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Lp BOUNDEDNESS OF ROUGH BI-PARAMETER FOURIER

INTEGRAL OPERATORS

QING HONG, GUOZHEN LU, AND LU ZHANG

Abstract. In this paper, we will investigate the boundedness of the bi-parameter
Fourier integral operators (or FIOs for short) of the following form:

T (f)(x) =
1

(2π)2n

∫

R2n

eiϕ(x,ξ,η) · a(x, ξ, η) · f̂(ξ, η)dξdη,

where for x = (x1, x2) ∈ Rn × Rn and ξ, η ∈ Rn \ {0}, the amplitude a(x, ξ, η) ∈
L∞BSm

ρ and the phase function is of the form ϕ(x, ξ, η) = ϕ1(x1, ξ) + ϕ2(x2, η)

with ϕ1, ϕ2 ∈ L∞Φ2(Rn × Rn \ {0}) and ϕ(x, ξ, η) satisfies a certain rough
non-degeneracy condition (2.2).

The study of these operators are motivated by the Lp estimates for one-parameter
FIOs and bi-parameter Fourier multipliers and pseudo-differential operators. We
will first define the bi-parameter FIOs and then study the Lp boundedness of such
operators when their phase functions have compact support in frequency variables
with certain necessary non-degeneracy conditions. We will then establish the Lp

boundedness of the more general FIOs with amplitude a(x, ξ, η) ∈ L∞BSm
ρ and

non-smooth phase function ϕ(x, ξ, η) on x satisfying a rough non-degeneracy con-
dition.

Keywords: Bi-parameter Fourier integral operators, Seeger-Sogge-Stein decom-
position, Lp boundedness, non-smooth amplitude and phase functions, non-degeneracy
condition.
Mathematics Subject Classification: 35S30; 42B20.

1. Introduction

L. Hörmander [10] defined the Fourier integral operator (FIO) T in the following
form

Tf(x) =

∫
a(x, ξ)f̂(ξ)eiϕ(x,ξ)dξ,

for f in the class of Schwartz functions S(Rn), where x ∈ Rn is the spatial variable,
ξ ∈ Rn is the frequency variable, a is the amplitude function and ϕ is the phase
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function. In the study of FIOs, we often assume a ∈ Smρ,δ, that is, a collection of
smooth functions that satisfy

(1.1)
∣∣∂αx ∂βξ a(x, ξ)

∣∣ ≤ Cα,β(1 + |ξ|)m+δ|α|−ρ|β|, a ∈ C∞(Rn × Rn)

for m ∈ R, ρ, δ ∈ [0, 1] and all multi-indices α and β. The phase function ϕ ∈ C∞

is homogeneous of degree 1 in ξ and satisfies the non-degeneracy condition, that is
the modulus of the determinant of the mixed Hessian of the phase does not vanish.

The local L2 boundedness of FIOs with non-degenerate phase functions was in-
vestigated by G. Eskin [6] for a ∈ S0

1,0 and by L. Hörmander [10] for a ∈ S0
ρ,1−ρ, ρ ∈

[1/2, 1]. A. Seeger, C. Sogge and E. Stein [22] further established the local Lp (1 <
p < ∞) boundedness of smooth FIOs with non-degenerate and homogeneous ϕ for
a ∈ Smρ,1−ρ compactly supported in x, provided that ρ ∈ [1/2, 1], m ≤ (ρ−n)

∣∣ 1
p
− 1

2

∣∣.
For more extensive study of local boundedness of FIOs, we refer to the book of C.
Sogge [21] and references therein.

For the global L2 boundedness of FIOs when ϕ ∈ C∞(Rn × Rn \ {0}) is homo-
geneous and a ∈ S0

0,0, see e.g. D. Fujiwara [8]. Applications to smoothing estimates
for evolution partial differential equations require non-smooth phases, in addition to
minimizing the decay assumptions on the regularity of symbols, see the works of M.
Ruzhansky and M. Sugimoto [19] and more general weighted Sobolev L2 estimates
given by the same authors in [20]

The global Lp boundedness (when a is in the so called SG classes) was established
by E. Cordero, F. Nicola and L. Rodino in [1]. Moreover, for the general amplitudes
a from the classes LpSmρ,δ where ρ, δ ∈ [0, 1], which depends on the growth/decay
order of the amplitude in x and y variables, S. Coriasco and M. Ruzhansky [2], and
Rodŕıguez-López and W. Staubach [17] proved the Lp estimate of the rough FIOs
with non-smooth amplitude on x and smooth phases. The global Lp boundedness
of the rough FIOs with non-smooth phases ϕ ∈ L∞Φ2 was carried out by D. Dos
Santos Ferreira and W. Staubach [17]. We refer the reader to Section 2 for definitions
of the classes LpSmρ,δ for the amplitudes a and L∞Φ2 for the phase functions ϕ.

In the work of Seeger, Sogge and Stein [22], the following boundedness of Fourier
integral operators (FIOs) was established.

Theorem 1.1. Suppose that 1 < p < ∞ and m ≤ −(n − ρ)
∣∣1
p
− 1

2

∣∣, ρ ∈ [1/2, 1].

Assume also that the amplitude function a(x, ξ) ∈ Smρ and the phase function

ϕ(x, ξ) ∈ Φ2 satisfy the strong non-degeneracy condition (or SND for short) (2.1).
Then we have that the FIO

(1.2) Tf(x) =

∫
a(x, ξ)f̂(ξ)eiϕ(x,ξ)dξ
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is a bounded operator from Lpcomp to Lploc.

In [17], global boundedness of FIOs was established by S. Rodŕıguez-López and W.
Staubach when the phase function ϕ(x, ξ) and the symbol a(x, ξ) are not necessarily
smooth with respect to x (see Kenig and Staubach [13] for such type of global Lp

estimates for pseudo-differential operators with non-smooth amplitude).

Theorem 1.2. ([17]) Suppose that the amplitude function a(x, ξ) ∈ L∞Smρ and the

phase function ϕ(x, ξ) ∈ L∞Φ2 satisfy the rough non-degeneracy condition (or RND
for short) (2.2). Then the FIO

(1.3) Tf(x) =

∫
a(x, ξ)f̂(ξ)eiϕ(x,ξ)dξ

is a bounded operator from Lp to Lp (1 ≤ p ≤ ∞) provided that

(i) m < n(ρ−1)
p

− (n−1)
2p

when 1 ≤ p ≤ 2,

(ii) m < n(ρ−1)
2

− n−1
2

(
1− 1

p

)
when 2 ≤ p ≤ ∞.

Motivated by these works on Lp estimates for one-parameter FIOs and the Lp

estimates for multi-parameter singular integral operators (see e.g., R. Fefferman and
E. M. Stein [9] and Journé [12]), and more recent works of the Lp estimates for multi-
parameter Coifman-Meyer Fourier multipliers of Muscalu, Pipher, Tao and Thiele
[14, 15] (see also [4]), and the Lp estimates for multi-parameter pseudo-differential
operators (see [16], [5], [11]), our main goal in this paper is to study the Lp estimates
for bi-parameter FIOs with the non-smooth phases and amplitudes with respect to
x. That is, we will study the operator

(1.4) T (f)(x) =

∫

R2n

eiϕ(x,ξ,η) · a(x, ξ, η) · f̂(ξ, η)dξdη,

where x = (x1, x2) ∈ Rn × Rn, ξ, η ∈ Rn \ {0} and

(1.5) ϕ(x, ξ, η) = ϕ1(x1, ξ) + ϕ2(x2, η), ϕ1, ϕ2 ∈ L∞Φ2(Rn × Rn \ {0})

with a(x, ξ, η) ∈ L∞BSmρ as defined in Definition 2.3 in Section 2 and ϕ1(x1, ξ)
and ϕ(x2, η) satisfy the rough non-degeneracy condition (2.2). (See Section 2 for
definitions and the notations used here.)

We now make some remarks on the assumptions on the phase functions a(x, ξ, η)
and amplitudes ϕ(x, ξ, η) in the bi-parameter setting of FIOs and explain that these
amplitudes and phase functions are not necessarily covered in the classical case of
one-parameter FIOs.

Remark 1.1. By Definition 2.3, it is easy to see that a(x, ξ, η) ∈ L∞BSmρ satisfies
weaker condition than the assumption on the amplitude in (1.1) in the one-parameter
setting. Therefore, the bi-parameter FIOs we are considering in this paper indeed
covers a wider class of amplitudes than those in the one-parameter case.
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Remark 1.2. The assumption for the phase functions ϕ(x, ξ, η) in (1.5) are given
in a way where variables are separated in different parameters. We will see such
an assumption is necessary. Recalling that in the study of the single parameter
Fourier integral operators, the phase functions ϕ(x, ξ) are required to be positively
homogeneous of degree 1 in ξ so that Euler’s theorem can be used. Also, the phase
functions need to satisfy some non-degeneracy conditions, as in Definition 2.6 or
2.8. In our bi-parameter setting, similar conditions are needed. On one hand, we
need to make the phase functions positively homogeneous of degree 1 in both ξ
and η in order to use Euler’s theorem. On the other had, we also need to use
the non-degeneracy conditions in separate variables. Therefore, it is necessary to
make the phase functions defined in (1.5) as the sum of two functions in different
variables. Moreover, there are phase functions satisfying our conditions but not those
used in the single parameter setting. For example, the phase functions in the single
parameter version of Theorem 1.4 on R2n should satisfy

sup
(ξ,η)∈R2n\{(0,0)}

(|ξ|+ |η|)−1+|α1|+|α2|
∥∥∂α1

ξ ∂
α2
η ϕ(x, ξ, η)

∥∥
L∞(R2n)

<∞.(1.6)

for all multi-indices α1, α2 with |α1|+ |α2| ≥ 2.
However, in bi-parameter setting, (1.5) implies

(1.7) sup
ξ∈Rn\{0}

sup
η∈Rn\{0}

|ξ|−1+|α1|
∥∥∂α1

ξ ϕ(x, ξ, η)
∥∥
L∞(R2n)

<∞.

for all multi-indices α1 satisfying |α1| ≥ 2. Note that the condition (1.7) is actually
weaker than (1.6) for |α1| ≥ 2, |α2| = 0.

