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. 1
Abstract Let ©,(x) = ¥ — Z?;(z) ’;—J, and o = na)ﬁ be the sharp constant in
Moser’s inequality (where w,,_1 is the area of the surface of the unit n-ball in R"), and
dV be the volume element on the n-dimensional hyperbolic space (H", g) (n > 2).In
this paper, we establish the following sharp Moser-Trudinger type inequalities with
the exact growth condition on H":
For any u € w b (H™) satisfying || Vgu|l, < 1, there exists a constant C(n) > 0

such that

o AT
/ Md" < C)llull}a.
H (14 uf)»T

The power -+ and the constant &, are optimal in the following senses:

(i) If the power ;.= in the denominator is replaced by any p < .=, then there exists

a sequence of functions {u} such that ||Vgu,ll, < 1, but

dV — oo.

1 /d>n<an(|uk|)n”l>
lugln Jen (1 lugl)?

(ii) If o > o, then there exists a sequence of function {u} such that ||Vgul, <1,
but
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for any p > 0.

This result sharpens the earlier work of the authors Lu and Tang (Adv Nonlinear Stud
13(4):1035-1052, 2013) on best constants for the Moser—Trudinger inequalities on
hyperbolic spaces.
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1 Introduction

The Moser-Trudinger inequalities can be considered as the limiting case of Sobolev
inequalities. They were established independently by Yudovi¢ [30], PohoZaev [25]
and Trudinger [28]. In 1971, Moser [23], sharpening Trudinger’s inequality, proved
that

Theorem A Let Q2 be a domain with finite measure in Euclidean n-space R", n > 2.

._u—‘

Then there exist a positive constant C(n) > 0 and a sharp constant o, = nw,_
(where w,,—1 is the area of the surface of the unit n-ball) such that

1 }
ﬁ/gexp<a|f|ﬁ)dx§C(n)<oo (1.1)

for any @ < ay, any f € C§° (Q) with [o|V fI"dx < 1. This constant o, is sharp
in the sense that if o > «,,, then the above inequality can no longer hold with some
C(n) independent of f.

This result has been generalized in many directions. For instance, the singular
Moser—Trudinger inequality was proved in [3], and the best constants for Moser—
Trudinger inequalities on domains of finite measure on the Heisenberg group were
established in [7, 15]. There has also been substantial progress for the Moser—Trudinger
inequalities on spheres, CR spheres, or compact Riemannian manifolds. We refer the
interested reader to [5,8,9,17], etc. Moser—Trudinger inequalities have found many
applications in geometric analysis and PDEs; see, e.g., [12,15,18,23,24,27], the sur-
vey articles [6] and [13], etc.

When 2 has infinite volume, the sharp version of Moser-Trudinger type inequalities
for unbounded domains was established by Adachi and Tanaka [ 1] in order to determine
the best constant. They proved that

Theorem B Let 0 < o < «y,. There exists a constant C(«) > 0 such that

sup [ @atelul™0dx = C@lul
ueW L (Rn), [ |Vultdx<1 J R
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Sharp Moser—Trudinger Inequalities on the Hyperbolic Spaces 839

where ®,(t) :=e' — 27:_02 i—l, Moreover, the constant o, is sharp in the sense that if
o > oy, the supremum will become infinite.

The method used in [1] is the symmetrization argument by reducing the problem
to the radial case. However, such a symmetrization argument does not work on the
Heisenberg group. Using an entirely different method of dividing the entire Heisenberg
group into two parts using the level sets of the functions under consideration, such
a sharp subcritical Moser—Trudinger inequality on the Heisenberg group has been
established in [16].

Ruf [24] (for the case n = 2), Li and Ruf [18] (for the general case n > 2) estab-
lished a critical Moser—Trudinger type inequality for unbounded domains in Euclidean
spaces. They obtain the following theorem.

Theorem C There exists a constant C (n) > 0 such that for any domain Q@ C R",

n
sup D, (ay|uln-T)dx < C(n).
ueWy " (), lullyy1,n (g <1

Moreover, the constant o, is sharp in the sense that if oy, is replaced by any o > oy,
the supremum will become infinite.

