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ABSTRACT. In this work we prove Hardy space estimates for bilinear Littlewood-Paley-Stein square
function and Calderén-Zygmund operators. Sufficient Carleson measure type conditions are given
for square functions to be bounded from HP! x HP? into L? for indices smaller than 1, and suffi-
cient BM O type conditions are given for a bilinear Calderén-Zygmund operator to be bounded from
HP' x HP? into H? for indices smaller than 1. Subtle difficulties arise in the bilinear nature of these
problems that are related to frequency properties of products of functions. Moreover, three types
of bilinear paraproducts are defined and shown to be bounded from H”! x H?? into H? for indices
smaller than 1. The first is a bilinear Bony type paraproduct that was defined in [33]. The sec-
ond is a paraproduct that resembles the product of two Hardy space functions. The third class of
paraproducts are operators given by sums of molecules, which were introduced in [2].

1. INTRODUCTION

There is a rich theory of Hardy spaces in harmonic analysis. Some of the early groundbreaking
work in the area are from Stein, Weiss, Coifman, and C. Fefferman, among many others, see for
example [49, 48, 18, 10]. In more recent years, Hardy space theory has been studied in product
(aka multiparameter) settings and to a lesser extent in multlinear settings. The challenges in these
areas are formidable. There are many instances where results from the classical theory, which one
may initially expect to hold in the product and multilinear setting, fail. This phenomenon has been
observed many times in the multiparameter setting, for example in the absence of a weak (1,1)
estimate for the strong maximal operator (see for example [37]) and the difference between various
definitions of Hardy and BM O spaces in the product setting (see for example [35, 6, 39, 19, 40, 31]).
This type of difficulty presents in multilinear analysis as well; of interest in this work are the failure
of some boundedness properties for mutlilinear operators on products of Hardy spaces.

The study of multilinear Calder6n-Zygmund operators was initiated by Coifman and Meyer
[11, 12, 13]. A fruitful theory has grown around these operators, see for example [7, 26, 27, 23,
2,43, 29, 36, 34, 41]. A multilinear and multi-parameter version of the Coifman-Meyer Fourier
multiplier theorem was established in [44, 45] using time-frequency analysis (see also [9] using
the Littlewood-Paley analysis) and a pseudo-differential analogue was carried out in [15]. There
has also been some work done for the operators in the context of distributions spaces (Triebel-
Lizorkin and Besov spaces), see for example [28, 1, 43, 2]. For appropriate indices, some of these
distribution spaces coincide with Hardy spaces, which are the focus of this work. One of the main
results we prove in this work is a bilinear 7'1 type theorem that extends the bilinear 7'1 theorem

Date: August 30, 2015.

1991 Mathematics Subject Classification. 42B20, 42B25, 42B30.

Key words and phrases. Square Function, Littlewood-Paley-Stein, Bilinear, Calderén-Zygmund Operators.
Hart was partially supported by an AMS-Simons Travel Grant. Lu was supported by NSF grant #DMS1301595.



2 JAROD HART AND GUOZHEN LU

from [7, 26, 27, 33] to a Hardy space setting. This work also provides bilinear versions of the
linear results in [18, 50, 22, 20, 35]; in particular there is a close parallel with the Hardy space
results in [35]. There has also been a considerable development of bilinear Littlewood-Paley-Stein
theory in recent years, see for example [42, 43, 32, 29, 25, 8, 24]. All of these works deal with
Littlewood-Paley-Stein operator mapping properties from LP! x LP? into L? for py,p> > 1. Here
we extend this to HP! x HP? to L? boundedness properties for indices 0 < py,p» < 1.

To highlight a challenge that arises in bilinear Hardy space theory that is not present in the linear
theory, consider the following problem, to which we give a solution in this work. Given a bilinear
operator 7 acting on a product of Hardy spaces HP! x HP2, what conditions are sufficient for T
to map HP!' x HP2 into H?? At the root of this problem is a simple, but menacing, fact. Given a
nonzero real-valued function f € H', it follows that f- f = f2 ¢ H 1/2 Note that it is that fact that
£2 can have non-zero integral that bars it from membership in H 1/2 (any integrable function in H 1/2
must have mean zero). This is a failure of a bilinear analogue of classical theory in the following
sense. The operator P(f1, f2)(x) = f1(x)f2(x) is analogous to the identity operator If(x) = f(x)
in the linear theory. Clearly the identity operator I is bounded on any reasonable function space,
including H? for all 0 < p < 1, and the bilinear operator P enjoys many similar properties to /.
For example P is bounded from LP! x LP? into LP for all 0 < p1, p2, p < oo satisfying pil + piz = %
(this is just Holder’s inequality), and by a result in [23], P is also bounded from HP! x HP? into
L? for any 0 < p1,p2,p < 1 such that PLI + piz = %. Although, the product operator P fails to
satisfy many Hardy space bounds that one might initially expect, and this presents a much more
difficult problem. Namely, P is not bounded from H”! x HP? into H?, whenever 0 < p1,p2,p <1
and pil + piz = %. The product structure of bilinear operators severely complicates oscillatory
properties of functions. For this reason, addressing Hardy space HP! x HP? to H? bounds for
bilinear operators is connected to the deep mathematical problem of understanding the oscillatory
behavior of products of functions. One result in this work (Theorem 2.5) is a paraproduct operator
I1( f1, f>) that resembles the product P(f1, f2) = fi - f> in some senses, but satisfies I[1(f1, f2) € H!/?
for all fi, f> € H', along with other properties.