Therefore, there are phase functions ϕ(x, ξ, η) in the bi-parameter FIOs that are
not included in those considered in the one-parameter FIOs.

The main results of this paper are as follows:

Theorem 1.3. Let 0 < r ≤ ∞ and 1 ≤ p, q ≤ ∞ satisfy 1
p
+ 1

q
= 1

r
. If the amplitude

function a(x, ξ, η) ∈ LpBSmρ for m ≤ 0, 0 ≤ ρ ≤ 1 are compactly supported on ξ and

η and the phase functions ϕ1(x1, ξ), ϕ2(x2, η) ∈ Φ2 satisfy the strong non-degeneracy
condition (2.1). Then the biparameter FIO

T (f)(x) =

∫

Rn×Rn

eiϕ1(x1,ξ)eiϕ2(x2,η)a(x, ξ, η) · f̂(ξ, η)dξdη

is bounded from Lq to Lr.

Remark 1.3.

(i) The above theorem requires the smoothness of phase ϕ(x, ξ, η) with respect
to x, but allows non-smooth amplitude a(x, ξ, η).

(ii) In particular when p = ∞, T is bounded on Lq (1 ≤ q ≤ ∞). From theorems
below, we will see the Lq estimate still holds with non-smooth phase ϕ which
satisfy the rough non-degeneracy condition (2.2) instead.
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Theorem 1.4. Let T be a bi-parameter FIO:

T (f)(x) =

∫

Rn×Rn

eiϕ1(x1,ξ)eiϕ2(x2,η) · a(x, ξ, η) · f̂(ξ, η)dξdη

with amplitude function a(x, ξ, η) ∈ L∞BSmρ and phase functions ϕ1(x1, ξ), ϕ2(x2, η) ∈
L∞Φ2 satisfy the rough non-degeneracy condition (2.2). Then T is bounded on Lp

(1 ≤ p ≤ ∞) provided that

(a) m(i) < n(ρ(i)−1)
p

− (n−1)
2p

when 1 ≤ p ≤ 2,

(b) m(i) < n(ρ(i)−1)
2

− n−1
2

(
1− 1

p

)
when 2 ≤ p ≤ ∞.

To prove the above Theorem 1.4, we will first give the Seeger-Sogge-Stein decom-
position of the bi-parameter FIOs (see Section 3):

T (f)(x) = T00(f)(x) +
∑

µν

T µ,νjk (f)(x).

We will prove the Lp boundedness of T00(f), and then we will prove the L1 →
L1, L2 → L2, L∞ → L∞ boundedness properties of T respectively as follows, the
interpolation argument gives the desired Lp estimate.

Theorem 1.5. Let the amplitude function a(x, ξ, η) ∈ L∞BSmρ with m ∈ R and

ρ ∈ [0, 1], and the phase functions ϕ1(x1, ξ), ϕ2(x2, η) ∈ L∞Φ2 satisfy (2.2). Then
for all Φ1

0(ξ),Φ
2
0(η) ∈ C∞

0 (Rn) supported around the origin, the bi-parameter Fourier
integral operator

T00(f)(x) =

∫

Rn×Rn

eiϕ1(x1,ξ)eiϕ2(x2,η) · Φ1
0(ξ)Φ

2
0(η)a(x, ξ, η) · f̂(ξ, η)dξdη

is bounded on Lp for p ∈ [1,∞].

Theorem 1.6. The bi-parameter FIO operator T defined as in Theorem 1.4 is
bounded on L1, provided m(i) < −n−1

2
− n(1− ρ(i)), i = 1, 2.

Theorem 1.7. The bi-parameter FIO operator T defined as in Theorem 1.4 is
bounded on L2, provided m(i) < n

2
(ρ(i) − 1)− n−1

4
, i = 1, 2.

Theorem 1.8. The bi-parameter FIO operator T defined as in Theorem 1.4 is
bounded on L∞, provided m(i) < −n−1

2
− n

2
(1− ρ(i)), i = 1, 2.

The paper is organized as follows:
In Section 2, we give some definitions and preliminaries that will be used in the

sequel.
In Section 3, we will recall the Littlewood-Paley decomposition and the Seeger-

Sogge-Stein decomposition with some useful facts. The bi-parameter FIOs will then
be decomposed in each parameter by using such decompositions.
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In Section 4, we give the proof of Theorem 1.3, where the amplitude function
a(x, ξ, η) ∈ LpBSmρ and the phase functions ϕ1, ϕ2 ∈ Φ2.

In Section 5, we include the proof of the Lp estimate of the bi-parameter FIOs with
non-smooth phases ϕ1, ϕ2 ∈ L∞Φ2 and amplitudes a(x, ξ, η) ∈ L∞BSmρ , namely
Theorem 1.4. To do this, we will divide its proof into several steps by first establishing
the Lp estimates of T00 (Theorem 1.5) and then the L1, L2 and L∞ estimates for
the FIO T . (Theorems 1.6, 1.7 and 1.8).

2. Some definitions and preliminaries

We begin with the following notations and definitions that will be needed in this
paper.

Definition 2.1. (i) For ξ ∈ Rn, we define 〈ξ〉 := (1 + |ξ|2)
1
2 .

(ii) For ξ ∈ Rn, we denote the annulus {ξ : 1 ≤ |ξ| ≤ 2} in Rn by Aξ.

Definition 2.2. A smooth function a(x, ξ, η), where x = (x1, x2) ∈ Rn × Rn, ξ, η ∈
Rn, is said to be in the class BSmρ,δ of bi-parameter amplitudes (we also say that a is

a symbol of order m) for real pairs m = (m(1), m(2)), ρ = (ρ(1), ρ(2)), δ = (δ(1), δ(2)) ∈
R2 where 0 ≤ ρ(1), ρ(2), δ(1), δ(2) ≤ 1, if for all multi-indices α = (α1, α2), β = (β1, β2),
there holds

sup
x,ξ,η∈Rn

(1+|ξ|)−m
(1)−δ(1)|α1|+ρ(1)|β1|(1+|η|)−m

(2)−δ(2)|α2|+ρ(2)|β2|
∣∣∂α1
x1 ∂

α2
x2 ∂

β1
ξ ∂

β2
η a(x, ξ, η)

∣∣ <∞.

Definition 2.3. Let 1 ≤ p ≤ ∞, m = (m(1), m(2)) ∈ R2, ρ = (ρ(1), ρ(2)) be real pairs
where 0 ≤ ρ(1), ρ(2) ≤ 1. A function a(x, ξ, η), x = (x1, x2) ∈ R2n, ξ, η ∈ Rn is said
to belong to LpBSmρ , if a(x, ξ, η) is measurable in x, a(x, ξ, η) ∈ C∞(Rn

ξ × Rn
η ) for

a.e. x ∈ R2n, and for all multi-indices α = (α1, α2) there exists Cα > 0 such that
∥∥∂α1

ξ ∂
α2
η a(·, ξ, η)

∥∥
Lp(Rn×Rn)

≤ Cα(1 + |ξ|)m
(1)−ρ(1)|α1|(1 + |η|)m

(2)−ρ(2)|α2|

Here, for s ∈ N we define the associated semi-norm

|a|p,m,s =
∑

α=(α1,α2)
|α|≤s

sup
ξ,η∈Rn

(1 + |ξ|)ρ
(1)|α1|−m(1)

(1 + |η|)ρ
(2)|α2|−m(2)∥∥∂α1

ξ ∂
α2
η a(·, ξ, η)

∥∥
Lp

Definition 2.4. [Euler’s Theorem] A real valued function ϕ(x, ξ) ∈ C∞(Rn × Rn \
{0}) is said to be positively homogeneous of degree 1 in ξ, if for all λ > 0, there
holds

ϕ(x, λξ) = λϕ(x, ξ).

Moreover, ϕ(x, ξ) is positively homogeneous of degree 1 if and only if

ϕ(x, ξ) = ξ · ∇ξϕ(x, ξ).
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Definition 2.5. A real valued function ϕ(x, ξ) is said to belong to the class Φk, if
ϕ(x, ξ) ∈ C∞(Rn×Rn \ {0}), is positively homogeneous of degree 1 in the frequency
variable ξ, and for all multi-indices α and β satisfying |α|+ |β| ≥ k, there exists a
positive constant Cα,β such that

sup
(x,ξ)∈Rn×Rn\{0}

|ξ|−1+|α||∂βx∂
α
ξ ϕ(x, ξ)| ≤ Cα,β.

Definition 2.6. A real valued function ϕ ∈ C2(Rn×Rn \ {0}) is said to satisfy the
strong non-degeneracy condition, if there exists a positive c > 0, such that∣∣∣∣ det

∂2ϕ(x, ξ)

∂xj∂ξk

∣∣∣∣ ≥ c(2.1)

for all (x, ξ) ∈ Rn × Rn \ {0}.

Definition 2.7. Let 1 ≤ p ≤ ∞. A real valued function ϕ(x, ξ) is said to belong to
the class LpΦk, if ϕ is positively homogeneous of degree 1, smooth on ξ ∈ Rn \ {0} ,
measurable in x, and for all multi-indices α with |α| ≥ k there holds

sup
ξ∈Rn\{0}

|ξ|−1+|α|∥∥∂αξ ϕ(x, ξ)
∥∥
Lp(Rn)

≤ ∞.

Definition 2.8. A real valued function ϕ is said to satisfy the rough non-degeneracy
condition, if it is C1(Rn

ξ ), bounded measurable in x, and there exists C > 0, such
that for any x, y ∈ Rn and ξ ∈ Rn \ {0},∣∣(∇ξϕ)(x, ξ)− (∇ξϕ)(y, ξ)

∣∣ ≥ C · |x− y|,(2.2)

where ∇ξϕ = (∂ξ1ϕ, ∂ξ2ϕ, ..., ∂ξnϕ).

Next, we will give some lemmas needed to prove our main theorems. We begin
with the following bi-parameter version of the one-parameter result established in
[9].

