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Abstract

In this paper, we deal with the existence of solutions to the nonuniformly elliptic equation of the form

_few

. N=2
_d1v(a(x,Vu)) + V(x)|u| u P

+eh(x) (0.1)

in RN when f: RN x R — R behaves like exp(a|u |N /(N _1)) when |u| — oo and satisfies the Ambrosetti—
Rabinowitz condition. In particular, in the case of N-Laplacian, i.e., a(x, Vu) = |Vu|N_2Vu, we obtain
multiplicity of weak solutions of (0.1). Moreover, we can get the nontriviality of the solution in this case
when ¢ = 0. Finally, we show that the main results remain true if one replaces the Ambrosetti—Rabinowitz
condition on the nonlinearity by weaker assumptions and thus we establish the existence and multiplicity
results for a wider class of nonlinearity, see Section 7 for more details.
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1. Introduction

In this paper, we consider the existence and multiplicity of nontrivial weak solution u €
WLN(@RN) (u > 0) for the nonuniformly elliptic equations of N-Laplacian type of the form:

_ fx,u)

TP +eh(x) inRM (1.1)
X

—div(a(x, Vu)) + V(x)|u|N_2u

where, in addition to some more assumptions on a(x, ) and f which will be specified later in
Section 2, we have

la(x, )| < co(ho(x) + hy ()TN )

for any 7 in RY and ae. x in RV, hy € LN/ WV=D(RN) and h; € L;’DOC(RN) and f satisfies
critical growth of exponential type such as f : RY x R — R behaves like exp(a|u|Y/ ¥ ~D) when
|| — oo and when f either satisfies or does not satisfy the Ambrosetti—Rabinowitz condition.

A special case of our equation in the whole Euclidean space when a(x, Vu) = |Vu|N"2Vu
has been studied extensively, both in the case N = 2 (the prototype equation is the Laplacian
in Rz) and in the case N > 3 in RY for the N-Laplacian, see for example [10,2,3,26,18,14—16,
5], etc. We should mention that problems involving Laplacian in bounded domains in R? with
critical exponential growth have been studied in [4,18,8,7,11,29], etc. and for N-Laplacian in
bounded domains in RY (N > 2) by the authors of [2,14,26].

The problems of this type are important in many fields of sciences, notably the fields of elec-
tromagnetism, astronomy, and fluid dynamics, because they can be used to accurately describe
the behavior of electric, gravitational, and fluid potentials. They have been extensively studied
by many authors in many different cases: bounded domains and unbounded domains, differ-
ent behavior of the nonlinearity, different types of boundary conditions, etc. In particular, many
works focus on the subcritical and critical growth of the nonlinearity which allows us to treat the
problem variationally using general critical point theory.

In the case p < N, by the Sobolev embedding, the subcritical and critical growth mean that
the nonlinearity cannot exceed the polynomial of degree p* = NN—_pp. The case p = N is special,

since the corresponding Sobolev space Wé’N (£2) is a borderline case for Sobolev embeddings:

one has W, (£2) € L9(£2) for all ¢ > 1, but Wy (2) & L>(£2). So, one is led to ask if there
is another kind of maximal growth in this situation. Indeed, this is the result of Pohozaev [27],
Trudinger [32] and Moser [25], and is by now called the Moser—Trudinger inequality: it says that
if 2 c RY is a bounded domain, then

1 N1
sup Gl NN gy < 00
ueWy M (@) Vull v <1

1
where ay = Nw ﬁ:ll and wy_ is the surface area of the unit sphere in RY. Moreover, the

constant oy is sharp in the sense that if we replace oy by some 8 > a, the above supremum is
infinite.

This well-known Moser—Trudinger inequality has been generalized in many ways. For in-
stance, in the case of bounded domains, Adimurthi and Sandeep proved in [3] that the following
inequality
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N
N Ul N=T
sup / ———dx <0

1 X B
ueWy ™ (2), 11Vl n <1 x|

holds if and only if % N <1wherea >0and0< B < N.

On the other hand, in the case of unbounded domains, B. Ruf when N =2 in [28] and Y.X. Li
and B. Ruf when N > 2 in [23] proved that if we replace the L -norm of Vu in the supremum
by the standard Sobolev norm, then this supremum can still be finite under a certain condition
for «. More precisely, they have proved the following:

< if s
sup /(exp(a|u|N/(N—1)) — Sy—a(a, u)) dx{ % Hesay

=400 ifa>«a
weWg ™ V), Jull Yy +1 9l Yy <1y + N

where

N-2 aku [FN/(N=D)
Sy—2(a,u) = -

k=0

We should mention that for « < oy when N = 2, the above inequality was first proved by
D. Cao in [10], and proved for N > 2 by Panda [26] and J.M. do O [14,15] and Adachi and
Tanaka [1].

Recently, Adimurthi and Yang generalized the above result of Li and Ruf [23] to get the
following version of the singular Trudinger—Moser inequality (see [5]):

Lemma 1.1. Forall 0 < B <N, 0 <« and u € WHN(RN), there holds

/ {exp(arfulN/N=D) — Sy (@, u)} < 00
N
Furthermore, we have for all o < (1 — —)aN and t > 0,

I H <1f IXIﬁ {exp(alul VN D) — Sy o (e w)} <00
ullr s

where |u|l1,: = (fRN(|Vu|N + 1|u|N)dx)N. The inequality is sharp: for any a > (1 — %)aN,
the supremum is infinity.

Motivated by this Trudinger—Moser inequality, do O [14,15] and do O, Medeiros and
Severo [16] studied the quasilinear elliptic equations when f = 0 and Adimurthi and Yang [5]
studied the singular quasilinear elliptic equations for 0 < 8 < N, both with the maximal growth

on the singular nonlinear term A \(;I’ﬂu) which allows them to treat the equations variationally in a
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subspace of WLV (RY). More precisely, they can find a nontrivial weak solution of mountain-
pass type to the equation with the perturbation

e
Tkl

—div(IVuN 72 Vu) + V (o) |u)N u +eh(x).

Moreover, they proved that when the positive parameter ¢ is small enough, the above equation
has a weak solution with negative energy. However, it was not proved in [5] if those solutions are
different or not. We should also stress that they need a small nonzero perturbation £/ (x) in their
equation to get the nontriviality of the solutions.

In this paper, we will study further about the equation considered in the whole space [2,14—
16,5]. More precisely, we consider the existence and multiplicity of nontrivial weak solution for
the nonuniformly elliptic equations of N-Laplacian type of the form:

_ fx,u)

. N-2
_dlv(a(x, Vu)) + V(x)|u| u 1P

+eh(x) (1.2)
where

la(x, T)| < co(ho(x) + hi(x)[r V)

for any 7 in RY and a.e. x in RY, hg € LN/V=D(@RN) and h; € Lf;C(RN). Note that the equa-
tion in [5] is a special case of our equation when a(x, Vu) = |Vu|" ~2Vu. In fact, the elliptic
equations of nonuniform type is a natural generalization of the p-Laplacian equation and were
studied by many authors, see [17,19,31,34,30]. As mentioned earlier, the main features of this
class of equations are that they are defined in the whole R" and with the critical growth of the

singular nonlinear term A (;C’ﬁ”) and the nonuniform nonlinear operator of p-Laplacian type. In

spite of a possible failure of the Palais—Smale compactness condition, in this paper, we still use
the mountain-pass approach for the critical growth as in [14,5,15,16] to derive a weak solution
and get the nontriviality of this solution thanks to the small nonzero perturbation e/ (x).

