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Abstract. In this paper, we use the discrete Littlewood–Paley–Stein analysis to get the
duality result of the weighted product Hardy space for arbitrary number of parameters un-
der a rather weak condition on the product weight w 2 A1.Rn1 ⇥ � � � ⇥ Rnk /. We will
show that for any k � 2, .Hp

w .Rn1 ⇥ � � � ⇥ Rnk //⇤ D CMOp
w.R

n1 ⇥ � � � ⇥ Rnk / (a gen-
eralized Carleson measure), and obtain the boundedness of singular integral operators on
BMOw . Our theorems even when the weight function w D 1 extend theH 1-BMO duality
of Chang–R. Fefferman for the non-weighted two-parameter Hardy space H 1.Rn ⇥ Rm/

toHp.Rn1 ⇥ � � � ⇥ Rnk / for all 0 < p  1 and our weighted theory extends the duality re-
sult of Krug–Torchinsky on weighted Hardy spacesHp

w .Rn ⇥Rm/ forw 2 Ar .Rn ⇥ Rm/

with 1  r  2 and r=2 < p  1 toHp
w .Rn1 ⇥� � �⇥Rnk /withw 2 A1.Rn1 ⇥ � � � ⇥ Rnk /

for all 0 < p  1.
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1 Introduction and statement of results

In the classical one-parameter setting, a celebrated theorem of C. Fefferman and
Stein ([5, 6]) says that the space of functions of bounded mean oscillation on Rn,
BMO.Rn/, is the dual space of the Hardy space H 1.Rn/. In the multiparameter
setting, the Hardy space was introduced by Gundy–Stein in the 1970’s in [14] and
was satisfactorily developed by S.-Y. Chang and R. Fefferman in [2, 3]. Chang
and R. Fefferman proved that the dual space of the product H 1.R2

C ⇥ R2
C/ is the

product BMO.R2
C ⇥ R2

C/ by using the bi-Hilbert transform.
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2 G. Lu and Z. Ruan

Using a new version of Journé’s covering lemma ([18, 19, 27]), Ferguson and
Lacey in [11] gave a new characterization of the product BMO.R ⇥ R/ by bicom-
mutator of Hilbert transforms (see also Lacey and Terwilleger [24]). Furthermore,
Lacey, Petermichl, Pipher and Wick established in [23] such a characterization of
product BMO.Rn ⇥ Rm/ using multiparameter commutators of Riesz transforms.

Han and the first author have established in [15] the theory of boundedness of
singular integrals and its duality of the multiparameter Hardy spaceHp

F .R
n⇥Rm/

associated with the flag singular integrals, where the Lp theory has been devel-
oped by Müller–Ricci–Stein [25] and Nagel–Ricci–Stein [26]. The Carleson mea-
sure space CMOp

F .R
n ⇥ Rm/ associated with the multiparameter flag structures

was introduced for all 0 < p  1, and the duality between Hp
F .R

n ⇥ Rm/ with
CMOp

F .R
n ⇥ Rm/. Such CMOp

F spaces when p D 1 play the same role as BMO
space. Using the method of discrete Littlewood–Paley–Stein analysis initially de-
veloped in [15], the theory of multiparameter Hardy spaces in several different
settings have been established. We refer the reader to the recent expository arti-
cle [16].

Motivated by the work [15], the characterization of the dual space of the mul-
tiparameter Hardy space Hp.X ⇥ Y / has been recently established by the first
author with Han and Li in [17] for the product of two homogeneous spaces X and
Y without weight in the sense of Coifman–Weiss when p, 0 < p  1, is close to 1.

The main purpose of this paper is to characterize the dual spaces of the multi-
parameter weighted Hardy spaces

.Hp
w .R

n1 ⇥ � � � ⇥ Rnk //⇤ D CMOp
w.R

n1 ⇥ � � � ⇥ Rnk /

for any arbitrary number of parameters k � 2 and obtain the boundedness of the
singular integral operator on BMOw for all 0 < p  1 and w 2 A1.Rn1 ⇥ � � � ⇥
Rnk /, the A1 product weights. This requirement on the weight A1 is consid-
erably weaker than the commonly used condition w 2 Ap.Rn1 ⇥ � � � ⇥ Rnk / in
dealing with weighted Lp boundedness of singular integrals for p > 1 consid-
ered by R. Fefferman and Stein [10] (see also R. Fefferman [8], R. Fefferman–
J. Pipher [9]). One should point out here that in general weighted Hp

w and Lp
w

spaces (p > 1) are different spaces as demonstrated by J. Stromberg and R. Whee-
den in [31] and [32]. Our theorems when the weight function w D 1 extend the
H 1-BMO duality of Chang–R. Fefferman for the non-weighted two-parameter
Hardy space H 1.Rn ⇥ Rm/ to Hp.Rn1 ⇥ � � � ⇥ Rnk / for all 0 < p  1.

R. Fefferman in [7] established the criterion of theHp-Lp boundedness of sin-
gular integral operators in Journé’s class by considering its action only on rectangle
atoms. However, Journé in [19] provided a counter-example in the three-parameter
setting of singular integral operators such that Fefferman’s criterion does not hold.
Journé’s works show the sharp difference between the two and three parameters.
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Duality theory of weighted Hardy spaces 3

It thus motivates us to consider the characterization of the dual spaces of the mul-
tiparameter weighted Hardy spaces

.Hp
w .R

n1 ⇥ � � � ⇥ Rnk //⇤ D CMOp
w.R

n1 ⇥ � � � ⇥ Rnk /

for any arbitrary number of parameters k � 2 for all 0 < p  1 and all weights
w 2 A1.Rn1 ⇥ � � � ⇥ Rnk /. As it turns out, our work involves more complicated
geometric considerations than those in two parameters when characterizing the
dual spaces. Theorem 1.2 demonstrates such a complicated nature when dealing
with three parameters or more.

Weighted Hardy spaces have been studied extensively in the one-parameter set-
ting (see for example [13,22,29–32] and many other references therein), where the
weighted Hardy space was characterized by the non-tangential maximal functions
and atomic decompositions. The relationship betweenLp

w andHp
w for p > 1were

considered in both one- and multiparameter cases (e.g., Strömberg and R. Whee-
den in [31, 32]). The atomic decomposition of weighted multiparameter Hardy
spacesHp

w .Rn ⇥ Rm/ was carried out by Krug [20]. The dual spaces for weighted
Hardy spacesHp

w .Rn⇥Rm/ (defined by the maximal function) were characterized
by Krug and Torchinsky [21] when the weights w are in some Ar (1  r  2) and
r=2 < p < 1. The method employed in [21] applies the atomic decomposition of
the weighted Hardy spaces.

The weighted Hardy space estimates for singular integrals in both one-param-
eter and two-parameter cases using discrete Littlewood–Paley–Stein theory were
recently established in [4] under the hypothesis on the weight w 2 A1. For the
case of arbitrary number of parameters, this has been done in [28].

In this paper, we apply the discrete multiparameter Littlewood–Paley–Stein
analysis to derive the duality results of the weighted Hardy spaces for arbitrary
number of k parameters, k � 2, that is,

.Hp
w .R

n1 ⇥ � � � ⇥ Rnk //⇤ D CMOp
w.R

n1 ⇥ � � � ⇥ Rnk /;

wherew 2 A1.Rn1 ⇥� � �⇥Rnk /. Whenw D 1, this extends the Chang–Fefferman
[2] duality result in the two-parameter case for p D 1 toHp.Rn1⇥Rn2⇥� � �⇥Rnk /

for all 0 < p  1 and with arbitrary number of k parameters. This also extends
the duality result of Krug and Torchinsky [21] to Hp

w .Rn1 ⇥ � � � ⇥ Rnk / for all
0 < p  1 and w 2 A1.Rn1 ⇥ � � � ⇥ Rnk /. We will also get the boundedness of
singular integral operators on BMOw.Rn1 ⇥ � � � ⇥ Rnk /.

We remark that the space CMOp
w introduced in this paper is a generalized

weighted Carleson measure space. The steps of the proofs of our main results are as
follows. We first show the functions space CMOp

w is well defined by the Max–Min
type inequality (Theorem 1.2). The proof of Theorem 1.2 requires a careful analy-
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4 G. Lu and Z. Ruan

sis of some geometric properties of multiparameter rectangles. Discrete Calderón’s
identity and almost orthogonality estimates play a key role here. Especially due to
the arbitrary choice of M and L in (2.6) below, w 2 A1 works out. Next, we get
the duality results between the sequences spaces sp

w and cp
w (Theorem 1.4). Finally,

relying on the projection and lifting betweenHp
w and sp

w and between CMOp
w and

c
p
w (Lemma 4.1), we get our desired results. The method we use here avoids the

atomic decomposition and provides another proof of some of the known duality re-
sults for non-weighted Hardy spaces in the two parameter pure product settings by
Chang and R. Fefferman (see e.g. [2, 3]).