Such a sharp Moser-Trudinger inequality at the critical case has also been estab-
lished on the entire Heisenberg group in [11] where a symmetrization argument is not
available.

We note that there is a sharp difference between the inequalities in Theorems B
and C. In Theorem B, the inequality only holds for ¢ < «, while the inequality in
Theorem C holds for all @ < «,,. The reason behind this is that the restriction on the
class of functions in Theorem B is for all with the L" norm of their gradients being
less than or equal to 1 while the function class in Theorem C is for those with the full
Sobolev W norm less than or equal to 1.

In short, the failure of the original Moser—Trudinger inequality (1.1) on the entire R”

1

n—1

can be recovered either by weakening the exponent @ = nw, _; or by strengthening the
Dirichlet norm ||Vu| 1. Then a natural question arises: Can we still achieve the best
1

constant @ = na);’:ll when we only require the restriction on the norm || Vu||p» < 1?
Ibrahim, Masmoudi and Nakanishi [10] answered the question in the two-
dimensional case. They set up the following theorem.

Theorem D There exists a constant C > 0, such that

A u?

¢ 2
/R2 mdx = C”u”Lz(Rz),

for any u € Wh2(R?) with Vull2r2y < 1. Moreover, this fails if the power 2 in the
denominator is replaced with any p < 2.
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840 G. Lu, H. Tang

In this paper, we will consider the Moser-Trudinger inequalities with exact growth
condition on the hyperbolic spaces. The hyperbolic space H" (n > 2)is a complete and
simply connected Riemannian manifold having constant sectional curvature equal to
—1, and for a given dimensional number, any two such spaces are isometric [29]. There
are several models for H", the most important model being the half-space model, the
ball model, and the hyperboloid or Lorentz model, with the ball model being especially
useful for questions involving rotational symmetry. We will only use the ball model
in this paper.

Let B" = {x € R" : |x| < 1} denote the unit open ball in the Euclidean space R".
The space B" endowed with the Riemannian metric g;; = (ﬁ)z&- j is called the
ball model of the hyperbolic space H". Denote the associated hyperbolic volume by
dV = (—2—)"dx. For any measurable set E C H", set |E| = fE dV.Letd(0, x)

1—|x?
denote the hyperbolic distance between the origin and x. It is known that d(0, x) =
2
In ifm for x € H". The hyperbolic gradient V, is given by V, = (%)ZV, where

V is the Euclidean gradient.

Let 2 C H" be a bounded domain. Denote || fll,.q = (fQ |f|”dV)%. Then we
have the following:

IVl = ( /Q (Ve f. vgf>§/2dV)" - ( /Q |Vf|"dx)

Let | flln = (Jyn |f|”dV)%. Then we have

IV flln = (/Hnwgf, vgf>;/2dv)" - (/B |Vf|ndx)" .

We use WOI’" (€2) to express the completion of C;°(£2) under the norm

1

We will also use W' (H") to express the completion of Cg° (H") under the norm

1
el ey = (/ |f1hdv +/ |Vf|”dx) :
Hll Hn

It is known that the symmetrization argument is the key tool in the proof of the clas-
sical Moser-Trudinger inequalities. Now, let us recall some facts about the rearrange-
ment in the hyperbolic spaces [4].

Let f : H" — R be such that

|{er":|f(x)|>t}|=/ dV < +o0
{xeH"™:| f(x)|>1}
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Sharp Moser—Trudinger Inequalities on the Hyperbolic Spaces 841

for every ¢ > 0. Its distribution function is defined by

wr@) = llx e H" 2 |f ()] > 1}.
Then its decreasing rearrangement f* is defined by

f*(s) =sup{t > 0, uy(t) > s}.
Now, define f TH" > R by

FE) = fX(B0, d(0, ),

where B(0, d(0, x)) is the ball centered at the origin and with radius d(0, x) in the
hyperbolic space. Then, for every continuous increasing function ® : [0, c0) —
[0, o0), we have from [4] that

/ (DY = / S(fHdV.
Hn Hl‘l
Moreover, for any Lipschitz continuous function f, when p > 1,

IVe follp < IV fllp-

Moser—Trudinger inequalities on a hyperbolic space were considered by Mancini
and Sandeep [21] in the two-dimensional case; they established the Moser-Trudinger
inequalities on a conformal disc. Recently, the authors [19] established sharp constants
for Moser—Trudinger inequalities on high dimensional hyperbolic spaces. They first
proved the sharp singular Moser-Trudinger inequality on bounded domains in the
hyperbolic space of any high dimension.

