bounded domain. There exists a constant Cy = C(m, n) such that

forany f € W(')"'%(Q) with [[V" fl|2 <1, then

ﬁ fg exp(Blf (x)|=)dx < Co,
for all B < B(n, m) where

2Ly - .
2 )]n—m ,when m is odd.

n
[ I'( n—rgﬂ )

R
ﬁ(i’l,m) —{ . 2omp(

o~ 27
i S ve=oad

n .
w-m , when m is even.

Moreover, for any 3 > B(n, m), the integral can be made as large as possible.

Adams inequality on domains of finite volume has been extended by Tarsi [34] to the
case where the functions satisfy the Navier boundary condition. In 1995, T. Ozawa [29] es-
tablished some version of the Adams inequality in Sobolev space W™ (R") on the entire
Euclidean space R" only using the restriction |[V" f]|z < 1. T. Ozawa proved the following

Theorem H There exist positive constants 3 and C(n) > 0 such that for all f €
Wi (R™) satisfying IIV”’fII;z," <1, then

m

f @ (BIf175)dx < COIfIl7
R?

where (1) = exp(t) = X} "4, jo = min{j €R: j> 2} > n/m.

However, with the argument in [29], one can’t obtain the best possible exponent 3 for
this type of inequality.

The Adams type inequality on Sobolev spaces ng ’i(Q) when Q has infinite volume
(e.g., Q = R") with the restrictions on full Sobolev norms has also been studied. In fact, Ko-
zono, Sato and Wadade obtained such inequalities with non-optimal constants [13]. When
m is an even integer, sharp Adams’ inequality was established by B. Ruf and F. Sani [32] us-

ing the comparison principle of solutions to elliptic polyharmonic operators, while N. Lam



768 G.LU, H.TANG, M.ZHU

and the first author [15] established the Adams type inequalities on unbounded domain
when m is odd. Furthermore, N. Lam and the first author [16] developed a new approach
to establish sharp Adams inequalities in Sobolev spaces W??(R") for any fractional order
v > 0 in R" without using the standard symmetrization argument which is not available for
high order Sobolev spaces.

More precisely, the following sharp Adams type inequalities with best constants on
Sobolev spaces WY (R") of arbitrary positive fractional order y < n have been established
by Lam and Lu in [16].

Theorem I Let O <y < n be an arbitrary real positive number, p = $ and T > 0. There
holds

sup f 6 (Bo )l ) dx < o0

UEWP(R™), (TI—A)%MH <1
p

where

.i17_2tj
o) =€ - >
Jjp=min{jeN: j>p}>p.

Furthermore this inequality is sharp, i.e., if By (n,y) is replaced by any 3 > By (n,7y), then
the supremum is infinite.

We remark here that the approach developed in [16] is to use the level set for the func-
tions under consideration and derive the global Adams inequalities on unbounded domains
through the local ones on the level set of the function. This local to global argument is rather
general and can be used in many other settings such as the Heisenberg group [14, 18] and
Riemannian manifolds [20] where symmetrization principle is not valid. In [14, 18, 20],
both critical and subcritical Moser-Trudinger type inequalities are established through this
local to global principle using the ideas of the level sets.

From the works [32, 15, 16], we can see that, in order to get the sharp Adams inequali-
ties in unbounded domains, one needs to strength the restriction on the norm [[V" f]|z <1
to I(1 = A2 fll, 2 @ < 1. We note that the norm |/ — Al 8 &
Sobolev norm ||f||W,,,,%(R,,) =y IIVifIIL%(R,,) and is much larger than IIV’"fII:r,n.

Recently, Masmoudi and Sani [27], only imposing the restriction ||Aull; < 1, have
established the following second order Adams’ inequality with the exact growth condition
in R*.

) 1s equivalent to the

Theorem J There exists a constant C > 0, such that

327%u?