We first recall the definitions of product weights in arbitrary number of param-
eters setting. For 1 < p < 1, a nonnegative locally integrable function w belongs
to Ap.Rn1 ⇥ � � � ⇥ Rnk / if there exists a constant C > 0 such that

✓
1

jRj

Z

R

w.x/dx

◆✓
1

jRj

Z

R

w.x/�1=.p�1/dx

◆p�1

 C;

for any rectangle R D I1 ⇥ � � � ⇥ Ik , where Ii ⇢ Rni are cubes, 1  i  k. We
say w belongs to A1.Rn1 ⇥ � � � ⇥ Rnk / if there exists a constant C > 0 such that

Msw.x/  Cw.x/;

for almost every x 2 Rn1 ⇥ � � � ⇥ Rnk , where Ms is the strong maximal function
defined as

Msf .x/ D sup
x2R

1

jRj

Z

R

jf .y/jdy;

for any rectangle R on Rn1 ⇥ � � � ⇥ Rnk whose sides are parallel to the axes. We
define w 2 A1.Rn1 ⇥ � � � ⇥ Rnk / by

A1.Rn1 ⇥ � � � ⇥ Rnk / D
[

1p<1
Ap.Rn1 ⇥ � � � ⇥ Rnk /:

Notice that if w 2 A1, then w 2 Aqw , where qw D minπq W w 2 Aqº.
In the following, we denote byD˛

x the high order derivatives @˛1
x1

� � � @˛k
xk

for the
multi-index ˛ D .˛1; : : : ; ˛k/.

For i D 1; : : : ; k, let  .i/ 2 S.Rni / with

supp b
 .i/ ✓

≤
⇠i 2 Rni W 1

2
 j⇠i j  2

≥

and satisfy X

ji 2Z

jb .i/.2�ji ⇠i /j2 D 1 for all ⇠i 2 Rni nπ0º:
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Duality theory of weighted Hardy spaces 5

Denote
 j1;:::;jk

.x1; : : : ; xk/ D  
.1/
j1
.x1/ � � � .k/

jk
.xk/; (1.1)

where
 

.i/
ji
.xi / D 2ji ni .i/.2jixi /; i D 1; : : : ; k:

Denote by S1.Rn1 ⇥ � � � ⇥ Rnk / the functions f 2 S.Rn1 ⇥ � � � ⇥ Rnk / such
that for every i , 1  i  k,

Z

Rni

f .x1; : : : ; xk/x
˛i

i dxi D 0 for any j˛i j � 0:

Let w 2 A1. For 0 < p  1, define the weighted Hardy spaces on the product
Rn1 ⇥ � � � ⇥ Rnk as Hp

w D πf 2 .S1/0 W G d .f / 2 Lp
wº with the norm defined by

kf kH
p
w

D kG d .f /kL
p
w

, where

G d .f /.x1; : : : ; xk/ WD
≤ X

j1;:::;jk

X

I1;:::;Ik

j j1;:::;jk
⇤ f .2�j1`1; : : : ; 2

�jk`k/j2

⇥
kY

iD1

�Ii
.xi /

≥ 1
2

;

and Ii are dyadic cubes in Rni with the side length 2�ji and the left lower corners
of Ii are 2�ji `i , `i 2 Zni , i D 1; : : : ; k, respectively.

In order to study the dual space ofHp
w on Rn1 ⇥� � �⇥Rnk , we need to introduce

the weighted Carleson measure space CMOp
w D CMOp

w.Rn1 ⇥ � � � ⇥ Rnk /.

Definition 1.1. Let w 2 A1. For 0 < p  1, we call f 2 CMOp
w if f 2 .S1/0

with the finite norm defined by

sup
�

≤
1

w.�/
2
p �1

X

j1;:::;jk

X

I1⇥���⇥Ik✓�

j j1;:::;jk
⇤ f .2�j1`1; : : : ; 2

�jk`k/j2

⇥ jI1 ⇥ � � � ⇥ Ikj2
w.I1 ⇥ � � � ⇥ Ik/

≥ 1
2

;

(1.2)

for all open sets � in Rn1 ⇥ � � � ⇥ Rnk with finite weighted measures, here Ii are
dyadic cubes in Rni with the side length 2�ji and the left lower corners of Ii are
2�ji `i , `i 2 Zni , i D 1; : : : ; k, respectively.

We use BMOw to denote CMO1
w . The following theorem tells us that the defi-

nition of the space CMOp
w is independent of the choice of functions  j1;:::;jk

, thus
the space CMOp

w is well defined. One of the main theorems of our paper is the
following theorem.
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6 G. Lu and Z. Ruan

Theorem 1.2. Let w 2 A1. Suppose  j1;:::;jk
and �j1;:::;jk

satisfy the conditions
in (1.1). Then for f 2 .S1/0,

sup
�

≤
1

w.�/
2
p �1

X

j1;:::;jk

X

I1⇥���⇥Ik✓�

j j1;:::;jk
⇤ f .2�j1`1; : : : ; 2

�jk`k/j2

⇥ jI1 ⇥ � � � ⇥ Ikj2
w.I1 ⇥ � � � ⇥ Ik/

≥ 1
2

⇡ sup
�

≤
1

w.�/
2
p �1

X

j1;:::;jk

X

I1⇥���⇥Ik✓�

j�j1;:::;jk
⇤ f .2�j1`1; : : : ; 2

�jk`k/j2

⇥ jI1 ⇥ � � � ⇥ Ikj2
w.I1 ⇥ � � � ⇥ Ik/

≥ 1
2

;

for all open sets � in Rn1 ⇥ � � � ⇥ Rnk with finite weighted measures, here Ii are
dyadic cubes in Rni with the side length 2�ji and the left lower corners of Ii are
2�ji `i , `i 2 Zni , i D 1; : : : ; k, respectively.

We may use the following weighted sequence space to derive that the space
CMOp

w is exactly the dual space of Hp
w on Rn1 ⇥ � � � ⇥ Rnk .

Definition 1.3. Let w 2 A1 and 0 < p  1. Set sp
w to be the set of all sequences

s D πsI1⇥���⇥Ik
º such that

ksks
p
w

WD
�����

´
X

j1;:::;jk

X

I1;:::;Ik

jsI1⇥���⇥Ik
j2

kY

iD1

jIi j�1�Ii

µ 1
2
�����

L
p
w

< 1;

where the sum runs over all dyadic cubes Ii are dyadic cubes in Rni with the side
length 2�ji and the left lower corners of Ii are 2�ji `i , `i 2 Zni , i D 1; : : : ; k,
and �Ii

are characteristic functions of Ii .
Let cp

w be the set of all sequences t D πtI1⇥���⇥Ik
º with the finite norm defined

by

ktkc
p
w

WD sup
�

≤
1

w.�/
2
p �1

X

j1;:::;jk

X

I1⇥���⇥Ik✓�

jtI1⇥���⇥Ik
j2 jI1 ⇥ � � � ⇥ Ikj
w.I1 ⇥ � � � ⇥ Ik/

≥ 1
2

;

where � are all open sets in Rn1 ⇥ � � � ⇥ Rnk with finite weighted measures and
Ii are dyadic cubes in Rni with the side length 2�ji and the left lower corners of
Ii are 2�ji `i , `i 2 Zni , i D 1; : : : ; k.

Then we have the following theorem.
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Duality theory of weighted Hardy spaces 7

Theorem 1.4. Let w 2 A1. Then for 0 < p  1, .sp
w/

⇤ D c
p
w . To be precise, for

each t 2 cp
w , the map which maps s D πsI1⇥���⇥Ik

º to

hs; ti ⌘
X

j1;:::;jk

X

I1⇥���⇥Ik

sI1⇥���⇥Ik
tI1⇥���⇥Ik

defines a continuous linear functional on sp
w with ktk.s

p
w/⇤ ⇡ ktkc

p
w

, and every
` 2 .sp

w/
⇤ is of this form for some t 2 cp

w :

By the aid of this duality result above, we can get the duality of the space Hp
w

for 0 < p  1 which is another main theorem of our paper.

Theorem 1.5. Letw 2 A1. Then for 0 < p  1, .Hp
w /

⇤ D CMOp
w . To be precise,

if g 2 CMOp
w , the map `g given by `g.f / D hf; gi, defined initially for f 2 S1,

extends to a continuous linear functional on Hp
w with k`gk ⇡ kgkCMOp

w
. Con-

versely, for every ` 2 .Hp
w /

⇤ there exists some g 2 CMOp
w so that ` D `g . In par-

ticular, .H 1
w/

⇤ D BMOw .

Applying Theorem 1.5 above and Proposition 2.3 blow, we can obtain the boun-
dedness of singular integral operators T with the product kernel K on BMOw . The
product kernel K in Definition 1.6 below has been studied by many researchers,
e.g. Nagel, Ricci and Stein in [26].