1
Theorem E Ler Q C H" be a domain with |Q2] = fQ dV < 400 and o, = nwr’?l.
Then there exists a constant C > 0 such that

1 n
sup —/ exp(ay,|u|=1)dV < C.
UeCE (@), IVqulln o<1 1921 /o

The result is sharp in the sense that if a, is replaced by any a > «y,, the supremum
will become infinite.

Then they set up the following sharp subcritical Moser-Trudinger type inequality
on the entire hyperbolic space in the spirit of Adachi—Tanaka [1].

Theorem F For any o € (0, ay), there exists a constant C,, > 0 such that

/H (@] 1)V < Collullls (12)
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842 G. Lu, H. Tang

foru € WL (H") with IVeulln <1, where ®,(x) = e* — Z'};g );—: Moreover, the
result is sharp in the sense that if . > ap, there exists a sequence {ug )2, C whrHm)
such that ||Veurll, =1 and

/ @, (@ (Jug]) =T1)dV — oco.
e 1% S

Furthermore, the authors established in [19] the following sharp critical singular
Moser—Trudinger inequality on the entire hyperbolic space when we restrict the norms
of functions to full hyperbolic Sobolev norm.

Theorem G Let 0 < 8 < n,t > 0. Forany @ € (0, a,(1 — é)], there exists a
constant Cy > 0 such that

® =)
sup / &';dv < Co.r.
wew b @), | Vul 4ol <t JH (40, 1))

The constant o, (1 — é) is sharp in the sense that if o, (1 — g) is replaced by any o
bigger than a,, the supreme will become infinite.

Motivated by the work [10] and our Theorems F and G, we naturally want to
know what will happen to the inequality (1.2) if we keep the condition ¢ = «,, and
[Veull, < 1. In this paper, we will prove the exact growth condition for the sharp
Moser—Trudinger type inequality on the hyperbolic space with the restriction on the
norms of functions is only imposed on the gradient. This answers our question.

Theorem 1.1 For any u € W' (H") satisfying IVoulln < 1, there exists a constant
C(n) > 0 such that

® =
/ Lulenltl™ D) 1y < cnyullr.
(11 fu)m

We remark that both the power "5 and the constant «,, are optimal. These can be
justified by the following theorem.

Theorem 1.2 [fthe power " in the denominator is replaced by any p < =5, there

exists a sequence of functions {ur} such that |Veug|, < 1, but
1/‘%mwwﬁbvﬁm
Nerlly Jue (14 lug)?

Moreover, ifa > ay, there exists a sequence of functions {uy} such that |Veug|l, < 1,
but

— 00,

1(/©mwmﬁwv
Nt Jeo (14 ug))?

forany p > 0.
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Sharp Moser—Trudinger Inequalities on the Hyperbolic Spaces 843

Finally, we end this Introduction by commenting on some recent works on Adams’s
inequalities on high order Sobolev spaces. Sharp Adams’s inequalities on Sobolev
spaces W' n (R") were proved by Ruf and Sani [26] for all even m and established
by Lam and the first author for all odd and fractional m in [12,14]. Motivated by the
work of Masmoudi and Sani on Adams’s inequality with exact growth in dimension
four [22], the authors and M. Zhu have established the following Adams’s inequalities
with exact growth condition in general dimension [20].