2
» mdx < Cllully

(R?)’

foranyu e W22(R*) with lAull;2rey < 1. Moreover, this fails if the power 2 in the denomi-
nator is replaced with any p < 2.
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Nevertheless, Adams’ inequality with the exact growth condition for general n remains
open. In this paper, we will give an answer to this question in R” with all the dimension
n > 3. Our first main result is the following

Theorem 2.1 There exists a constant C(n) > 0 such that for all f € W>3(R") (n > 3)
satisfying IAfllz <1
D(B,| fl72) d
5 ax
re (1 +f])=2

g2,
where (I)(t) = exp(f) — ZJ 2 J,, jr=min{j € R: j >3} 2n/2andf, = p(n,2) =

< Clfl;,

n-2

Wy l[r(n/2 l)]

We remark that both the power %5 and the constant 8, are optimal. These can be

justified by the following theorem.

Theorem 2.2 [f the power -5 in the denominator is replaced by any p < there exists

a sequence of functions { fi.} such that |Afills <1, but

1 fq)(ﬁn(lfkl)""Z) e
felly Jrr L+ 1fDP

Moreover, if @ > B, there exists a sequence of function {fi.} such that IIAkaIg <1, but

1 O(a(lfil) ™)
d 00,
Ifell2 f i

n2’

forany p > 0.

To prove Theorem 2.1, we need to use Lemma 4.1. Similar to the argument in [27], to
prove Lemma 4.1, we will use Talenti’s rearrangement for solutions to elliptic equations
[33]inR" for all n > 3. To carry out that procedure, one needs Lemma 4.2 for all p > 1. The
proof of Lemma 4.2 for the case p = 2 was given in [27] (corresponding to the case n = 4
for the Adams inequality of our Theorem 2.1). However, the extension for such a lemma
to all p > 1 (corresponding to the case n > 3 for the Adams inequality of our Theorem 2.1)
is highly nontrivial. The proof of Lemma 4.2 in the case p > 2 (corresponding to the case
n > 4 for the Adams inequality of our Theorem 2.1) was given in [25]. But its proof does
not work for 1 < p < 2 (corresponding to the case n = 3 for the Adams inequality of our
Theorem 2.1). The proof of Lemma 4.2 for the case 1 < p < 2 is substantially different
from that in the case p > 2.

As a consequence of Theorem 2.1, we can obtain the following Adachi-Tanaka type
inequality in the space W%, which give the best possible exponent for Ozawa’s inequality.

Theorem 2.3 For any a € (0,8,), there exists a constant C(a,n) > 0 such that for all
f e WHIR") (n 2 3) satisfying | Aflly <1,

f O(alf17)dx < Cla.mIfll:.

N\: S5
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Moreover, the constant B, is sharp in the sense that for any « > 3, there exists a sequence
of function { fi} such that ||Afillz < 1, but

1 N
i f Dol fi) ™1 )dx — co.
Al Jee

The organization of the paper is as follows. In Section 3, we introduce some preliminar-
ies about the non-increasing rearrangement . In Section 4, we will establish an important
lemma (Lemma 4.1) which plays a key role in the proof of our main result (Theorem 2.1).
Section 5 will give Adams’ inequality with exact growth condition in R*(n > 3) (Theo-
rem 2.1). In Section 6, we will prove the sharpness of the Adams inequality with the exact
growth condition in Theorem 2.1 (Theorem 2.2). In Section 7, we obtain the best constant

for Ozawa’s inequality (Theorem 2.3).

3 Some preliminaries

In this section, we will introduce some properties about the rearrangement which will be
used in the proof of the main theorem.
Let Q be a measurable set in R”. Denote QF the open ball B centered at the origin with
radius R such that
3 = |Bgl.

Let f : Q — R” be a real-valued measurable function in Q. Then the distribution function
of f is defined as
Hr@) =[x € Q: |f(x)| >t} fort > 0.