In the case of N-Laplacian, i.e.,

a(x, Vu) = |Vu|VN 2Vu,
our equation is exactly the equation studied in [5]:

Jx,u)
|x|?

—div(IVulN "2 Vu) + V(o) |u)N u = +eh(x). (1.3)

Using the Radial Lemma, Schwarz symmetrization and a modified result of Lions [24] about the
singular Moser—Trudinger inequality, we will prove that two solutions derived in [5] are actually
different. Thus as our second main result, we get the multiplicity of solutions to Eq. (1.3). Our
existence result extends that in [5] to the nonuniformly elliptic type of equations. The multiplicity
of nontrivial solutions was considered in [16] when B = 0 using a rearrangement inequality
which does not hold in general. We will give a substantially different proof here and establish the
multiplicity in all the singular cases 0 < < N. (See Remark 5.2 in Section 5 for more details.)



1136 N. Lam, G. Lu / Journal of Functional Analysis 262 (2012) 1132-1165

Our next concern is about the existence of solution of the equation without the perturbation

Jx,u)
lx|f

—div(IVuN 72 V) + V() |u)N u = (1.4)

Using an approach as in [14—16], we prove that we don’t even require the nonzero perturbation
as in [5] to get the nontriviality of the mountain-pass type weak solution.

Our main tool in this paper is critical point theory. More precisely, we will use the mountain-
pass theorem that is proposed by Ambrosetti and Rabinowitz in the celebrated paper [6]. Critical
point theory has become one of the main tools for finding solutions to elliptic equations of vari-
ational type. We stress that to use the mountain-pass theorem, we need to verify some types of
compactness for the associated Lagrange—Euler functional, namely the Palais—Smale condition
and the Cerami condition. Or at least, we must prove the boundedness of the Palais—Smale or
Cerami sequence [12,13]. In almost all of works, we can easily establish this condition thanks
to the Ambrosetti—-Rabinowitz (AR) condition, see (f2). However, there are many interesting
examples of nonlinear terms f which do not satisfy the Ambrosetti-Rabinowitz condition. Thus
our next result is that we will show the main results remain true when one replaces the (AR) con-
dition by weaker assumptions (see Section 7). For the N-Laplacian equation or polyharmonic
operators in a bounded domain in RY, such a result of existence has been established by the
authors in [20] and [22].

We mention in passing that the study of the existence and multiplicity results of nonuniformly
elliptic equations of N-Laplacian type are motivated by our earlier work on the Heisenberg
group [21]. Our assumptions on the potential V are exactly those considered in [14—-16,5], namely
V(x)>Vy>0inRN and V! € L'(RV). Very recently, Yang has established in [33] when
a(x,Vu) = |Vu|N=2Vu the multiplicity of solutions when the nonlinear term f satisfies the
Ambrosetti—-Rabinowitz condition and the potential V is under a stronger assumption than ours.
More precisely, it is assumed in [33] that V! € LT (R™) which implies V~! € L' (RY) when
V(x) = Vo > 0 in R The stronger assumption of integrability on V! in [33] guarantees that
the embedding E — L9(RY) is compact for all 1 < g < oo. The argument in [33], as pointed
out by the author of [33], depends crucially on this compact embedding for all 1 < g < co. The
assumption on the potential V in our paper only assures the compact embedding E — L9 (RY)
for ¢ > N. Nevertheless, this compact embedding for ¢ > N is sufficient for us to carry out the
proof of the multiplicity of solutions to Eq. (1.3) and existence of solutions to Eq. (1.4) without
the perturbation term. (See Proposition 5.2 and Remark 5.2 in Section 5 for more details.)

The paper is organized as follows: In the next section, we give the main assumptions which
are used throughout this paper except the last section and our main results. In Section 3, we prove
some preliminary results. Section 4 is devoted to study the existence of nontrivial solutions for
the nonuniformly elliptic equations of N-Laplacian type (1.2). The multiplicity of nontrivial
solutions to Eq. (1.3) is investigated in Section 5. Section 6 is about the existence of nontrivial
solutions to the equation without the perturbation (1.4). Finally, in Section 7 we study the results
in Sections 5 and 6 without the Ambrosetti-Rabinowitz (AR) condition.

2. Assumptions and main results
Motivated by the Trudinger—Moser inequality in Lemma 1.1, we consider here the maximal

growth on the nonlinear term f (x, ) which allows us to treat Eq. (1.2) variationally in a subspace
of WHN(RY). We assume that f : RY x R — R is continuous, f(x,0) =0 and f behaves like
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exp(a|ulN /(IN=D)y as |u| — co. More precisely, we assume the following growth conditions on
the nonlinearity f(x, u) as in [14-16,5]:

(f1) There exist constants o, b1, by > 0 such that for all (x, u) RN x Rt,

0 < f(x,u) < bilulV " + bolexp(aolul ™/ VD) — Sy_a (a0, w)],
where

N-2 [

(x —
Sy-ale. ) = 3 S0 Ju MY,
k=0

(f2) There exists p > N such that for all x € RN and s > 0,

0<pF(x,s)=p/f(x,t)dt <sf(x,s).
0

This is the well-known Ambrosetti-Rabinowitz condition.
(f3) There exist constants Ry, My > 0 such that for all x € R and s > Ry,

F(x,s) < Mo f(x,s).

Since we are interested in nonnegative weak solutions, it is convenient to define

fx,u)=0 forall (x,u) e RN x (—o0,0]. 2.1

Let A be a measurable function on RV x R such that A(x, 0) = 0 and alx,7)= % isa

Caratheodory function on RY x R. Assume that there are positive real numbers ¢, c1, k1 and two
nonnegative measurable functions ho, h; on RY such that h; € L2 (RV), hg € LN/ (N="D(®RN),
hi(x) > 1for a.e. x in RY and the following conditions hold:

(A1) la(x, )| <cotho(x) +h(x)|T|V1), VT e RN, ae. x e RV,

(A2) cilt — |V <l(a(x,t) —a(x, 1), t —11) VT, 71 € RN, ae. x e RV,
(A3) 0<a(x,7).T < NA(x,7) VT e RV, ae. x e RV,

(A4) A(x,1)=kohi(x)|T|N VT e RN, ae. x e RV.