Theorem 1.3 There exists a constant C > 0 such that for all f € w23 R" (n = 4)
satisfying |Afllz <1,

’

O (By| |72
/%dxscnfn
R (14| [

SIS

jn=2 . )
iZo S jp =min{j e R:j >4} >n/2and B, =

n—2

where ®(t) = exp(t) —
_ n n%4
Bn,2) = o1 | T/2=D
Moreover, both the power " in the denominator and the constant p, are optimal
in the following sense:
(i) If the power = in the denominator is replaced by any p < =, there exists a

sequence of functions { fy} € W22 (R") such that ||Afk||% <1, but

dx — oo.

1 /Cb(ﬁn(lfkl)"nz)
||fk||§ re (I +1|fkDP
2

(ii) If « > B, there exists a sequence of functions { fi} € Wz’%(]R”) such that
[ASfilly <1, but

1 /‘D(a(|fk|)”nl)d
7 X — 00,
|l fill2 /R (I +[fkD?

2

forany p > 0.

This extends Masmoudi and Sani’s result in [22] when n = 4 to all dimensions
n>4.

The organization of the paper is as follows. In Sect. 2, we will establish an important
lemma (Lemma 2.1) which plays a key role in the proof of our main result (Theo-
rem 1.1). Section 3 will give the subcritical Moser—Trudinger inequality with exact
growth condition on the hyperbolic space (Theorem 1.1). In Sect. 4, we will prove the
sharpness of the inequality (Theorem 1.2).
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844 G. Lu, H. Tang

2 A Crucial Lemma

In this section, we give the following lemma, which plays an important role in the
proof of Theorem 1.1.

Lemma 2.1 There exists a constant C(n) > 0 such that for any nonnegative decreas-
1

ing function u satisfying u(R) > Kun and w,— f;oo lu'|"t""Vdt < K for some

R, K > 0, then we have

W T (R
o () £ g
o R" < C(n) 5 .
unT(R) KT

Such a lemma in dimension two (n = 2) was proved in [10] to establish Theorem
D. In order to prove our Theorem 1.1 in the high dimensional case n > 2, we need to
prove a high dimensional version.

To prove Lemma 2.1, we need the following useful lemma.

Lemma 2.2 Given any sequence a = {ar}k>1, let |all1 = ,'::OS lak], llall, =

CSs lad™mY ™, lalley = G2 lak"e) V™ and w(h) = inf{llalle) : llalli = h,
llall, < 1}. Then for h > 1, we have

e n

u(h) ~ —

N
en
~17m - Choose

Proof Since (. (h) is increasing in 4, it suffices to show that u (N 1_%) ~ N

ar = {17} whenk < N — 1 and @ = 0, when k > N. Obviously,

N
Jall = 1, lally = N'% and o S 7
So
N
p(N'TI S 151/:1
N

1 y _
Now we only need to prove that u(N'~#) > Ae/l 7 - By contradiction, suppose that
for any ¢ « 1 and a sequence a, we have

N

1-1 er
lall. =1, llalh = N7, llalle) = € Nijn’

From the last condition, we know that when k > N,

& N—k
] S e
~ Nl/n
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Sharp Moser—Trudinger Inequalities on the Hyperbolic Spaces 845

Now set a; = ay, fork < N —1and a; =0 fork > N, then

_1 _1 Ce
o'l = llali = D laxl = N"n = > |a| = N'"n = ——. (2.1

1/n
k>N k>N N

Using the fundamental inequality: (1 — x)” > 1 — px,when p > land0 <x < 1,
we can obtain

_n_ _ Ce nnTl
la' I = (N1 - —Nl/n)

>N —Ce. 2.2)
On the other hand,

n
2(n—1)
n . 2
=T 2 (aj_ak)
la'lli™ = (N E lajl® — E B e—
0<j<N-1 0<j.k=N-1

n
2(n—T)

n
(ajfak)z 2(n—T1)
1 20<jk<N-1 "3

= N2Za-D z |aj|2 _
.12
0<j=N—1 N 2o<jzn—1lajl
T Z (aj—ar)?
< N20-D Z |5lj|2 _ 5 n l 0<j,k<N—1 2
0<j<N-1 n=D N (Zogszvq |a.i|2)
1
n=T n z ) (aj—ap)?
<N [ Nz7] Z la;|" 1— 0<jk<N—-1" 12 .
0<j=N-1 2(n —1) N(Zogjgzvq |aj| )
(aj—ar)?
<N B n Zos_i,kstl 2 2
2(n—1) N2
(aj—ar)?
n i _
=N- Zosjks L (2.3)
2(n—1) N7

where the first inequality uses the fundamental inequality:
(1-x)2<1—¢gx, when 0<g<1 and 0<x <,

and the second inequality uses the fundamental inequality:

p

N
< NP7! Z|cj|pf0rp > 1.
j=1

N
2 lejl
j=1
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846 G. Lu, H. Tang