Then its decreasing rearrangement f* is defined by
fri=suplt > 0: pup(t) > s}, for s > 0.
After that, define fﬁ O LI [0, +c0] by
o= fr @l for x € QF,

where v, is the volume of the unit ball in R”. Then for every continuous increasing function
¥ : [0, +00) — [0, +0), we have that

f Y(f)dx = f Y(hdx.
Q o

Since f* is non-increasing, the maximal function f** of the rearrangement of f*, de-
fined by

1 S
= —f frdt for s > 0,
s Jo

is also nonincreasing and f* < f**. Moreover we have:
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Lemma 3.1 If f € LP(R") with 1 < p < +c0 and % + ﬁ =1, then

( f +m[f’"*]ﬂds)”ﬂ <p'( f +m[f*(s)]f”ds)“l’.
0 0

In particular, if supp f C Q with Q a domain in R”", then

1€ 1
( f [f17ds)""P < p'( f Lf*(s)1Pds)"P.
0 0

Finally we recall some well-known inequalities due to G. Talenti [33]. Let u € L3(Q) and
Q be a bounded domain in R”. We consider the following Dirichlet problem:

3.4
u=0on 0Q. 34)

{—A f=uinQ
Then we have the following lemma which can be found in [27]
Lemma 3.2 Let f € L"*(Q) be the unique weak solution to (3.1), then

15) M**(S)

. " 1
Fu-ras l/n]zf s for0<n <1 <10k
nvy, I3 S T

4 Two crucial lemmas

In this section, we give two crucial lemmas which play an important role in the proof of
Theorem 2.1.

Lemma 4.1 Let f € W>3(R"), n > 3. If f*(v,R") > 1 and u := —Af in R" satisfies

f e s1tds < I,

R n—

then .,
explBnf” (vaR")] 52 R
[f*(vuRM)]52
As we have pointed out earlier in Section 2, to prove Lemma 4.1, we will use Talenti’s

rearrangement for solutions to elliptic equations [33] in R” for all n > 3. So the key is to
establish Lemma 4.2 below for all p > 1 which is really the technical lemma in this paper.

+00
<C f LF* a2 V.
R

Lemma 4.2 Given any sequence a = {aliso, let p > 1, llall; = 3720 lagl, llall, = (S lal?)?,
lalley = (X< lawlP )P and p(hy = inf{llall) : llally = h,llall, < 1}. Then for h > 1, we
have

P
p =1

e r

uh) ~ —

-1
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The proof for Lemma 4.2 in the case p = 2 was given in [11]. And in [25], the first
and second author have proved the case p > 2. But the proof of the case p > 2 does not
work for the case 1 < p < 2. So we will need to give the proof of Lemma 4.2 in the case
1 < p < 2 in this paper. For the sake of completeness, we include a proof for the case p > 2
as well.

N

Proof Since u(h) is increasing in h, it suffices to show that u(N 1_%) ~ 16,—’7, Choose
ai = N‘ ~ when k < N — 1 and a; = 0, when k > N. Obviously,

N

—_— e 1 p
lall, = Lllalli = N'"7 and llalle) S <7 Nl/P

So

N

_1 er
PN'?) S < Np-

1 N

Now we only need to prove that u(N'"7) 2 N £

Case 1: p > 2.

By contradiction, suppose that for any € < 1 and a sequence a, we have

N

1_,

llall, < 1, llally = s lalle) <

er
Nl /p’
From the last condition, we know that when k > N,

N-k

& Nk
larl $ ——e7 .
N1/p

Nowseta,’(zak,forksN— 1 anda,’(zOforkZN,then

'l = llally = > ol = N0 = gl = N'TE - —— (4.5)