Then A verifies the growth condition:

|AG, D) < co(ho) ]+ hi()|rV) VreRY, ae xeR". (2.2)

Next, we introduce some notations:
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E:{ueW&’N(RN): /hl(x)|Vu|Ndx~|—/V(x)|u|N<oo},

RN RN
| 1/N
lulle = </<h1(x)IWIN+mV(x)Iu|N> dx) , UEE,
0
RN
. [
,\1(1\1)=mf{T§: ueE\{0}}.
RN [xf ¢*

We also assume the following conditions on the potential as in [14-16,5]:

(V1) V is a continuous function such that V (x) > V > 0 for all x € RV, we can see that E is a

reflexive Banach space when endowed with the norm
1 1/N
e = (/(hwxnwﬂv + kO—NV(x)IulN) dx)
RN
and forall N < g < o0,
E— W' (RN) — L9(RY)
with continuous embedding. Furthermore,

N

AI(N)zinf{ﬂ: ueE\{O}} >0 forany0<p <N.

||V

RN [x]P dx
In order to get the compactness of the embedding
E — LP(RN) forall p > N
we also assume the following conditions on the potential V':
(V2) V(x) — oo as |x| — oco; or more generally, for every M > 0,
u({x eRY: v(x) < M}) < 00,
or
(V3) The function [V (x)]~! belongs to L' (RV).

Now, from (f1), we obtain for all (x, u) e RY x R,

|F (e, w)| < bs[exp(a[ul™ VD) — Sy_s(ar,u)]

(2.3)
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for some constants o, b3 > 0. Thus, by Lemma 1.1, we have F(x,u) € Ll(RN) for all u €
WLN (RN, Define the functionals J, J, : E — R by

Jg(u):/A(x,Vu)dx+i/V(x)|u|Ndx—/ Fau) dx—s/hudx,
N |x|?

RN RN RN RN
1 1 Fx,
J(u):N/|Vu|Ndx+NfV(x)|u|Ndx—/ |(j:|ﬁ”) dx
RN RN RN

then the functionals J, J; are well defined by Lemma 1.1. Moreover, J, J; are the C! functional
on E andVu,v € E,

DJs(u)vzfa(x,Vu)Vvdx—i—/V(x)|u|N_2vdx— f(x, wy dx—a/hvdx,

R
RN RN RN BN
,u)v
DJ(u)v = / \VulN2VuVudx + / V) lulN " vdx — %d}c.
X
RN RN RN
Note that in the case of N-Laplacian: A(x, 1) = % |7|V, we choose
N—2 1
a(x,7)=|t|"N 1, ko= —, hy(x)=1.

N

We next state our main results.

Theorem 2.1. Suppose that (V1) and (V2) (or (V3)) and (f1)-(f2) are satisfied. Furthermore,
assume that
F(x,s)

(f4 lim sup N

"~ < M(N)  uniformly in x € RV,
s—0+ kols|

Then there exists €1 > 0 such that for each 0 < ¢ < g1, problem (1.2) has a nontrivial weak
solution of mountain-pass type.

Theorem 2.2. Suppose that (V1) and (V2) (or (V3)) and (f1)—(f3) are satisfied. Furthermore,
assume that

NF(x, . .
f4 lim sup # < A (N) uniformlyin x € RV,
s—0+ [s]
and there exists r > O such that
(f5) lim s (x, 5) exp(—apls|"/ V=)
§—> 00

1 N —p\N!
> N B N_F >0
[he(aNd(N—ﬂ)/N) +CrN-8 — h] (o)
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uniformly on compact subsets of RN where d and C will be defined in Section 3. Then there exists
&y > 0, such that for each 0 < ¢ < &3, problem (1.3) has at least two nontrivial weak solutions
and one of them has a negative energy.

Theorem 2.3. Under the same hypotheses in Theorem 2.2, the problem without the perturba-
tion (1.4) has a nontrivial weak solution.

As we remarked earlier in the introduction, the main theorems above remain to hold when the
nonlinear term f satisfies weaker assumptions than the Ambrosetti-Rabinowitz condition. As a
result, we then establish the existence and multiplicity of solutions when the nonlinear term is in
a wider class. See Section 7 for more details.

3. Preliminary results
First, we recall what we call the Radial Lemma (see [9,16]) which asserts:

N
N ully

(oY < W Vx e RV \ {0}

wN-1 |x

for all u € WV (RV) radially symmetric. Using this Radial Lemma, we can prove the following
two lemmas with an easy adaptation from Lemma 2.2 and Lemma 2.3 in [16] for § = 0 and
Lemma 4.2 in [5].

Lemma 3.1. For k > 0, 0 < 8 < N and |lullg < M with M sufficiently small and g > N, we
have

[exp(i u N/ N D) — Sy o (e, )] |u]?
|x|#

dx < C(N,i0)l|ul| %
RN

Lemma 3.2. Let k > 0, 0< B < N, u € E and |ullp < M such that MN/N=D < (1 — £yan,
then

lexp([ul N/ N =Dy — Sy _o (e, u)T|ul
x|

dx <C(N, M, i)|lull

RN
for some p’ > N.
Next, we have the following

Lemma 3.3. Let {w;} € WV () where 2 is a bounded open set in RN, IVwill v o) < 1.

If wg - w # 0 weakly and almost everywhere, Vwy — Vw almost everywhere, then
N/(N=1)
eXp{alul)illﬁ L is bounded in LY (2) for 0 <a < (1 — %)azv(l - ||Vw||fN(Q))—1/(N—1).

Proof. Using the Brezis—Lieb Lemma in [9], we deduce that

N N N
IVl n o) = IVwk = Vwllpy o) = IVl o)
LN (2) LN (2) LN (2)
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Thus for k large enough and § > 0 small enough:

N/(N—1) B
0 <a(l+8)[Vux — Vw41 < aN(l - ﬁ)'

By the singular Trudinger—-Moser inequality on bounded domains [3], we get the conclusion. O
In the next two lemmas we check that the functional J, satisfies the geometric conditions
of the mountain-pass theorem. Then, we are going to use a mountain-pass theorem without a
compactness condition such as the one of the (PS) type to prove the existence of the solution.
This version of the mountain-pass theorem is a consequence of Ekeland’s variational principle.
Lemma 3.4. Suppose that (V1), (f1) and (f4) hold. Then there exists €1 > 0 such that for
0 < ¢ < ¢y, there exists p, > 0 such that J.(u) > 0 if ||[u||g = pe. Furthermore, p. can be chosen
such that p. — 0 as ¢ — 0.
Proof. From (f4), there exist 7, § > 0 such that |u| < § implies

F(x,u) <ko(Ai(N) — 7)[ul™ 3.1

for all x € RY. Moreover, using (f1) for each ¢ > N, we can find a constant C = C(q, §) such
that

F(x,u) < Clul? [exp(iclu™ M V) — Sy e,u)] (3.2)
for [u| > § and x € RN . From (3.1) and (3.2) we have
F(x,u) <ko(Ai(N) = 7)ul™ + Clul?[exp (i |ul™/ V=) — Sy o (e, u)]

for all (x,u) € RY x R. Now, by (A4), Lemma 3.2, (2.3) and the continuous embedding E —
LN (@®RN), we obtain

JuV

Te(u) = kollullY — ko(r1 (N) — 7) e 4 Cllull® — ekl llullz
RN
M) =1\, .
Skol1 - 22 -C —¢llh .
o< ) )nunE lull9, — el llull £
Thus
(M (N) — 1) B _
To(u) > ||u||E[ko(1 - l7)nuu§§ Lo Clu) % - enhn*]. (3.3)
A1(N)

Since 7 > 0 and g > N, we may choose p > 0 such that ko(1 — (A')\(l]\(/%)”),dv’1 —Cp?~t>0.
Thus, if € is sufficiently small then we can find some p, > 0 such that J,(«) > O if ||u|| = p. and
even p. > 0ase —> 0. O
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Lemma 3.5. There exists e € E with |le| g > pe such that J¢(e) < infj,=p, Je(u).