The example in the last paragraph gives some initial insight into what we can expect as far as
results for the bilinear singular integral operators we work with in this article. Consider again
the pointwise product operator P(f1, f2)(x) = fi(x)f2(x). This is arguably the simplest bilinear
operator that one can consider, but it is not bounded from H?! x HP? into H? for 0 < p < 1. So the
conditions we impose on our bilinear operators below must not be verified by P. The appropriate
bilinear operators to have the Hardy space boundedness properties must “improve” the functions
f1 and f> in the following sense. Formally, f; € HP! and f> € HP? must have some regularity
and vanishing moment properties up to order (comparable to) 1/p; and 1/p; respectively. Since
we wish to obtain T'(f1, f2) € HP, T(f1, f2) must satisfy better regularity and vanishing moment
properties than either f} or f, (roughly speaking, up to order 1/p = 1/pj + 1/p3). This precludes
the typical paradigm for interpreting the regularity properties for inputs and outputs of a bilinear
Calder6n-Zygmund operators as set by the product operator P. That is, one typically considers
T(f1, f2) to satisfy the regularity properties that f(x) - f2(x) would satisfy; which means that a
general bilinear Calderén-Zygmund operator cannot be smoothing. We look at a smaller class of
bilinear Calderén-Zygmund operators that are smoothing in some sense; hence from this point of
view we can again rule out the product operator P as a representative example. An example of a
smoothing bilinear Calder6n-Zygmund operator was given in [2] by a certain paraproduct, in which
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the authors prove boundedness properties on homogeneous Sobolev spaces, from L' x 1./? to LY i
We consider these smoothing operators since the output has regularity s+ ¢, whereas the inputs,
fi1 € LY and f> € L?, have lesser regularity, s and 7 respectively. A general Calderén-Zygmund
operator that is bounded L? x L? to L' does not satisfy this type of smoothing boundedness property.
Later we apply our main Calderén-Zygmund operator result (Theorem 2.2) to the paraproducts
from [2] to prove that they are also bounded from H”! x HP2 into H” under appropriate conditions,
see Theorem 2.6.

There has been work done on bilinear operators that are related to the Hardy space mapping
problem we are considering that also hint at what conditions may be needed for bilinear operators
to be bounded in H?” for 0 < p < 1. In [23], Grafakos and Kalton give conditions for a bilinear
Calderén-Zygmund operator to be bounded from HP! x HP? into L” (we restrict to the bilinear
setting for this discussion). In fact, they only require that 7' is bounded from L? x L? into L' and
additional kernel regularity for this conclusion. There is no further cancellation required for T
beyond what is necessary for Calderon-Zygmund operators to be bounded on Lebesgue spaces
with indices larger than 1, see for example [7, 26, 27, 33]. Note that the product operator still falls
into the class of operators to which the results in [23] apply; as previously mentioned P is bounded
from HP! x HP? into L? for indices smaller than 1. This highlights the drastic difference between
the work in [23] and this article. Another work that is closely related to this article is [36]. In that
work, the authors prove some H”!' x HP? to H? estimates when p < 1. Their result, which is for p
close to 1, relies heavily on atomic decompositions of Hardy spaces and the boundedness results
from [23]. We give sufficient conditions for a bilinear operator T to be decomposed in terms of
Littelwood-Paley-Stein theory, and prove estimates for Hardy spaces with indices p ranging all
the way down to zero without using atomic decompositions. This is inspired by the works in the
multi-parameter Hardy space theory in [30, 31] where a discrete Littlewood-Paley theory is carried
out to prove boundedness of singular integral operators on multi-parameter Hardy spaces.