Then, by (2.2) and (2.3),

L 2
S W ooyt

0<jk<N—1
Now choose m < N — 1 so that ming<j<y—_1 |aj| = a,,. Then

/
la'lli = Nlam| < llaj — amlijj<n-1)
<VNlaj—anlp<n-1
1
< CeN'=n

If ¢ is small enough, combining it with (2.1), we get

lam| Z N
Hence
1
el " eN/m
lalo 2\ 22 % | 2w
J=N-1
which yields a contradiction. So, we complete the proof of Lemma 2.2. O

Now, let us prove Lemma 2.1. By scaling, it suffices to show that for any nonnegative
decreasing function u satisfying #(1) > 1 and w;,—; fl+°° [/ (r)|"" e < 1,

expanum(l) <C/+Oo|u|nlnldl‘
wit () )

n—1
Set hy = a,” u(e*'™), ax = hy — hyy1 and a = {ay}. Then a; > 0 and

n—1
D lal =ho =" u(l).

k=0

Since

k

n—1 k k+1
hi — hiy1 = a," (u (en) —u (e n ))

n=1 fen
=" [, u'(t)dt

e n
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k+1 L/n k+1 %
n—1 e [ |
<a," /k /"t dr /k —dt
L Lot
en en
k+1 %
e n
S /k /""" e |
en
then
1/n 1/n
lallo =D lal" | = (D1 —hal”] <1
Jj=0 j=0
At the same time,
k+l
00 | e n |
/ lu|"t"dt = Z/K lu|"t"dt
1 k>0 en
251
e\ ¢ -
> Z(u(e " )) /k "t
k>0 en
1N\
> z(u(e = )) okt > Z(/’lk+l)nek+l
k=0 k>0
=D (h)"et = D (@)t
k>1 k>1
Therefore
+oo
lallly = af + D (a)"e* < hf+ > (@)"e* < hf +/ WA (2.4)
k>1 k>1 !
Next, let us estimate hg. Set 1 < r < 61/4", since

n

ho — o, u(r)

n—1 r
— oy / W (1)lds
1
n=1 r 1/n n—1
<a," (/ |u’(z)|”t"—1dt) (nr) "
1
n—1 r 1/n n—1
<nn <a),,_1/ |u/(t)|”t"_1dt) (Inr) =
1
< 1/2 < hy/2,
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848 G. Lu, H. Tang

then we have

o1/4n

“+00
/ W " ldt > / u" (0" de > hp. (2.5)
1 1

Combining (2.4) and (2.5), we have

+00 |
no < n,n—
lall?,, N/l u"t"dt.

By Lemma 2.2, thus

+00 s’
nn—1 e r exp(apu =T (1))
/ u"t"ldr > ] = S :
1 BT apun-1(1)
0

This completes the proof of Lemma 2.1.

3 Sharp Moser-Trudinger Inequalities with Exact Growth: Theorem 1.1

In this section, we will prove Theorem 1.1. To do so, we will apply Lemma 2.1 together
with some ideas used in [10] in the Euclidean case. Nevertheless, in our hyperbolic
spaces, it is considerably more difficult to carry out the argument.

To prove Theorem 1.1, we will use the arrangement argument. By means of sym-
metrization, it suffices to show the desired inequality for functions u (x) = u(d(0, x)),
which are radially symmetric, nonnegative, smooth, compactly supported and u(?) :
[0, 4+00) — R is decreasing.