Definition 1.6. Let K be a distribution on Rn1 ⇥� � �⇥Rnk , which coincides with a
C1 function away from the coordinate subspace xi D 0, 1  i  k, and satisfies

(i) (differential inequalities) for each multi-index ˛ D .˛1; : : : ; ˛k/, ˛i 2 Nni ,
there exists a constant C˛ > 0 such that

j@˛1
x1

� � � @˛k
xk

K.x1; : : : ; xk/j  C˛

Y

1ik

jxi j�ni �j˛i j; (1.3)

(ii) (cancellation conditions) for every ri > 0 and every normalized bump func-
tion 'i on Rni , that is, 'i is smooth, supported in the unit ball and satisfies

jD˛
x'i .x/j  1; 0  j˛j  N;

where N is some fixed positive integer, there exist Ai , C > 0 such that
ˇ̌
ˇ̌
Z

Rn1 ⇥���⇥cRni ⇥���⇥Rnk

@˛i
xi

K.x1; : : : ; xk/

⇥
Y

1`k;`¤i

'`.r`x`/dx1 � � � bdxi � � � dxk

ˇ̌
ˇ̌

 Ai jxi j�ni �j˛i j; i D 1; : : : ; k; (1.4)
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8 G. Lu and Z. Ruan

and ˇ̌
ˇ̌
Z

Rn1 ⇥���⇥Rnk

K.x1; : : : ; xk/
Y

1ik

'i .rixi /dx1 � � � dxk

ˇ̌
ˇ̌  C: (1.5)

Theorem 1.7. Suppose that T is a convolution singular integral operator with the
product kernel K satisfying the conditions in (1.3)–(1.5). Then T is bounded on
BMOw .

The organization of this paper is as follows. In Section 2, we obtain the discrete
Calderón’s identity on S1 and its dual space .S1/0 and list some known results
on the boundedness of the singular integral operators on Hp

w . In Section 3, we
prove the Max–Min principle related to the space CMOp

w , namely Theorem 1.2.
This theorem guarantees that the CMOp

w norm given in Definition 1.1 is well de-
fined. Section 4 contains the proofs of Theorems 1.4 (the duality of the weighted
sequence spaces sp

w and cp
w ), Theorem 1.5 (duality of Hp

w and CMOp
w ), and The-

orem 1.7 (the boundedness of singular integrals on the space BMOw ).

2 Some preliminaries

We now give the following necessary estimates and results in the setting of arbi-
trary number of parameters.

Proposition 2.1 (Discrete Calderón identity). Let  j1;:::;jk
be the same as in (1.1).

Then

f .x1; : : : ; xk/ D
X

j1;:::;jk

X

I1;:::;Ik

kY

iD1

jIi j j1;:::;jk
.x1 � 2�j1`1; : : : ; xk � 2�jk`k/

⇥  j1;:::;jk
⇤ f .2�j1`1; : : : ; 2

�jk`k/; (2.1)

where Ii are dyadic cubes in Rni with the side length 2�ji and the left lower
corners of Ii are 2�ji `i , `i 2 Zni , i D 1; : : : ; k, and the series in (2.1) converges
in L2;S1 and .S1/0.

Proof. Our proof is similar to that in [12]. For the sake of completeness, we give
the details here. Denote xIi

by 2�ji `i , `i 2 Zni , i D 1; : : : ; k. Let Ii be dyadic
cubes in Rni with the side length 2�ji and the left lower corners of Ii are xIi

,
i D 1; : : : ; k.

By taking the Fourier transform, we can get the following continuous version
of Calderón’s identity:

f .x1; : : : ; xk/ D
X

j1;:::;jk2Z

 j1;:::;jk
⇤  j1;:::;jk

⇤ f .x1; : : : ; xk/; (2.2)
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Duality theory of weighted Hardy spaces 9

where the series converge in L2, S1 and .S1/0. Set

g D  j1;:::;jk
⇤ f and h D  j1;:::;jk

:

Then

bg.⇠1; : : : ; ⇠k/ D
kY

iD1

b
 .i/.2�ji ⇠i /bf .⇠1; : : : ; ⇠k/;

bh.⇠1; : : : ; ⇠k/ D
kY

iD1

b
 .i/.2�ji ⇠i /:

Note that suppbg; suppbh ✓ Rj1;:::;jk
, where

Rj1;:::;jk
D π.⇠1; : : : ; ⇠k/ 2 Rn1 ⇥ � � � ⇥ Rnk W j⇠i j  2ji⇡; i D 1; : : : ; kº;

which imply that we can expandbg in a Fourier series first on the rectangleRj1;:::;jk

and then replace Rj1;:::;jk
on Rn1 ⇥ � � � ⇥ Rnk

bg.⇠1; : : : ; ⇠k/ D
X

I1;:::;Ik

.2⇡/�.n1C���Cnk/
kY

j D1

jIj j e�i.2�j1 `1�⇠1C���C2�jk `k �⇠k/

⇥
Z

Rj1;:::;jk

bg.⌘1; : : : ; ⌘k/e
i.2�j1 `1�⌘1C���C2�jk `k �⌘k/d⌘1 � � � d⌘k

D
X

I1;:::;Ik

kY

j D1

jIj j e�i.2�j1 `1�⇠1C���C2�jk `k �⇠k/g.xI1
; : : : ; xIk

/:

Multiplyingbh.⇠1; : : : ; ⇠k/ from both sides and applying the identity g⇤h D .bgbh/_,
we get

.g ⇤ h/.x1; : : : ; xk/ D
X

I1;:::;Ik

kY

iD1

jIi j g.xI1
; : : : ; xIk

/h.x1 � xI1
; : : : ; xk � xIk

/:

(2.3)

Substituting g by  j;k ⇤f and h by  j;k into Calderón’s identity in (2.2) gives the
discrete Calderón’s identity in (2.1) and the convergence of the series in L2:

We now prove that the series in (2.1) converges in S1. It suffices to show that

X

.j1;:::;jk/2W c

X

I1;:::;Ik

kY

iD1

jIi j . j1;:::;jk
⇤ f /.xI1

; : : : ; xIk
/

⇥  j1;:::;jk
.x1 � xI1

; : : : ; xk � xIk
/

(2.4)

tend to zero in S.Rn1C���Cnk / as N1; : : : ; Nk tend to infinity, where

W WD πjji j  Ni ; i D 1; : : : ; kº:
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10 G. Lu and Z. Ruan

Claim. For any fixed j1; : : : ; jk; and any given integer M > 0, j˛j � 0, there ex-
ists a constant C D C.M; ˛/ > 0, which is independent of j1; : : : ; jk , such that

ˇ̌
ˇ̌
X

I1;:::;Ik

kY

iD1

jIi j. j1;:::;jk
⇤ f /.xI1

; : : : ; xIk
/

⇥ .D˛
x j1;:::;jk

/.x1 � xI1
; : : : ; xk � xIk

/

ˇ̌
ˇ̌

 C 2�.jj1jC���Cjjk j/.1C jx1j C � � � C jxkj/�M : (2.5)

Using the classical almost orthogonality argument, that is, for any given positive
integers L and M , there exists a constant C D C.L;M/ > 0 such that

j .i/
ji

⇤  .i/

j 0
i

.xi /j  C
2�jji �j 0

i jL 2ni .ji ^j 0
i /

.1C 2.ji ^j 0
i /jxi j/M

; (2.6)

we have that

j. j1;:::;jk
⇤ f /.x1; : : : ; xk/j  C

kY

iD1

⇣
2�jji jL.1C jxi j/�M

⌘
: (2.7)

From the size conditions of the functions  .i/, i D 1; : : : ; k, we have that for
any fixed large M ,

jD˛
u j1;:::;jk

.u1; : : : ; uk/j  C

kY

iD1

2jji j.MCni Cj˛j/.1C jui j/�M : (2.8)

Estimates in (2.7) and (2.8) yield
ˇ̌
ˇ̌
ˇ
X

I1;:::;Ik

kY

iD1

jIi j.D˛
x j1;:::;jk

/.x1 � xI1
; : : : ; xk � xIk

/

⇥ . j1;:::;jk
⇤ f /.xI1

; : : : ; xIk
/

ˇ̌
ˇ̌
ˇ

 C

kY

iD1

2�jji j.L�M �ni �j˛j/

⇥
X

I1;:::;Ik

Z

I1⇥���⇥Ik

kY

j D1

.1C jxIj
j/�M .1C jxj � xIj

j/�Mdu1 � � � duk

 C

kY

iD1

⇣
2�jji j.L�5M�ni �j˛j/.1C jxi j/�M

⌘
:
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Duality theory of weighted Hardy spaces 11

Choosing L D 5M CPk
iD1 ni C j˛j, we derive the estimates in (2.5) and hence

the series in (2.4) converges to zero as N1; : : : ; Nk tend to infinity. Therefore, the
series in (2.1) converges in S1: By the duality argument, we obtain the series in
(2.1) converges in .S1/0.