Proof. Let u € E \ {0}, u > 0 with compact support £2 = supp(u). By (f2), we have that for
p > N, there exists a positive constant C > 0 such that

Vs >0, Vx€2: F(x,s)>cs? —d. (3.4)
Then by (2.2), we get
4
Jg(m)<Cz/ho(x)|Vu|dx+CtN||u||g—CtP/:%derCJret /hudx .
X
2 2 2

Since p > N, we have J,(tu) — —oo as t — 00. Setting e = tu with ¢ sufficiently large, we get
the conclusion. O

Now, we define the Moser Functions which have been frequently used in the literature (see,
for example, [14,16,5]):

(log)\IN=D/Nif |x| < &,

/N ﬂ if 2 <|x|<r
oy N | GoeD ™ IS HISE

0 if [x| >r.

my(x,r) =

We then immediately have 71;(., r) € WY (RV), the support of 771, (x, r) is the ball B,, and

1 ((N—l)! N

~ N ~
f|le(x,r)| dx=1, and ||m1||1vY/1.N(RN)=l+@ " +01(1)). (3.5)

RN

Then

- max Vix N —1)!
A < 1 4 A< ()<( )

e e +01(1)>-

Consider m;(x, r) = my(x, r)/|m| g, then we can write

m NV ry = w0y "N Plogl 4 dp - for x| < r/L. (3.6)

Using (3.5), we conclude that ||m2;|| — 1 as [ — oo. Consequently,

d = liminfd;,
[—o0

Cv—1) (N = 2)!
Y WV =2y, (3.7)

d > —max V(x)w
| <r oy NV
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Next we will adapt the idea from J.M. do O’s works [14,16] when no singular term is present
to establish the minimax level in our case. See also [21] for a similar result on the Heisenberg

group.
Lemma 3.6. Suppose that (V1) and (f1)—(f5) hold. Then there exists k € N such that
N / F(x,tmy) 1 (N—Bay\V!
maxy— — [ ——dx{ < —| ——— .
>0 | N |x|# N\ N o
RN

Proof. Choose r > 0 as in the assumption (f5) and By > 0 such that

lim sf(x,s) exp(—ao|s|N/(N*]))
§S—> 00

| N — g\ N1
2 Po > rN—ﬁ]< ﬂ) ’ (3-8)

[%em AN=A)/N) 4 CrN=F — 1 o
where
5!
C= lim ¢ logk / exp[ (N — B)logk(s"/ V=Y — g5)]ds >0, & = |ill.
0
| — e—(N—B)logn

=

N—-p

Suppose, by contradiction, that for all k£ we get

tN F(x, tmy) 1 (N=Bay\V!
maxy—— | ———dx; > —| ————
>0 | N |x|B N\ N «a
RN

where my(x) = my(x,r). By (3.4), for each k there exists 7, > 0 such that

t,iv F(x, trmy) N /F(x,tmk)
_— — —————dx =max{ — — ————dxy;.
N |x|P >0 | N |x|#

RN RN

Thus
N Faomg) 1 (N—Bay N=
N |x|P "N\ N a '
RN

From F(x,u) > 0, we obtain

N—Bay\"!
N
> —— . 39
k ( N 050> (3:9)
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Since at t = t; we have

it follows that

ot N7
t}i\’: fkmkdez ,kmkde. (3.10)
x? x [P
RN lx|<r

Using hypothesis (f5), given t > 0 there exists R; > 0 such that for all u > R; and |x| < r, we
have

uf (x,u) = (Bo — ) exp(aplul ™M V). 3.11)

From (3.10) and (3.11), for large k, we obtain

exp(ag|tmy [N/ N D)
i = (Bo—1) f P dx
IxI<g
wy_1 (r\"7° N/(N=1) —1/(N—1) N/(N=1)
=(fo—1) N_p X exp(aotk oy logk + o1, dk).

Thus, setting

_aN logktN/(N—l)
= k

+aor) NV — Nlogt — (N — B)logk
an

Ly
we have
WN-1 N-pB

1> —T)———r exp Lg.

(Bo )N—ﬁ P Lk

Consequently, the sequence (#x) is bounded. Otherwise, up to subsequences, we would have
limy_, o Ly = 0o which leads to a contradiction. Moreover, by (3.7), (3.9) and

N/(N-1)

— (04 B
i > (Bo— 1)L NP exp| (N — (N — ) ) logh + ety NV
N_ﬂ oN
it follows that
N — N—-1
i A= (—ﬁ“—N> . (3.12)
N

Set



N. Lam, G. Lu / Journal of Functional Analysis 262 (2012) 1132-1165 1145

Ar={x€B,: txmp > R;} and Bp=B,\ Ax.

From (3.10) and (3.11) we have

b [N/ N=D) ; i
N> (Bo—1) / exp(ao|txmy| ) 4 fkmkf(x k)

xI? xI?
lx|<r By,
o INJV=1)
— (o - r)f exp (o firmi] ) dx. (3.13)
|x|?
By

Notice that my (x) — 0 and the characteristic functions x g, — 1 for almost everywhere x in B,.
Therefore the Lebesgue dominated convergence theorem implies
temy f(x, tym
/ ki f (X, T k)dx—>0

|x|P
By

and

/exp(aoltkmkIN/(N_l)) L ON-1 Nop

x|P TN
By

Moreover, using that

t -
ko> N o
we have
/ exp(ag|tem [N/ N1
dx
|x|P
[x|<r
exp(oy [mi [N/ V=D(N — B)/N)
> dx
|x|#
[x|<r
exp(ay [mg|N/N=D(N — B)/N)
— dx
|x|P
[x|<r/k
exp(ay [mg|N/N=D(N — B)/N)
+ dx
|x|P
r/k<|x|<r

and
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exp(oy [mg [N/ V=D (N — AIN) ,
|x|?

lx|<r/k

explaywy/ NV logk(N — B)/N + dran (N — PINI
|x|P

Ix|<r/k

N—
oy (5) P N=Brary e (N—p)/ )

N-p
_ ON—1L N an gl (N=B)/N)
TN-f

Now, using the change of variable

log($) ~
X Clogk with ¢ = [|m||

by straightforward computation, we have

exp(oy [mi [N/ V=D (N — /N

|x|P
r/k<lx|<r
!
= a)N_erfﬁgk logk / exp[(N — ﬂ)logk(sN/(Nfl) — {ks)]ds
0

which converges to C on_1rV P as k — oo where

o
C= klim cxlogk f exp[(N — B) logk(s"/ V=D — ¢5)]ds > 0.
— 00
0

Finally, taking k — oo in (3.13), using (3.12) and using (3.7) (see [14,16]), we obtain

NoFe« o wN—
pow zBo—1)| pN=B@andIN=B)/N) | oy pN—F _ N1
N o ﬂ

which implies that

IB _ 1 (N _ ‘B)N—l
0= b etax dN=p)N) 4 crN—5 — 201\ a '

This contradicts to (3.8), and the proof is complete. O
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4. The existence of solution for the problem (1.2)

It is well known that the failure of the (PS) compactness condition creates difficulties in study-
ing this class of elliptic problems involving critical growth and unbounded domains. In next
several lemmas, instead of (PS) sequence, we will use and analyze the compactness of Cerami
sequences of J;.