Following Moser’s argument of the classical inequality [23], we set w(t) = ug(?),
|x| = tanht/2, then w(z) > 0, w’ < 0 and w(zy) = O for some fy € R. Then, we
have

@ = > @ =
/ n (0 lul _ )dV _ a)n—l/ n (0 | W] ,,)(Sinh[)n_ldt,
0 (1 + Ju) T 0 (1+w)i

o0
| Voul" :wn_l/ |w'|" (sinh £)"~'dz,
0
o
/ |u|"dV:a),,_1/ |w|” (sinh )"~ 'dr.
n 0

Thus, to prove the theorem, it suffices to show that there exists a constant C such that

© ¢ Fan 00
/ M(smhn"—ldr < C/ |w|" (sinh )"~ dt
0 (I4+w()mT 0
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for any w satisfying w(r) > 0, w’ < 0, w(fg) = 0 for some 79 € R and
o0
wn_l/ |w'|"(sinh )"~ 'dr < 1.
0

Set Rp = inf{t € R : w(t) < 1}, and we know that for t > Ry, 0 < w(¢) < 1 and
w(Rp) = 1.

Fort € (Rg, 00), we have w(t) € [0, 1). Since for x € [0, n) we can find a constant
C,, such that ®,(x) < C,x"~!, thus we have

—~(sinh )" 'dt

/+°° @, (| w|7T)
Ry (1"‘11))m

+0o0 "
< / @, (ap|w|7-T)(sinh 1)"~'dr
Ro

+o00
< cn/ |w|" (sinh )"~ dz. (3.1
R

0

Next, we consider the integral over (0, Rp]. Fix 0 < ¢9p < 1. And let Ri(#) > 0
such that

o0

Ry
a)n_l/ |w'|" (sinh )"~ 'dr < B(1—eg9) andwn_l/ |w'|" (sinh £)"~'dr < Beo.,
0 R

where 0 < 8 < 1.

In order to estimate the integral over (0, Rg], we need to consider two cases: R >
Rop and R; < Ry.

First we consider the case Ry > Ry. When 0 < ¢ < R(, we have

t

w(t) = w(Ry) +/ w'(s)ds
Ro

n—1

Ry 1/" Ry 1 o
w(Rp) + (/ [w’(s)|" (sinh s)”_lds) (/ . ds)
' ; sinhs
_ 1/n Ro _ t %
<14 B — &) In e le' +1 ‘
Wn—1 eRo 4 1et —1

Itis well known that for any ¢ > 0, there exists a constant C, = (1—
0 s.t.

IA

1 1
o) " >

n—1

n—1
I+s7m <((4+e)s+Ce) .
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850 G. Lu, H. Tang

Then

= Ry _ 1t
|w(:)|n"15(1+e)(’3(1 80)) 11n(e° 1ﬂ)+cg_

Wn—1 eRoH1et —1

Sete = (1 +80)'1ITI —1,s0

l
n Bl —&f) eRo—1e +1
1T < n{————— Cqgp-
lw(@®)] _( - Mom o —1) TG

Denote co = n((1 — 80))" T,then 0 < ¢y < n and

/RO M(smh H" Lgg
0 1+ w)n—T

Ro . Ro S
5/ q>n(an|w|m)(sinht)"—1dr5/ W1 (ginh )" dy
0 0

1
—g2yy =T
Ro Ro -1 t 1 n(B(1 80))
< / ¢ €0 | exp (In G (sinh )"~ dt
0 eRo+1e —1
- eaanO eRO —1 [&0)] /Ro (et + 1)C0+n7] dt .
- ERO + 1 0 (et _ 1)co—n+l (2€t)"_1
Whenn >cy>n—1,
gRO —1 €0 /RO (et + l)Co—i-n—l dt
eRo +1 0 (et _ 1)c07n+1 (2e’)"*1
Ro _ €0 rRo tyco—1
<2 eR ! Ldef
effo + 1 0 (e — 1)co—n+l

o (Y et [ L
=2erga) @) @ e

Whencyg <n — 1,

R n
/ ! M(Slnht)n ldt
0 (1 4+ w)n-T

€RO -1 n—1_.R, (zet)n—l—l
<2 —  ____d¢'
eRo +1 0 (et _ 1)n717n+]
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Ry _ n—1 Ro
S 2)’!—1 (eR 1) (el)n—zdel
eno +1 0