2. MAIN RESULTS

We take a moment to describe our general approach to the results in this article. Our primary
goal is to prove HP! x HP? to HP estimates for bilinear Calderén-Zygmund operators. The way we
approach this is to decompose T into smooth truncation operators @; = QT for k € Z, and reduce
the H? estimates for T to estimates in for ®; using the Littlewood-Paley characterization of H”
from [18]. That is, we choose Q; to be Littlewood-Paley-Stein type operators, sufficient for the
following semi-norm equivalence,

1 1

T (f1, )|l ~ (Z|QkT<f1,fz>|2) = (Z|®k(f17f2)|2) =|Se(f1, /)17,

keZ Ip keZ Ip

where Sg is the square function associated to the collection ®; = Q;T. These operators ®; for
k € 7Z define what we call a collection of bilinear Littlewood-Paley-Stein operators. In this way
we reduce our HP! x HP? to H? estimates for T to HP! x HP2 to L? estimates for Sg. The latter
estimates for Sg are the square function type estimates that we will prove, thereby yielding the
Calder6n-Zygmund operator estimates as well. We also obtain paraproduct boundedness properties
by applying our Calderén-Zygmund operator estimates.
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2.1. Bilinear Littlewood-Paley-Stein Theory. Given kernel functions 6; : R>" — C for k € Z,
define

Oc(f1,/2)(x) I/]Rz” 0k (x,y1,52) f1(v1) f2(v2)dy1 dy2

for appropriate functions fi, f> : R” — C. Define the square function associated to {®y}
1

Se(f1,f2)(x) = (Z ]@k(fl,fz)(x)\2> .

kEZ
We say that a collection of operators Oy, for k € Z is a collection of bilinear Littlewood-Paley-Stein
operators with decay and smoothness (N, L), written {®;} € BLPSO(N,L), for an integer L > 0
and N > 0 if there exists a constant C such that

@2.1) DSDBO (x, y1,y2)| < C21X+BIRGY (x — vy x — y5) for all |, |B| < L.

Here we use the notation @ (x,y) = 22%"(1 + 2F|x| + 2F|y[)™ for N > 0, x,y € R", and k €
Z. We also use the notation DJF (x,y1,y2) = 03 F (x,y1,y2), DYF (x,y1,y2) = 9, F (x,y1,y2), and
DSF (x,y1,y2) = 9, F (x,y1,y2) for F': R3 — C and a0 € NE.

Given {©;} € BLPSO(N,L) and a,B € Nj with |a| + |B| < N — 2n, define the (a,3) order
moment function associated to {®y} by

[©]]g,p (x) = 2kl +BD) /RZn Ok (x,y1,32) (x — y1)*(x — y1)Pdy1 dy,

for k € Z and x € R". It is worth noting that [[®]]o(x) = ®(1,1)(x), which is an object that is
closely related to boundedness properties of Sg, see for example [42, 43, 32, 25, 29, 24]. Our main
square function boundedness result is the following theorem.

Theorem 2.1. Let L > 1 be an integer and N =2n+L(2n+L+5)/2. If {®x} € BLPSO(N,L) and
2.2) du(e,) =3 Y [[[Olap(x)*8 s dx

k€Z |a,|B|<L-1
is a Carleson measure, then Sg can be extended to a bounded operator from HP' x HP? into LP for
all 577 < p < land 7 < p1,p2 < | satisfying p%%—piz = %.

Here §,_,« is the delta point mass measure on (0,) concentrated at 27%. That is, for a set
E C (0,00), the measure 8,_, « is defined by 8,_, «(E) =1if2* € Eand 8, , «(E)=0if27* ¢ E.
Also, a non-negative measure du(x,t) on R%" =R x (0,c0) is a Carleson measure if there is a
C > 0 such that du(Q x (0,£(Q))) < C|Q| for all cubes Q C R”", where ¢(Q) is the side length of Q
and |Q] is the Lebesgue measure of Q.

2.2. Bilinear Calderon-Zygmund Theory. Let .7 = .%(R") be the Schwartz class of smooth,
rapidly decreasing functions endowed with the standard Schwartz semi-norm topology, and let
S =.'(R") be its continuous dual, the class of tempered distributions. We say that a continuous
bilinear operator T from . x . into . is a bilinear Calder6n-Zygmund operator with smooth-
ness M, written T € BCZO(M), if T has function kernel K : R*\{(x,x,x) : x € R"} — C such
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that
T(2)8) = [, K312 00 02)8(Wdy dyada

whenever fi, f2,¢ € Cy have disjoint support, supp(f1) Nsupp(f2) Nsupp(g) = 0, and there is a
constant C > 0 such that the kernel function K satisfies
C

(|x—y1 | + |x—y2|)2n+|a‘+|ﬁ|+|ﬂ|

for x,y1,y2 € R” such that |x — y; |+ [x — y2| > 0. Define the transposes of T by the dual relations

<T(flaf2)ag> = <T*1(g7f2)’f1> = <T*2(f17g)7f2>

for f1,f»,g € .-, which also satisfy T*/ € BCZO(M) for j = 1,2 whenever T € BCZO(M). We
also define moment distributions for an operator T € BCZO(M), but we require some notation first.
For an integer M > 0, define the collections of functions

IDEDRDYK (x,31,32)| < for all |, |B]. |u] < M

Ot — Ou(R") — {f € C*(R"): sup [f() - (1+ )™ < oo} and

xeR"
Dy = Dy(R") = {f eCy(R"): / f(x)x*dx = 0 for all |a SM}.
Rﬂ
Define the topology of Dy, by the sequential characterization, for fi, f € Dy fork € N, fy — fin

Dy if there exists a compact set K such that supp(f),supp(f) C K for all k € N and
Jim [|D%f — D% 1= = 0

for all o € Njj. Then @1/\/1 is defined to be all linear functionals W : Dy; — C such that
fie— fin Dy implies (W, fi) — (W, f).