1/p’
k>N k>N N

Using the fundamental inequality: (1 — x)* > 1 —bx, whenb > 1 and 0 < x < 1, we can
obtain

i
=1 1-1
a7 > (NP - =2y

Nl/p
= N(1 - %)ﬁ
>N —-Ces. (4.6)
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On the other hand,
2 (a;—ap)* _»
T — 12 _ J )21
L I e Y R il
0<j<N-1 0<jksN-1
) (aj—a)’
= N7 ( Z |aj|2)ﬁ(1_lz"5/”‘5’v+‘22 D
o<1 N Xosjen-1lajl
P Socjenat U5
_r _r <j,k<N-1
< N7 ( ja; )T (1~ )
0<;\,_1 2p = 1) N(Zosjen-1 la;i*)
) D 20<jk<N-1 (ayma?
o p_ L <jk<N- 2
< NN lajP)77 (1 = )
05_;;\/—1 2p = 1) NZosjen-1 la;i*)

(a;—a)?

P ZOS Jk<N-1

< N(1 - 2
7 I PR —
o
. 220 jk<N-1 < ;A) @7)
-1 N2 '

where the first inequality uses the fundamental inequality:
1-x7<1-gx, when0<g<land0<x<1,

and the second inequality uses the fundamental inequality:

N N
O leflyy < NPT eyl forp > 1.
j=1 j=1
Then, by (4.6) and (4.7),
L 2
@ = a0 _ oy,

0<jk<N-1

Now choose m < N — 1 so that mino<j<y-1 la;| = a,,. Then
lla'lly = Nlaw| < llaj = amllp jen-1y
< \/N”aj = amllp(j<n-1
_1
<CeN'"7.

If £ is small enough, combining it with (4.5), we get

> —
|am| ~ Nl/p'

Hence
eNip

ej 1
lalloy 2 € D 307 2 N

j<N=-1
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which yields a contradiction. Thus, we have completed the proof of Lemma 4.2 in the case
p=2.

Case2: 1 <p<2.

Once again, we give the proof by contradiction. Suppose that for any £ <« 1, there
exists a sequence a = {a}; such that

N

_1
lall, = 1, llall, = N7, llalle) < v 4.8)
We know that when k > N,
N;A’
ay < SeN—z,
thus,
oo oo N-k
See St =olie)
= i=n N7 N»
o o N—k P
Sits g =of3)
k=N k=N
Then we have
N-1
1-1
Dl =N —0( 1),
k=0 N
N-1 »
a=1- 0(%)
k=0
The above formulas can be rewritten as:
N-1 1 c
(v -a)=0(Z)
=0 N»
N-1 »
(N_1 —ap) = 0(8—)
k 9
k=0 N
that is
N-1 a
(1 - N—") =0(), 4.9)
k=0 ’
N-1 a p
(1 - (N_k,) ): 0(h). (4.10)
k=0 r



Best constants for Adams’ inequalities 775
Now, we estimate the following quantity

Ale) = IS(I - (%)2]

k=0 P

ke = g, we rewrite (4.9),(4.10) as

N-1
e =0(e), “4.11)
k=0
N-1
Da--8)) =0 (4.12)
k=0

and Ay (¢) as

N-1 N-1
DiE-2) e (4.13)
k=0 k=0

Using Jensen’s inequality, we obtain
NZ—:I r
N-1 N- Y &
- o)
N-0@E)=> (I-g) >N|—=_| =N[1- =N-0(),
(&) ;( &) N ( N ) ®)
which assures that &y — 0, as € — 0. Then, by the Taylor expansion, we have
N-1 N-1 p(p—1)
Z(l —(1-g)?) = Z(l —( — pep + 5 si+o(8§)))
k=0 k=0
N-1
pip-1
= 3 (pe - 2D 4 o)
k=0
N-1 N-1
(p-1
=py e = o) ) 8
k=0 k=0
It follows from (4.11) and (4.12) that
N-1 N-1 N-1
2(1 +o(1) [
2 D
& < Py &— ) (1=(1-g)P)
,;1 pp-1) Z;‘ ,;g
=0(e). “4.14)

Combining (4.11), (4.13) and (4.14), we have
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From this, we have
N-1
>at= +0(iz). (4.15)

=0 N>
Now, let’s come back to (4.7). We have by (4.15) that

|
S

L P 2 P 20</k<N 1 (aj_ak)z
Il < N YT e ym( - S

0<j<N-1 N(ZOsj<N—1 |aj| )

r

G-
Nl—; +0( )) (1 ZO<Jk<N 1
N(Qo<j<n-1 |aj| )

(ll/—ak)

< N2<p [}

N(Xo<jen-1la;l?)