Lemma 2.1. The bi-parameter FIO T (f) defined as in (1.4) with amplitude a(x, ξ, η) ∈
L∞BSmρ,δ and phase function defined as in (1.5) can be written as a finite sum of
operators of the form∫

R2n

ei(ψ1(x1,ξ)+〈∇ξϕ1(x1,ζ1),ξ〉) · ei(ψ2(x2,η)+〈∇ηϕ2(x2,ζ2),η〉) · a(x, ξ, η) · f̂(ξ, η)dξdη

where ζ1, ζ2 are points on the unit sphere Sn−1, ψ1, ψ2 ∈ L∞Φ1, and a ∈ L∞BSmρ,δ
is localized in the ξ variable around the point ζ1, η variable around the point ζ2.

Next we will establish the following bi-parameter kernel estimates.

Lemma 2.2. Let b(x, ξ, η) be a bounded function, which is C2n+2(Rn
ξ \{0}×Rn

η \{0})
and compactly supported in ξ, η. If for any |α1| ≤ n+ 1, |α2| ≤ n + 1

sup
ξ,η∈Rn\{0}

hα1(ξ)hα2(η)
∥∥∂α1

ξ ∂
α2
η b(·, ξ, η)

∥∥
L∞ <∞,
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where hγ(z) is defined to be 1 when |γ| = 0 and |z|−1+|γ| otherwise. Then, for all
0 ≤ µ < 1, we have

sup
x∈Rn×Rn

u,v∈Rn

(1 + |u|)n+µ · (1 + |v|)n+µ
∣∣∣∣
∫
e−i(u·ξ+v·η)b(x, ξ, η)dξdη

∣∣∣∣ <∞

Proof. The desired estimate follows easily when |u|, |v| ≤ 1, so we consider |u|, |v| ≥
1, and the cases |u| ≤ 1, |v| ≥ 1 and |v| ≤ 1, |u| ≥ 1 will follow similarly. Assume
b(x, ξ, η) is supported in |ξ| ≤M and |η| ≤ M for some M > 0. Let

B(x, u, v) =

∫
e−i(u·ξ+v·η)b(x, ξ, η)dξdη,

we have

|B(x, u, v)| = |u|−2n|v|−2n

∣∣∣∣
∫
e−i(u·ξ+v·η)〈u,Dξ〉

n〈v,Dη〉
nb(x, ξ, η)dξdη

∣∣∣∣

≤ |u|−n|v|−n
∣∣∣∣
∫

|ξ|<M

∫

|η|<M

1

|ξ|n−1

1

|η|n−1
dξdη

∣∣∣∣.

Note that the function β(x, ξ, η)
.
= |u|−n|v|−n〈u,Dξ〉

n〈v,Dη〉
nb(x, ξ, η) ∈ C∞(Rn

ξ \
{0} × Rn

η \ {0}) satisfies

(2.3) sup
ξ,η∈Rn\{0}

|ξ|n−1+|α1||η|n−1+|α2|
∥∥∂α1

ξ ∂
α2
η β(·, ·, ξ, η)

∥∥
L∞ <∞, |α1| ≤ 1, |α2| ≤ 1.

Let χ be a C∞
0 (Rn) function which is one on the unit ball and zero outside the

ball of radius 2, taking 0 < ǫ1, ǫ2 ≤ 1, we have

|u|n · |v|n|B(x, u, v)| =

∣∣∣∣
∫
e−i(u·ξ+v·η)β(x, ξ, η)dξdη

∣∣∣∣

≤

∣∣∣∣
∫
e−i(u·ξ+v·η) · χ(ξ/ǫ1)χ(η/ǫ2) · β(x, ξ, η)dξdη

∣∣∣∣

+

∣∣∣∣
∫
e−i(u·ξ+v·η) · χ(ξ/ǫ1)

(
1− χ(η/ǫ2)

)
· β(x, ξ, η)dξdη

∣∣∣∣

+

∣∣∣∣
∫
e−i(u·ξ+v·η) ·

(
1− χ(ξ/ǫ1)

)
χ(η/ǫ2) · β(x, ξ, η)dξdη

∣∣∣∣

+

∣∣∣∣
∫
e−i(u·ξ+v·η)

(
1− χ(ξ/ǫ1)

)(
1− χ(η/ǫ2)

)
β(x, ξ, η)dξdη

∣∣∣∣
.
= I1 + I2 + I3 + I4.

Using (2.3) we can get that:

I1 =

∣∣∣∣
∫
e−i(u·ξ+v·η)χ(ξ/ǫ1)χ(η/ǫ2)β(x, ξ, η)dξdη

∣∣∣∣ ≤
∫

|ξ|≤2ǫ1
|η|≤2ǫ2

|ξ|1−n|η|1−ndξdη ≤ C0ǫ1ǫ2
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I2 = |v|−2

∣∣∣∣
∫
e−i(u·ξ+v·η) · χ(ξ/ǫ1)〈v,Dη〉

((
1− χ(η/ǫ2)

)
· β(x, ξ, η)

)
dξdη

∣∣∣∣

= |v|−2

∣∣∣∣
∫
e−i(u·ξ+v·η) · χ(ξ/ǫ1)

(
ǫ−1
2 (〈v,Dη〉χ)(η/ǫ2)β(x, ξ, η)

−
(
1− χ(η/ǫ2)

)
· 〈v,Dη〉β(x, ξ, η)

)
dξdη

∣∣∣∣
≤ |v|−1ǫ1(C1 − C2 log ǫ2)

Similarly, we can obtain that I3 ≤ |u|−1ǫ2(C
′
1 − C ′

2 log ǫ1) and

I4 =

∣∣∣∣
∫
e−i(u·ξ+v·η) ·

(
1− χ(ξ/ǫ2)

)(
1− χ(η/ǫ2)

)
· β(x, ξ, η)dξdη

∣∣∣∣

= |u|−2|v|−2

∣∣∣∣
∫
e−i(u·ξ+v·η)〈u,Dξ〉〈v,Dη〉

((
1− χ(ξ/ǫ2)

)(
1− χ(η/ǫ2)

)
β(x, ξ, η)

)
dξdη

∣∣∣∣

= |u|−2|v|−2

∣∣∣∣
∫
e−i(u·ξ+v·η) ·

(
− ǫ−1

1 ǫ−1
2 (〈u,Dξ〉χ)(ξ/ǫ1)(〈v,Dη〉χ)(η/ǫ2)β(x, ξ, η)

+ǫ−1
1 (〈u,Dξ〉χ)(ξ/ǫ1)

(
1− χ(η/ǫ2)

)
〈v,Dη〉β(x, ξ, η)

+ǫ−1
2

(
1− χ(ξ/ǫ1)

)
(〈v,Dη〉χ)(η/ǫ2)〈u,Dξ〉β(x, ξ, η)

−
(
1− χ(ξ/ǫ1)

)(
1− χ(η/ǫ2)

)
〈u,Dξ〉〈v,Dη〉β(x, ξ, η)

)
dξdη

∣∣∣∣
≤ |u|−1|v|−1(C3 − C4 log ǫ2 − C5 log ǫ1 + C6 log ǫ1 log ǫ2).

Thus |B(x, u, v)| has a upper bound

|u|n|v|n|B(x, u, v)| ≤ C0ǫ1ǫ2 + |v|−1ǫ1(C1 − C2 log ǫ2) + |u|−1ǫ2(C
′
1 − C ′

2 log ǫ1)

+|u|−1|v|−1(C3 − C4 log ǫ2 − C5 log ǫ1 + C6 log ǫ1 log ǫ2),

where Ci(1 ≤ i ≤ 6) are some positive constants. Taking ǫ1 = |u|−1 ∈ (0, 1], ǫ2 =
|v|−1 ∈ (0, 1], we get

|u|n|v|n|B(x, u, v)| ≤ |u|−1|v|−1

(
C + C

∣∣ log |v|
∣∣+ C

∣∣ log |u|
∣∣+ C

∣∣ log |u| log |v|
∣∣
)

. |u|−1|v|−1

(
1 + log|u|

)(
1 + log|v|

)
. |u|−µ|v|−µ, ∀0 ≤ µ < 1

⇒ |B(x, u, v)| ≤ |u|−n−µ|v|−n−µ

So for all 0 ≤ µ < 1, we have

sup
x,u,v∈Rn

(1 + |u|)n+µ · (1 + |v|)n+µ
∣∣∣∣
∫
e−i(u·ξ+v·η)a(x, ξ, η)dξdη

∣∣∣∣ <∞ �
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The following lemma allows us to change variables for the non-smooth substitu-
tion.

Lemma 2.3 ([9]). Let U be a measurable set in Rn and let t : U → Rn be a bounded
measurable map satisfying

|t(x)− t(y)| ≥ C|x− y|

for almost every x, y ∈ U . Then there exists a function Jt ∈ L∞(Rn) supported in
t(u) such that the substitution formula∫

U

u ◦ t(x)dx =

∫
u(z)Jt(z)dz

holds for all u ∈ L1(Rn) and the Jacobian Jt satisfies the estimate ‖Jt‖L∞ ≤ 2
√
n
c
.

Corollary 2.1. Let t : Rn → Rn be a map satisfying the assumptions in the previous
lemma with U = Rn, then u 7→ u ◦ t is a bounded map on Lp for p ∈ [1,∞].

3. The Seeger-Sogge-Stein decomposition for the bi-parameter FIOs

We begin with recalling the following Seeger-Sogge-Stein decomposition initiated
in their work of one-parameter FIOs in Rn [22].

For any s > 0, choose a set of unit vectors {ξµs }µ such that for all µ, µ′
∣∣ξµs − ξµ

′

s

∣∣ ≈ 2−s/2.

We want the union of the balls of radii 2−s/2 centered at ξµs to cover the unit
sphere in Rn. Let Γµs denote the cone in the ξ space whose central direction is ξµs , i.e

Γµs =

{
ξ :

∣∣∣∣
ξ

|ξ|
− ξµs

∣∣∣∣ ≤ 2 · 2−s/2
}

We can then select a set of unit vectors {ξµs }µ of cardinality cn · 2s(n−1)/2 that
meet all the above conditions. Let {χµs} be a partition of unity on the unit sphere
subordinate to this covering which satisfies the following conditions:

(1) Each χµs is homogeneous of degree 0 in ξ and supported in Γµs with
∑
µ

χµs (ξ) =

1, ∀s, ∀ξ 6= 0;

(2)
∣∣∂αξ χµs (ξ)

∣∣ ≤ Cα·2
|α|s
2 ·|ξ|−|α|, with the improvement

∣∣∂Nξ1χµs (ξ)
∣∣ ≤ CN ·|ξ|

−N for
N ≥ 1, if one chooses the axis in ξ plane such that ξ1 is in the direction of ξµs .