Lemma 4.1. Let (uy) C E be an arbitrary Cerami sequence of Jg, i.e.,

Jo(up) — c, (1+ luglle) | DI p) |z — 0 ask — oo.
Then there exists a subsequence of (uy) (still denoted by (uy)) and u € E such that

Sow)  fxu
|x|f |x|P

Vur(x) = Vu(x) almost everywhere in RV,

N/(Nfl)(RN))N

loc

strongly in L }oc (RN ),

a(x,Vug) — a(x,Vu) weakly in (L

Uy —~u weakly in E.

Furthermore u is a weak solution of (1.2).

For simplicity, we will only sketch the proof where includes the nonuniform terms a(x, Vu)
and A(x, Vu).

Proof of Lemma 4.1. Let v € E, then we have

1 F(x, —
fA(x,Vuk)derN/V(x)|uk|Ndx—f%dx—efhukdxk—"%c @.1)
X

RN RN RN RN

and

|DJ£(uk)v|:‘/a(x,Vu;JVvdx—}—/V(x)|uk|N_2ukvdx— %dx—s/hvdx
RN RN RN RN
e lvlle
S (U uklle)

4.2)

where t; — 0 as k — 00. Choosing v = uy in (4.2) and by (A3), we get

ﬂﬁ’ibl‘ﬂ")m‘dxﬂ/hukdx—zv/fx(x,wk)—/V(x)|uk|N*2ukdx
X
RN RN RN RN
lull £
STy . <
(I + llurlle)

This together with (4.1), (f2) and (A4) leads to
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P
(ﬁ _ 1>||uk||’,¥ <1+ luellg)

and hence ||uy| g is bounded and thus

[Lommgce,  [Fmace (43)
|x|,3 |x|ﬁ

RN RV

N

Thanks to the assumptions on the potential V, the embedding E — L4 (RN ) is compact for all
g > N, by extracting a subsequence, we can assume that

ur — u weakly in E and for almost all x € RV.

Thanks to Lemma 2.1 in [18], we have

f(x7un) f(x7u) . 1 N
— in L, (R™). 4.4
Next, up to a subsequence, we can define an energy concentration set for any fixed § > 0,

X = {x eRY: lim lim (lugl™ + | Vug V) dx’ 25}.
r—0k—o00
By (x)

Since (uy) is bounded, X5 must be a finite set. Adapting an argument similar to [5] (we omit the
details here), we can prove that for any compact set K € RV \ X,

lim / Lf Gy widug — f (x, wul dx —0. @5)
k— 00 |x|P
K
Next we will prove that for any compact set K € RV \ X,
lim / |Vur — Vu|N dx =0. (4.6)
k— 00
K

It is enough to prove for any x* € RV \ s, and B, (x*,r) C RV \ X, there holds

lim / [Vup — Vu|N dx =0. 4.7

k— 00
By ja(x*)

For this purpose, we take ¢ € C3°(B,(x*)) with 0 < ¢ < 1 and ¢ =1 on B,/2(x™). Obviously
¢uy is a bounded sequence. Choose h = ¢uy and h = ¢u in (4.2), then we have:
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/ ¢>(a(x, Vug) —a(x, Vu))(Vuk — Vu)dx
By (x*)

< / a(x,Vup)Ve(u — uy) dx

By (x*)

[ ug) dx

+ / ¢a(x,Vu)(Vu — Vuy)dx + / ¢ (up —u) MG

By (x*) By (x*)

+ wllpurlle + wllgulle — e / ¢h(ux —u)dx.
By (x*)

Note that by Holder’s inequality and the compact embedding of E < LV (£2), we get

lim a(x,Vup)Vo(u —ur)dx =0. 4.8)
k—o00
By (x*)

Since Vu, — Vu and uy — u, there holds
lim ¢a(x,Vu)(Vu — Vur)dx =0 and lim dh(uy —u)dx =0. (4.9)
k— o0 k—o00
B, (x*) By (x*)
This implies that
lim / ¢(up —u) f(x,urx)dx =0.
k—o00
By (x*)
So we can conclude that
klim / ¢(a(x, Vuy) —a(x, Vu))(Vuk —Vu)dx =0
—00
By (x*)

and hence we get (4.7) by (A2). Thus we have (4.6) by a covering argument. Since X is finite,
it follows that Vuy converges to Vu almost everywhere. This immediately implies, up to a sub-
sequence, a(x, Vuy) — a(x, Vu) weakly in (L;Zg(N_l)(RN))N’Z. Using all these facts, letting

k tend to infinity in (4.2) and combining with (4.4), we obtain
(DJ.(u),v)=0 YveCPRY).
This completes the proof of the lemma. O

Now, we are ready to prove Theorem 2.1. The existence of the solution of (1.2) follows by a
standard “mountain-pass” procedure.
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4.1. The proof of Theorem 2.1

Proposition 4.1. Under the assumptions (V1) and (V2) (or (V3)), and (f1)—(f4), there exists
&1 > 0 such that for each 0 < ¢ < €1, the problem (1.2) has a solution uy via mountain-pass
theorem.

Proof. For ¢ sufficiently small, by Lemmas 3.4 and 3.5, J, satisfies the hypotheses of the
mountain-pass theorem except possibly for the (PS) condition. Thus, using the mountain-pass
theorem without the (PS) condition, we can find a sequence (u;) in E such that

Je(up) > e >0 and  (1+ |lugllg) | DJe(up)| — 0

where ¢y is the mountain-pass level of J.. Now, by Lemma 4.1, the sequence (u#x) converges
weakly to a weak solution u s of (1.2) in E. Moreover, 1y # 0 since h #0. O

5. The multiplicity results of the problem (1.3)

In this section, we deal with the problem (1.3). Note that this is the special case of the problem

N
(1.2) with A(x, 1) = % Some preliminary lemmas in the case § = 0 were treated in [14,16].
We have included details here. The key ingredient of this section is the proof of Proposition 5.2

which is substantially different from those in [14,16].

Lemma 5.1. There exist n > 0 and v € E with ||v||g = 1 such that Jo(tv) <0 forall 0 <t <.
In particular, infy, <, Je () < 0.

Corollary 5.1. Under the hypotheses (V1) and (f1)-(f5), if € is sufficiently small then

tN F(x,t 1 /N-— N-1
——/de—tfshmkdx < — _/30(_1\/ .
>0 >0 | N |x|# N N
]RN

max Jg (tmy) = max
t
RN

Note that we can conclude by inequality (3.3) and Lemma 5.1 that

—oo<cog= inf Jg(u)<O. 6.1
Nl £ < e

Next, we will prove that this infimum is achieved and generate a solution. In order to obtain
convergence results, we need to improve the estimate of Lemma 3.6.