Let n € C5’(R") be supported in B(0,2) and (x) = 1 for x € B(0,1). Define for R > 0, ng(x) =
N(x/R). We reserve the notation Mg for functions constructed in this way. In [1], Bényi defined
T(f1,f2) for fi € Oy, and f> € Oy, where T is a bilinear singular integral operator. We give an
equivalent definition. Let 7 be a BCZO(M + 1) and f; € Oy, and f> € Oy, for some integers
Mi,M> > 0 such that M| + M, < M. For y € Dy, define

(T(f1,/2),¥) :1%220<T(T]Rf1,ﬂ1ef2)a‘l’>-
Also, for fi € Oy, f> € Cy, and Y € Dy, define
<T(f17f2)7\|’> :I%E}lo<T(an17f2)7w>

These limits exist based on the kernel representation and kernel properties for T € BCZO(M + 1),
see [1] for proof of this fact. Now we define the moment distribution [[T]]o g € D for T €

o+ B
BCZO(M +1) and o, € Nj with |a| + |B| < M by

([T W) :%TL/RM K (x,y1,32) (2= y1) MM& (1) (x = y2) PR (2) W(x)dy1 dyz dx

for y € Dy. Here K € .#/(R*) is the distribution kernel of T, and the integral above is in-
terpreted as a dual pairing between K € .#/(R*") and elements of .#(R*"). This distributional
moment associated to 7' generalizes the notion of 7(1, 1) as used in [7, 26, 27, 33] in the sense that
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([[T10,0,¥) =(T(1,1),y) for all y € Dy. We will also use a generalized notion of BMO to extend
the cancellation conditions T(1,1),7*1(1,1),7*2(1,1) € BMO, which were used in the bilinear T'1
theorems from [7, 26, 27, 33]. Let M > 0 be an integer and F' € Q)l’u /P, distributions Q)zlvl modulo
polynomials. We say that F' € BM Oy, if the non-negative measure on R’fl,

Y 22| QuF (x)Pdx 8,

keZ
is a Carleson measure. This definition agrees with the classical definition of BM O by the charac-
terization of BMO in terms of Carleson measures in [4, 38]. It should be noted that we defined
this polynomial growth BM Oy, space in [35], and a similar polynomial growth BM Oy, was defined
by Youssfi [51]. We use this polynomial growth BM O, to quantify cancellation conditions for
operators T € BCZO(M) in the following result.

Theorem 2.2. Assume that T € BCZO(M), where M = L(2n+ L+ 5)/2 for some integer L > 1,
and that T is bounded from L* x L* into L'. If

(2.3) T (x% ) = T (y,x%) = 0 in Dy, for all |o| < 2L+n and § € Dar 1,
(2.4) [[T]]OC,B S BMO|a|+|B|f0r all |0C’, |B| <L-1,

then T can be extended to bounded operator from HP' x HP* into H? for all 5.7 < p <1 and

. . 1 1 |
ﬁ < p1,p2 < 1 satisfying 17_1+p_2 =1

We prove Theorem 2.2 by decomposing an operator T € BCZO(M) into a collection of operators
{®} € BLPSO(2n+ M, L) in Theorem 2.1, where L depends on the regularity parameter M. This
decomposition of 7" into a collection of bilinear Littlewood-Paley-Stein operators is stated precisely
in the next theorem.

Theorem 2.3. Let L > 1 be an integer, N > 2n, and T € BCZO(M) for some integer M > max (N —
2n,2L+ 1). Also assume that T is bounded from L* x L? into L'. If T satisfies (2.3), then {®;} =
{Q«T} € BLPSO(N, L) for any y € Dy, where Qi.f = Wi * f and Wi (x) = 2y (2Kx).

2.3. Applications to Paraproducts. In this article, we use Theorem 2.2 to prove that three types
of paraproducts are bounded on Hardy spaces. The first is a bilinear Bony type paraproduct, which
is a bilinear version of Bony’s paraproduct in [3] and was originally introduced in [33]. It is
constructed as follows.

Let y € Dy and ¢ € CF, and define i (x) = 281y (2Kx), @ (x) = 2M@(2%x), Qi f = Wi * £, and
Pif = @ f. For b € BMO, define the bilinear Bony paraproduct
(2.5) 0, (f1,/2)(x) = Y Q; (Qjb-Pifi-Pjfa) ().