We can then decompose the bi-parameter FIO T in (1.4) as follows: Taking the
Littlewood-Paley partition of unity in ξ ∈ Rn

1 =
(
Ψ0(ξ) +

∞∑

j=1

Ψj(ξ)
)
,
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where suppΨ0 ⊆ {ξ : |ξ| ≤ 2}, suppΨ ⊆ Aξ := {ξ : 1
2
≤ |ξ| ≤ 2},Ψj(ξ) = Ψ(2−jξ).

By doing the Littlewood-Paley decomposition simultaneously in both ξ, η ∈ Rn

variables, then we can write

T (f)(x) =

∫

R2n

(
Ψ0(ξ) +

∞∑

j=1

Ψj(ξ)
)(
Ψ0(η) +

∞∑

k=1

Ψk(η)
)
eiϕ(x,ξ,η)a(x, ξ, η)f̂(ξ, η)dξdη

=

∫

R2n

(
Ψ0(ξ)Ψ0(η) + Ψ0(η)

∞∑

j=1

Ψj(ξ) + Ψ0(ξ)
∞∑

k=1

Ψk(η)

+

∞∑

j=1

Ψj(ξ)

∞∑

k=1

Ψk(η)
)
eiϕ(x,ξ,η) · a(x, ξ, η) · f̂(ξ, η)dξdη

:= T00(f) +

∞∑

j=1

Tj0(f) +

∞∑

k=1

T0k(f) +

∞∑

j,k=1

Tjk(f)

For j, k ≥ 1, by using the Seeger-Sogge-Stein decomposition write Tjk as follows

Tjk(f)(x)

= 2(j+k)n
∫

R2n

ei(2
jϕ1(x1,ξ)+2kϕ2(x2,η))Ψ(ξ)Ψ(η)a(x, 2jξ, 2kη) · f̂(2jξ, 2kη)dξdη

= 2(j+k)n
∫

R2n

(
∑

µ

χµj (ξ))(
∑

ν

χνk(η))e
i(2jϕ1(x1,ξ)+2kϕ2(x2,η))Ψ(ξ)Ψ(η)a(x, 2jξ, 2kη)f̂(2jξ, 2kη)dξdη

:=
∑

µν

T µ,νjk (f)(x).

We can choose the coordinates on Rn = Rξµ ⊕ ξµ⊥ = Rην ⊕ ην⊥ in the way

ξ = ξ1ξ
µ + ξ′, and η = η1η

ν + η′,

then the kernel of the operator T µ,νjk is given by

Kµ,ν
jk (x, y)

= 2(j+k)n
∫

R2n

Ψ(ξ)Ψ(η)χµj (ξ)χ
ν
k(η)e

i2j(ϕ1(x1,ξ)−〈y1,ξ〉)ei2
k(ϕ2(x2,η)−〈y2,η〉)a(x, 2jξ, 2kη)dξdη

= 2(j+k)n
∫

R2n

ei(2
j〈∇ξϕ1(x1,ξµ)−y1,ξ〉)ei(2

k〈∇ηϕ2(x2,ην)−y2,η〉)bµ,νjk (x, ξ, η)dξdη,

with

bµ,νjk (x, ξ, η) = Ψ(ξ)Ψ(η)χµj (ξ)χ
ν
k(η)e

i(2j〈∇ξϕ1(x1,ξ)−∇ξϕ1(x1,ξµ),ξ〉)(3.1)

·ei(2
k〈∇ηϕ2(x2,η)−∇ηϕ2(x2,ην),η〉)a(x, 2jξ, 2kη).
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Note that

sup
ξ,η

‖∂αξ ∂
β
η

(
Ψ(ξ)Ψ(η)a(x, 2jξ, 2kη)

)
‖L∞(3.2)

≤ Cα,β2
j
(
m(1)+|α|(1−ρ(1))

)
2k
(
m(2)+|β|(1−ρ(2))

)

for all multi-indices α, β.

The following lemma gives us an estimate of the kernel.

Lemma 3.1. Let a ∈ L∞BSmρ and ϕ(x, ξ, η) be defined as in (1.5). Then the symbol
bµ,νjk (x, ξ, η) satisfies the estimates

sup
ξ,η

‖∂αξ ∂
β
η b

µ,ν
jk (·, ξ, η)‖L∞ ≤ Cα,β2

j(m(1)+|α|(1−ρ(1))+ |α′|
2

)2k(m
(2)+|β|(1−ρ(2))+ |β′|

2
).

where α = (α1, α2, ..., αn)
.
= (α1, α

′), β = (β1, β2, ..., βn)
.
= (β1, β

′).

Proof. This lemma is a direct result from [9]. By [9], we have:

sup
ξ∈Aξ

|∂αξ χ
µ
j (ξ)| ≤ Cα2

j|α′|
2 , sup

η∈Aη

|∂βηχ
ν
k(η)| ≤ Cβ2

k|β′|
2 ,

sup
ξ∈Aξ∩Γµ

j

‖∂αξ
(
ei(2

j 〈∇ξϕ1(x1,ξµ)−∇ξϕ1(x1,ξ),ξ〉))‖L∞ ≤ Cα2
j|α′|
2 ,

sup
η∈Aη∩Γν

k

‖∂βη
(
ei(2

k〈∇ηϕ2(x2,ην)−∇ηϕ2(x2,η),η〉))‖L∞ ≤ Cβ2
k|β′|

2 .

Together with (3.2), we can get the desired estimate. �

4. Proof of Theorem 1.3

The proof is divided into several steps.

Proof. Step I: Since suppξ a, suppη a are compact, then there exist closed cubes
Q1, Q2 of side length L1, L2 such that suppξ a ⊆ Int(Q1), suppη a ⊆ Int(Q2). Then
we can extend a(x, ·, ·)|Q1×Q2 periodically into ã(x, ·, ·) ∈ C∞(Rn

ξ × Rn
η ).

We can choose ς1, ς2 ∈ C∞
0 with supp ς1 ⊆ Q1, supp ς2 ⊆ Q2, and ς1 = 1 on

suppξ a, ς2 = 1 on suppη a such that a(x, ξ, η) = ã(x, ξ, η) · ς1(ξ) · ς2(η). We then
expand ã(x, ξ, η) in a Fourier series:

ã(x, ξ, η) =
∑

k∈Zn×Zn

k=(k1,k2)

ak(x) · e
i 2π
L1

(k1·ξ)e
i 2π
L2

(k2·η)
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where

ak(x) =
1

Ln1

1

Ln2

∫

Q1×Q2

ã(x, ξ, η)e
−i 2π

L1
(k1·ξ)e

−i 2π
L2

(k2·η)dξdη

=
1

Ln1

1

Ln2

∫

R2n

a(x, ξ, η)e
−i 2π

L1
(k1·ξ)e

−i 2π
L2

(k2·η)dξdη

Setting fk(x) = fk1,k2(x) = f(x1 +
2π
L1
k1, x2 +

2π
L2
k2), we have

T (f)(x) =

∫

R2n

eiϕ(x,ξ,η) · a(x, ξ, η) · f̂(ξ, η)dξdη

=

∫

R2n

eiϕ(x,ξ,η) · ã(x, ξ, η) · ς1(ξ) · ς2(η) · f̂(ξ, η)dξdη

=
∑

k∈Zn×Zn

k=(k1,k2)

ak(x)

∫

R2n

eiϕ(x,ξ,η) · e
i 2π
L1

(k1·ξ)e
i 2π
L2

(k2·η) · ς1(ξ) · ς2(η) · f̂(ξ, η)dξdη

=
∑

k∈Zn×Zn

k=(k1,k2)

ak(x)

∫

R2n

eiϕ(x,ξ,η) · ς1(ξ) · ς2(η) · f̂k1,k2(ξ, η)dξdη

=
∑

k∈Zn×Zn

ak(x)Tς1,ς2(fk)(x),

where Tς1,ς2(fk)(x) :=
∫
R2n e

iϕ(x,ξ,η) · ς1(ξ) · ς2(η) · f̂k(ξ, η)dξdη.

Step II: We will prove that Tς1,ς2 is bounded from Lq to Lq. By Lemma 2.1, for
some ζ1, ζ2 ∈ Sn−1.

Tς1,ς2(f)(x) =

∫

R2n

ei(ψ1(x1,ξ)+〈∇ξϕ1(x1,ζ1),ξ〉)ei(ψ2(x2,η)+〈∇ηϕ2(x2,ζ2),η〉)f̂(ξ, η)dξdη

=

∫

R2n

{∫

R2n

eiψ1(x1,ξ)eiψ2(x2,η)ei〈∇ξϕ(x1,ζ1)−y1,ξ〉ei〈∇ηϕ(x2,ζ2)−y2,η〉ς1(ξ)ς2(η)dξdη

}
f(y)dy

:=

∫

R2n

k(x, y)f(y)dy

where k(x, y) =
∫
R2n e

iψ1(x1,ξ)eiψ2(x2,η) ·ei〈∇ξϕ(x1,ζ1)−y1,ξ〉ei〈∇ηϕ(x2,ζ2)−y2,η〉ς1(ξ)ς2(η)dξdη.
Lemma 2.2 implies that for any s ∈ [0, 1)

|k(x, y)| . 〈∇ξϕ(x1, ζ1)− y1〉
−n−s〈∇ηϕ(x2, ζ2)− y2〉

−n−s.

Then we have

sup
x

∫
|k(x, y)|dy <∞.

Then we estimate
∫
|k(x, y)|dx, where we can do the change of variables z1 =

∇ξϕ(x1, ζ1), z2 = ∇ηϕ(x2, ζ2), based on the strong non-degeneracy condition (2.1)
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and lemma 2.3. Moreover, by Schwartz’s global inverse function theorem, the corre-
sponding Jacobian J(z) satisfies | det J(z)| . 1/c. Then for all s ∈ [0, 1)

sup
y

∫
|k(x, y)|dx = sup

y

∫
〈z1 − y1〉

−n−s〈z2 − y2〉
−n−sdz <∞

So we can conclude T is bounded on L1 and L∞ as well. The interpolation implies
that Tς1,ς2 is bounded from Lq to Lq.