Corollary 5.2. Under the hypotheses (V1) and (f1)—(f5), there exist e, € (0,e1] and u €
WLN(RNY with compact support such that for all 0 < & < &3,

1 /N—Bay\"!
Je(tu) < co+ N(Tﬁ 05—0) forallt > 0.
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Proof. It is possible to increase the infimum ¢y by reducing ¢. By Lemma 3.4, p, £20, .

Consequently, cg £29, (). Thus there exists &, > 0 such thatif 0 < & < &, then, by Corollary 5.1,
we have

N—,BO[_N)N_I

1
max Je (tmy) < co+ —<
t N

>0 N
Taking u = m; € WLV (RYN), the result follows. O

Lemma 5.2. If (uy) is a Cerami sequence for J at any level with

N_,ga_N)W—l)/N 52

liminf ||u <
iminf e £ ( ¥ a
then (uy) possesses a subsequence which converges strongly to a solution uqg of (1.3).
Proof. See Lemma4.6in[5]. O

5.1. Proof of Theorem 2.2

The proof of the existence of the second solution of (1.3) follows by a minimization argument
and Ekeland’s variational principle.

Proposition 5.1. There exists €2 > 0 such that for each ¢ with 0 < ¢ < &3, Eq. (1.3) has a mini-
mum type solution uy with Je(ug) = co < 0, where ¢ is defined in (5.1).

Proof. Let p, be as in Lemma 3.4. We can choose & > 0 sufficiently small such that

N — Bay\ NN
Pe= (Ta_o) '

Since B 0. 18 @ complete metric space with the metric given by the norm of E, convex and the
functional J; is of class C! and bounded below on B o.» by Ekeland’s variational principle there
exists a sequence (uy) in B, such that

Jo(ug) > co= inf Jeu) and ||DJs(u)| — 0.
lull e < pe

Observing that

N_ﬁolN (N-1)/N
e (2505
N o

by Lemma 5.2 it follows that there exists a subsequence of (u#;) which converges to a solution
ug of (1.3). Therefore, J.(up) =co <0. O



1152 N. Lam, G. Lu / Journal of Functional Analysis 262 (2012) 1132-1165

Remark 5.1. By Corollary 5.2, we can conclude that
1 (N—Bay\N!
0 —|— .
<CM<C°+N< N a0>

Proposition 5.2. If ¢ > 0 is sufficiently small, then the solutions of (1.4) obtained in Proposi-
tions 4.1 and 5.1 are distinct.

Remark 5.2. Before we give a proof of the proposition, we like to make some remarks. We note
the following Hardy—Littlewood inequality holds for nonnegative functions f and g in RV:

/ Fg() dx < / £ () dx

RN RN

where f* and g* are symmetric and decreasing rearrangement of f and g respectively. However,
the following inequality, which has been used in [16] to derive the multiplicity of nontrivial
solutions in the case of 8 =0,

/ FOg)dx < / £ (08" () dx,

[x|>R |x|>R

does not hold for all R > 0 in general. Therefore, we will avoid using the symmetrization argu-
ment when we prove

F F
/ (x, vg) dx—>/ (x, up) dx.
|x|A |x|#

RV RN
Nevertheless, this can be taken care by a “double truncation” argument in both cases of 8 =0
and 0 < B < N. This argument differs from those given in [14—16,33]. Using this argument, the
compact embedding E — L4(RY) for ¢ > N is sufficient and thus establish the multiplicity of
nontrivial solutions under our assumptions on the potential V.
Proof. By Propositions 4.1 and 5.1, there exist sequences (ux), (vg) in E such that
ur — uo, Je(ug) — co <0, DJ(up)ux — 0

and

Vg = UM, Je (k) = cm > 0, DJe(vi)vk — 0,

Vur(x) = Vupy(x) almost everywhere in RV,

Now, suppose by contradiction that o = ujs. As in the proof of Lemma 4.1 we obtain

ferv) | fxu)
xI? xI?

in L' (Bg) forall R > 0. (5.3)
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Moreover, by (f2), (f3)

F(x,v) - Rof(x,v)  Mopf(x,vi)
x| = x| |x|P

so by the Generalized Lebesgue’s Dominated Convergence Theorem,

F(x,v)  F(x,up)
—
|x|# |x|#

in LI(BR).

We will prove that
F 3 F k]
/ 7()( o) dx — / 7()6 o) dx.
|x|# |x|P

RN RN

It’s sufficient to prove that given § > 0, there exists R > 0 such that
F N F El
/ FOv) <35 and / Fonuo) 4«35,

|x|P |x|P
[x|>R |x|>R

1153

To prove it, we recall the following facts from our assumptions on nonlinearity: there exists

¢ > 0 such that for all (x,s) € RV x Rt:

F(x,s) <cls|N +cf (x,5),
F(x,s) <cls|Y +cR(ao, 5)s,

S, v dx < C F(x, v) dx < C
|x|P S |x|P '
RN RN

N

First, we will prove it for the case g > 0.

We have that
F(x, vp) / |Uk|N foov)
———dx <
/ p N [P
|x|>R |x|>R [x|>R
[vk|>A |vg|>A
fx, vk
Rﬁ ||Uk||E c—/ |x|/3 dx.

Since ||vk| g is bounded and using (5.4), we can first choose A such that

1 fG vk

Cc
A x|
RN

dx <6 forall k

and then choose R such that

5.4
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¢ N
ol <
which thus

F
/ Faw) oo cos,
|x|P

|x|>R
[vg|>A

Now, note that with such A, we have for |s| < A:

F(x,s) <cls|Y 4+ cR(ao, 5)s
00 Olj '
<C|S|N+C Z f0|S|N]/(N7])+1
‘ J!
j=N-1

o0 J

a j _ —

< |S|N|:c~|—c Z %AN.//(N D+1 N:|
j=N-17"

< Clag, A)s|V.

So we get

F C A
/ (|x,|;)k) dx < (ag, A) f oV dx
X

RB
|x|>R |x|>R
[k <A [k <A
< M”v ||N
X RB kIE -

Again, note that ||vg|| g is bounded, we can choose R such that

F
f Fovd yeos.
|x|P

[x|>R
[k <A

/N

In conclusion, we can choose R > 0 such that

F
/ Fvg e as.
|x|P

|x|>R

Similarly, we can choose R > 0 such that

F
/ Fxu) (o<
|x|P

|x|>R
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Now, if B = 0, similarly, we have

/ F(x,v)dx <c / |vk|Ndx—|—c / f(x,vr)dx

[x|>R |x|>R |x|>R
[vk|>A [k |>A
¢ N+1 1
<Z [vkl dX+CZ fx, v)vrdx
|x|>R RN

1
<%nvknﬁ!*wcz/f(x,vk>vkdx
RN

so since ||vg || is bounded and by (5.4), we can choose A such that

/ F(x,vr)dx <26.

|x|>R
[ve|>A

Next, we have

F(x,v)dx < C(ap, A)

vl dx
[x|>R |x|>R
o] <A vkl <A
<2V 1C (ay, A)( f log — uo|N dx + f IuolNdx>.
[x[>R |x|>R
o] <A

lor| <A

Now, using the compactness of embedding E < L9(R"), ¢ > N and noticing that vy — u,
again we can choose R such that

/ F(x,vp)dx <56.
[x|>R
lue|<A

Combining all the above estimates, we have the fact that

/F(x,vk)dx_)fF(x,uo)dx
|x|P

x|
RN RN

since § is arbitrary and (5.3) holds. From this, we have

F 9
lim Vol = Ney — lim /V(x)|vk|Ndx+N x, o)
k— 00 k— 00

7dx+N8/huodx. 5.5)
|x|P
RN RN RN

1155
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Now, let

Uk uo
wg=-——— and wy=—"—"——
IVuellv limg s o0 [ VUrllv

we have ||[Vwy |y =1 for all £ and wy — wq in DN (RY), the closure of the space CSO(RN)
endowed with the norm ||Vg| y. In particular, ||Vwylly < 1 and wi|p, — wolp, in WLN(BR)
for all R > 0. We claim that ||Vwgl|ly < 1.