JEZ

If y and @ are chosen appropriately, then this paraproduct satisfies IT,(1,1) = b, see [33]. We are
not concerned with this particular property here, so we allow for a more general selection of y and
¢. We will apply Theorem 2.2 to I1, to prove the following theorem.

Theorem 2.4. Let L be a non-negative integer, b € BMO, y € D31y, and ¢ € Cy, then 11, as
defined in (2.5), is bounded from HP' x HP? into HP for all 2~ < p <1 and -2 < p1,p» < 1

2n+L n+L
satisfying % = [7Ll + p%
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The motivation for our second paraproduct operator is to find a replacement for the product
f1(x)f2(x) that is in H? for 0 < p <1 for appropriate f; and f,. Once again, we construct this
operator a bit more generally. We will use the following definition for the Fourier transform; for
f €L, define

FUNE) =7 &) = [ e

Let € . such that its Fourier transform V is supported away from the origin, and let ¢ € .. Let
Vi, Ok, O, and Py, be as above. Define
(2.6) (f1,/2)(x) = Y Ok (Pufi - Pef2) (x).
keZ
We prove the following Hardy space bounds for I1.

Theorem 2.5. Let I1(f1, f>) be as in (2.6). Then Il is bounded from HP' x HP? into HP for all

0 < p1,p2, p < 1 satisfying ll) = Pil—i_p_lz'

In order to construct the paraproduct I1(f}, f>) to resemble the product f; - f», we choose y and
@ in the following way. Let @ € . such that (&) = 1 for |§| < 1 and supp(®) C B(0,2). Define
W(x) =272"p(272x) —273"¢(273x). With this choice of y and ¢, it follows that Q; = P,Qy. Under
these conditions, it also follows that

(1, f2)(x) = Y Ok (Pe(1) - Pef2) (x) = Y QkPrfa(x) = Y Orfa(x) = fo(x) and

keZ keZ keZ
H(fl, Z Qk Pkfl Pk Z QkPkfl Z Qkfl fl (x)
keZ keZ ke

in H? for all fi,f> € H? NL?. This gives precise meaning to how II(f, /2)(x) “resembles” the
product fi (x) - ().

We should remark here that the constructions in Theorems 2.4 and 2.5 use slightly different
techniques, but are interchangeable in some senses. In Theorem 2.4, we choose the convolution
kernels Yy € Di44, and conclude bounds for Hardy spaces with indices bounded below by ﬁ
and %7, where L can be taken arbitrarily large. One can construct the bilinear Bony paraproduct
I, with ¢ € .% such that  is supported away from the origin, and the conclusion is strengthened
to all 0 < py,p2,p < 1 similar to Theorem 2.5. Similarly, the paraproduct IT can be constructed
with functions Y € Dy, and obtain the same conclusion as in Theorem 2.4 with the appropriate
lower bounds for 0 < p1,p2,p < 1.

Finally, we consider a class of paraproducts defined in [2]. For a dyadic cube Q, a function
¢p : R* — C is an (M,N)-smooth molecule associated to Q if there exists a constant C = Cy y
independent of Q such that

(Q) ")
(1+4(Q)~Hx—xg| )V
for all |al| < M, where xg denotes the lower-left corner of Q. A family of (M, N)-smooth molecules

Yo indexed by dyadic cubes Q is an (M, N, L)-smooth family of molecules with cancellation if yj
is an (M, N)-smooth molecule associated to Q and

2.7) Yo (x)x%dx =0
Rn

[D%o(x)| < C
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forall || < L. Let ¢b, ZQ, ¢3Q be three families of molecules indexed by dyadic cubes Q, and define
the paraproduct 7', as in [2], by

T(f1,/2)(x Z<fl;¢Q (f2,05) 0p(x).

The sum here indexed by Q is over all dyadlc cubes. In [2], the authors prove the boundedness of
these operators on many different function spaces, for example from LP! x P2 — [P HP' x HP? —
LP, L* x L — BMO, as well as a number of estimates for weak L?” spaces and weighted spaces.
Here we extend their results to boundedness properties from products of Hardy spaces into Hardy
spaces.

Theorem 2.6. Let L > 0 be an integer, M = L(2n+L+5)/2, and N > 10n+ 15M + 5. Assume
that ¢b, 2Q,¢3Q are three families of (M,N)-smooth molecules. Furthermore assume that ¢3Q is a

collection of (M,N,2L+ n)-smooth molecules with cancellation, and either ¢1Q or q)é is a family of
(M,N,L— 1)-smooth molecules with cancellation. Then T can be extended to a bounded operator

from HP' x HP? into HP for all 5" < p <1 and .27 such that o+ plz = 117'

The selection of M and N in this result are not optimal. Here we use the selection of parameters
that are sufficient to show that 7 € BCZO(M) based on the work in [2], in which the authors note
the parameters are not chosen to be optimal.