Step III: We first estimate ak(x). By doing the integration by parts sufficiently

many times for ak(x) =
∫
R2n a(x, ξ, η)e

−i 2π
L1

(k1·ξ)e
−i 2π

L1
(k2·η)dξdη. We can choose large

enough N such that

‖ak‖Lp ≈

∥∥∥∥
∫

R2n

a(x, ξ, η)e−i(k1·ξ+k2·η)dξdη

∥∥∥∥
Lp

.
1

(1 + |k1|)N
1

(1 + |k2|)N

∥∥∥∥
∫

R2n

(
∂αξ ∂

β
η a
)
(x, ξ, η)e−i(k1·ξ+k2·η)dξdη

∥∥∥∥
Lp

.
1

(1 + |k1|)N
1

(1 + |k2|)N

∫

Q1×Q2

‖
(
∂αξ ∂

β
η a
)
(x, ξ, η)‖Lpdξdη

.
1

(1 + |k1|)N
1

(1 + |k2|)N
.

Therefore, for 1 ≤ r ≤ ∞,

‖T (f)‖Lr =

∥∥∥∥
∑

k∈Zn×Zn

ak(x)Tς1,ς2(fk)

∥∥∥∥
Lr

≤
∑

k∈Zn×Zn

∥∥ak(x)Tς1,ς2(fk)
∥∥
Lr

≤
∑

k∈Zn×Zn

‖ak‖Lp

∥∥Tς1,ς2(fk)
∥∥
Lq .

∑

k∈Zn×Zn

‖ak‖Lp‖fk‖Lq

.
∑

k∈Zn×Zn

(1 + |k1|)
−|N | · (1 + |k2|)

−|N |‖fk‖Lq . ‖f‖Lq

When 0 < r < 1,

‖T (f)‖rLr =
∑

k∈Zn×Zn

∥∥∥∥ak(x)Tς1,ς2(fk)
∥∥∥∥
r

Lr

≤
∑

k∈Zn×Zn

‖ak‖
r
Lp

∥∥Tς1,ς2(fk)
∥∥r
Lq

.
∑

k∈Zn×Zn

‖ak‖
r
Lp‖fk‖

r
Lq .

∑

k∈Zn×Zn

(1 + |k1|)
−r|N | · (1 + |k2|)

−r|N |‖fk‖
r
Lq

. ‖f‖rLq

This completes the proof. �
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5. Lp boundedness for bi-parameter FIOs with non-smooth phase in x:
Proof of Theorem 1.4

In the following proofs, we will take advantage of the decomposition introduced
in Section 3.

5.1. Proof of Theorem 1.5. By Lemma 2.1, we can write

T00f(x) =

∫

R2n

ei(ψ1(x1,ξ)+〈∇ξϕ1(x1,ζ1),ξ〉)ei(ψ2(x2,η)+〈∇ηϕ2(x2,ζ2),η〉)Φ1
0(ξ)Φ

2
0(η)a(x, ξ, η)f̂(ξ, η)dξdη,

for some ζ1, ζ2 ∈ Sn−1 and ψ1, ψ2 ∈ L∞Φ1. The corresponding kernel is given by

K00(x, y) =

∫

R2n

eiψ1(x1,ξ)e〈∇ξϕ1(x1,ζ1)−y1,ξ〉eiψ2(x2,η)e〈∇ηϕ2(x2,ζ2)−y2,η〉Φ1
0(ξ)Φ

2
0(η)a(x, ξ, η)dξdη

Recall for |α|, |β| ≥ 1, for all x = (x1, x2),

sup
|ξ|6=0

|ξ|−1+|α||∂αξ ψ1(x1, ξ)| <∞, sup
|η|6=0

|η|−1+|β||∂βηψ2(x2, η)| <∞.

Then for b(x, ξ, η) = eiψ1(x1,ξ)eiψ2(x2,η)Φ1
0(ξ)Φ

2
0(η)a(x, ξ, η), the following holds uni-

formly in x:

sup
|ξ|,|η|6=0

|ξ|−1+|α||η|−1+|β||∂αξ ∂
β
η b(x, ξ, η)| <∞ for |α|, |β| ≥ 1.

By Lemma 2.2, for all µ ∈ [0, 1),

|K00(x, y)| . 〈∇ξϕ1(x1, ζ1)− y1〉
−n−µ〈∇ηϕ2(x2, ζ2)− y2〉

−n−µ.

Thus, we have

sup
x

∫
|K00(x, y)|dy <∞,

with the non-smooth change of variables and rough non-degeneracy condition,

sup
y

∫
|K00(x, y)|dx . sup

y

∫
〈∇ξϕ1(x1, ζ1)− y1〉

−n−µ〈∇ηϕ2(x2, ζ2), η〉
−n−µdx

.

∫
〈z〉−n−µdz <∞.

So we have T00(f) is bounded on L∞, L1 respectively, and therefore bounded on
Lp for p ∈ [1,∞].

5.2. Proof of Theorem 1.6.

Proof. Theorem 1.5 implies the desired estimate for T00. For other cases, first con-
sider for j, k ≥ 1

Tjk =
∑

µ,ν

T µ,νjk .
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Let us consider the following differetial operators

LN = (1− ∂2ξ1 − 2−j∂2ξ′)
N(1− ∂2η1 − 2−k∂2η′)

N , N ∈ N+.

By Lemma 3.1, we have

sup
ξ,η

‖LN (bµ,νjk (x, ξ, η))‖L∞ ≤ C2j(m
(1)+2N(1−ρ(1))) · 2k(m

(2)+2N(1−ρ(2))).

Now for any integer m ≥ 1, we define the function

gm(z) = 22mz21 + 2m|z′|2, z ∈ Rn,

then from the integration by parts,

|Kµ,ν
jk (x, y)|

= 2(j+k)n
∫

Aξ∩Γµ
j

∫

Aη∩Γν
k

ei(2
j〈∇ξϕ1(x1,ξµ)−y1,ξ〉)ei(2

k〈∇ηϕ2(x2,ην)−y2,η〉)bµ,νjk (x, ξ, η)dξdη

≤ 2(j+k)n
(
1 + gj(∇ξϕ1(x1, ξ

µ)− y1)
)−N(

1 + gk(∇ηϕ2(x2, η
ν)− y2)

)−N
∫

|LN(bµ,νjk (x, ξ, η))|dξdη

≤ Cl1,l22
j(m(1)+n+1

2
+2N(1−ρ(1)))2k(m

(2)+n+1
2

+2N(1−ρ(2)))

·
(
1 + gj(∇ξϕ1(x1, ξ

µ)− y1)
)−N(

1 + gk(∇ηϕ2(x2, η
ν)− y2)

)−N

holds for all non-negative integers N , since |Aξ ∩ Γµj | ≈ 2
−j(n−1)

2 and |Aη ∩ Γνk| ≈

2
−k(n−1)

2 .
For any positive number M , say M

2
= N + θ, where the integer part N = [M

2
] and

θ ∈ [0, 1), by interpolation

|Kµ,ν
jk (x, y)| = |Kµ,ν

jk (x, y)|θ|Kµ,ν
jk (x, y)|(1−θ)

≤ C1−θ
N,NC

θ
N+1,N+12

j(m(1)+n+1
2

+M(1−ρ(1)))2k(m
(2)+n+1

2
+M(1−ρ(2)))

·
(
1 + gj(∇ξϕ1(x1, ξ

µ)− y1)
)−M

2
(
1 + gk(∇ηϕ2(x2, η

ν)− y2)
)−M

2 .

Thus, for any M > n,

sup
x

∫
|Kµ,ν

jk (x, y)|dy . 2j(m
(1)+M(1−ρ(1)))2k(m

(2)+M(1−ρ(2))).

Taking advantage of the rough non-degeneracy assumption and Corollary 2.1, we
have

sup
y

∫
|Kµ,ν

jk (x, y)|dx ≤ C1−θ
N,NC

θ
N+1,N+12

j(m(1)+n+1
2

+M(1−ρ(1)))2k(m
(2)+n+1

2
+M(1−ρ(2)))

· sup
y

∫ (
1 + gj(∇ξϕ1(x1, ξ

µ)− y1)
)−M

2
(
1 + gk(∇ηϕ2(x2, η

ν)− y2)
)−M

2 dx

. 2j(m
(1)+M(1−ρ(1)))2k(m

(2)+M(1−ρ(2))).
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Thus,

‖Tjkf‖L1 ≤
∑

µ,ν

‖T µ,νjk f‖L1 . 2j(m
(1)+n−1

2
+M(1−ρ(1)))2k(m

(2)+n−1
2

+M(1−ρ(2)))‖f‖L1,

is summable for j, k provided m(1) < −n−1
2

−M(1−ρ(1)), m(2) < −n−1
2

−M(1−ρ(2))
and M > n.

Now we are ready to consider the case T0k, and Tj0 can be treated similarly.
∞∑

k=1

T0k(f)(x) =
∞∑

k=1

2kn
∫
ei(ϕ1(x1,ξ)+2kϕ2(x2,η))Ψ0(ξ)Ψ(η)a(x, ξ, 2kη)f̂(ξ, 2kη)dξdη

=
∞∑

k=1

2kn
∫
ei(ϕ1(x1,ξ)+2kϕ2(x2,η))(

∑

ν

χνk)Ψ0(ξ)Ψ(η)a(x, ξ, 2kη)f̂(ξ, 2kη)dξdη

=

∞∑

k=1

∑

ν

T ν0k(f)(x),

where the kernel of T ν0k is given by

Kν
0k(x, y)

= 2kn
∫

R2n

Ψ0(ξ)Ψ(η)χνk(η)e
i(ϕ1(x1,ξ)−〈y1,ξ〉)ei2

k(ϕ2(x2,η)−〈y2,η〉)a(x, ξ, 2kη)dξdη

= 2kn
∫

R2n

ei〈∇ξϕ1(x1,ζ1)−y1,ξ〉ei(2
k〈∇ηϕ2(x2,ην)−y2,η〉)bν0k(x, ξ, η)dξdη,

with

bν0k(x, ξ, η) = Ψ0(ξ)Ψ(η)χνk(η)e
iψ(x1,ξ)ei(2

k〈∇ηϕ2(x2,η)−∇ηϕ2(x2,ην),η〉)a(x, ξ, 2kη).

for some ζ1 ∈ S(Rn). Note that as before for |α| ≥ 1 and all multi-indices β,

sup
η 6=0

‖∂αξ ∂
β
η b

ν
0k(·, ξ, η)‖L∞ .

