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Abstract Let H* = C" x R be the n-dimensional Heisenberg group, Q = 2n + 2 be the
homogeneous dimension of H". We extend the well-known concentration-compactness prin-
ciple on finite domains in the Euclidean spaces of Lions (Rev Mat Iberoam 1:145-201, 1985)
to the setting of the Heisenberg group H". Furthermore, we also obtain the corresponding
concentration-compactness principle for the Sobolev space HW € (H") on the entire Heisen-
berg group H". Our results improve the sharp Trudinger—-Moser inequality on domains of
finite measure in H" by Cohn and Lu (Indiana Univ Math J 50(4):1567-1591, 2001) and
the corresponding one on the whole space H" by Lam and Lu (Adv Math 231:3259-3287,
2012). All the proofs of the concentration-compactness principles for the Trudinger—Moser
inequalities in the literature even in the Euclidean spaces use the rearrangement argument
and the Polyd—Szeg6 inequality. Due to the absence of the Polyd—Szego inequality on the
Heisenberg group, we will develop a different argument. Our approach is surprisingly simple
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and general and can be easily applied to other settings where symmetrization argument does
not work. As an application of the concentration-compactness principle, we establish the
existence of ground state solutions for a class of Q- Laplacian subelliptic equations on H":

_ fw
p (&P

with nonlinear terms f of maximal exponential growth exp(at%) ast — 4o00. All the
results proved in this paper hold on stratified groups with the same proofs. Our method in
this paper also provide a new proof of the classical concentration-compactness principle
for Trudinger-Moser inequalities in the Euclidean spaces without using the symmetrization
argument.

—div (|VHM|Q*2 VHu) FVE) 122
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1 Introduction

Let 2 € R" and W(; "7(€2) be the usual Sobolev space, that it, the completion of C§°(2) with

the norm
1
q
||u||wu,q(m=</g (|u|q+|Vu|q)dx> |

If 1 < g < n, the classical Sobolev embedding says that W&’q (Q) — L5(Q)forl <s < g*,
where ¢* := ”qq. When g = n, it is known that

n—
Wol’n(Q) — L*(Q) forany n <s < +o0,

but WOI’" (Q) & L°°(2). When Q is of finite measure, the analogue of the Sobolev
embedding is the well-known Trudinger’s inequality, which was established independently
by Yudovi¢ [58], Pohozaev [52], and Trudinger [56]. In 1971, Moser sharpened in [51]
Trudinger’s inequality, and proved the following inequality:

_n_ 1
—1 . n—1
sup / My <00 iff @ <y =nw! ), (1.1)
ueWy () Y8
IVullpn @) <1

where w,,_1 is the n — 1 dimensional surface measure of the unit ball in R” and |2| < co.
Inequality (1.1) is known as the Trudinger—Moser inequality. In 1985, Lions [42] established
the concentration-compactness principle associated with (1.1), which tells us that, if {uy} is

a sequence of functions in W(;’”(Q) with || Vug|l,, = 1 such that uy — u weakly in whn(Q),

then forany 0 < p < M, ,, == (1 — ||Vu||Z)7l/("71), one has

sup/ Pl gy < o0, (1.2)
k Jo
This conclusion gives more precise information and is stronger than (1.1) when uy — u # 0
weakly in Wol’”(Q).

When |Q2] = 400, the inequality (1.1) is meaningless. In this case, the first related
inequalities have been considered by Cao [6] in the case N = 2 and for any dimension by do
O [16] and Adachi-Tanaka [1]. For two-weighted subcritical Trudinger—Moser inequalities,
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see [21,23]. Note that, unlike (1.1), all these results have been proved in the subcritical
growth case, that is @ < «,. In [54], Ruf showed that in the case N = 2, the exponent
ar = 4 becomes admissible if the Dirichlet norm fQ |Vu|? dx is replaced by W12 norm
f Q (Iu |2 + |Vu |2) dx. Later, Li and Ruf [40] established the same critical inequality as in [54]
in arbitrary dimensions. These critical and subcritical inequalities have been proved to be
equivalent by Lam et al. in [36]. The asymptotic estimates for the supremums for subcritical
and critical Trudinger—Moser inequalities and their relationship established in [36] have
been found useful in proving the existence and nonexistence of extremal functions for the
Trudinger—Moser inequalities (see [21,25-27]).

While there has been much progress for Trudinger—Moser type inequalities and the
concentration-compactness phenomenon on the Euclidean spaces, much less is known on
the Heisenberg group. We recall that most of the proofs for Trudinger—Moser inequalities
in the Euclidean space are based on the rearrangement argument. When one considers the
Trudinger—Moser inequalities in the subelliptic setting, one often attempts to use the radial
non-increasing rearrangement u™* of functions u. Unfortunately, it is not known to be true
that the L” norm of the subelliptic gradient of the rearrangement of a function is dominated
by the L? norm of the subelliptic gradient of the function. In other words, the Pdlya-Szego
type inequality in the subelliptic setting like

| Viau* |, < IVaull o (1.3)

is not available. Actually, from the work of Jerison and Lee [24] on sharp L? to L%
inequality on the Heisenberg group with applications to the solution to the CR Yamabe
problem, we know that this inequality fails to hold for the case p = 2 in Heisenberg groups.

The sharp Trudinger—Moser inequality on Heisenberg groups was due to Cohn and
Lu [10] and has been extended to the Heisenberg type groups and Carnot groups in [45]
and [5] and with singular weights in [33]. Furthermore, Lam and Lu developed in [29,30] a
rearrangement-free argument by considering the level sets of the functions under considera-
tion, this argument enables them to deduce the global critical Trudinger—Moser inequalities
on the entire space from the local ones on the level sets (see also work by Lam et al. [34] for
subcritical inequalities and [43] for adaptation of such an argument). Therefore, both sharp
critical and subcritical Trudinger—Moser inequalities are established on the entire Heisenberg
group in [29,34].