Proposition 2.2 ([28]). Given any positive integers M1; : : : ;Mk and N1; : : : ; Nk ,
let Ii ; I

0
i be dyadic cubes in Rni with the side-lengths `.Ii / D 2�ji ; `.I 0

i / D 2�j 0
i ,

i D 1; : : : ; k. Then for any ui ; u
⇤
i 2 Ii , i D 1; : : : ; k, we have

X

I 0
1;:::;I 0

k

 
kY

iD1

2�.ji ^j 0
i /Ni jI 0

i j
.2�.ji ^j 0

i / C jui � xI 0
i
j/ni CNi

!

⇥ j�j 0
1;j 0

2;:::;j 0
k

⇤ f .xI 0
1
; xI 0

2
; : : : ; xI 0

k
/j

 C0

´
Ms

 
X

I 0
1;:::;I 0

k

j�j 0
1;j 0

2;:::;j 0
k

⇤ f .xI 0
1
; xI 0

2
; : : : ; xI 0

k
/j

⇥
kY

iD1

�I 0
i

!ı

.u⇤
1; : : : ; u

⇤
k/

µ 1
ı

;

where Ms is the strong maximal function on Rn1 ⇥� � �⇥Rnk , 0 < ı  minπ1; p
qw

º
and

C0 D C

kY

iD1

2.1� 1
ı /.ji �j 0

i /C :

In [28], we have obtained the Hp
w boundedness of the convolution singular in-

tegral operator T with the product kernel K on Rn ⇥ Rm ⇥ Rd . We can extend
this result below by applying similar arguments.

Proposition 2.3. If T is a singular integral with the kernel K , where K satisfies
the conditions in Definition 1.6, then for w 2 A1, there exists a constant C > 0

such that for 0 < p < 1,

kT .f /kH
p
w

 Ckf kH
p
w
:

3 Proof of Theorem 1.2

The purpose of this section is to get the Max–Min principle to ensure that the
space CMOp

w we introduce in this paper is well defined. The proof follows from
the discrete Calderón identity, almost orthogonality estimates and some geometric
properties. Here we only consider the case ni D 1; 1  i  k, since the extension
to general ni , i D 1; : : : ; k, is straightforward.
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12 G. Lu and Z. Ruan

For simplicity, we denote fj1;:::;jk
D fR, where R D I1 ⇥ � � � ⇥ Ik ✓ Rk , Ii

are dyadic intervals with the side lengths jIi j D 2�ji , and the left lower points of
Ii are xIi

, i D 1; : : : ; k. Then we can rewrite the discrete Calderón identity on
.S1/0,

f .x1; : : : ; xk/ D
X

R

kY

iD1

jIi j �R.x1 � xI1
; : : : ; xk � xIk

/ �R ⇤ f .xI1
; : : : ; xIk

/:

Thus for all .u1; : : : ; uk/ 2 R;

 R ⇤ f .u1; : : : ; uk/ D
X

R0DI 0
1⇥���⇥I 0

k

kY

iD1

jI 0
i j  R ⇤ �R0.u1 � xI 0

1
; : : : ; uk � xI 0

k
/

⇥ �R0 ⇤ f .xI 0
1
; : : : ; xI 0

k
/;

where I 0
i are dyadic intervals with the side lengths jI 0

i j D 2�j 0
i , and the left lower

points of I 0
i are xI 0

i
, i D 1; : : : ; k.

The almost orthogonality estimate in (2.6) implies that

j R ⇤ f .u1; : : : ; uk/j2

 C
X

R0DI 0
1⇥���⇥I 0

k

kY

iD1

✓ jIi j
jI 0

i j
^ jI 0

i j
jIi j

◆L jI 0
i j

N C1

.jI 0
i j C jui � xI 0

i
j/N C1

⇥ j�R0 ⇤ f .xI 0
1
; : : : ; xI 0

k
/j2; (3.1)

where N;L are any positive integers such that L > qw C 2
p

C 2 and N > 2
p

, the
constant C depends only on N;L and functions  and �.

Let

MR D j R ⇤ f .2�j1`1; : : : ; 2
�jk`k/j2;

mR D j�R ⇤ f .2�j1`1; : : : ; 2
�jk`k/j2:

Then
X

R✓�

jI1 ⇥ � � � ⇥ Ikj2
w.I1 ⇥ � � � ⇥ Ik/

MR

 C
X

R✓�

X

R0
er.R;R0/P.R;R0/

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
mR0 ;

where

er.R;R0/ D
kY

iD1

✓ jIi j
jI 0

i j
^ jI 0

i j
jIi j

◆L�2w.I 0
1 ⇥ � � � ⇥ I 0

k
/

w.I1 ⇥ � � � ⇥ Ik/
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Duality theory of weighted Hardy spaces 13

and

P.R;R0/ D
kY

iD1

1

.1C dist.Ii ;I 0
i /

jI 0
i j /1CN

:

Since w 2 A1 and Ii ✓ Ii [ I 0
i , we have that w 2 Aqw , and

w.I 0
1 ⇥ � � � ⇥ I 0

k
/

w.I1 ⇥ � � � ⇥ Ik/

w..I 0

1 [ I1/ ⇥ � � � ⇥ .I 0
k

[ Ik//

w.I1 ⇥ � � � ⇥ Ik/

 C

kY

iD1

✓
1C jI 0

i j
jIi j

◆qw

 C

kY

iD1

≤ X

0ri qw

✓ jI 0
i j

jIi j

◆ri
≥
:

Thus,

er.R;R0/  C

kY

iD1

≤✓ jIi j
jI 0

i j
^ jI 0

i j
jIi j

◆L�2�qw X

0ri qw

✓ jI 0
i j

jIi j

◆ri
✓ jIi j

jI 0
i j

^ jI 0
i j

jIi j

◆qw
≥

 C

kY

iD1

✓ jIi j
jI 0

i j
^ jI 0

i j
jIi j

◆L�2�qw

WD r.R;R0/;

which implies that
X

R✓�

jI1 ⇥ � � � ⇥ Ikj2
w.I1 ⇥ � � � ⇥ Ik/

MR

 C
X

R✓�

X

R0
r.R;R0/P.R;R0/

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
mR0 :

(3.2)

In the following we estimate the right-hand side of inequality (3.2).
Define

�j1;:::;jk D
[

I1⇥���⇥Ik✓�

3.2j1I1 ⇥ � � � ⇥ 2jkIk/ for j1; : : : ; jk � 0:

Given 1  d  k � 1, for any j1; : : : ; jk � 0, 1  mr  k, mr < mrC1, with
r D 1; : : : ; d , denote

�
j1;:::;jk

bm1;:::;cmd

D π.x1; : : : ; xk/ 2 � W xmi
2 3Imi

; 1  i  d;

x` 2 3.2j`I`/; 1  `  k; ` ¤ m1; : : : ; md º;
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14 G. Lu and Z. Ruan

and

eRj1;:::;jk

bm1;:::;cmd

D π.x0
1; : : : ; x

0
k/ 2 Rk W x0

mi
2 3I 0

mi
; 1  i  d;

x0
` 2 3.2j`I 0

`/; 1  `  k; ` ¤ m1; : : : ; md º:

For j1; : : : ; jk � 1, let Bj1;:::;jk be a set of dyadic rectangle R0 such that

Bj1;:::;jk D πR0 D I 0
1 ⇥ � � � ⇥ I 0

k W 3.2j1I 0
1 ⇥ � � � ⇥ 2jkI 0

k/ \�j1;:::;ik ¤ ;;
3.2j1�1I 0

1 ⇥ � � � ⇥ 2jk�1I 0
k/ \�j1;:::;jk D ;º;

and for any 1  d  k � 1 and j` � 1, 1  `  k, ` ¤ m1; : : : ; md ,

B
j1;:::;js ;:::;jk

bm1;:::;cmd

D πR0 D I 0
1 ⇥ � � � ⇥ I 0

k W 3.eRj1;:::;jk

bm1;:::;cmd

/ \�j1;:::;jk

bm1;:::;cmd

¤ ;;

3.eRj1�1;:::;jk�1

bm1;:::;cmd

/ \�j1;:::;jk

bm1;:::;cmd

D ;º;

and B0;0;:::;0 D πR0 D I 0
1 ⇥ � � � ⇥ I 0

k
W 3.I 0

1 ⇥ � � � ⇥ I 0
k
/ \�0;0;:::;0 ¤ ;º.