(aj—ay)? _r_
ZO</k<N 1 zk )(1 N 0(3))2@-”

N(20<]<N l|aj| )
(a; ar)?
220<jk<N-1 Tk)(l N 0(8))

< NZ(,) ] NZ(,; 1))(1 — N

< N(1 - 1\_71”‘; N
(aj— aA)
(0]
=N- L0sjkeN-1 (1+ (8))+0(e).
N7 N
Also, we can obtain (4.6), and then
(aj—ak)z
i k<N— (0]
N = ZosiksN L2 (1 + (‘9)) +0(s)>N-Cs,
N'"» N
thus,
N2
M <0(e) Nl—%‘
0<jk<N-1

Now we choose m < N — 1 so that ming<j<y-1 |a;| = a,,. Then

lla'lly = Nlan| < llaj = amllpj<n-1)
< VNlla; - amllpi<n-1y

<O0(e)N'""7.
If £ is small enough, combining it with

Ce

1
’ > - ~<
'l = N = e
we get

> —.
lan| 2 NP
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Hence
eNlp

ej 1
> -
lallo 2 ( D ) 2 7.
j<N-1

Thus, we have completed the proof of Lemma 4.2.

77

Once Lemma 4.2 is established, the proof of Lemma 4.1 for all n > 3 follows. Its proof
uses a similar idea to that in [27] in the case of n = 4. Now, we are ready to give the proof

of Lemma 4.1.

Proof. Let h;, = cnf*(v,,R”e%), where ¢, = [nv},/"]znl‘%”n;z. Define a;, = hy — hi,; and

a = {ax}. Then a; > 0 and

D lad = ho = e f (1R

k=0
By Lemma 3.2 and Holder’s inequality

%k n A % n k+7[
hi = hier = culf"(WaR"er) — f*(vpR"e )]

V”Rngl%] 2 1 2
. n = —=
f W) ds]E (2!,
v n

k
wR'en

IA

Cp [
[va/"n]?

then
2.2
lally = O lad")

k>1
2
= O M= el
k>1
n—2
n

1.

IA

o0
([ wrrease
0

IA

On the other hand,

S a2 dr
Rn
[f*(V Rnek+l)]n/2 Rek%l
Z R f P ldr

n k
k>0 R Ren

I\

3%

Z[f*(vanek+l)]n/Zek+l

k>0

Z(hk)n/zek > Z(ak)"/2€k~

k>1 k=1

V

Therefore

n/2 _ n/2 n/2 k n/2
lall? = ay/® + > @)t < i

(e) n
k>1 R

S @ dr
+ .

(4.16)
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1/n12 2. n .
Next, let’s estimate Ag. Set R < r < Re”/", where b = [%(’Z"j)‘i 2. Since

Py, sk
ho — cnf (v r") < Cn f u (s)ds
R

(v, 12

CVREENY 1- n

IA

Cn vy, ) ) )
[ f W ()25

vy 12 Jrew,
< 2 < Cnf*(Van) _ @
2 2 2

Then, when R < r < Re”/", hy < f*(v,r™). So

400 Reb/n
M dr Wyt dr
fR 1f*( Rn)l 5 Ioen Zhg/z- 4.17)

Combining inequalities (4.16) and (4.17), we have

T r n/2,n-1
1l < |f* urI"=r"="dr
(e) S R" :

By Lemma 4.2 and @ -y

! = cnf*(vuR" =}
1l > exp[ L2 ) ] . exp[%l XPIBLS (1 R)]
@ (ho)™= (f*(vaR™) 7> (f*(vaR™) 7>

This completes the proof of Lemma 4.1.