More recently, Cerny et al. in [8] discover a new approach to obtain and sharpen Lions’s
concentration compactness principles (1.2) as well as fill in a gap in [42]. This approach was
further extended to study the concentration-compactness principle for the whole space R” by
doOetal. in [18]. Their results can be stated as follows: let {uy} be a sequence of functions
in WOI’” (R™) with [lug|ly1.nq@ey = 1 such that uxy — u weakly in wln (R, then for any

B —1/(n=1)
0< p < Mn,u = (1 - ”u”r‘i[/ln(Rn)) ’
Sgp/ Pl =T g s, (1.4)

Furthermore, M, , is sharp in the sense that there exists a sequence {uy} satisfying
lukllwingny =1 and ux — u weakly in Wb (R") such that the supremum (1.4) is infinite
for p > M,_,." We also quote a recent work on sharp Trudinger—Moser type inequalities in
the spirit of Lions’” work on the whole spaces [35].

I The sequence {uy} constructed in [17] cannot show that the supremum (1.4) is infinite for p = ll;l,w (see
Remark 1).
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Nevertheless, we mention that arguments of [8, 17] still rely on the Polyd—Szeg6 inequality
in the Euclidean spaces and such an inequality is not available in the subelliptic setting.

Now, it is fairly natural to ask whether the concentration-compactness principles (1.2) and
(1.4) still holds for the subelliptic setting in spite of its absence of the Polyd—Szegdo inequality
in such a setting. In this paper, we will give an affirmative answer to this question. More pre-
cisely, we first prove a concentration-compactness principle for domains with finite measure
on Heisenberg groups (Theorem 2.1), and then prove the concentration-compactness princi-
ple for the horizontal Sobolev space HW 1.Q (H") (Theorem 2.2, for definition of HW € (H")
see Sect. 2). Theorem 2.1 sharpens the Trudinger—-Moser inequality by Cohn and Lu [10] and
recent one of Lam et al. [33], Theorem 2.2 improves the sharp Trudinger—-Moser inequality
by Lam and Lu [29].

In the proof of the concentration-compactness principles on Heisenberg groups, though
our proof is an argument by contradiction as done in the Euclidean spaces, our method is sub-
stantially different from those in [8,17]. Using the Polyd—Szegd inequality, in the Euclidean
space one can reduce the problem to radial functions and then the radial lemmas play an
important role. In our setting of the Heisenberg group, for the proof on the bounded domain,
instead of dealing with the upper and lower bound of the radial symmetric rearrangement
[8], we directly consider the Dirichlet norms of each part under the truncation (the way of
truncation will be defined in the proof of the main theorems) while taking weak convergence.
This is based on the fact that the constant M, , only depends on ||Vu||,. For the proof on
the whole space, on the one hand, in order to localize the problem as well as to get rid of the
rearrangement argument, we in the spirit apply the technique of level set argument developed
in [29] (see also [30]). On the other hand, due to the different type of inequalities considered
here from those in [29,30], the level sets used here are different from those in [29]. It is
worthwhile to note that our approach can be easily applied to the other subelliptic setting
such as Carnot groups with virtually no modifications.

As an application of concentration-compactness principles on Heisenberg groups, we
study the existence of positive ground state solution to a class of partial differential equations
with exponential growth on H" of the form:

— div (lVHu|Q_2 vHu) FVE) 9% = pf(g’)l, (1.5)

forany 0 < 8 < Q, where V :H" — R is a continuous potential, and f:R — R behaves

0
like exp (atﬁ) when ¢t — oo (for the meaning of Vi and p(£) see Sect. 2).

We remark that the Trudinger—Moser type inequalities play an important role in the study
of the existence of solutions to nonlinear partial differential equations of exponential growth
in Euclidean spaces. A good deal of works have been done and we just quote some of
them on this subject, which are a good starting point for further bibliographic references:
[3.4,7,14-19,22,28,31,38,39,41,46-49,55,57,60], etc.

Existence and multiplicity of nontrivial nonnegative solutions to the equations (1.5) on the
Heisenberg groups have been proved in a series of papers [12,29,33,34]. In their argument,
they apply the Trudinger—-Moser inequality in the whole space H" (Lemma 2.3 in Sect. 2)
combined with mountain-pass theorem, minimization and Ekelands variational principle.
Nevertheless, the existence of ground state solutions to the sub-elliptic equation (1.5) on
the Heisenberg groups has not been established yet so far. The concentration-compactness
principles on Heisenberg groups proved in this paper makes it possible to establish such an
existence result.
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We end this introduction by mentioning recent works on concentration-compactness prin-
ciple for singular Trudinger-Moser inequalities in R"” [59] and singular Adams inequality [2]
for bi-Laplacians in R* [9]. In particular, a completely symmetrization-free argument has been
developed in a more recent work [37] on concentration-compactness principle for Trudinger—
Moser’s inequalities on Riemannian manifolds and stratifies groups. We note that in [37] we
avoid completely even a weak form of Polyd—Szeg6 inequality which is not known to be true
on Riemannian manifolds. We also note that sharp weighted Trudinger—Moser inequalities
on the gradient terms have also been proved using a quasi-conformal type mapping and a
symmetrization lemma associated with power weights to reduce the weighted inequalities to
the non-weighted ones (see [20,21,32]). These are cases where the Polyd—Szeg6 inequality
fails to hold with weights.

This paper is organized as follows: in Sect. 2 we recall some basic facts about Heisenberg
Groups and state precisely our main results; in Sect. 3 we first prove the concentration
compactness principles for Trudinger—Moser inequalities on domains with finite measure—
Theorem 2.1, and then we give the proof for the concentration compactness principles for
horizontal Sobolev space H WL.C (H") (Theorem 2.2). As an application, in Sect. 4, we
consider the equations (1.5) and establish the existence of the ground state solutions and
prove Theorem 2.3 by using the minimax argument and Theorem 2.2.

2 Preliminaries and statement of the results

2.1 Background on Heisenberg groups

Let H* = C" x R be the n-dimensional Heisenberg group, whose group structure is given
by

(x,t)o(x’,z’) =(x+x’,t+t’+2im(x~)?’)).