On the other hand,

Ro .
/ ()| (sinh 1)~ 'dr > / (sinh )"~ dt
0 0

Ry (et _ 1)n—l(et + l)n—l
= 0 2n—1(et)n—1 dt
1 Ry t_ 1 n—1
= oni / (e e’) de'
0
1 1 (eRo—1)
= on—1 oRy n )
Then
To " To
/ @, (ap|w|n-T)(sinh )"~ 'dr < C,,/ |w|" (sinh 1)"~'dr. (3.2)
0 0

Therefore, by (3.1) and (3.2), we get the desired inequality of Theorem 1.1 when
R1 > Ryp.

Now, let us consider the case Ry < Ry. First, we consider the integral over (R, Ryp).
Since w,, 1 f;lo |w’|" (sinh H"dr < Beo, then when Ry <t < Ry,

t
w(t) = w(Ry) +/ w'(s)ds

Ro

+00 1/n Ry 1 n—1
w(Ro) + (/ |w’(s)|"(sinhs)"—1ds) (/ : ds) "
R ; sinhs

1

IA

1/n Ry _ 1ot 41 L
14 (Lo In (€ et :
Wn—1 eRo1et —1

Settinge = 1 — (so)ﬁ and using the inequality

IA

=1

1 n—1
n

I+sm <((1+e)s+Ce)m,
we have
1
o 1 1\ T feRo—1e 41
w1 < (1= (1 = Geo) w)(wn_l) ln(eRO—}—le’—l +Cey
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Denote ¢; = n(1 — (1 — (g0)71)2), then 0 < ¢; < n and

_Z (sinh7)"dt

/Ro @y, (0t [w]7T)
R (I +w)nT

Ry u Ro _n_
< / ®,, (o |w| 1) (sinh )" 'dr < / eI (ginh 1) dt
R Ry

Ro Ry _ 1eé! 1 €1
2 C e e + . -
5/0 e“n“eo [exp (ln (eRo P 1))i| (sinh )"~ 'dt
< eanCEU eRO —1 “ Ro (et + 1)CI+H71 dt
- eRo 4+ 1 o (el — Der—n+l (ehyn—1"

Using the same calculation as we did in the case R; > Ry, we can obtain

Ro ¢ i Ro
/ Lw',,)(sinht)"_ldt < c/ lw(#)|" (sinh )"~ 'dr.
R 0

1 (I w)net

Now we only need to consider the integral on [0, R). Set v(f) = w(t) — w(Ry),
since

Ry
wn_l/ W' (sinh )"~ dt < B(1 — o),
0

then
R
a)n—l/ [v'|"(sinh £)"~'dr < B(1 — &p).
0
And
Thus

/Rl PnlonwI™T) by
0

(14 w)iT
Ry i R; ot,,\wl"nTl : n—1
S/ an(an'wlLl)(Sinhl)n_ld[S/ e (Slnz) dt
0 (w(Ry))n—T 0 (w(Ry))r—T
Cow(R)T) [Ri ;
< SPnCew BT [ o @l + )0l (sinh ). (3.3)
(W(Ry))n-T 0
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Sete = (1 — £9)T7 — 1, then

1 =
C8= 1—W :_l]'

n—
&)

Since w,, 1 f;loo |w'|" (sinh £)"~'dt < Beg < o, using Lemma 2.1 we have

exp (~4—w(Ry)7T)

exp (@ Cew(RDTT) o] B e

(w(Rp))T (w(Ry))iT - R;l(go)ﬁ

(3.4)

LetQ={x:d(0,x) < Ri}and wi(x) = (1 + s)nn;lv(d(O, x)) in 2, then

Ry
IVewillng =1 [ (148" ""/["(sinh0)""'dr < g < 1.
0

By Theorem E (the Moser—Trudinger inequality on bounded domain in hyperbolic
space), we have