Since each .j1; : : : ; jk; I1; : : : ; Ik/ belongs to precisely one rectangle Bj1;:::;jk

or Bj1;:::;jk

bm1;:::;cmd

, we write

X

R✓�

X

R0

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
r.R;R0/P.R;R0/mR0


✓ X

j1;:::;jk�1

X

R02Bj1;:::;jk

C
X

R02B0;0;:::;0

◆

⇥
X

R✓�

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
r.R;R0/P.R;R0/mR0

C
k�1X

dD1

X

j`�1;`¤m1;:::;md ;1`k

X

R02B
j1;:::;jk

bm1;:::;cmd

⇥
X

R✓�

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
r.R;R0/P.R;R0/mR0 :

We first consider the case for R0 2 B0;0;:::;0. In this case, 3R0 \�0;0;:::;0 ¤ ;.
For each integer � � 1, let

F� D
≤
R0 2 B0;0;:::;0 W j3.I 0

1 ⇥ � � � ⇥ I 0
k/ \�0;0;:::;0j � 1

2�
j3.I 0

1 ⇥ � � � ⇥ I 0
k/j
≥
:
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Duality theory of weighted Hardy spaces 15

Let
D� D F�nF��1 and �� D

[

R02D�

R0:

Without loss of generality we may assume that for any open set � ⇢ Rk ,

X

RDI1⇥���⇥Ik✓�

jI1 ⇥ � � � ⇥ Ikj2
w.I1 ⇥ � � � ⇥ Ik/

mR  Cw.�/
2
p �1: (3.3)

Since B0;0;:::;0 D S
��1 D� and for each R0 2 B0;0;:::;0; P.R;R0/  1; we have

X

R02B0;0;:::;0

X

R✓�

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
r.R;R0/P.R;R0/mR0


X

��1

X

R0✓��

X

R✓�

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
r.R;R0/mR0 :

For each � � 1 and R0 ✓ ��, decompose πR W R ✓ �º into

A0;0;:::;0.R0/ D
®
R ✓ � W dist.Ii ; I

0
i /  jIi j _ jI 0

i j; 1  i  k
¯
;

and

A
j 0

1;:::;j 0
k

bm1;:::;cmd

.R0/ D
®
R ✓ � W dist.Imr ; I

0
mr
/  jImr j _ jI 0

mr
j; 1  r  d;

2j 0
i �1.jIi j _ jI 0

i j/ < dist.Ii ; I
0
i /  2j 0

i .jIi j _ jI 0
i j/;

1  i  k; i ¤ m1; : : : ; md

¯
;

where 1  d  k � 1, j 0
i � 1 for 1  i  k and i ¤ m1; : : : ; md , and

Aj 0
1;j 0

2;:::;j 0
k .R0/ D

®
R ✓ � W 2j 0

i �1.jIi j _ jI 0
i j/ < dist.Ii ; I

0
i /

 2j 0
i .jIi j _ jI 0

i j/; 1  i  k
¯

for j 0
1; j

0
2; : : : ; j

0
k

� 1, where

jIi j _ jI 0
i j D maxπjIi j; jI 0

i jº:

Split

X

��1

X

R0✓��

X

R✓�

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
r.R;R0/P.R;R0/mR0
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16 G. Lu and Z. Ruan

into three parts
✓X

��1

X

R02��

X

R2A0;0;:::;0.R0/

C
X

��1

X

R02��

k�1X

dD1

X

j 0
i �1;1ik;i¤m1;:::;md

X

R2A
j 0

1
;j 0

2
;:::;j 0

k

bm1;:::;cmd

.R0/

C
X

��1

X

R02��

X

j 0
1;:::;j 0

k�1

X

R2A
j 0

1
;:::;j 0

k .R0/

◆ jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
r.R;R0/P.R;R0/mR0

WD I1 C I2 C I3:

To estimate the term I1, since P.R;R0/  1, we only need to estimate
X

R2A0;0;:::;0.R0/

r.R;R0/:

Note that when R 2 A0;0;:::;0.R0/, we have 3R \ 3R0 ¤ ;. For such R, there are
three cases:

Case 1: jI 0
i j � jIi j, 1  i  k,

Case 2: jI 0
i j  jIi j, 1  i  k,

Case 3: jI 0
di

j � jIdi
j and jI 0

`
j  jI`j, where ` ¤ di ; di < diC1, 1  di  k, and

1  i  r  k � 1.

In case 1, since 3R \ 3R0 ¤ ; and R 2 A0;0;:::;0.R0/, we can deduce that

jIi j  j3Ii \ 3I 0
i j  3jIi j; 1  i  k;

then
jRj  j3R \ 3R0j  j3R0 \�0;0;:::;0j  1

2��1
j3R0j:

Thus, jR0j D 2��1��kC⌘jRj for some ⌘ > 0, where 2�k�1 < 3k < 2�k . For each
fixed ⌘ > 0, the fact that 3R \ 3R0 ¤ ; implies that the number of such R must
be less than 5k2�C⌘��k�1, therefore,

X

R2case 1

r.R;R0/  5k
X

⌘>0

2�C⌘

✓
1

2��1��kC⌘

◆L�qw�2

 C2��.L�qw�3/:

In case 2,

jR0j  j3R \ 3R0j  j3R0 \�0;0;:::;0j  1

2��1
j3R0j;
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Duality theory of weighted Hardy spaces 17

which implies that 2��1  3k . Since jR0j  jRj, we have that jR0j D 2✓ jRj for
some ✓ > 0. For each fixed ✓ > 0, the number of such R must be less than 5k2✓ .
Hence,

X

R2case 2

r.R;R0/  5k
X

✓>0

2✓

✓
1

2✓

◆L�qw�2

 C:

In case 3, for 1  r  k � 1,
rY

iD1

jIdi
j

3kjI 0
di

j j3R
0j  j3R \ 3R0j  j3R0 \�0;0;:::;0j  1

2��1
j3R0j:

Thus,
rY

iD1

jI 0
di

j D 2��1��kC�
rY

iD1

jIdi
j;

for some � > 0. For fixed �,

3.Id1
⇥ � � � ⇥ Idr

/ \ 3.I 0
d1

⇥ � � � ⇥ I 0
dr
/ ¤ ;

implies that the product number of such Id1
; : : : ; Idr

must be less than 5r 2�C�.
As for jIj j D 2⌫j jI 0

j j, for some ⌫j � 0, where j ¤ d1; : : : ; dr . For fixed ⌫j ; since
3Ij \3I 0

j ¤ ;, we have that the number of such Ij must be less than 5. Therefore,

X

R2case 3

r.R;R0/  5k
X

�;⌫j >0

2�C�

✓
1

2��1��kC�
Q

j ¤d1;:::;dr
2⌫j

◆L�qw�2

 C2��.L�qw�3/:

Hence, we have
X

R2A0;0;:::;0.R0/

r.R;R0/  C2��.L�qw�3/:

Since j��j  C�2�j�0;0;:::;0j, j�0;0;:::;0j  C j�j and w which belongs to A1 is
a doubling measure, together with (3.3) and L > qw C 2

p
C 1 � qw C 3, we have

that I1 is bounded by
X

��1

2��.L�qw�3/Lw.��/
2
p �1 

X

��1

2��.L�qw�3/w.C�1=k2�=k�0;0;:::;0/
2
p �1

 Cw.�0;0;:::;0/
2
p �1  Cw.�/

2
p �1:

In the following, we only estimate the term I3 since estimates of I2 can be
concluded by applying the same techniques as for I1 and I3.
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18 G. Lu and Z. Ruan

For each j1; j2; : : : ; jk � 1, if R 2 Aj1;j2;:::;jk .R0/, then

P.R;R0/ 
kY

iD1

2�.j 0
i �1/.1CN /: (3.4)

Similarly, we only need to estimate the sum
X

R2A
j 0

1
;j 0

2
;:::;j 0

k .R0/

r.R;R0/:

Note that for R 2 Aj 0
1;j 0

2;:::;j 0
k .R0/,

3.2j 0
1I1 ⇥ � � � ⇥ 2j 0

kIk/ \ 3.2j 0
1I 0

1 ⇥ � � � ⇥ 2j 0
kI 0

k/ ¤ ;:

To estimate this sum, we also split the sum above into three cases:

Case 1: j2j 0
i I 0

i j � j2j 0
i Ii j, 1  i  k,

Case 2: j2j 0
i I 0

i j  j2j 0
i Ii j, 1  i  k,

Case 3: j2j 0
dt I 0

dt
j � j2j 0

dt Idt
j and j2j 0

`I 0
`
j  j2j 0

`I`j, where ` ¤ dt ; dt < dtC1,
1  dt  k, 1  t  r  k � 1.