The Lie algebra of H" is generated by the left invariant vector fields

X 9 +2 9 Y, 9 2 g T 9

7 Y = — —2xj—, =,

T T ot

for i = 1,...,n. These generators satisfy the non-commutative relationship [X;, ¥;] =

—46;; T . Moreover, all the commutators of length greater than two vanish, and thus this is a
nilpotent, graded, and stratified group of step two.

For each real number » > 0, there is a dilation naturally associated with the Heisenberg
group structure which is usually denoted as §, (x, ) = (rx, rzt). The Jacobian determinant
of 8, is r2, where Q = 2n + 2 is the homogeneous dimension of H".

We will use & = (x, 1) to denote any point (x, ) € H", then the anisotropic dilation

. 1/4
structure on H” introduces a homogeneous norm |§| = (|x|4 + t2) / . Let

B ={§:15l <r}

be the metric ball of center O and radius » in H”. Since the Lebesgue measure in R+ is
the Haar measure on H", one has (writing |A| for the measure of A)
|B| = wor?,

where wg is a positive constant only depending on Q (see [10]).

@ Springer



84 Page 6 of 26 J. Lietal.

We write |Viu| to express the norm of the subelliptic gradient of the function u : H" —
R:

| Viu| = \/Z (Xiu)* + (Yiu)®.

Let 2 be an open set in H" and p > 1. We define the horizontal Sobolev spaces
HW P (Q) = {u € LP(Q) : lullgyiney < oo}

with the norm

1/p
Nl gyior ) = (/ (I Ve (z, 17 + |u (z, t)l”)dxdt> .
Q

Also, we define the space HWOI”'(Q) as the closure of C;°(2) in the norm of HWLP(Q).
For Sobolev embedding and compact embedding theorems for vector fields satisfying Hor-
mander’s condition, which includes the Heisenberg groups as a special case, we refer the
reader to e.g., [11,44]. These embedding theorems are needed in proving the existence of the
ground state solutions to the quasi-linear subelliptic equations with nonlinearity of exponen-
tial growth.

2.2 Some useful known results on Heisenberg groups

In this subsection, we collect some known results which will be used in the following.

Lemma 2.1 [10] Let p = |&]| be the homogeneous norm of the element ¢ = (x,t) € H",
and g(&) = g (p) bea C! radial function on H". Then

g (p)

[Vug ()| = |x].

Nl om0V o\ T
Lemma 2.2 [33] Letag = Q (27T ()T (T) r (7) T (n) 0<p <0
There exists a uniform constant ¢ depending only on Q, B such that for all @ C H" with
Q| <oocanda < appg=oag (1 — g), one has

0
exp (au(©) 2 1)
sup / —ﬁdé <c. 2.1)
ueHW) 2 (@) /2 o &)
IVgull, o <1

The constant o g is the best possible in the sense that if a > og g, then the supremum
above is infinite.

Lemma 2.3 [29] Let O < B < Q. There exists a uniform constant ¢ depending only on Q,
such that for all o« < g g, one has

_0
@ (af©7)
sup / —=dE < c. 2.2)
fEHWI’Q(H”) n p(g)ﬂ
”f”HWI.Q(Hn)fl

where ®(t) = e' — Z}Q:—02t7/' The constant ag g is the best possible in the sense that if

a > ag g, then the supremum in the inequality (2.2) is infinite.
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2.3 Statement of the main results

Now, we are ready to state precisely the main results of this paper.

Theorem 2.1 (Concentration compactness for domains with finite measure)Let 0 < < Q.
Assume that {uy} is a sequence in HWOI’Q(Q) with |Q2| < oo, such that | Vyuil g = 1 and
up — u #0in HWy 2(Q). If

1
O<p<Mpy,: =
) .
HU 0
then
Ql
/ 0. prE gt
sup | ————d§& < oo.
K Ja  p@EP

Moreover, Mg, is sharp in the sense that there exists a sequence {uy} satisfying || Viu || g =1

andup — u #0in HW&'Q(Q) such that the supremum is infinite for p > Mg .

Theorem 2.2 (Concentration compactness for H WL (H")) Let 0 < B < Q. Assume that

{ur} is a sequence in HWQ (H") such that ”ukniwva(HH) =land uy — u # 0in
HWLC (H"). If
- ) 1
O<p<Mp,:= 0-1)°
1= )@
HWQ (H")
then

dg < o0, (2.3)

Qo
0] <aQ,,3pqu71>
sup/ _

k p(&)P

where ®(t) = e' — ZQ%’J Furthermore, A;IQVM is sharp in the sense that there exists a

Jj=0 jI*
sequence {uy} satisfying |lug|| y = landup — u #0in HW'Q (H") such that the

0
HW'C (Hr
supremum is infinite for p > Mg .

The following natural question still remains open at this time.
Problem 1 Does (2.3) still hold when p = A;IQYM ?
Now, Let us give the definition of the ground state solution of (1.5):

Definition 1 (Ground state solution) A function u is said to be the ground state solution of
(1.5), if u is positive and minimizes the energy functional associated to the Eq. (4.1) defined

by
1 F(u)
Jw) = — Viul|€ +V Qd—/ d
W) Q/Hn(| sl + V@) l®) de — | e

within the set of nontrivial solutions of (1.5).

For the Eq. (4.1), we obtain the following
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Theorem 2.3 Under the hypotheses of (H1) and (H2) in Sect. 4, the Q-sub-Laplacian equa-
tions (1.5) has a positive ground state solution.

Throughout this paper, denote by the letter ¢ some positive constant which may vary from
line to line.

3 Concentration-compactness principles on Heisenberg groups
3.1 Concentration-compactness principle for domains with finite measure

In this subsection, we give the

Proof of Theorem 2.1 Since [|[Vyullg < li]in Vmurllp = 1, we split the proof into two
cases.
Case 1: ||Vgullp < 1. We assume by contradiction for some p; < Mg ,, we have

dé = +o0.