2k(m
(2)+|β|(1−ρ(2))+ |β′|

2
)

|ξ||α|−1
,(5.1)

which follows from the estimates

sup
η 6=0

‖∂αξ ∂
β
η

(
Ψ0(ξ)Ψ(η)eψ1(x1,ξ)a(x, ξ, 2kη)

)
‖L∞ .

1

|ξ||α|−1
2k(m

(2)+(1−ρ(2))), for ξ 6= 0,

sup
η∈Aη

|∂αη χ
ν(η)| ≤ Cβ2

k|β′|
2 , sup

η∈Aη∩Γν
k

‖∂βη
(
ei(2

k〈∇ηϕ2(x2,ην)−∇ηϕ2(x2,η),η〉))‖L∞ ≤ Cβ2
k|β′|

2 .

Using (5.1), we have

sup
ξ 6=0

|ξ|−1+|α|‖∂αξ L
Nbν0k(x, ξ, η)‖L∞ . 2k(m

(2)+2N(1−ρ(2))).



18 QING HONG, GUOZHEN LU, AND LU ZHANG

Then for any integer N ≥ 0, consider the operator J = 1− ∂2η1 − 2−k∂2η′ , then

|T ν0k(x, y)| . 2kn
(
1 + gk(y2 −∇ηϕ2(x2, η

ν))
)−N

·

∣∣∣∣
∫ (∫

ei〈∇ξϕ1(x1,ζ1)−y1,ξ〉ei(2
k〈∇ηϕ2(x2,ην)−y2,η〉)JNbν0k(x, ξ, η)dξ

)
dη

∣∣∣∣

. 2kn
(
1 + gk(y2 −∇ηϕ2(x2, η

ν))
)−N

∫

T ν
k
∩Aη

2k(m
(2)+2N(1−ρ(2)))

〈y1 −∇ϕ1(x1, ζ1)〉n+s
dη

.
2k(m

(2)+n+1
2

+2N(1−ρ(2)))

〈y1 −∇ϕ1(x1, ζ1)〉n+s
(
1 + gk(y2 −∇ηϕ2(x2, η

ν))
)−N

for all s ∈ [0, 1), where we use the single parameter version of Lemma 2.2. With the
similar interpolation argument as the previous case, we can conclude that for any
real number M > n,

|T ν0k(x, y)| .
2k(m

(2)+n+1
2

+M(1−ρ(2)))

〈y1 −∇ϕ1(x1, ζ1)〉n+s
(
1 + gk(y2 −∇ηϕ2(x2, η

ν))
)−M

2 ,

which implies

sup
x

∫
|T ν0k(x, y)|dy . 2k(m

(2)+M(1−ρ(2))),

and

sup
y

∫
|T ν0k(x, y)|dx . 2k(m

(2)+M(1−ρ(2))).

Now we can conclude that∑

k

‖T ν0kf‖L1 ≤
∑

k

∑

ν

‖T ν0kf‖L1 .
∑

k

2k(m
(2)+n−1

2
+M(1−ρ(2)))‖f‖L1

≤ ‖f‖L1

provided m(2) < −n−1
2

−M(1 − ρ(2)) and M > n.
�

5.3. Proof of Theorem 1.7, the L2 boundedness.

Proof. The L2 boundedness of T00(f) follows from Theorem 1.5.

Then we consider the case T µ,νjk , we define an operator

Sµ,νjk (f̂) := T µ,νjk (f),

so it suffices to prove ∑

j,k

∑

µ,ν

‖Sµ,νjk (f)‖L2 . ‖f‖L2 .

Instead, we can consider the operator Sµ,νjk (Sµ,νjk )∗(f). Its kernel is given by
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Rµ,ν
jk (x, y)

= 2(j+k)n
∫
ei2

j(ϕ1(x1,ξ)−ϕ1(y1,ξ))ei2
k(ϕ2(x2,η)−ϕ2(y2,η))

·χµj (ξ)χ
ν
k(η)Ψ(ξ)Ψ(η)a(x, 2jξ, 2kη)ā(y, 2jξ, 2kη)dξdη

= 2(j+k)n
∫

R2n

ei2
j〈∇ξϕ1(x1,ξµ)−∇ξϕ1(y1,ξµ),ξ〉ei2

k〈∇ηϕ2(x2,ην)−∇ηϕ2(y2,ην),η〉

·bµ,νjk (x, ξ, η)b̄
µ,ν
jk (y, ξ, η)dξdη

with

bµ,νjk (x, ξ, η) = ei2
j(〈∇ξ(x1,ξ)−∇ξ(x1,ξ

µ),ξ〉)ei2
k(〈∇η(x2,η)−∇η(x2,ην),η〉)Ψ(ξ)Ψ(η)χµj (ξ)χ

ν
k(η)a(x, 2

jξ, 2kη).

We consider the operator as before

L = (1− ∂2ξ1 − 2−j∂2ξ′)(1− ∂2η1 − 2−k∂2η′).

Then as before we have

sup
ξ,η

‖LNbµ,νjk (·, ξ, η)‖L∞ . 2j(m
(1)+2N(1−ρ(1)))2k(m

(2)+2N(1−ρ(2))).

Also, for all non-negative integers N , with gj(z) = 22jz21 +2j |z′| and gk(z) = 22kz21 +
2k|z′|,

|Rµ,ν
jk (x, y)| . 2(j+k)n

∫ ∣∣LN (bµ,νjk
(
x, ξ, η)b̄µ,νjk (y, ξ, η)

)∣∣dξdη

·
(
1 + gj(∇ξϕ1(x1, ξ

µ)−∇ξϕ1(y1, ξ
µ))
)−N(

1 + gk(∇ηϕ2(x2, η
ν)−∇ηϕ2(y2, η

ν))
)−N

.

Using the interpolation argument as before, we have for all real M > 0,

|Rµ,ν
jk (x, y)| . 2j(2m

(1)+n+1
2

+2M(1−ρ(1)))2k(2m
(2)+n+1

2
+2M(1−ρ(2)))

·
(
1 + gj(∇ξϕ1(x1, ξ

µ)−∇ξϕ1(y1, ξ
µ))
)−M(

1 + gk(∇ηϕ2(x2, η
ν)−∇ηϕ2(y2, η

ν))
)−M

With the non-smooth change of variable argument, it follows that∫
|Rµ,ν

jk (x, y)|dy . 2j(2m
(1)+n+1

2
+2M(1−ρ(1)))2k(2m

(2)+n+1
2

+2M(1−ρ(2)))

·

∫

Aξ∩Tµ
j

∫

Aη∩T ν
k

(1 + gj(z1))
−M(1 + gk(z2))

−Mdz1dz2

. 2j(2m
(1)+2M(1−ρ(1)))2k(2m

(2)+2M(1−ρ(2)))

whenever M > n/2.
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Note that Rµ,ν
jk (x, y) is symmetric, we have

‖Sµ,νjk (Sµ,νjk )∗(f)‖L2 ≤

(∫ {∫
|Rµ,ν

jk (x, y)| · |f(y)|dy

}2

dx

) 1
2

≤

{∫ (∫
|Rµ,ν

jk (x, y)|dy

)
·

(∫
|Rµ,ν

jk (x, y)| · |f(y)|
2dy

)
dx

} 1
2

≤

(
sup
x

∫
|Rµ,ν

jk (x, y)|dy

)1
2

·

(
sup
y

∫
|Rµ,ν

jk (x, y)|dx

)1
2

· ‖f(y)‖L2(5.2)

= sup
x

∫
|Rµ,ν

jk (x, y)|dy · ‖f‖L2

. 2j(2m
(1)+2M(1−ρ(1)))2k(2m

(2)+2M(1−ρ(2)))‖f‖L2.

Then we can conclude

‖T (f)‖L2 ≤
∑

j,k≥1

∑

µ,ν

‖T µ,νjk (f)‖L2 ≤
∑

j,k≥1

∑

µ,ν

{
‖Sµ,νjk (Sµ,νjk )∗(f)‖L2‖f‖L2

} 1
2

.
∑

j,k≥1

{
2j(2m

(1)+n−1
2

+2M(1−ρ(1)))2k(2m
(2)+n−1

2
+2M(1−ρ(2)))‖f‖2L2

} 1
2

. ‖f‖L2

provided m(1) < −n−1
4

+ (ρ(1) − 1)M,m(2) < −n−1
4

+ (ρ(2) − 1)M and M > n/2.

Now we turn to the estimate for T ν0k, as before we define Sν0k(f̂) = T ν0k(f), and we
will show ∑

k

∑

ν

‖Sν0k(f)‖L2 . ‖f‖L2.

Consider the kernel of the operator (Sν0k)(S
ν
0k)

∗(f),

Rν
0k(x, y)

= 2kn
∫
ei(ϕ1(x1,ξ)−ϕ1(y1,ξ))ei2

k(ϕ2(x2,η)−ϕ2(y2,η))χνk(η)Ψ0(ξ)Ψ(η)a(x, ξ, 2kη)ā(y, ξ, 2kη)dξdη

= 2kn
∫

R2n

ei〈∇ξϕ1(x1,ζ1)−∇ξϕ1(y1,ζ1),ξ〉ei2
k〈∇ηϕ2(x2,ην)−∇ηϕ2(y2,ην),η〉

·bν0k(x, ξ, η)b̄
ν
0k(y, ξ, η)dξdη

with

bν0k(x, ξ, η) = eiψ1(x1,ξ)ei2
k(〈∇η(x2,η)−∇η(x2,ην),η〉)χνk(η)Ψ0(ξ)Ψ(η)a(x, ξ, 2kη).