This article is organized in the following way. In Section 3, we establish some notation, and state
some preliminary results. Section 4 is dedicated to proving the bilinear square function estimates
in Theorem 2.1. Section 5 is used to prove our bilinear Calderén-Zygmund operator estimates in
Theorems 2.2 and 2.3. Finally in Section 6, we apply Theorem 2.2 to the paraproduct operators in
Theorems 2.4, 2.5, and 2.6.

3. PRELIMINARIES

We use the notation A < B to mean that A < CB for some constant C. The constant C is allowed
to depend on the ambient dimension, smoothness and decay parameters of our operators, indices
of function spaces etc.; in context, the dependence of the constants is clear.

We will use the following Frazier and Jawerth type discrete Calderén reproducing formula [21]
(see also [30] for a multiparameter formulation of this reproducing formula): there exist ¢, o €S
for j € Z with infinite Vanishing moment such that

G.D =Y Y [010j(x—cg)d;* f(cp)inL?

JGZ( Q) —(Jj+Ny)

for f € L. The summation in Q here is over all dyadic cubes with side length £(Q) =2~ (/M) for
some Ny > n, and cg denotes the center of cube Q.

We will also use a more traditional formulation of Calderén’s reproducing formula: fix ¢ €
Cy(B(0,1)) such that
(3.2) Y Ouf=finL?
keZ

for f € L?, where y(x) = 2"@(2x) — @(x), Wi (x) = 2F"y(2%x), and Oy f = iy * f. Furthermore, we
can assume that Y has an arbitrarily large, but fixed, number of vanishing moments.
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There are many equivalent definitions of the real Hardy spaces H” = HP(R") for 0 < p < oo.
We use the following one. Define the non-tangential maximal function

A S(x) = sup sup | [ 170 (y=w) « flu)du.

>0 |x—y|<t

where @ € . with non-zero integral. It was proved by Fefferman and Stein in [18] that one can
define || f||gr = ||AN®f]|Lr to obtain the classical real Hardy spaces H? for 0 < p < oo. It was also
proved in [18] that for any ¢ € . and f € H? for 0 < p < oo,

S -

sup | Qg * f|
keZ Lp

We will use a number of equivalent quasi-norms for H”. Let y € Dy, for some integer M > n(1/p—
1), and let y; and Qy be as above. For f € ./ /P (tempered distributions modulo polynomials),
f € H? if and only if

1

<Z lef|2>2 < oo,

keZ
Ly

and this quantity is comparable to || f|[r». The space H” can also be characterized by the operators
¢; and ¢; from the discrete Littlewood-Paley-Stein decomposition in (3.1). This characterization
is given by the following, which can be found in [30]. Given 0 < p < o

2

Y Y 16 s(co)Pxeo ~ || £l
JEL y(Q)=2~UtMo) .
D

where xg(x) = 1 for x € E and yg(x) = 0 for x ¢ E for a subset E C R". For a continuous function
feL (R") and0 < r < oo, define

loc
(3.3) M f(x) =M Y, fleaxo| | (&)
£(Q)=2-U+No)

where M is the Hardy-Littlewood maximal operator. The following estimate was also proved by
Han and Lu in [30].

Proposition 3.1. ForO<r<p<land f € HP

<%(9‘[f@j*f))z> S Al ae,
je o

where fMjr is defined as in (3.3).

The next result is a reformulation of an estimate proved by Han and Lu in [30]; this version of
the result was proved in [35].
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Proposition 3.2. Ler [ : R" — C a non-negative continuous function, v > 0, and # <r<l
Then

Y lol@nt . (x—c)f(co) S 2T g £ (x)
£(Q)=2"UM0)

for all x € R", where 9\/[; is defined in (3.3) and the summation indexed by ¢(Q) = 2-U+N) s the
sum over all dyadic cubes with side length 2~ U+No) gpd cg denotes the center of cube Q.

The next result is proved using some well-known techniques for Carleson measure. The proof
can be found in [35].

Proposition 3.3. Suppose
(3.4) du(x,t) =Y u(x)8,_p-« dx
keZ
is a Carleson measure, where . is a non negative, locally integrable function for all k € 7. Also

let ¢ € ., and define P.f = @y * f, where @ (x) = 2K¢@(2kx) for k € Z. Then

1

P
(Z|Pkf|p.uk> S| fllgr  forall0 < p <o

keZ 1p

and
1

2
(Z |Pkf|2,Uk> S llae forall0<p<2.

keZ
Ly

We will also need Hardy space estimates for linear Littlewood-Paley-Stein square function op-
erators that was proved in [35]. First we set some notation for linear Littlewood-Paley-Stein oper-
ators. Given kernel functions Ay : R? — C for k € Z, define

AW = [ Malxn)f )y

for appropriate functions f : R" — C. Define the square function associated to { A}

Saf(x) = (Z | Arf (x) |2> :

kEZ
We say that a collection of operators Ay for k € Z is a collection of Littlewood-Paley-Stein op-
erators with decay and smoothness (N, L), written {A;} € LPSO(N,L), for an integer L > 0 and
N > 0 if there exists a constant C such that

(3.5) D (x,y)] < C21#*KDN (x — y) for all || < L.