0
exp ((XQ.ﬂplukgfl )
sup/
Q

k p(&)P

Set
Qf ={feQ:m®) = L},
where L is some constant. Let vy = uy — L. Then for any ¢ > 0, one has

0 0 0
wZT <1 +0)v8 +Ce, QLT (3.1)

Since 0 < B < Q, we have

_0 L _0
P (“Qsﬁm“kg_l) exp (“Q,ﬂm“kQ ) xp (“Q,ﬁmukg_l)
/ = |
Q Qk

pE)P PP Q\Q" pE)F

L
exp (OtQﬁP]MkQ )

= /Q’i PP

+C€Xp(OlQﬁp1LQ 1 /

exp (OlQ ﬁpluk )
=
i

p(&)F

dg§

pEF 4%

d§ +c (L, Q.12 B),

and then

Q.
exp <aQ,ﬁp1qu71>
sup/ d§é = oo.
K Jak p(€)P
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By (3.1) we have

0
exp (aQ,ﬂplqu’l) o
d& <exp|ag, C(e,Q)LOT
fgg @) ¢ = o0 (osp )

Q2
exp ((1 +e&)agppive >
d

X &.
fszg pE)F
Thus
0
— 01
exp (plaQ,ﬁUk )
sup/ d& = oo,
K Jok pE)P

where p1 = (1 +¢) p1 < Mg .
Now, we define

TY(w) =min{L, u} and Tp(u) = u — T*(u)

and choose L such that

1 — || Vel § o\
g > . 3.2)
L= VaTtul;  \Mou
We claim that
1\¢!
; 0
lim sup/ |V | < d€ < (_—) .
k Qk D1
If not, then up to a subsequence, one has
1\¢!
/ |Vivel ¢ dg =/ |V Trug|€ dé > (.*) + o (1). (3.3)
k Q P1

Thus,
1\2°! 0
L 0 0
— )+ [ |VaT | dg o) < | IVeToulds + | Vil de
p1 Q Q a\Qk
= [ i@+ [ 1Vawl®de = 1.
k \Qf

For L > O fixed, TLuy is also bounded in HW -2 (€2). Hence, up to a subsequence, TLup —
Truin HW'2(Q) and TTu; — T'u almost everywhere in . By the lower semicontinuity
of the norm in HW' 2 (2) and the above inequality, we have

1 1
Pz — =

1 1
<1 — lim inf | Va7 L }|g> T (1= varta]g) T
k— 00

combining with (3.2), we derive

s

_ 1 P 1 _
P11z > - = P1,

(1= vartal )" M (1= iva )™
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which is a contradiction. Therefore

1\27!
limsup/ IVHvk|Qd$ < (_—) .
k ok p1

L

By the Trudinger—Moser inequality (2.1), we derive

0
exp (ﬁlaQ,ﬁka_l)
sup/
r Ja p(&)F

which is also a contradiction. The proof is finished in this case.
Case 2: || Viullg = 1. We can iterate the procedure as in Case 1 and get

0
exp (ﬁlaQ,ﬁka’l)
sup/
Kk Je

pE)P
where p; = (1 + €) p1. Then we have

d§é < o0,

k
L

= 00,
k
L

1\¢!
limsup/ | Ve @ d& =1imsup/ \VaToug|C dE > (—) ,
k f k Q D1

thus,
e L0
”VHT uH < lim inf ’VHT uk‘ dE =1
0 k Q

1\2°!
—lim sup/ \VaTrur|®ds <1 — (—) )
k Q P1

On the other hand, since || Vyu| ¢ = 1, we can take L large enough such that

T 1/ 1)\2!
HVHT u” >1—=(—= ,
0 2\ pi

which is contradiction, and the proof is finished in this case.
Now, we prove the sharpness of M ,. For some r > 0, we defined wy (§) by

0" (co) 0k

wr(§) = Qé (CQ)_é log (‘%l) k_é if |&] € I:re_é, r]
0 if |&] € [r, 00],

if |£] e [0, re*é]

where cp = fz lx*|2 déx* = é—l and X is the unit sphere on H".
We can verify that wy (§) € H W(} 0 (2). Actually, from Lemma 2.1 we have

3.4

r * o
/ |vak(s)|Qd.§:/ /i Qé(cQ)‘5 o p(E)2 dpE)dp (x¥)
Q > Jre Q P@)
_or [, _
Tk /Mé pode=t

and wy (§) — 0in HW, 2 ().
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Now, for R = 3r, we define

A if |£] € [0, 2]
u=93A-3 g if |5 e [2E R] (3.5)
0 if |£] € [R + 0],

where A > 0 is chosen in such a way that || Vyu|| o) =& < 1. Defining

0)"¢
we=u+(1-8%) " ox. (3.6)
Observing that Vigu and Vywy have disjoints supports, we have

Va0 g, = IVaHI T ) + (1 = 89)

= 17
. 1,0
moreover, iy — u in H W'~ (£2).
Consequently,
%
o @Q.pUy
exp <aQ,ﬂMQ,Mqu7] ) exXp (I_SQ)I/(Qfl)
dé = / dé
/sz p(&)P Q p(E)P
Q0
agp(4+(1-82)" %) O
2 70D
(1-59)
dg

- /B,exp(_g) P

_0
exp (O{Q,ﬂ (C 4+ wy) 21 )
- fg,m,(_g) PGL

d§

0-1

Q.
: AVEA 1
C 1—— )k —d
= e ( “((-2)4) ) o1y 585

Q2
—(1—ﬁ)k — 09,
o

Q-1\ -1
> C" exp (C’ + ((1 — é) k) ¢ )
B 0

for some positive constant C, C’, C”, and the theorem is finished. O
3.2 Concentration-compactness principle for the whole space H"

In order to prove Theorem 2.2, we need the following

Lemma 3.1 Let {uy} be a sequence in HW'Q (H") strongly convergent. Then there exist
a subsequence {Mki} of {ux} and w(§) € HWYC (H") such that ’uki’ < w(&) almost
everywhere on H".
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Proof The proof is similar as [17, Proposition 1], and we omit it. O