Following a similar argument to that in I1, we can conclude that
X

R2A
j 0

1
;j 0

2
;:::;j 0

k .R0/

r.R;R0/  C2��.L�qw�3/;

which combined with the estimate of P.R;R0/ in (3.4) implies that

I3  C
X

��1

X

j1;j2;:::;jk�1

X

R0✓��

2��.L�qw�3/
kY

iD1

2�j 0
i .1CN /

jI 0
1 ⇥� � �⇥I 0

k
j2

w.I 0
1 ⇥� � �⇥I 0

k
/
mR0 :

Therefore I3 is bounded by
X

��1

2��.L�qw�3/w.��/
2
p �1  Cw.�/

2
p �1:

Combining I1; I2 and I3, we have

1

w.�/
2
p �1

X

R02B0;0;:::;0

X

R✓�

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
r.R;R0/P.R;R0/mR0

 C sup
N�

1

w. N�/ 2
p �1

X

R0✓ N�

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
mR0 :
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Duality theory of weighted Hardy spaces 19

Now we consider

X

j1;j2;:::;jk�1

X

R02Bj1;j2;:::;jk

X

R✓�

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
r.R;R0/P.R;R0/mR0 :

Note that for R0 2 Bj1;j2;:::;jk , 3.2j1I 0
1 ⇥ � � � ⇥ 2jkI 0

k
/ \�j1;j2;:::;jk ¤ ;. Let

F
j1;j2;:::;jk

�
D
≤
R0 2 Bj1;j2;:::;jk W j3.2j1I 0

1 ⇥ � � � ⇥ 2jkI 0
k/ \�j1;j2;:::;jk j

� 1

2�
j3.2j1I 0

1 ⇥ � � � ⇥ 2jkI 0
k/j
≥
;

D
j1;j2;:::;jk

�
D F

j1;j2;:::;jk

�
n F

j1;j2;:::;jk

��1
;

and
�

j1;j2;:::;jk

�
D

[

R02D
j1;j2;:::;jk
�

R0:

Since Bj1;j2;:::;jk D S
��1 D

j1;j2;:::;jk

�
, we have

X

j1;j2;:::;jk�1

X

R02Bj1;j2;:::;jk

X

R✓�

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
r.R;R0/P.R;R0/mR0

D
X

j1;j2;:::;jk�1

X

��1

X

R02D
j1;j2;:::;jk
�

X

R✓�

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
r.R;R0/P.R;R0/mR0 :

We first estimate

X

R02D
j1;j2;:::;jk
�

X

R✓�

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
r.R;R0/P.R;R0/mR0

for some j1; j2; : : : ; jk � 1.
Note that for each R0 2 D

j1;j2;:::;jk

�
,

3.2j1�1I 0
1 ⇥ � � � ⇥ 2jk�1I 0

k/ \�j1;j2;:::;jk D ;:

So for any R ✓ �, we have 2ji .jIi j _ jI 0
i j/  dist.Ii ; I

0
i /, 1  i  k. Thus

πR W R ✓ �º D
X

j 0
1;j 0

2;:::;j 0
k�1

eAj 0
1;j 0

2;:::;j 0
k
.R0/;
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20 G. Lu and Z. Ruan

where

eAj 0
1;j 0

2;:::;j 0
k
.R0/ D πR ⇢ � W 2j 0

i �12ji .jIi j _ jI 0
i j/  dist.Ii ; I

0
i /

 2j 0
i 2ji .jIi j _ jI 0

i j/; 1  i  kº:

Then we rewrite

X

R02D
j1;j2;:::;jk
�

X

R✓�

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
r.R;R0/P.R;R0/mR0

D
X

j 0
1;j 0

2;:::;j 0
k�1

X

R02D
j1;j2;:::;jk
�

X

R2eAj 0
1

;j 0
2

;:::;j 0
k

.R0/

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/

⇥ r.R;R0/P.R;R0/mR0 :

For R0 2 Bj1;j2;:::;jk and R 2 eAj 0
1;j 0

2;:::;j 0
k
.R0/,

P.R;R0/ 
kY

iD1

2�ji .1CN /2�.j 0
i �1/.1CN /:

Following the same proof with B0;0;:::;0 replaced by Bj1;j2;:::;jk , we have
X

R2eAj 0
1

;j 0
2

;:::;j 0
k

.R0/

r.R;R0/  C2��.L�qw�3/;

and since

X

R02Bj1;j2;:::;jk

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
mR0  C

kY

iD1

.ji2
ji /

2
p �1w.�/

2
p �1;

we have

X

R02D
j1;j2;:::;jk
�

X

R2Aj 0
1

;j 0
2

;:::;j 0
k

.R0/

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
r.R;R0/P.R;R0/mR0

 C

kY

iD1

2�ji .M� 2
p /2�j 0

i .1CM/j
2
p �1

i �
2
p �12��.L�qw�2� 2

p /

⇥ sup
N�

1

w. N�/ 2
p �1

X

R0✓ N�

kY

iD1

jI 0
i j mR0 :
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Duality theory of weighted Hardy spaces 21

Summing all j1; j2; : : : ; jk; j
0
1; j

0
2; : : : ; j

0
k

� 1,

1

w.�/
2
p �1

X

j1;j2;:::;jk�1

X

R02Bj1;j2;:::;jk

X

R✓�

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/

⇥ r.R;R0/P.R;R0/mR0

 C sup
N�

1

w. N�/ 2
p �1

X

R0✓ N�

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/
mR0 :

Similar estimates hold for

k�1X

dD1

X

j`�1;`¤m1;:::;md

X

R02B
j1;j2;:::;jk

bm1;:::;cmd

X

R✓�

jI 0
1 ⇥ � � � ⇥ I 0

k
j2

w.I 0
1 ⇥ � � � ⇥ I 0

k
/

⇥ r.R;R0/P.R;R0/mR0 :

We complete the proof of Theorem 1.2.

4 Proofs of Theorem 1.4, Theorem 1.5 and Theorem 1.7

In this section, we use the lifting and projection between Hp
w and sp

w and between
CMOp

w and cp
w respectively to get that the space CMOp

w is exactly the dual space of
the weighted Hardy spaceHp

w . We also obtain the boundedness of the convolution
singular integral operator T on BMOw .

Proof of Theorem 1.4. We first show

cp
w ✓ .sp

w/
⇤:

Suppose that t D πtI1⇥���⇥Ik
º 2 cp

w and set

h.x1; : : : ; xk/ D
´
X

j1;:::;jk

X

I1⇥���⇥Ik

jsI1⇥���⇥Ik
j2

kY

iD1

jIi j�1�Ii
.xi /

µ 1
2

;

and
�` D

®
.x1; : : : ; xk/ 2 Rn1 ⇥ � � � ⇥ Rnk W h.x1; : : : ; xk/ > 2

`
¯
;

where Ii are dyadic cubes in Rni with side length 2�ji and the left lower corners
of Ii are 2�ji `i , 1  i  k. Denote

B` D
≤
R D I1 ⇥ � � � ⇥ Ik W w.R \�`/ >

1

2
w.R/;w.R \�`C1/  1

2
w.R/

≥
;
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22 G. Lu and Z. Ruan

and then by Cauchy–Schwarz’s inequality we have for any 0 < p  1,
ˇ̌
ˇ̌
X

j1;:::;jk

X

I1⇥���⇥Ik

sI1⇥���⇥Ik
tI1⇥���⇥Ik

ˇ̌
ˇ̌

D
ˇ̌
ˇ̌
X

j1;:::;jk

X

`

X

.I1⇥���⇥Ik/2B`

sI1⇥���⇥Ik
tI1⇥���⇥Ik

ˇ̌
ˇ̌


≤X

`

 X

j1;:::;jk

X

.I1⇥���⇥Ik/2B`

jsI1⇥���⇥Ik
j2w.I1 ⇥ � � � ⇥ Ik/

jI1 ⇥ � � � ⇥ Ikj

�p
2

⇥
 X

j1;:::;jk

X

.I1⇥���⇥Ik/2B`

jtI1⇥���⇥Ik
j2 jI1 ⇥ � � � ⇥ Ikj
w.I1 ⇥ � � � ⇥ Ik/

�p
2
≥ 1

p

 Cktkc
p
w

≤X

`

w.�`/
1� p

2

 X

j1;:::;jk

X

.I1⇥���⇥Ik/2B`

jsI1⇥���⇥Ik
j2

⇥ w.I1 ⇥ � � � ⇥ Ik/

jI1 ⇥ � � � ⇥ Ikj

�p
2
≥ 1

p

; (4.1)

where the last inequality follows from the fact that if I1 ⇥� � �⇥Ik 2 B`, then there
exists 0 < ✓ < 1 such that

I1 ⇥ � � � ⇥ Ik ✓ e�` WD π.x1; : : : ; xk/ W Ms.��`
/.x1; : : : ; xk/ > ✓º;

which together with the fact w.e�`/  Cw.�`/ implies that

≤ X

j1;:::;jk

X

.I1⇥���⇥Ik/2B`

jtI1⇥���⇥Ik
j2 jI1 ⇥ � � � ⇥ Ikj
w.I1 ⇥ � � � ⇥ Ik/

≥ 1
2

 Cktkc
p
w
w.�`/

1
p � 1

2 :