Indeed, if ||[Vwg|ly = 1, then we have limg_ o || Vuglly = [Vuglly and thus vy — ug in
WLN(RN)Y since vy — ug in LI9(RY), g > N.Sowecanfind g € WLEN(RYNY (for some qg>=N)
such that |vg(x)| < g(x) almost everywhere in R". From assumption (f1), we have for some
o1 > g that

| £ G, 5)s| < bilsY + Clexp(an]s|V/ VD) — Sy (a1, 9)]
for all (x,s) € RY xR. Thus,

|G vovel loelVTexpan [oe Y/ VD) — Sy o (e, vp)]
\ 1 +C
|x|P |x|P |x|P
loelVlexp(ar|glY/ VD) — Sy_a(a, 9)]
C
|x|P |x|P

< by

almost everywhere in R . Now, by Lebesgue’s dominated convergence theorem,

. S (x, v vk S (x, up)ug
im —dx= | ———
k—00 |x|/3 |x|/5

RN RN

dx.

Similarly, since uy — ug in E, we also have
/ S, uk)uk / fx, uo)uo
k—>oo CE |x|?

Now, noting that

(x, ug)ug
DIy = lugll Y — HT dx — / ehuy dx — 0
RN RN
and
(x, vy
DJS(Uk)vk:”Uk”g_ flex—/ehvkdan
RN RN

we conclude that

: N : N N
lim [lvellp = lim JJuklly = luolg
k—o00 k—o00

and thus J,(v;) — Je(ug) = co < 0 and this is a contradiction.
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So ||[Vwy||y < 1. Using Remark 5.1 we have

N_ﬂol_N>N]

1
ey — Je(ug) < —( N w

N

and thus

N — ﬂ aN
N [N(em = Je(uo)]/(N=1"

ay <

Now if we choose ¢ > 1 sufficiently close to 1 and set

1 F(x,
L(w):cM——/V(x)|w|Ndx+/ (x, w) dx—i—s/hwdx
N |x|8
RN RN RN
then for some § > 0,
N/(N-1)

N/(N=1) N -8 OlN”VUk”N
\Y < -
qool| Vil y N [N(cw — Jo(uo)] /D
_ N Ban(NL@))/N"D + o (1)
N [N(em — Je(ug)]V/N=1

Note that

F(x,up)

1
lim L(vg) =cpy — lim —/V(x)lvk|Ndx+/7dx+8/huodx+ok(l)
k—o0 k—oo N |x|ﬂ

RN RN RN

and

.1 F(x,uo)
<CM—kll>r20N/V(x)|vk|Ndx+/de+8/huodx)(l—||VRNwo||%)

RN RN RN
< ey — Je(uo)

so for k, R sufficiently large,

N/N-1) _ N—B oy
qaollVuelly < — 8.
N[ = Vv woll Yy g 1YV

1157

By Lemma 3.3, note that Vw; — Vwg almost everywhere since Vg (x) — Vi (x) = Vup(x)

almost everywhere in RV :

C.

N/(N—1 _
/eXp(qo‘OlIWkHN/( g [NV l))dx
x|

N

Bpr

(5.6)
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By (f1) and Holder’s inequality,

e, ve) (v — uo) dx
A
<b |Uk|N_1|Uk—u0|dx+b2 ok — uo| exp(ao|vg [N/ VD) i
|x|P |x|P
RN Bg

B RS B VS T A
ST |x[P
RN

t b (/ |Uk—140|q ) (/exp(qwzonwk||N|/(;/V8 D | N/ V= ")dx>l/q
X

Bpg
where ¢’ = q/(q — 1). By (5.6), we have
J (x, ve) (v — uo) dxl < o) |10 Vg — Uo
x| SN REA x|,

Using the Holder inequality and the compact embedding £ < L7, g > N, we get

N N N
Vi — Uo Vi — Uo Uk — Uo
7| | dx = / 7| l dx + / 7| | dx

x| x| x|
RN [x]<1 [x]>1
1 1/s ) 1/s'
<<f de) (/m—uoPNdx) + [log — uolly
|x]<1 [x]<1

—0 ask—> o0

for some s > 1 sufficiently close to 1. Similarly,

lug — uol?’

dx £=22, 0.
|x|#

RN
Thus we can conclude that
/ VgV 2V (Vop — Vug) dx + / V() e N 2ok (vk — uo) dx — 0
RN RN

since D J, (vi)(vp — ug) — 0.
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On the other hand, since vy — ug

/ | VoY 2Vug (Vg — Vug) dx — 0

RN
and
/ V() |uolN "?uo(vx — ug) dx — 0
RV
we have

/|Vvk—Vu0|Ndx+/V(x)|vk—uo|N
RN RN

<G /(|Wk|N—2Wk — [VuolN 72 Vuo) (Vg — Vug) dx
RN
+C2 / V@) (Jel 2ok — ol ~2uo) (vk — uo) dx
RN

where we did use the inequality (Ix)V"2x — [yIN"2y)(x — y) > 22N |x — y|V. So we can con-

clude that vy — ug in E. Thus Je(vg) — Je(ug) = co < 0. Again, this is a contradiction. The
proof is thus complete. O

6. The existence result to the problem (1.4)

In this section, we deal with the problem (1.4). The main result of ours shows that we don’t
need a nonzero small perturbation in this case to guarantee the existence of a solution.

6.1. Proof of Theorem 2.3

It’s similar to the proof of Theorems 2.1 and 2.2. We can find a sequence (vg) in E such that
Jwp) = ey >0 and (14 uellg)|DJIwe)| — 0

where ¢y is the mountain-pass level of J. Now, by Lemma 4.1, the sequence (vi) converges
weakly to a weak solution v of (1.4) in E. Now, suppose that v = 0. Similarly as in the proof of

Proposition 5.2, we have that:
F(x,
/ Faw) 6.1)
|x|P
RN

So

F 9
lim oY = Tim NJ(vk)—i-N/ Fv) ) = ey,
k—o00 k— 00 |x|P

RN
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1 N-Bu«

Note that by Lemma 3.6, we have 0 < Cy < 5 (=5 a—O)N_l, SO
N — (N=1)/N
limsup ||vk|| g < <—'B a—N> .
k—o00 N a
Thus by (f1), we have
J(x, vk vy R(av0, vi) vk
hRECRE g L4y
/7 Hagp T g
Note that
N
v R(ag, vi) vk
b [ - +b /— =0
YowE T /7
RN R

since by Lemma 3.2 and by the compact embedding E <> LS(RY), s > N, [pn % <

N
C(M,N)|vlls — 0. Moreover, f\x|>1 If# < ||vk||% — 0 again by the compact embedding

N
E — LY@®V) and Jui< If# < CJlullY, — 0 by Holder’s inequality and by the compact em-
bedding £ — L* (RN), s > N. So we can conclude that

G v)vg

7 dx — 0

RN

which thus limy_, ¢ lo I} = limg— o0 [pr f()lc;czlfg)vk dx

nontriviality of the solution.