Here we use the notation @ (x) = 28(1 4 2|x|)™" for N > 0, x € R", and k € Z. We also
write DYF (x,y) = 0%F (x,y) and DYF (x,y) = 0,F (x,y) for F : R*" — C and oo € Nj. This is a
slightly different definition for LPSO(N, L) than what was used in [35]. In that article, we defined
LPSO(N,L+9) for integers L > 0 and 0 < 8 < 1 in terms of d-Holder conditions on A (x,y) in
the y variable. Here we require {A;} € LPSO(N, L) to have kernel that is L times differentiable in
y instead of L — 1 times differentiable with Lipschitz L — 1 order derivatives as in [35]. It is not
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hard to see that the definition we use for LPSO(N, L) here is contained in the class defined in [35];
hence all results from [35] for LPSO(N, L) are still applicable in the current work.
Given {Ax} € LPSO(N,L) and o € Njj with |a| < N — n, define

(Al () =29 [ day) (e =)y

for k € Z and x € R". The next theorem was also proved in [35].

Theorem 3.4. Let {A;} € LPSO(n+2L,L) for some integer L > 1. If
(3.6) dua(x,t) = Y [[[A]]o(x)[*8,—y -+ dx
keZ
is a Carleson measure for all o, € Njj with |ot| < L — 1, then Sy is bounded from H? into LP for all
ﬁ <p<L
Note that we use Ay to denote linear operators and @y, to denote bilinear operators. We will keep
this convention throughout the paper.

4. HARDY SPACE ESTIMATES FOR BILINEAR SQUARE FUNCTIONS

To start this section, we prove a reduced version of Theorem 2.1, where we strengthen the
cancellation assumptions on ®; from the ones in (2.2) to the conditions in the next lemma. Once
we establish Lemma 4.1, we extend to the general situation in Theorem 2.1 by using a paraproduct
type decomposition.

Lemma 4.1. Let {®;} € BLPSO(N,L), where N = 2n+ 3L for some integer L > 1. If

/Rn Ok (x,y1,32)ydy1 =/Rn Ok (x,y1,2)y3dy2 = 0

forallk € Z and |o| < L— 1, then S can be extended to a bounded operator from HP' x HP? into

L? for all 5 +L<p<10md +L<p1p2<1suchthat— p%—f—piz.

Proof. Let p,p1,p2 be as above. Choose v such that 2 i 2n < v < L, which is possible since

_n_ : n l 1 l : n
i < D- Slnce v>2—2nand -+ - = there exists s € (0,1) such that sv > -~ —n and

(1—s)v > o —n. Flnally fix ry,m > 0 such that sy <71 < piand m < rp < p>. Note that
this also 1mphes that n+sv <n/p; <n+Land n+ (1 —s)v <n/p, < n+ L, which will be used
later to conclude that ¢Z+L (x) <®F™V(x) and ¢Z+L (x) < @ZJFU_S)V (x).

By density, it is sufficient to prove the appropriate estimate for f; € HP N L* for i = 1,2. We
decompose ®k( f1,/>) using (3.1) for each f; and f>,

C C,
®k(f1 f2 Z Z ‘QIHQQM)M*fl(CQl)q)n*fZ(CQ2)®k<¢lel7¢ Qz)( )
Jl7]2€ZQl»Q2
= Y ) |0il10a]6) % fi(c))d), * falcos) /2n O(x,y1,32)0;" ()02 (v2)dy1 dya.
J1:1€2.01,0 R
The summation in Q; and Q, are over all dyadic cubes with side lengths ¢(Q;) = 2~ (/1+MNo) and
Q) = —(j2+No) respectively. Now we establish an almost orthogonally estimate for the integral

term in the previous equation. Using the vanishing moment properties of 0; and the regularity of
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¢;,, we obtain the following.

C, C
[, 8yt 32052 (01)672 (12)dy dyz
RZn

B D% C.Ql .
= ‘/Rzn Ok (x,y1,32) (%?‘ SOEEDY %—I!(X)(yl —x)“> 072 (v2)dy1 dy»

lo <L—1

< [ AN (x—y1,x—y2) (20 x —yi|)*

S oo
X <‘I’71+L(Y1 —co,) + @} (x—cg, )) D1 (y2 — cg,)dy1 dys
< QLU1K) /Rz” cp/%n+2L(x_yl7x_y2)
X <‘D}}1+L(YI —co,) + P} (x—cg, )) 1 (v2 —cg,)dy1 dys
<2, | (x—co, )q)”mfrf(l ];sk))v (x—y2).