We claim that

X

j1;:::;jk

X

.I1⇥���⇥Ik/2B`

jsI1⇥���⇥Ik
j2w.I1 ⇥ � � � ⇥ Ik/

jI1 ⇥ � � � ⇥ Ikj  C22`w.�`/:

Assume the claim for the moment; then

ˇ̌
ˇ̌
X

j1;:::;jk

X

I1⇥���⇥Ik

sI1⇥���⇥Ik
NtI1⇥���⇥Ik

ˇ̌
ˇ̌  Cktkc

p
w

≤X

`

w.�`/2
`p

≥ 1
p

 Cktkc
p
w

khkL
p
w

 Cktkc
p
w

ksks
p
w
;
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Duality theory of weighted Hardy spaces 23

and thus, cp
w ✓ .s

p
w/

⇤. To show the claim, we notice that
Z

e�`n�`C1

h2 w  22.`C1/w.e�`/  C 22`w.�`/;

so it is sufficient to show that
X

j1;:::;jk

X

.I1⇥���⇥Ik/2B`

jsI1⇥���⇥Ik
j2w.I1 ⇥ � � � ⇥ Ik/

jI1 ⇥ � � � ⇥ Ikj  C

Z

e�`n�`C1

h2 w:

However,
Z

e�`n�`C1

h2 w

D
Z

Q�`n�`C1

X

j1;:::;jk

X

I1⇥���⇥Ik

jsI1⇥���⇥Ik
j2

kY

iD1

jIi j�1 �Ii
w

�
X

j1;:::;jk

X

.I1⇥���⇥Ik/2B`

jsI1⇥���⇥Ik
j2w..I1 ⇥ � � � ⇥ Ik/ \ .e�`n�`C1//

jI1 ⇥ � � � ⇥ Ikj

>
1

2

X

j1;:::;jk

X

.I1⇥���⇥Ik/2B`

jsI1⇥���⇥Ik
j2w.I1 ⇥ � � � ⇥ Ik/

jI1 ⇥ � � � ⇥ Ikj ;

where in the last inequality we follow from the fact that for I1 ⇥ � � � ⇥ Ik 2 B`,

w..I1 ⇥ � � � ⇥ Ik/ \�`/ >
1

2
w.I1 ⇥ � � � ⇥ Ik/;

w..I1 ⇥ � � � ⇥ Ik/ \�`C1/  1

2
w.I1 ⇥ � � � ⇥ Ik/;

which yields that I1 ⇥ � � � ⇥ Ik ✓ Q�`, hence,

w..I1 ⇥ � � � ⇥ Ik/ \ . Q�`n�`C1// >
1

2
w.I1 ⇥ � � � ⇥ Ik/:

This proves the claim and thus we have showed that cp
w ⇢ .s

p
w/

⇤.
Now we show that

.sp
w/

⇤ ✓ cp
w :

Let ` 2 .sp
w/

⇤; then there exists some t D πtI1⇥���⇥Ik
º such that

`.s/ D
X

j1;:::;jk

X

I1⇥���⇥Ik

sI1⇥���⇥Ik
tI1⇥���⇥Ik

for every s D πsI1⇥���⇥Ik
º 2 sp

w ;
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24 G. Lu and Z. Ruan

For any open set � ⇢ Rn1 ⇥ � � � ⇥ Rnk with finite weighted measure, and any se-
quence s D πsI1⇥���⇥Ik

º 2 sp
w , we define

ksks
p
w;�

D
´Z

�

 
X

j1;:::;jk

X

I1⇥���⇥Ik✓�

jsI1⇥���⇥Ik
j2

kY

iD1

jIi j�1�Ii

!p
2

w.x/dx

µ 1
p

:

Then

ksks
p
w;�

 w.�/
1
p � 1

2

´Z

�

X

j1;:::;jk

X

I1⇥���⇥Ik✓�

jsI1⇥���⇥Ik
j2

⇥
kY

iD1

jIi j�1�Ii
w.x/dx

µ 1
2

D w.�/
1
p � 1

2

 
X

j1;:::;jk

X

I1⇥���⇥Ik✓�

jsI1⇥���⇥Ik
j2w.I1 ⇥ � � � ⇥ Ik/

jI1 ⇥ � � � ⇥ Ikj

! 1
2

:

(4.2)

To estimate the cp
w norm of t D πtI1⇥���⇥Ik

º, we introduce the notation `2
w;�

for s D πsI1⇥���⇥Ik
º and any open set � ⇢ Rn1 ⇥ � � � ⇥ Rnk with finite weighted

measure by

ksk`2
w;�

D
✓ X

j1;:::;jk

X

I1⇥���⇥Ik✓�

jsI1⇥���⇥Ik
j2w.I1 ⇥ � � � ⇥ Ik/

jI1 ⇥ � � � ⇥ Ikj

◆ 1
2

:

Thus,
ksks

p
w;�

 Cw.�/
1
p � 1

2 ksk`2
w;�

:

Therefore,
≤

1

w.�/
2
p �1

X

j1;:::;jk

X

I1⇥���⇥Ik✓�

jtI1⇥���⇥Ik
j2 jI1 ⇥ � � � ⇥ Ikj
w.I1 ⇥ � � � ⇥ Ik/

≥ 1
2

D 1

w.�/
1
p � 1

2

sup
ksk

`2
w;�

1

ˇ̌
ˇ̌
X

j1;:::;jk

X

I1⇥���⇥Ik✓�

sI1⇥���⇥Ik
NtI1⇥���⇥Ik

ˇ̌
ˇ̌

 1

w.�/
1
p � 1

2

ktk.s
p
w/⇤ sup

ksk
`2

w;�
1

ksks
p
w;�

 C ktk.s
p
w/⇤ :

Therefore, t 2 cp
w and ktkc

p
w

 Cktk.s
p
w/⇤ .
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To show Theorem 1.5, we need Theorem 1.4 and the following lemma.

Lemma 4.1. Let w 2 A1. For 0 < p < 1, define a map L on .S1/0 by

L.f / D
´

kY

iD1

jIi j
1
2 j1;:::;jk

⇤ f .2�j1`1; : : : ; 2
�jk`k/

µ

I1;:::;Ik

:

For any sequence s D πsI1⇥���⇥Ik
º; we also define the map P by

P .s/ D
X

I1;:::;Ik

kY

iD1

jIi j
1
2 j1;:::;jk

.2�j1`1; : : : ; 2
�jk`k/sI1⇥���⇥Ik

;

where Ii are dyadic cubes in Rni with the side length 2�ji and the left lower cor-
ners of Ii are 2�ji `i , `i 2 Zni , i D 1; : : : ; k. Then the maps

L W Hp
w ! sp

w and CMOp
w ! cp

w ;

and
P W sp

w ! Hp
w and cp

w ! CMOp
w

are bounded, and P ı L is the identity on Hp
w and CMOp

w :

Proof. Obviously, there exists a constant C > 0 such that

kL.f /ks
p
w

 Ckf kH
p
w
; kL.f /kc

p
w

 Ckf kCMOp
w
:

Let s D πsI1⇥���⇥Ik
º 2 sp

w ; then

kP .s/kH
p
w

 C

�����

´
X

j1;:::;jk

X

I1;:::;Ik

j j1;:::;jk
⇤ P .s/.2�j1`1; : : : ; 2

�jk`k/j2

⇥
kY

iD1

�Ii
.xi /

µ 1
2
�����

L
p
w

:

The almost orthogonality estimates in (2.6) and Proposition 2.2 imply that for any
0 < r < minπ1; p

qw
º,

ˇ̌
ˇ̌
ˇ j1;:::;jk

⇤ P .s/.2�j1`1; : : : ; 2
�jk`k/

kY

iD1

�Ii
.xi //

ˇ̌
ˇ̌
ˇ

2

D
ˇ̌
ˇ̌
ˇ
X

I 0
1;:::;I 0

k

kY

iD1

jI 0
i j j1;:::;jk

⇤  j 0
1;:::;j 0

k
.2�j1`1; : : : ; 2

�jk`k/sI 0
1⇥���⇥I 0

k

⇥
kY

iD1

jI 0
i j�

1
2�Ii

.xi /

ˇ̌
ˇ̌
ˇ

2
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 C
X

j 0
1;:::;j 0

k

2�jji �j 0
i jL
´

Ms

 
X

I 0
1;:::;I 0

k

jsI 0
1⇥���⇥I 0

k

kY

iD1

jI 0
i j�

1
2�I 0

i

!rµ 2
r

.u⇤
1; : : : ; u

⇤
k/

⇥
kY

iD1

�Ii
.xi /;

where u⇤
i 2 Ii , 1  i  k. Since w 2 Aqw ✓ Ap=r , by the Lp=r

w .`2=r/ bounded-
ness of the strong maximal operator Ms and Hölder’s inequality, we get the bound-
edness of the operator P from s

p
w to Hp

w . We can also obtain the boundedness of
P from c

p
w to CMOp

w by similar arguments to that in the proof of Theorem 1.2.
The discrete Calderón identity in Proposition 2.1 could yield that P ı L is the
identity on Hp

w and CMOp
w : We omit the details here.