/ expla, w7 1)dV < C|Q|.
Q
That is

R » R;
/ exp(ozn(l+8)|v|nj)(sinht)"_1dt§C/ (sinh )" dz. (3.5)
0 0

Since @ is monotone increasing on (0, 400), then by inequalities (3.3), (3.4)

and (3.5) we have

—~(sinh )" 'dt
(I +w)r=T

;lo" lw""=ldr R
(2

R (g0) "1 0

+00 n o n—1 t n—1 R . 1
_Cle |w|" sinh "~ (757) dt/ lt”’l (smht)” o
- n —_—
R?(So)m 0 t

2 lwl" sinh "~

(80) 7T

n
/Rl Py (0t |w]"-T)
0

<C (sinh )"~ dt

<C

Thus we have completed the proof of Theorem 1.1.
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4 Sharpness of Theorem 1.1: Proof of Theorem 1.2

In this section, we will give the proof of Theorem 1.2, namely the sharpness of Theorem
1.1. We will show that the inequality in Theorem 1.1 is sharp in both senses as described
in Theorem 1.2. First, we will show that the inequality in Theorem 1.1 does not hold
if the power "5 in the denominator is replaced by any p < 5

n—1°
We choose {uy}72; as follows:

K5 if 0 <d(0,x) <e*,
_1 .
up(x) = @, " Cp k' O] i ok < 4(0,x) < 1,
0, if 1 <d(0,x),

. _ 1 . : —kyn—1__ 1
where C;, = (k! fel,k +~"(sinh )" ~1dt)~n.Since Cx ~ (%) n,ask — 0o,

then C;y — 1 and C,fj‘ k —k — 0, as k — oo. Then, by calculation

IVeurlly =1,

1
"dv=0\(-1).
/Hn i (k)

/ cbn(anwk%)dv
v (U fug))?

® =
z/ n (o ug| )dV
dO.x)<ek (1 + |ug)?
_1 ael n
D, (Otn|a)n_n1Ckk"|”1) ek
= / (sinh )"~ 'dt
—1 n—1 P 0
(1 Tl Cek |)

®, (nkc,;” )
—nk

~ e

-1 n—1 p
(1 +lo, ", Ckkn|)

exp (nkC,fl)
—nk

~ e
_1 n—1 P
(1 + |, " Cek T |)

—1
~ k—P"T_

and

It follows that, as k — oo
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Now, since p < we have

_n_
n—1°

1 / [d>n(an(|uk|)ﬁ)]dv
lugl? Jge (1 + Jugl)?
_pn—=1
R
o)
—> OQ.

So we have proved that the power -2 is optimal.

Next, let us show that the constant o, is optimal. We only need to find a sequence

of functions {u,} such that ||Vguyll, < 1, but forany p > 0 and a > ay,

dV — oo.

) [ ®n (™)

lloex lI7 (I =+ lur?

We still choose {ux}2 | as follows:

K5 if 0 <d(0,x) <e*,
_1 .
up(x) = @, " Cp k' O] i ok < 4(0,x) < 1,
0, if 1 <d(0,x),

where Ct = (k=! [ 1" (sinh 1)~ d1) 7.
We already know that C,:Tkk —k—0,as k —> o0,

IVeurlly =1,

and

1
/ lu|"dV = 0().
H» k

Since o > «y, it follows that
® =
/ n(afug] )dV
n (14 |ug)?
® T
Z/ n (o] )dV
do,x)<ek (1 + ugh?
_1 wel m
@, (%anmn_"lckkn'w) S

e
= / (sinh )"~ 'dr
S T A
(1+|a)n_”1Ckk " |)
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D, (%nkC,:l )
' —nk

~ e

_1 n—1 P
(1 + Iwn"ICkkn|)

exp (o%nkC,fl)
—nk

~ e
—1 n—1 P
(1 n |wn_"1ckkn|)

(=gt

~ e

— 4-00.

Therefore

1 [<I>n(a(|uk|>n'f’1)1d
Mgl Jun (1 [ug])?

V — oo.

Thus, we have completed the proof of Theorem 1.2.
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