5 Proof of Theorem 2.1

Using the density argument, we only need to prove the desired inequality for all f €
Cy(R™). By the property of the rearrangement, we have

DB,lf172) ) DB, fH172) J
re (1 + |f|>n7 = (1 +|fH)a2

)

and n n
[V
2 2
Thus, it suffices to prove that
QBIFA) ;
[ BB ax< i,
re (144 2

Now, we split the integral into two parts as done in [27]

QB LB f QB
o (LT Jay 1D Jes, (17D

X,
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where Ry = inf{r > 0 : f*(v,r") < 1} € [0,4+0c0). Then when r < Ry, f*(v,r") > 1,
SR = 1 and f~ (vn ) > 1 for r < Ry.

Since when 0 < x < 1, ®(8,x72) < C,x?, then

[0)] ; #:5 M n
f Bul/"] 2)dx§Cf L3 dx < 1912, (5.18)
ey, (1+ )2 R"\Br, 2

Next, we consider the integral on Bg,. Set u = —Af in R” and @ = f()+°°[u**(s)]”/2ds,
then by Lemma 3.1
o< ([P < I <
e

Fix 0 < g9 < 1 and define R, be such that

VR +00
f l[u**(s)]"/zds < agy and f (™ ()]"?ds < a(l - &)).
0 v,

i
WR!

Applying Lemma 3.2 and Holder’s inequality, we have

* * 1 ” Hk n n .2
)= ()< I (\fr. [ ()]*"ds)""*(In Z)1 "
Then

@] = frvury) < - (ozso) (In —) n, when0<ry <r, <Ry, (5.19)

l/n]z

Fr) = f ) < gl - st (n2)'F, when Ry <1 <1 (5.20)
1

ny l/n]z

In order to estimate the integral Bg,, we need to consider two cases: R; > Ry and
R, < Ry. First, we consider the case Ry > Ry. By inequality (5.19), we have when
O0<r< Ro,

o<1+ (ago) (1n<—)">1“

[nvﬂ ]2
It’s well known that there exists a constant C, = (1 — (1 + 8)_%)% such that
(1+s5)#2 <(1+8)s+Cs, fors>O0.
Thus

a7 < (1 + >%1n(&
[ r

=

)+ C.. (5.21)
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Bi  —(1=2yi5 %
i = (1-2)2 and @ < (;%5)?, then

DBl .
f de < f exp(ﬁn|fﬂ|m)dx
By, (1414 Bg,

Sete =1-¢;7, then (1 +£)g;” < 1. Since

Ro
= ot [ epBLT O
0

Ro ,,%
Cf exp (1 +2) 2 n R0y s cprtar
0 n r

S 1 2n
(v
o ”(1*'5)3% n—l—n(l+s)s%
= C R, o7 o dr
0
Ro
= CRl<C Fr oy dr
0
< Clfily. (5.22)

Then by inequalities (5.18) and (5.22), we get the desired inequality when R > Ry.

Next, let’s consider the case R < Ry. We split

f OBl fH72) e f OB,lf172) f DB, fH172)
———dax = ————dx + ————dx
By, (1 +1f4)7= Beg\Br, (1 + 472 By, (1+1f4)7=

The estimate of the integral on Bg, \ Bg, is much easier. In fact, by inequality (5.20),

(1-gp)iar Ry

I [1n(7)"]‘—%, when Ry < r < Ro.
nv,

v <1+

Sets; = 1 — (1 — &)=z, then (1 + &)(1 — &9)72 < 1. By inequality (5.21), we have

[a(1 = &)1

2n
-2

L )17 < (1 + 1) (-0 + C,0

[nvy"]

Thus

OB,|fH= .
f des f exp(Bal 172 )dx
Bro\Br, (1 +|f%])72 Bry\Br,

R
CfU(&)”(“’Sl)(l—b‘g)%rn_]dr
R, r

IA

IN

CRy < ClIFIL.