Proof of Theorem 1.5. Let f 2 S1 \Hp
w and g 2 CMOp

w . For the map `g ini-
tially defined on S1, by the discrete Calderón reproducing formula in (2.1), The-
orem 1.4 and Lemma 4.1,

j`g.f /j D jhf; gij

D
ˇ̌
ˇ̌
ˇ

X

RDI1⇥���⇥Ik

kY

iD1

jIi j
1
2 R ⇤ f .2�j1`1; : : : ; 2

�jk`k/

⇥ jIi j
1
2 R ⇤ g.2�j1`1; : : : ; 2

�jk`k/

ˇ̌
ˇ̌
ˇ

D jhL.f /;L.g/ij
 kL.f /ks

p
w

kL.g/kc
p
w

 Ckf kH
p
w

kgkCMOp
w
:

Since S1 is dense in Hp
w , we have from limiting arguments that the map `g can

be extended to a continuous linear functional on the weighted Hardy spaces Hp
w

and k`gk  CkgkCMOp
w

.
Now we suppose ` 2 .Hp

w /
⇤ and set `1 D ` ı P . Then from Lemma 4.1,

j`1.f /j D j`.P .f //j  k`kkP .f /kH
p
w

 Ck`kkf ks
p
w

for f 2 sp
w ;

which implies `1 2 .sp
w/

⇤. Then by Theorem 1.4, there exists t D πtI1⇥���⇥Ik
º 2 cp

w

such that

`1.s/ D
X

I1⇥���⇥Ik

sI1⇥���⇥Ik
tI1⇥���⇥Ik

for all s D πsI1⇥���⇥Ik
º 2 sp

w ;

and
ktkc

p
w

⇡ k`1k  Ck`k:
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Since P ıL is an identity onHp
w from Lemma 4.1, we have ` D `ıP ıL D `1ıL

and
`.f / D `1.L.f // D hL.f /; ti D hf; gi;

where

g WD
X

I1⇥���⇥Ik

kY

iD1

jIi j
1
2 tI1⇥���⇥Ik

 R.xI1
� x1; xI2

� x2; xIk
� xk/ D P .t/:

This shows that ` D `g and by Lemma 4.1, kgkCMOp
w

 Cktkc
p
w

 Ck`gk:

Proof of Theorem 1.7. Since H 1
w is a Banach space, we may use the duality argu-

ment to show our result by applying Theorem 1.5 and Proposition 2.3.

Bibliography

[1] L. Carleson, A counterexample for measures bounded on Hp spaces for the bidisk,
Mittag-Leffler Report 7 (1974).

[2] S.-Y. A. Chang and R. Fefferman, A continuous version of duality of H 1 with BMO
on the bidisc, Ann. of Math. (2) 112 (1980), 179–201.

[3] S.-Y. A. Chang and R. Fefferman, Some recent developments in Fourier analysis and
Hp theory on product domains, Bull. Amer. Math. Soc. 12 (1985), 1–43.

[4] Y. Ding, Y. Han, G. Lu and X. Wu, Boundedness of singular integrals on weighted
multiparameter Hardy spacesHp

w .Rn ⇥Rm/, Potential Anal., DOI: 10.1007/s11118-
011-9244-y.

[5] C. Fefferman, Characterizations of bounded mean oscilation, Bull. Amer. Math. Soc.
77 (1971), 587–588.

[6] C. Fefferman and E. M. Stein, Hp spaces of several variables, Acta. Math. 129
(1972), 137–194.

[7] R. Fefferman, Harmonic analysis on product spaces, Ann. of Math. (2) 126 (1987),
109–130.

[8] R. Fefferman, Ap weights and singular integrals, Amer. J. Math. 110 (1988), 975–
987.

[9] R. Fefferman and J. Pipher, Multiparameter operators and sharp weighted inequali-
ties, Amer. J. Math. 11 (1997), 337–369.

[10] R. Fefferman and E. M. Stein, Singular integrals on product spaces, Adv. Math. 45
(1982), 117–143.

[11] S. H. Ferguson and M. Lacey, A characterization of product BMOby commutators,
Acta Math. 189 (2002), 143–160.

Brought to you by | Wayne State University
Authenticated | 141.217.11.89

Download Date | 1/17/13 8:41 PM



28 G. Lu and Z. Ruan

[12] M. Frazier, B. Jawerth and G. Weiss, Littlewood–Paley Theory and the Study of
Function Spaces, CBMS Regional Conference Series in Mathematics 79, American
Mathematical Society, Providence, 1991.

[13] J. Garcia-Cuerva, Weighted Hardy spaces, Dissertations Math. 162 (1979), 1–63.

[14] R. Gundy and E. M. Stein, Hp theory for the polydisk, Proc. Natl. Acad. Sci. 76
(1979).

[15] Y. Han and G. Lu, Discrete Littlewood-Paley-Stein theory and multi-parameter
Hardy spaces associated with flag singular integrals, preprint (2008), http://

arxiv.org/abs/0801.1701.

[16] Y. Han and G. Lu, Some recent works on multiparameter hardy space theory and
discrete Littlewood–Paley analysis, in: Trends in Partial Differential Equations, Ad-
vanced Lectures in Mathematics 10, High Education Press and International Press,
Beijing (2009), 99–191.

[17] Y. Han, J. Li and G. Lu, Duality of multiparameter Hardy spaces Hp on spaces of
homogeneous type, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 9 (2010), 645–685.

[18] J. L. Journé, Calderón-Zygmund operators on product spaces, Rev. Mat. Iberoam. 1
(1985), 55–92.

[19] L. Journé, Two problems of Calderón-Zygmund theory of product spaces, Ann. Inst.
Fourier (Grenoble) 38 (1998), 111–132.

[20] D. Krug, A weighted version of the atomic decomposition for Hp (bi-half space),
Indiana Univ. Math. J. 37 (1988), 277–300.

[21] D. Krug and A. Torchinsky, A weighted version of Journé’s lemma, Rev. Mat.
Iberoam. 10 (1994), 363–378.

[22] M.-Y. Lee and C.-C. Lin, The molecular characterization of weighted Hardy spaces,
J. Funct. Anal. 188 (2002), 442–460.

[23] M. Lacey, M. S. Petermichl, J. Pipher and B. Wick, Multiparameter Riesz commuta-
tors, Amer. J. Math. 131 (2009), 731–769.

[24] M. Lacey and E. Terwilleger, Hankel operators in several complex variables and
product BMO, Houston J. Math. 35 (2009), 159–183.

[25] D. Müller, F. Ricci and E. M. Stein, Marcinkiewicz multipliers and multi-parameter
structure on Heisenberg type groups. I, Invent. Math. 119 (1995), 119–233.

[26] A. Nagel, F. Ricci and E. M.Stein, Singular integrals with flag kernels and analysis
on quadratic CR manifolds, J. Funct. Anal. 181 (2001), 29–118.

[27] J. Pipher, Journe’s covering lemma and its extension to higher dimensions, Duke
Math. J. 53 (1986), 683–690.

[28] Z. Ruan, Weighted Hardy spaces in three parameter case J. Math. Anal. Appl. 367
(2010), 625–639.

Brought to you by | Wayne State University
Authenticated | 141.217.11.89

Download Date | 1/17/13 8:41 PM

http://arxiv.org/abs/0801.1701
http://arxiv.org/abs/0801.1701


Duality theory of weighted Hardy spaces 29

[29] J. O. Strömberg and A. Torchinsky, Weights, Sharp maximal functions and Hardy
spaces, Bull. Amer. Math. Soc. 3 (1982), 1053–1056.

[30] J. O. Strömberg and A. Torchinsky, Weighted Hardy Spaces, Lecture Notes in Math-
ematics 1381, Springer-Verlag, Berlin, 1989.

[31] J. O. Strömberg and R. L. Wheeden, Relations betweenHp
u and Lp

u with polynomial
weights, Trans. Amer. Math. Soc. 270 (1982), 439–467.

[32] J. O. Strömberg and R. L. Wheeden, Relations between Hp
u and Lp

u in a product
space, Trans. Amer. Math. Soc. 315 (1989), 769–797.

Received February 25, 2012.

Author information

Guozhen Lu, Department of Mathematics, Wayne State University,
Detroit, MI 48202, USA.
E-mail: gzlu@math.wayne.edu

Zhuoping Ruan, Department of Mathematics and IMS, Nanjing University, Nanjing,
Jiangsu 210093, P. R. China.
E-mail: zhuopingruan@nju.edu.cn

Brought to you by | Wayne State University
Authenticated | 141.217.11.89

Download Date | 1/17/13 8:41 PM

mailto:gzlu@math.wayne.edu
mailto:zhuopingruan@nju.edu.cn