Now, we give the

Proof of Theorem 2.2 As in the proof of Theorem 2.1, we split the proof into two cases.
Case 1: ||lu ||HW14Q(H,,) < 1. We assume by contradiction for some p; < Mg ,, we have

Q2
[ (aQ,ﬁplqu_l )
su —————df = 4o0.
k / " PP :
Set
1
A (u) = 2720 Jugll pogmy » @ ) = {§ € H" 1 ux(§) > A (up)}
and
Qf = {6 e H" up(®) = L},
where L is some constant which will be determined later. We can easily verify that

AGup) < 1and |Q ()] < 2071

Now, we write

01 Ql
QD(aQ ppiug > (“Q pp1UE )
g Q(Mk) "\S2(uk)

NG NG

Similar to the proof of [29, Theorem 1.6], we can show that

d§ <c(p1, Q. B).

0
] <05Q,/3plqu71 >
Aﬂ"\ﬁ(l{k)

p(&)P

Therefore, we have

2
(] <aQ BP1Uy o= )
su —— df =
kp /;Z(Mk) p(§)P

Let vy = uy — L. Then for any ¢ > 0, one has

el = 2
ul" < (1 4e)v2 " (e Q) LOT. 3.7)

By (3.7), we have

Qo
[} (aQ,ﬁp1M1?71>

/Q( T e L CAT G 0) 17
Uk

2
exp <(1 +8)agppive )
/ d
Qup) p(&)P

£.
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Thus

§ = oo,

L
exp <O{Qp1UQ )
sup/ —d
Q(uk)

k p(€)P
where 1 = (1 +¢) p1 < Mg.,.

1
Since |2 (uy)| < 22-T, we have

o
‘m

)
sup
k

dé = oo

exp (aQ BP1V
/ssz p&)F

Now, we define

T () = min{L, u} and T (u) = u — T*(u).

~ 0 >< 2 )Q_l (3.8)
1-— ”T u”HWl'Q(]HI”) MQ,u

1\2!
limsup/ |VHvk|Qd§ < (_ > .
k Qk Pi

and choose L such that

We claim that

If not, up to a subsequence, one has

1\
fk |vHvk|st=/H Ve Tpue|© d > (;) +o (1). (3.9)
Q n

1\2!
() ).
(2) ]
< +
p] n
s/ |VHTLuk|st+/ |vHuk|st+/ x| d
Hr H\ QK H"

=/,|vHuk|st+/ |vHuk|st+/ k@ d =1,
2 @\ "

Thus,

0
" dg +oc )

U d%‘-{—/
Hl’l

Vit de+ [l de o)

For L > O fixed, TLuy is also bounded in HW!-€ (H™). Hence, up to a subsequence,
Trup — Thuin HWYQ (H") and T ur — TYu almost everywhere on H". By the lower
semicontinuity of the norm in HW!-€ (H") and the above inequality, we have

_ 1 1
P1 = =

1
. o-1 — Q o-1
(1 B hkrii,%f |7 Eur ”gwhg(Hn)) (1 ||TLM“HW1’Q(H”))

’
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combining with (3.8), we have

_ 1 D1 1
>

p1L =

Il
"El

&M -
(l - ”TLM”ng.Q(Hn)) o o (1 a “TL“||18W1~Q(H">> o

which is a contradiction. Therefore

1\2!
lim sup/ |VHvk|Qd.§ < (_—) .
k k D1

By the Trudinger—-Moser inequality (2.1), we have

Q0
exp (OlQ,ﬁ D1 UkQ71 )
d§¢ < oo,
/sz; PP
which is also a contradiction. The proof is finished in this case.
Case 2: ||u||HW1_Q(H,,) = 1. Since HW -2 (H") is uniformly convex Banach space and

sup
k

ur — u weakly in HW'€ (H"), by Radon’s Theorem, we have u; — u strongly in
HW'2 (H"). Using Lemma 3.1, there exists some w(&) € HW"< (H"), such that up to
a subsequence, |ux| < w(£) a.e. in H". Therefore

_0
@ <0‘Q,ﬁP1”kQ71 ) ) o (aQ,ﬁplw(%‘)%)
A <
/n PG p©)P

dt.

Now, we show

dé < . (3.10)

l @ (ag pp10(®) 07

p(€)P
Set Q (w) = {£€ € H" : w > 1}, we have

/IM@P@Z/‘IMQP%
H» Q(w)
- 12 ).

Similar as [29], we can derive

d§ < C(p1,Q.B).

N (OtQ,ﬂmw(S)%)
/H"\Q(w) p(&)F

Now, we only need to show

d§ < oo.

exp (O‘Q,ﬁplw(f)%>
v/;l(w) p(g)ﬂ

Let w* (&) be the non-increasing rearrangement of w (§) in Q2 (w). Then

o 0

exp (“Q,ﬁplw@)g") exp (aQ,ﬁplw*(g)Qq)
/ g =/ dE,
Q@) Br

pE)F p(&)F
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where |Br| = |2 (w)|. We introduce the variable ¢ by p(E)2 = R%e™!, and set

1
o) = QDS ®).

Then by Lemma 2.1 and the result of Manfredi and Vera De Serio [50] that there exists a
constant ¢ > 1 depending only on Q such that,

f !w’(t)]%:/ vaw*@)desSc/ |Vaw(§)|¢ dE < oco.
0 Bg Q(w)

Moreover, we have

dg§

o 0
exp (‘)‘Q.ﬁplw(g)@")d exp (aQ,ﬁplw*(g)Qq)
<
/;2(60) p(&)P § < Q) p(&)P

_ e _ P &
— Q)| R /Oexp(<1 Q)(p](p(t)Ql t))dt.