=0 and it’s impossible. So we get the

7. Existence and multiplicity without the Ambrosetti-Rabinowitz condition

The main purpose of this section is to prove that all of the results of existence and multiplicity
in Sections 5 and 6 hold even when the nonlinear term f does not satisfy the Ambrosetti—
Rabinowitz condition. It is not difficult to see that there are many interesting examples of such f
which do not satisfy the Ambrosetti-Rabinowitz condition, but satisfy our weaker conditions
listed below. The existence of nontrivial solutions to a class of nonlinear equations of N-Laplace
type [20] or polyharmonic operators [22] on bounded domains in RY has been established
when the nonlinear term satisfies the exponential growth but without satisfying the Ambrosetti—
Rabinowitz condition.

In this section, instead of conditions (f2) and (f3), we assume that

(f2)) H(x,t) < H(x,s)forall0 <t <s,Vx € RN where H(x,u) =uf(x,u) — NF(x,u).
(f3) There exists ¢ > 0 such that for all (x,s) e RN x R*: F(x,s) <c|s|N +cf(x,s).

(f4) lim, F‘(uxl,\',‘) = 0o uniformly on x € RV,
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We should stress that (f1) + (f3) will imply (f3).

The key to establish the results in earlier sections is to prove that the Cerami sequence [12,
13] associated to the Lagrange—Euler functional is bounded. Once we will have proved this, the
remaining should be the same as in previous sections. Therefore, we only include the proof of
this essential ingredient in this section.

Lemma 7.1. Let {uy} be an arbitrary Cerami sequence associated to the functional

1 F(x,
1(u>=ﬁ|u||”—/%dx

RN

such that

1 F(x,ur)
N”uk”N — / —— " dx — Cy,

|x|?
RN
N—-1 N—1 S upv
T+ Nux )| [ 1VurlY = Vg Vodx + | VO lug]” ™ ugvdx — de < ellvll,s
RN RN RN

e — 0,
where Cyy € (0, %((1 — %)i—’(‘)’)N_l). Then {uy} is bounded up to a subsequence.

Proof. Suppose that

llugll — oo. (7.1
Set
Uk
Vg =
Nkl
then |lvx|| = 1. We can then suppose that vy — v in E (up to a subsequence). We may sim-

ilarly show that v,j' — o7 in E, where wt = max{w, 0}. Thanks to the assumptions on the
potential V, the embedding E < L9(RY) is compact for all ¢ > N. So, we can assume that
v (x) = vT(x) ae. inRY,
{v,j'—> vtin LI(RN), Vg > N.
RN: vt (x) > 0} has a positive measure, then in ST, we have

We wish to show that vt =0 a.e. RY. Indeed, if ST = {x €

lim u}f (x) = lim v -
Jim uy (x) Jim v () lug|l = 400
and thus by (f4'):

F(x,uf (x))

=400 ae.inST.
k=00 |x|P [u;f (x) |V
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This means that

Fouf () 4 .~ .
— k2 )] =400 ae.in ST 7.2
n»wwwwﬁmw|k(” 72
and so

/r hfFuw:u»

+ N
dx = . 7.3
}(—)OO |x|ﬂ|u1-<‘r(x)|N|vk (x)} X —+00 ( )
N

However, since {uy} is the arbitrary Cerami sequence at level Cyy, we see that

F(x,uf (x))

||uk||N:NCM+N/ NG dx +o(1)
RN
which implies that
F(x,uff (x))
/ 7|x|/3 dx — +00
RN
and then
F(x,u
timinf [ LD )N g

koo J o |x]P luy (x)|V
RN

= liminf
k— o0

/ F(x, uif (x))

Tk
1Pl |V
N

F +
fon (@)

=liminf F‘xlﬁ —
K2 NCy+ N fw % dx +o(1)

_ (7.4)
N

Now, note that F'(x,s) > 0, by Fatou’s lemma and (7.3) and (7.4), we get a contradiction. So
v < 0 a.e. which means that v,j —0in E.
Let #; € [0, 1] such that

I (truyr) = max I (tug).
t€l0,1]

_B N—1 _B
For any given R € (0, (%)T), let & = (};W%

(f1) on RV, there exists C = C(R) > 0 such that

— oo > 0, since f has critical growth
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1= Py

RN 0 R(ag+¢,5), V(x,s)eRY xR. (7.5)

F(x,s) <Cls|V +

Since ||ug|| = oo, we have

R
I(tuy) = 1(

uk> =1(Ruvy) (7.6)
[k

and by (7.5), ||v|l = 1 and the fact that [y F?xlg") dx = [pn F(Ifclgk dx, we get

y 1Y 1 -5 R e, Rlv;
NI(Rvp) > RV — NCRN/| k| dx_Nﬂ - /de
RN—I |x|P
RN BN
+|N N
v 1__0‘ R((ap+&)R¥-1, v
|x[P RN-I |x|A
RN BN
+|N
v 1 —pa R((1—Lyay, v
>RN—NCRNf|"| dx—Nﬁ—aO/ (( )N|k|)dx.
|x[P RN-T lx |8
RN BN
(1.7)

Since vk — 0 in E and the embedding E < L”(R") is compact for all p > N, using the

Holder inequality, we can show easily that [y lvklifﬁ) " dx 2, 0. Also, by Lemma 1.1,

R((I=8)an. luc ()
Jown —

P dx is bounded by a universal C.

Thus using (7.6) and letting k — oo in (7.7), and then letting R — [( N )D‘N ) e 17, we get
- 1 B\aw "
1 fI(t >—((1—=)— Cuy. 7.8
imin (fruk) N(( N) 060) >Cy (7.8)

Note that 7/(0) = 0 and I(uy) — Cp, we can suppose that f; € (0,1). Thus since
DI (trup)tyuy =0,

N N S, teug)tiug
lugl™ = | ——5——

dx.
[P g

]RN
By (f2'):
F(x, trug)

N1(zkuk)=t,§v||uk||N—N/de
N

Lf (e, teup)teug — N F(x, tkuk)]
x|#

RN
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Lf e, up)ur — NF(x, ug)]

dx.
x| g

N

RN
Moreover, we have

Lf G, uidug — NF(x, ug)]

7P dx = ug|™ + NCpr — ug|™ +o(1)

RN
= NCy +o(1)

which is a contraction to (7.8). This proves that {u;} is bounded in £. O
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