Define the operator J = 1 − ∂2η1 − 2−k∂2η′ , as before we have for |α| ≥ 1 and all
integers N ≥ 0,

(5.3) sup
ξ,η

|ξ||α|−1‖∂αξ J
N
(
bν0k
)
(x, ξ, η)‖L∞ . 2k(m+2N(1−ρ(2))).
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With gk(z) = 22kz21 + 2k|z′|2, (5.3) and lemma 2.2, we find that

|Rν
0k(x, y)| . 2kn

(
1 + gk(∇ηϕ2(x2, η

ν)−∇ηϕ2(y2, η
ν))
)−N

∣∣∣∣
∫ (∫

ei〈∇ξϕ1(x1,ζ1)−∇ξϕ1(y1,ζ1),ξ〉ei2
k〈∇ηϕ2(x2,ην)−∇ηϕ2(y2,ην),η〉

·JN
(
bν0k(x, ξ, η)b̄

ν
0k(y, ξ, η)

)
dξ

)
dη

∣∣∣∣

. 2kn
(
1 + gk(∇ηϕ2(x2, η

ν)−∇ηϕ2(y2, η
ν))
)−N

·

∫

Aη∩Γν
k

2k(m
(2)+2N(1−ρ(2)))

〈∇ξϕ1(x1, ζ1)−∇ξϕ1(y1, ζ1)〉n+s
dη

.
2k(2m

(2)+n+1
2

+2N(1−ρ(2)))

〈∇ξϕ1(x1, ζ1)−∇ξϕ1(y1, ζ1)〉n+s
(
1 + gk(∇ηϕ2(x2, η

ν)−∇ηϕ2(y2, η
ν))
)−N

holds for all s ∈ [0, 1) and N replaced by any positive real number M due to the
interpolation. That implies

sup
x

∫
|Rµ,ν

jk (x, y)|dy < 2k(2m
(2)+2N(1−ρ(2))), sup

y

∫
|Rµ,ν

jk (x, y)|dx < 2k(2m
(2)+2N(1−ρ(2)))

for M > n/2, by using the non-smooth change of variables method.

As in (5.2), we have

‖Sν0k(S
ν
0k)

∗(f)‖L2 ≤

(
sup
x

∫
|Rµ,ν

jk (x, y)|dy

)1
2

·

(
sup
y

∫
|Rµ,ν

jk (x, y)|dx

) 1
2

· ‖f(y)‖L2

. 2k(2m
(2)+2N(1−ρ(2)))‖f(y)‖L2.

Then we can conclude

‖T (f)‖L2 ≤
∑

k≥1

∑

ν

‖T ν0k(f)‖L2 ≤
∑

k≥1

∑

ν

{‖Sν0k(S
ν
0k)

∗(f)‖L2‖f‖L2}
1
2

≤
∑

k≥1

{
2k(2m

(2)+n−1
2

+2M(1−ρ(2)))‖f‖2L2

} 1
2

. ‖f‖L2,

provided m(2) < −n−1
4

+ (ρ(2) − 1)M and M > n/2. Now we are done with the L2

estimate. �

5.4. Proof of Theorem 1.8.

Proof. Again, consider the decomposition used as in Section 3, the boundedness of
T00 follows from Theorem 1.5. For T µ,νjk with j, k ≥ 1, recall
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T µ,νjk (f) = 2(j+k)n
∫

R2n

χµj (ξ)χ
ν
k(η)e

i(2jϕ1(x,ξ)+2kϕ1(x,η))Ψ(ξ)Ψ(η)a(x, 2jξ, 2kη)f̂(2jξ, 2kη)dξdη,

where the kernel of the operator T µ,νjk is given by

Kµ,ν
jk (x, y)

= 2(j+k)n
∫

R2n

ei(2
j 〈∇ξϕ1(x1,ξµ)−y1,ξ〉)ei(2

k〈∇ηϕ2(x2,ην)−y2,η〉)bµ,νjk (x, ξ, η)dξdη,

with

bµ,νjk (x, ξ, η) = Ψ(ξ)Ψ(η)χµj (ξ)χ
ν
k(η)e

i(2j〈∇ξϕ1(x1,ξ)−∇ξϕ1(x1,ξµ),ξ〉)

·ei(2
k〈∇ηϕ2(x2,η)−∇ηϕ2(x2,ην),η〉)a(x, 2jξ, 2kη).

As the proof for L1 case, with the following operator

LN = (1− ∂2ξ1 − 2−j∂2ξ′)
N(1− ∂2η1 − 2−k∂2η′)

N , N ∈ N,

we get

sup
ξ,η

‖LN (bµ,νjk (x, ξ, η))‖L∞ ≤ C2j(m
(1)+2N(1−ρ(1))) · 2k(m

(2)+2N(1−ρ(2))).

To prove the desired L∞ boundedness, we only need to control
∫
|Kµ,ν

jk (x, y)|dy.
We can write

LN
(
ei(2

j〈∇ξϕ1(x1,ξµ)−y1,ξ〉)ei(2
k〈∇ηϕ2(x2,ην)−y2,η〉))

= (1 + gj(∇ξϕ1(x1, ξ
µ)− y1))

N(1 + gk(∇ηϕ2(x2, η
ν)− y2))

N

·ei(2
j 〈∇ξϕ1(x1,ξµ)−y1,ξ〉)ei(2

k〈∇ηϕ2(x2,ην)−y2,η〉),

where gj(z) = 22jz21 + 2j|z′|2, gk(z) = 22kz21 + 2k|z′|2 for z ∈ Rn.

Now we can write∫
|Kµ,ν

jk (x, y1 +∇ξϕ1(x1, ξ
µ), y2 +∇ηϕ1(x2, η

ν))|dy

= 2(j+k)n
∫

|b̃µ,νjk (x, y)|dy

= 2(j+k)n
( ∫

gj(y1)≤2−2jρ(1)

gk(y2)≤2−2kρ(2)

+

∫
gj(y1)≤2−2jρ(1)

gk(y2)≥2−2kρ(2)

+

∫
gj(y1)≥2−2jρ(1)

gk(y2)≤2−2kρ(2)

+

∫
gj(y1)≥2−2jρ(1)

gk(y2)≥2−2kρ(2)

)
|b̃µ,νjk (x, y)|dy

= 2(j+k)n(I1 + I2 + I3 + I4),

where

b̃µ,νjk (x, y) =

∫
e−i2

j〈y1,ξ〉e−i2
k〈y2,η〉bµ,νjk (x, ξ, η)dξdη.
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For I1, using the Plancherel’s theorem,

I1 ≤



∫
gj(y1)≤2−2jρ(1)

gk(y2)≤2−2kρ(2)

dy




1
2 (∫

|b̃µ,νjk (x, y)|
2dy

)1
2

. 2−(j+k)n+1
4 2−(j+k)n

2



∫

|y1|≤2−jρ(1)

|y2|≤2−kρ(2)

dy




1
2 (∫

|bµ,νjk (x, ξ, η)|
2dξdη

)1
2

. 2−j(
n+1
4

+nρ(1)

2
−m(1)+n−1

4
+n

2
)2−k(

n+1
4

+nρ(2)

2
−m(2)+n−1

4
+n

2
)

. 2−j(n−m
(1)+nρ(1)

2
)2−k(n−m

(2)+nρ(2)

2
).

For I4, suppose l > n/4 is a non-negative integer, first consider the following
estimate

(∫
|b̃µ,νjk (x, y)|

2(1 + gj(y1))
2l(1 + gk(y2))

2ldy

)1
2

. 2−
(j+k)n

2

(∫
|Llbµ,νjk (x, ξ, η)|

2dξdη

)1
2

. 2j(m
(1)+2l(1−ρ(1))−n−1

4
−n

2
)2k(m

(2)+2l(1−ρ(2))−n−1
4

−n
2
).

If l is not an integer, we write l = [l]+{l}, where [l] is the integer part and {l} ∈ (0, 1).
Using the Hölder’s inequality, we have∫

|b̃µ,νjk (x, y)|
2(1 + gj(y1))

2l(1 + gk(y2))
2ldy

=

∫
|b̃µ,νjk (x, y)|

2{l}|b̃µ,νjk (x, y)|
2−2{l}(1 + gj(y1))

2{l}([l]+1)(1 + gj(y1))
2[l](1−{l})

·(1 + gk(y2))
2{l}([l]+1)(1 + gk(y2))

2[l](1−{l})

dy

≤

(∫
|b̃µ,νjk (x, y)|

2(1 + gj(y1))
2([l]+1)(1 + gk(y2))

2([l]+1)

){l}

·

(∫
|b̃µ,νjk (x, y)|

2(1 + gj(y1))
2[l](1 + gk(y2))

2[l]

)1−{l}

. 2−(j+k)n

(∫
|L[l]+1bµ,νjk (x, ξ, η)|

2dξdη

){l}(∫
|L[l]bµ,νjk (x, ξ, η)|

2dξdη

)1−{l}

. 22j(m
(1)+2l(1−ρ(1))−n−1

4
−n

2
)22k(m

(2)+2l(1−ρ(2))−n−1
4

−n
2
)
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Now we can get for any l > n
4
,

I4 ≤



∫
gj(y1)≥2−2jρ(1)

gk(y2)≥2−2kρ(2)

(1 + gj(y1))
−2l(1 + gk(y2))

−2ldy




1
2

·

(∫
|b̃µ,νjk (x, y)|

2(1 + gj(y1))
2l(1 + gk(y2))

2ldy

)1
2

. 2−(j+k)n+1
4



∫

|y1|≥2−jρ(1)

|y2|≥2−kρ(2)

|y1|
−4l|y2|

−4ldy




1
2

2j(m
(1)+2l(1−ρ(1))−n−1

4
−n

2
)2k(m

(2)+2l(1−ρ(2))−n−1
4

−n
2
)

. 2−(j+k)n+1
4 2−j(ρ

(1)(n
2
−2l))2−k(ρ

(2)(n
2
−2l))2j(m

(1)+2l(1−ρ(1))−n−1
4

−n
2
)2k(m

(2)+2l(1−ρ(2))−n−1
4

−n
2
)

. 2−j(n−m
(1)+nρ(1)

2
−2l)2−k(n−m

(2)+nρ(2)

2
−2l).