This follows from the Hardy-Littlewood inequality by noticing that the rearrangement of
p(&)7P is just itself.
Since f0°° |<p’(t)|Q dt < 00, then for all & > 0, there exists 7 = T (&) such that

o0
/ ’(p’(t)’th < 2.
T

Hence, by Holder’s inequality

t
w(t)zqa(T)+/ ¢’ (t)dt
T
1
Cen@ar)° ot
<o)+ /|¢(r)| dr| -|t—T|@
T
o-1
Se(T)+elt—-T| ¢ .
There exists 7 such that

forallz > T.

N~

0
pre@) o1 <

9
cxp(dQ.ﬂplw(E) o1 )
0P B
Now, we prove the sharpness of Mg ,. For some r > 0 and R = 3r, we define
wp (&), u € HWHC (H") as (3.4),(3.5), respectively. The constant A is chosen in such a
way that ||u||HW1,Q(H,,) = § < 1. Defining

Therefore fQ(w) d& < 00, and the proof is finished in this case.

1/0
uk=u+(1—5Q) k.

We can easily verify that

okl Lp @y — O, forany p > 1,

19520k 2 gy = 1Vl S ) + (1 89)) (3.11)
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and

uy — u weakly in HW!-€ (H").

0
d§

Moreover, from (3.11) we have
1/Q

/Hn|uk|Qd$:/” u—l—(l—(SQ) .

=/ | dt + &
Hﬂ

where & — O ((%)1/Q> and then we have ||uk|| =1+ &.Setvy, =

we have

Uk
HW!Q (H") (1+&)1/2°

ve — u weakly in HW" 2 (H") with ||vy 12 =1

HwW! Q(Hn)
Consequently, for any g9 > 0 and p = (1 + &p) M 0,u> One has

. o
(0] (O(Q,lgMQ,uka

) (I +€0) @g. pyy
d d
/n p&)P = / 5 p(é‘)/’ P (1_8Q)1/(Q ) §

(using the fact that & — 0)

L
[

L
CD(O{QﬂMQMUQ )
d
/n p(€)P :
_0
0T

/ 1 g ((1+ep) (4+(1-69)"wr))”

exp —
() P (1-39)7@D

=

d§

p(é)ﬂ exp <aQ 8 [(1 —l—ao) c +a)k)]Q ') dé
rexp( A)

for some positive constant &, C, C’, C”, and the theorem is finished. O
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Remark 1 The sequence {v;} is not enough to show that the supremum (2.3) is infinite when
p = Mg . Actually, we have

- _0
@ (()lQ,ﬁMQ,uUkQ_1

_0
> 1 “Q,ﬁ”kg_]
df :/ exp — d§
Brexp(—%) p(f)ﬂ Brexp(—%) ,O(S)ﬁ (1 _ SQ)I/(Q 1]
0
1 aop (1 +807172) (4 + (1-62)% )"
8 / &P P 0\1/(0—D d§
broal-4) (1-39)

E/l; p(ﬁexp ((1—) [((1+§k)—l/Q) (Cl+kQQl>i|QQ_l)dE
on-b)

B
o
(since 1-(1+&) 7 Y2=0 (

1 B
- 1_7
E/Br PG ( Q)
! B\ %" _ o %210
., snee((- D -er )
rex(-4)
i /3 ///;I IB
<C eXp<<l—§>k[l—C kQ]_<l_§)k)
B o-1
gc””exp<—c”’<1—Q>kQ ><oo

for some positive constant C’,C”,C"" and C"". We remark that this argument is also suitable
P s 1/(n—1)
1 n—

eol-4)

S

for the sequence constructed in [18] for the sharpness of A;I,W = (1 — lu]| W1,n(Rn))

4 (Q-sub-Laplacian equations of exponential growth on H".

In this section, let’s consider the following nonlinear partial differential equations on H" :

_ fw
p(EF’

— div (|vHu|Q—2 vHu) FVE) 2% 4.1
where 0 < 8 < Q.

The main features of this class of equations (4.1) are that it is defined in the whole space
H" and involves critical growth and the nonlinear operator is Q-sub-Laplacian. In spite of
a possible failure of the Palais—Smale (PS) compactness condition, we apply the mini-max
argument based on the concentration-compactness principle for HW! € (H")—Theorem 2.2
asin [18].

The basic assumptions about f and Vare collected in the following:

(H1) Assumptions for potential V
The potential V : H" — R is a continuous potential, and satisfies:
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(V1) V is a continuous function such that V(§) > 1 for all & € H", and one of the
following two conditions:

(V2) V(&) — oo as p(§) — oo; or more generally, for every M > 0‘{5 e H" :
VE)>M }| < 00;

(V3) the function V (¢)~! belongs to L' (H").

(H2) Assumptions for f

0
The function f(¢) :R — R behaves like exp (atF> when [t| — oo. Precisely, we
assume that f satisfies the following conditions:

(f1) there exist constants «g, bg, b1 > 0 such that for all 7 € R,
0-1 o
f@) < bot + b1 ® (aot Q*I) ;
(f2) there exists A > Q such that for all & € H" and ¢ > 0,
t
0 < AF(t) := A/ f(s)ds <tf(t);
0
(f3) there exist constant Ry, Mo > 0 such that for all £ € H" and ¢ > Ry,

0<F(@t)<Myf();

(f4) there exist constant © > Q and C,, such that for all r > 0,

@)= Cpt! (4.2)
with C, satisfying
% Q /LéQ
o _
Cu > (Lﬁ) (M ) )‘Z/Q’
o °w
where
: lul®
b= es\0 [ " e’
ue
S per s
0
(5) limsup£Y < xp = inf —Aul
,%0+pk0|S|Q Q ueS\0 fin ;‘(‘;)Qﬁ de

Since we are interested in nonnegative weak solutions, we also suppose the following
(f6) F(r) =0ifr <O.
From condition (f1), we conclude that forall r € R,

F(t) < by® (om%)

for some constant by, oy > 0. From (3.10), we have /)F(g';z, e L' (") forallu € S.