So we only need to consider the integral on Bg,. Since when 0 < r < Ry,

" @ar™17= < (L+ e[ 0ur™) = f*0uRDI + Co L f R,
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then
f B
o 1)
Bg, (1+ |fﬂ|),fz
= fR‘ OB (var]2)
T @n — 7" dr
o [1+ f(v,rm)]==
LIRI o (ﬂ [f*(V rﬂ)]ﬁ)rn_ldr
[f*(v,,r”)]ﬁ o POn n
Wn-1 eXP(Co,Bul f* (VaR})]72)
[f*(vaR)] 7=
R
8 f exp(ﬂn(l + Sz)[f*(vnr”) - f*(Vanf)]ﬁ)I‘"_ldr.
0
Since
Bu o
= 1— n-2
[nv,ll/”]ff"z ( )
and
0 < ff(var") — ff(uRY) < ! fv”Rn M**(S)ds
' SN TV CIVAPRNE
)

f DBl fH72) J
. ax
By, (1+1fH)i2

wWy—1 eXp(Cp, Bul f* (vnR’f)] 2 )

Lf* (R}
Ry n=2 2 VaR" e .
« [Montarera-d [ g g,
0 n Jym  sta
_ Wp-1 exp(ngﬂn[f*(vnR’l’)]JT’z)
1 nlf* (vaR)]
+00 . 2 v,,R'l’ sk .
8 f expl(l +£2)"% (1 - _)f 2 (f)ds]ﬂe_’dt,
0 n Jrer 513

where the last equation we make the change of variable r = Rje ™.

Now set

2 12 2o iy -2
P(t) = viRI(1 + &) (1 - —Ju" (vRie Ne ™'

781

(5.23)
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Then

f [p(1)]2dt

+oo ne 20,
f vaRT(1 + 82)72(1 = =) [uF (Rl e e dt
0 n

n=2 2 n v”RT 2
(1407 (1= 2t f ()" ds
0

IA

. 2
aso(l + )T (1 - 22 <1,
n

provided that go(1 + 82)% = 1. In particular, choosing &, = (é)ﬁ — 1, we have that

f w[¢(t)]5dts 1.

Choose a(s, t) = x0.14(s), we need the following lemma established by Adams [2]

Lemma 5.1 Let a(s, t) be a nonnegative measurable function on (—oo0, +00) X [0, +00) such
that (a.e)
a(s,t) <1, for0 < s <t,

0 00
sup( f + f a(s, )" ds)'"”" = b < co.
—00 t

>0
If there is a constant ¢y = co(p, b) such that if for ¢ > 0,

f oo¢(s)”ds <l,

—+00
f e T4 < ¢y,
0

Fit)=1-( f Ooa(s, Ne(s)ds)” .

f N exp( f B(s)ds)i2e'dr < cy.
0 0

foo exp(f B(s)ds)2 e dt
0 0

* ! n=2 2 , , .
f exp[f vl "RI( +82) T (1= _)”**(VnR'fe_‘)e_%“‘ds]me"dl
0 0 n

+00 n 2 vnR'll sk .
f expl[(1 + &) (1 - ) f W) s e,
0 n v,

JRiet rl7a

then

where

So by the lemma, we have

Since
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where we make the change of variable » = v,Re™". So

Vo R) )

vaR{e™ Vl n

f wexp[(l +ey) T (1 - —) —dr]"2e”'dt < C. (5.24)
0

Since & = (L)72 - 1 then C,, = (1 — &) 7. Thus by inequalities (5.23) and (5.24), we

obtain
f DBl SBSH)
X
By, (1+1f4)=
n Wp-1 eXP(Cag,Bn [f*(Vner)]ﬁ)

CR! :
nLf* (v, R

e SXP(0 —20) 7 P2 Bl f* (VR 2
! Lf*(vaR))=

IA

Since f:;, [u™(s)]"*ds < (,1’_—12)”/2(1 — &), by scaling then using Lemma 4.1, we have
R

o OPUL £ BRI o L CuROP e
1 f* (R} 72 = (1—e)=

DB, fH17) :
[ 2B da < curi,
B, (L+ 17 :

that completes the proof of the theorem.