Now we estimate I2. For any non-negative integer l > n/4, let J l = (1 − ∂2η1 −

2−k∂2η′)
l we have

I2 =

∫

gj (y1)≤2−2jρ(1)

gk(y2)>2−2kρ(2)

|b̃µ,νj,k (x, y)|dy

≤

( ∫

gj (y1)≤2−2jρ(1)

gk(y2)>2−2kρ(2)

(1 + gk(y2))
−2ldy

)1
2

·

(∫
(1 + gk(y2))

2l|b̃µ,νj,k (x, y)|
2dy

)1
2

. 2−j
(n+1)

4 2−j
nρ(1)

2 2−k
(n+1)

4 2−k(ρ
(2)(n

2
−2l))

(∫
|J̃ l(bµ,νj,k )(x, y)|

2dy

)1
2

. 2−j
(n+1)

4 2−j
n(ρ(1))

2 2−j
n
2 2−k

(n+1)
4 2−k(ρ

(2)(n
2
−2l))2−k

n
2 ‖J l(bµ,νj,k )(x, ξ, η)‖L2

. 2−j
(n+1)

4 2−j
n(ρ(1))

2 2−j
n
2 2−j(−m

(1)+n−1
4

)2−k
(n+1)

4 2−k(ρ
(2)(n

2
−2l))2−k

n
2 2−k(−m

(2)−2l(1−ρ(2))+n−1
4

)

. 2−j
(
n−m(1)+nρ(1)

2

)
2−k
(
n−m(2)−2l+nρ(2)

2

)
.

As before, we then consider the case for non-integer l, and we use the notations as
before.

I2 =

∫

gj (y1)≤2−2jρ(1)

gk(y2)>2−2kρ(2)

|b̃µ,νj,k (x, y)|dy
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≤ 2−j
(n+1)

4 2−j
nρ(1)

2 2−k
(n+1)

4 2−k(ρ
(2)(n

2
−2l))

(∫
(1 + gk(y2))

2l|b̃µ,νj,k (x, y)|
2dy

) 1
2

. 2−j
(n+1)

4 2−j
nρ(1)

2 2−k
(n+1)

4 2−k(ρ
(2)(n

2
−2l))2−(j+k)n

2

·

(∫
|J [l]+1(bµ,νj,k )(x, ξ, η)|

2dy

){l}
2
(∫

|J [l](bµ,νj,k )(x, ξ, η)|
2dy

)1−{l}
2

. 2−j
(n+1)

4 2−j
n(ρ(1))

2 2−j
n
2 2−j{l}(−m

(1)+n−1
4

)2−j(1−{l})(−m(1)+n−1
4

)2−k
(n+1)

4 2−k(ρ
(2)(n

2
−2l))2−k

n
2

·2−k{l}(−m
(2)−2([l]+1)(1−ρ(2))+n−1

4
)2−k(1−{l})(−m(2)−2[l](1−ρ(2))+n−1

4
)

. 2−j
(
n−m(1)+nρ(1)

2

)
2−k
(
n−m(2)−2l+nρ(2)

2

)
.

Similarly, we can get that for all nonnegative real number l > n/4,

I3 . 2−j
(
n−m(1)−2l+nρ(1)

2

)
2−k
(
n−m(2)+nρ(2)

2

)
.

Then we have

sup
x

∫
|Kµ,ν

jk (x, y)|dy . 2−j(−m
(1)+nρ(1)

2
−2l)2−k(−m

(2)+nρ(2)

2
−2l).

Taking the sum over j, k, µ, ν,
∑

j,k

∑

µ,ν

‖T µ,νjk ‖L∞ .
∑

j,k

2−j(−m
(1)+nρ(1)

2
−2l−n−1

2
)2−k(−m

(2)+nρ(2)

2
−2l−n−1

2
)‖f‖L∞

. ‖f‖L∞ ,

provided m(1) < −n−1
2

+ nρ(1)

2
− 2l, m(2) < −n−1

2
+ nρ(2)

2
− 2l and l > n

4
.

Now it remains to consider the cases T ν0k(f).

T ν0k(f) = 2kn
∫

R2n

χνke
i(ϕ1(x,ξ)+2kϕ1(x,η))Ψ0(ξ)Ψ(η)a(x, ξ, 2kη)f̂(ξ, 2kη)dξdη

where the kernel of the operator T ν0k is given by

Kν
0k(x, y) = 2kn

∫

R2n

ei(〈∇ξϕ1(x1,ζ1)−y1,ξ〉)ei(2
k〈∇ηϕ2(x2,ην)−y2,η〉)bν0k(x, ξ, η)dξdη,

with

bν0k(x, ξ, η) = Ψ0(ξ)Ψ(η)χνk(η)e
iψ1(x1,ξ)ei(2

k〈∇ηϕ2(x2,η)−∇ηϕ2(x2,ην),η〉)a(x, ξ, 2kη).

for some ζ1 ∈ Sn−1.

Also we have

JN
(
ei(2

k〈∇ηϕ2(x2,ην)−y2,η〉)) = (1 + gk(∇ηϕ2(x2, η
ν)− y2))

Nei(2
k〈∇ηϕ2(x2,ην)−y2,η〉),

where gk(z) = 22kz21 + 2k|z′|2 for z ∈ Rn.
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Now we can do the estimate∫
|Kν

0k(x, y1 +∇ξϕ1(x1, ζ1), y2 +∇ηϕ1(x2, η
ν))|dy

= 2kn
∫

|b̃ν0k(x, y)|dy

= 2kn
( ∫

gk(y2)≤2−2kρ(2)
+

∫

gk(y2)≥2−2kρ(2)

)
|b̃ν0k(x, y)|dy

= 2kn(I5 + I6),

where

b̃ν0k(x, y) =

∫
e−i〈y1,ξ〉e−i2

k〈y2,η〉bν0k(x, ξ, η)dξdη.

Then there holds

I5 ≤

∫ (∫

gk(y2)≤2−2kρ(2)
dy

)1
2
(∫

|b̃ν0k(x, y)|
2dy2

) 1
2

dy1

. 2−k
n+1
4 2−k

n
2

∫ (∫

|y2|≤2−kρ(2)
dy

)1
2

(∫

Aη∩Γν
k

|

∫
ei〈y1,ξ〉bν0k(x, ξ, η)dξ|

2dη

) 1
2

dy1.

Recall JN = (1 − ∂2η1 − 2−k∂2η′)
N , N ∈ N, and for multi-index α with |α| ≥ 1, we

have

sup
ξ,η

|ξ|−1+|α|‖∂αξ J
N (bν0k(x, ξ, η))‖L∞ . 2k(m

(2)+2N(1−ρ(2))).

Therefore by Lemma 2.2

|

∫
ei〈y1,ξ〉bν0k(x, ξ, η)dξ| . 〈y1〉

−n−s · 2km
(2)

,(5.4)

|

∫
ei〈y1,ξ〉J lbν0k(x, ξ, η)dξ| . 〈y1〉

−n−s · 2k(m
(2)+2l(1−ρ(2))),(5.5)

for all s ∈ [0, 1) and all non-negative integer l. (5.4) implies

I5 . 2−k(
n+1
4

+nρ(2)

2
−m(2)+n−1

4
+n

2
) . 2−k(n−m

(2)+nρ(2)

2
).

The other case, taking advantage of (5.5), it follows that for any non-negative
integer l > n/4

I6 ≤

∫ (∫

gk(y2)≥2−2kρ(2)
(1 + gk(y2))

−2ldy2

) 1
2
(∫

|b̃ν0k(x, y)|
2(1 + gk(y2))

2ldy2

) 1
2

dy1

. 2−k
n+1
4 2−k

n
2

∫ (∫

|y2|≥2−kρ(2)
|y2|

−4ldy2

) 1
2
(∫

|

∫
ei〈y1,ξ〉J lbν0k(x, ξ, η)dξ|

2dη

) 1
2

dy1
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. 2−k
n+1
4 2−k(ρ

(2)(n
2
−2l))2k(m

(2)+2l(1−ρ(2))−n−1
4

−n
2
)

. 2−k(n−m
(2)+nρ(2)

2
−2l).

When l > n/4 is not an integer, the same trick as before gives the same estimate

I6 . 2−k(n−m
(2)+nρ(2)

2
−2l).

Then we have

sup
x

∫
|Kν

0k(x, y)|dy . 2−k(−m
(2)+nρ(2)

2
−2l).

Taking the sum over k, ν,
∑

k

∑

ν

‖T ν0k‖L∞ .
∑

k

2−k(−m
(2)+nρ(2)

2
−2l−n−1

2
)‖f‖L∞ . ‖f‖L∞,

provided m(2) < −n−1
2

+ nρ(2)

2
− 2l and any l > n

4
.

�

5.5. Proof of Theorem 1.4.

Proof. (a)When 1 ≤ p ≤ 2, assume t satisfies

1

p
=

1− t

1
+
t

2
= 1−

t

2
⇒ 1− t =

2

p
− 1, t = 2−

2

p
= 2

(
1−

1

p

)

By the Riesz-Thörin Interpolation, we know ‖T‖Lp→Lp ≤ ‖T‖1−tL1→L1 · ‖T‖
t
L2→L2 . So,

when

m(i) <

(
−
n− 1

2
+ n(ρ(i) − 1)

)
·

(
2

p
− 1

)
+

(
−
n− 1

4
+
n

2
· (ρ(i) − 1)

)
· 2 ·

(
1−

1

p

)

=
n(ρ(i) − 1)

p
−

(n− 1)

2p

we have that T is bounded on Lp;

(b)When 2 ≤ p ≤ ∞, assume t satisfies

1

p
=

1− t

2
+

t

∞
=

1− t

2
⇒ 1− t =

2

p
, t = 1−

2

p

By the Riesz-Thörin Interpolation, we know ‖T‖Lp→Lp . ‖T‖1−tL2→L2 ·‖T‖
t
L∞→L∞ , So,

when

m(i) <

(
−
n− 1

4
+
n

2
· (ρ(i) − 1)

)
·
2

p
+

(
−
n− 1

2
+
n

2
(ρ(i) − 1)

)
·

(
1−

2

p

)

=
n(ρ(i) − 1)

2
−
n− 1

2

(
1−

1

p

)

we have that T is bounded on Lp. �
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