Therefore, the associated functional to the Eq. (4.1) defined by
1 F(u)
s = [ (Vi +veu)a- [ e @y
Q Jur e p(E)P

is well-defined. Moreover, J is a C! functional on S with

fav
m p(§)P

DJ(u)v = f (|VHu|Q*2 Viu Vi + V(€) |u|Q*2uv) de — dt
H’l
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for all v € S. Thus, DJ(u) = 0 if and only if # € S is a weak solution to equation
4.1).
We define the following space associated with the potential V:

S= {u e HW"2 (H") : |lu]l < oo}

with the norm |Ju]| := (fH” (|VHu|Q + V() IMIQ) dé)l/Q.

From the hypothesis (H1), we have the following compactness result:

Lemma 4.1 If V(€) satisfy the hypothesis (H1), then for all Q < q < 0o, the embedding

S < L7 (H")
is compact.

Proof Though the proof is analogous to the one for the Euclidean case in [13,53], we will
need to justify some conclusions on the Heisenberg groups. To this end, we will simply point
out the essential components and omit the details.

Let {ux} be a sequence such that ||ug|| Q - C.In order to prove this result, we only need
to show that u; — 0 strongly in L9 (H") for any Q < ¢ < oo, whenever u;y — 0 weakly in
S,ask — oo.

By the compact embedding theorem on the Heisenberg group proved in [45], we have for
any given p < Q, the embedding HW!-? (Bg) <> L4 (Bg) is compact for any g < Q”—_Qp. So

the embedding HW '@ (Bg) < L4 (Bg) is compact for any g < oo. The remaining proof
then follows from the classical proof in the Euclidean space.
For any ¢ > 0, from (V2), we can choose some R > 0 such that

2C
Vi) = - 4.4)
for all £ satisfying p(§) > R. Since the embedding HW'Q (Bg) — L7 (Bg) is compact,

we know u; — O strongly in L4 (Bg), and then there exists a integer N > 0 such that when
k>N,

/B | de < g (4.5)

On the other hand, from (4.4) we have
2C

Iw@dés/‘ V@) luldt < C,
& H"\Bg H"\Bg

that is
[ )@ de < £ (4.6)
H"\Bg 2

Combining (4.5) and (4.6) we obtain
| ni®ds <. 7

For any ¢ < p < 0o, we define

N O(p—q) pg—0)
=—Fandyu=——-.
qg(p—0) qg(p—0)
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Then A > 0 and u > 0. By Holder’s inequality, the Trudinger—Moser inequality (2.2) and
(4.7), we have

=g
/ lug|? d& < cer=2.
]H[Vl

The proof is thus finished. O

4.1 Palais—Smale compactness condition

In this subsection, we analyze the compactness of Palais—Smale sequences of the functional
J. This is the crucial step in the study of existence results for Eq. (4.1).
First, we recall the definition of Palais-Smale Condition:

Definition 2 (Palais—Smale condition) A sequence {uy} in S is called a local Palais—Smale
sequence at level d for the functional J ((PS), sequence), if

J (uy) — d and ||DJ (uy)] — 0, as k — oo,

the functional J is said to satisfy the Palais—Smale condition at level d ((P S), condition), if
any (PS), sequence has a convergent subsequence.

Lemma 4.2 Under the hypotheses of (H1) and (H2). The functional J satisfies the Palais—

-1
Smale condition at level d for any d < é (aQ“g) .

@0

Proof Though the general scheme of the proofis acombination of the ideas in [ 18, Proposition
4.1], the compact embedding theorem and ideas from [29, Lemma 5.5 and (6.7)], there are
a number key points that are required to be re-established on the Heisenberg groups and we
will sketch those major points and omit the details.

Let {ux} be a (PS), sequence for J, that is,

J (up) - d 4.8)
and |DJ (uy) v| — Oforall v € S, as k — o0. Then

S (u)v 02 o
o p(E)P % - /Hn ('vHuk| Viuk Vv + V(&) lul ukv) dg

< & vl 4.9)

forall v € S, where ¢, — 0, as k — oo.
Choosing v = uy in (4.9), by (4.8) we get

J (k) ug / Fu)hr A 0 .
- + = —d)—
o 2@F  Ju p@F T ol ek

< & llugll,

From (f2), we have

A=0
0

lue @ < ¢+ ex lukll
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hence, uy is bounded in S. Since for any ¢ > Q, the embedding S — L7 (H") is compact,
we can assume that,

up — u weakly in S,

uy — u strongly in LY (H") for any ¢ > O,

uy — u for almost all & € H". (4.10)

From (4.10), we can verify that
lug — ul®
———dé —>0 as k— o© 4.11)
/,, p(&)F

forany s € [Q, 00) and B € [0, Q).
Thanks to [29, Lemma 5.5 and (6.7)], we have

fow) . fw -
26F P in L, (")

Faw . Fl -

P&F P e in L° (H") (4.12)

2n
Vi |22 Vi — [Viu|@~2 Vi weakly in (LI%C/(Q_”(]HI”)) .

From this convergence and passing the limit in (4.9), we get
S v

e p(§)P

for any v € Cg° (H"). By density, taking v = u, we have

fu
e p(§)P

dE —/ (|vHu|Q—2 ViuVigv + V (§) |u|Q_2uv) de =0
Hn

ag— [ (19aul®+ v wi®)as =0,
]H[Vl

from (f2), we get
F(u)
w p(€)P

[ (19au® + v wi®)ae = 0 d,
Hfl

thus, J(u) > 0.
Next, we prove the strong convergence of {u}. For this purpose, we split the proof into
two cases:
Case 1: d = 0. From (4.12) and (4.8), we have
F(u)
p(&)P

hence J (1) < 0. Therefore J (1) = 0 and 1i1£n lurll@ = |lul|€. Since S is a uniformly convex

lull€ < lim [lu)|€ = Q/ dt,
k Hn

Banach space, by Radon’s Theorem, u; — u strongly in S.

Case 2:d # 0.

We can first prove that u 7 0 by an argument of contradiction similar to the one given
in [18]. We will omit the details here.

Next, set iy = H’Zﬁ and u = hkm?m Then |Jug]| = 1 and 4y — u weakly in S. If
lz|| = 1, we have liin llug |l = llu||, and then ux — u strongly in S.