Therefore

6 Sharpness of Theorem 2.1: Proof of Theorem 2.2

In this section, we will establish Theorem 2.2. Namely, we will give the proof of the
sharpness of Theorem 2.1. First, we will show that the inequality in Theorem 2.1 does not
hold if the power -*5 in the denominator is replaced by any p < -%5.

For fixed p < -%5. We choose {f;};2, as follows:
-2 _ 1 - P
[.B In _] Riln L)Z/n + R lné)z/" , iffx] < R},
Je(x) = pg2/n=11n L ]-* In 4, it R < |xl < 1,
0, if 1 < |,

where Ry > 0, Ry — 0, and 8 = B(n,2) = - [r(n T ]#2. The choice of this sequence
is inspired by a similar sequence in [26] in dlmensmn four case. Then by calculation, we
have

1 1
R
“fk”% = 0(—1 )

Ry
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and :
L<NIAfIE < 1+ 0(—).
2 ln RTk
Now let fk = w%’ then
2
L on 1
I7ill; = 0G—)
2 In R
and
[ BRI,
—axX
re (1 +[fil)?
[ OB
. = x
w<rr (1 +1fil)?
L [ i,
w<rr  (LfeD?
1 1 1
2 expl(——y ~ DIn—-](In F)_(l_%)p
(IR e R
> (In i)*(lff)/’
2 R .
So

~1 ” f q)(ﬂ|fkln_2)dx2(1n L)l—(l—%)p S too,
Ifill; Ve (L+1fi)? Ry
2

as k — +oo, since p < 5. This explains why the power - in the denominator can not be
replaced by any p < -5,

Next, let’s show that the constant 3, is optimal. We only need to find a sequence of
function {f;} such that [|Af||z < 1, but for any p > 0 and a > 3,

1 Ola(lfil)™)
d oo
||fk||§ fn (I +[fil)? T

In fact, we can choose the same sequence of function {f} as we did above. With similar
computations, we can prove that the constant S is optimal.

7 Proof of Theorem 2.3

In this section, we will prove Theorem 2.3. Namely, we will establish the optimal version
of Theorem F by Ozawa [29] by finding the best constant in the Adams inequality when
only the restriction on the norm ||V"u||, 2 ®) < 1 is given.
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Proof. Since, when a < 3,

. OBt
Olaii) < ¢ 2B
(1 + e
for any ¢ € R, thus
N O " e n
f O(alf]*2)dx < Cf de < ClIfII-
Rr re (1+[fn=2 2
To prove that the constant 5, is sharp, we choose {f;};7, as follows:
17, 1q1-2 |2 1 . :
[pn g1 — ®en 7 R il < Ry
Sl =3 np2n 1 in 177 In L iR/ < |xl < 1,
0, if 1 < |x],

where R, > 0, Ry — 0, and B8, = B(n,2) = w:‘_] [r(r’ff;‘fl)]ﬁ. Then by calculation, we have

n 1
Ifellz = O(—),
2 1 1

n &

and |
L<|lafilll <1+ 0(—1).
2 ln —_—

Ry
Now let fi = m. Then
. n 1
Il = 0G—)
Re
and
f OB, fil " )dx
Rn
> f | OBlfil2)dx
IxI<R]"
2 f | exp(alfil=)dx
[xI<R]
1 1
> expl( - —1lIn IT]
IAfl; k
> C.
But

~ 1
[ f OBl ful=)dx 2 ]n]T — +00,
17l Je .

2
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This completes the proof.
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