If |li|| < 1, by (4.8) and (4.12) and the fact that J(u) > 0, one has

d+ o (1) = J (u) = J () — é (el @ = 111 2)
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thus,

U [¢]
llug 1€ 1—H—‘ <0 +ox (1)),
llug |

that is

%98
+ o (1)
0/(0-1) a
loeil < ’Q)l/(Q—l)’

(1_

therefore when k large, we can choose some g > 1 close to 1 sufficiently such that

u

el

_ aQ,
qou llug |2/ 07 < 2 - (4.13)
(1-1a19)

_0
P (qaou o1
By Theorem 2.2, ——7— is bounded in L' ®H™).

By Holder’s inequality, combining (f1), (4.10), (4.11), (4.13), we get

o-1 1
() (g — 1) ‘ / u? 0 / g —ul®  \?
——d d —d
o p@F Sc( o 267 e
01

0 1/q
@ (Wouk ) N
+c / — 2 d§ (/ lug — ul? d§> — 0.
n Hll

p(&)ah

(4.14)

Since DJ (uy) (uy — u) — 0, from (4.14) we derive
/Hn (193001272 Vi Vi ux = ) + V&) e O 2w (ui = w)) d — 0. (415)
On the other hand, since uy — u in S, we have
/n (|VHM|Q*2 VauVe (ux —u) + VE) 1|22 u (uy — u)) d& — 0. (4.16)
Combining (4.15) and (4.16), we obtain there is a constant ¢ > 0 so that
luge — ull < C/Hn (1V5ux 1272 Vg, — [Viaul 272 Vegue) Vi (g = )
e [ V© (el e = 0197 ) (g = ) d = 0,

where we have used the inequality (|a|9~%a — [b|272b) (a — b) > 2279 |a — b|?, for all
a, b € R?". The proof is finished. O

From the proof of [29, Lemmas 5.1 and 5.2.], we have the following geometric conditions
of the mountain-pass theorem:

Lemma 4.3 Suppose that the hypotheses of (H1) and (H2) hold. Then
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(i) there exists r,§ > 0 such that J(u) > § if ||u|| = r;
(ii) there exists e € S with ||le|| > r, such that J (e) < 0.

Now, we define the minimax level by
doo = inf J(g@®),
oo = Inf max (g(®)

whereI' = {g € C ([0,1],S) : g (0) =0and g (1) < 0}. From Lemma 4.3, we have do, >
0.

0-1
Lemma 4.4 Under the hypotheses of (HI) and (H2). We have do < é (%) .

Proof Let {vi} be in S with fH,, /‘)'z’g;; dé = 1and ||ne||€ — Ay Then {v} is bounded in S.

Using the compactness of embedding S — L7 (H") for all ¢ > Q, up to a subsequence,
we have

v — vo weakly in S,

v — vp strongly in LY (H") for all ¢ € [Q, 00)

vr — vo for almost all £ € H". 4.17)

sl [vol* — 1 [vg " — i nui
(4.11) implies that [y, SepdE = h/{n ™ S5pdé = 1. By the semicontinuity of the norm

II-]l, we infer that

lvoll€ < Tim influe]| € = A,

thus A, is attained by vy, we may assume that vy > 0.
From (4.2), we know that F(t) > %t“ for some u > Q. Hence,

19 C t* e
J — Vivol2 +V Q)ae — £ / 0__d
(tvo) < 0 /H” (I mvol= + V(&) |vol ) & PR L S

— —00, ast —> 00.

Setting vo(t) = ttyvg with ry sufficiently large, then vg(t) € T'. By (f4), we have

Q n 14
tot C, (tot v,
doo < max J (5o(0)) < max (2D yp@ — Su 0D 0_ds
1€10,1] refo,n\  Q w e p(€)P
1€ C vk
< max (—nvonQ - —“z“/ 0 ds)
>0 \ O w Ju pE)P
0 C . w—0 Aﬁ/(’kQ)
<max|-—A,——1t")=———F7—+
=0 \ O on Q0
1 o-1
0\ o
and this completes the proof. O

Finally, we come to the
Proof of Theorem 2.3 Let {uy} be a sequence in S such that
J (up) — doo
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and DJ (ur) — 0. By Lemmas 4.2 and 4.4, the sequence {u;} converges weakly to a weak
solution ug of (4.1). Now, we show ug > 0 in H".

Set ug4 = max {ug, 0} and up— := max {—ug, 0}. Since ug satisfies DJ (ug) = 0, we
have DJ (ug) ug— = 0, that is,

Q- J (o) uo—

Il uo S dE =0.
L
On the other hand, from (f6) we have fH" %dé =0, and then || ug_||¢ = 0. Therefore,

uop = 0 on H*. From J (ug) = ds > 0, we know uy is positive on H".

Now, let

My = inf J(u),
ueP\0
where P :={u € S : DJ(u) = 0}.

In order to show that i is a ground state solution of (4.1), we only need to prove doo < M.
For any u € P\0, we define m(t) by m(t) = J(tu). Since J € C! (S, R), we have m(t) is
differentiable and

f(tu)u
 p()P

m'(t) = DI (twyu = 197 Ju|| ¢ — dg,

forany ¢ > 0.
From DJ(u)u = 0, we derive

Fen L 0—1 f@w) _ f(tu) ) u?
o=t /n<uQ—1 w0271 ) per

By (f2), we know % is increasing for all s > 0. From this and the fact m’ (1) = 0, we

know m’(¢) > 0ift € (0, 1), and m’(¢) < 0if t € (1, 00). Thus, J(u) = maégl(tu).
1=

Setting u(t) = ttou with 1y sufficiently large, we get ii(z) € I, and then

doo < max J (u(t)) < maxJ(tu) = J(u).
tel0,1] t>0
Therefore, dow < M. The proof is completed. O

Acknowledgements The authors would also like to thank the referee for his or her comments which improve
its exposition of the paper.
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