A similar estimate holds for 2£027%) in place of 2LUI—K), Using the vanishing moment properties
of ¢;,, we have the following estimate,

C C
/ Ok(x,y1,72)0," ()0 2 (y2)dy1 dys
RZn

DYO(x,cq,,y2
/Rzn <9k<xay1’yz>— )y — (Q,Ql (31— cg)® 0 (1922 (y2)dy1 dy2
o <L—1 :

S /RM D (x —y1,x = y2) (X1 — co, )R (1 — e, )P, (v2 — g, )dyr dya

X oo DY (x— oy, x —y2) 2Xy1 = co, )R (v1 — co, )Y, (v2 — co,)dy1 dy:

< okl=) /Rzn DY (x = y1,x = y2) @Y (y1 — g, )P, (2 — co,)dy1 dya
k—j 7+ +(1—s)v
STy | (o )i (= co,).

Once again, this estimate holds with 22=72) in place of 2L4=/1), Therefore
C C,
/ Ok(x,31,52)0; (y1)0 22 (y2)dy1 dy,
RZn

—L i1—k|,| jo—k n+(1=s)v
< o Lmax((ji kL2 |>cp"mf§(vjhk) (¥ =€01) Prjn(j, ) (¥~ €02)-
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Applying Proposition 3.2 yields
01, 2) ) S Y, Y 1011102005, * fi(co,)), * f2(co,)

J1,12€Z2.01,02
—Lmax(|j1—k|,|jo— n+-s n+(1—s
btk gty (x— e BIHIN (e
Z 2—Lmax(\j1 —k\.,\jz—k\)zsvmax(o.,k—jl)z(l s)vmax(O.,k—jg)gV[jrll ((T)h *fl)(x)m/[jrzz ((T)jz *fz)(x)
J1,J2€L
< Y 2reme e RIRTKIar @), 1) (x) M2 (8, % f2) (),
J1,J2€Z

where € = L —v > 0. Applying Proposition 3.1 for both 9\/[er1 (¢}, * f1) and 9\/[;22 (0, * f2) yields the
appropriate estimate below,

1So(f1, )l S{[| X [ Y 2 5l—kip =312 k|M”(¢]1*f ¢Jz*f2]

kEZ | j1,j2€Z

N

( Y 2 iliikp-slH [M”(%*fl) H(0), % f2) )
J1:j2.k€Z

JI1EZ jnEL

2
= (Z (5, *f1>]2> (Z (75,4 12)] )
Y L
S Al 21|z
This completes the proof of Lemma 4.1. U

Next we construct paraproducts to decompose ®;. These are the same operators that were
constructed in [35], although we modify the decomposition to fit the bilinear framework. Fix an
approximation to identity operator Py f = @y * f, where @ (x) = 2@ (2*x) and ¢ € .7 with integral
1. Define for o, B € Njj

Bt B
. Foa Jon Oty a<p
0 o Z P

Here we say o < 3 for ot = (01, ...,0),B = (B1, ..., Bn) € Njif o; < B forall i =1,...,n. Itis clear
that |[M g| < e for all o, € Nj since ¢ € .. It is not hard to verify that when || = |B],

_J (DPB a=p
4.1) Moc,B—{ 0 o # Band o) =|B| °

Consider the operators P,D® f defined for f € ., where D% is the distributional derivative on ..
Hence PcD%f(x) is well defined for f € .7’ since PD*f(x) = (¢F,D*f) = (—1)I* (D%(gF), f)
and D*(¢;) € 7. In fact, this gives a kernel representation for P,D*; estimates for this kernel are
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addressed in the proof of Proposition 4.3. Also,
[P0 plx) = 2P [ el = )a8((x— )Py = 2900
For {®;} € BLPSO(N,L) and k € Z, define

O (f1.£2)(x) = @k (fi, 2)(x) — [[€k (-, f2)]lo(x) - Pifi (x)
4.2) —[[©c(f1,)]lo(x) - Pefa(x) + [[Ok]]o,0(x) - Pef1(x)Pef2(x), and

10"V, f2)]lax)
|

o . 2_k|a|PkDaf1 (x)

o (1. )W =0V (. )W~ X (~1)

|o|=m
(m—1)

4.3) _y (el (Bf' LB Bl o gy ()
B :
+ Y (—nlerp (0" g () 2k +1B) p D £, (x) PDP £ (x)
&|=IBl=m !
for1 <m<L.

Lemma 4.2. Let {®} € BLPSO(N, L) for some integer L > 1 and N > 2n. Alsolet 0 <M <N —n
be an integer. Then

4.4) /Rn Ok (x,y1,y2)yYdy1 =0

forall x,y; € R" and |o| < M if and only if [[® (-, f)]]a(x) = 0 for all x € R",
Likewise for integrals in y, and [[®(f,*)]]a-

o| <M, and f € Cy.

Here we define [[@(-, f)]]o by applying the definition of [[-]]¢ for linear operator to the linear
operator g — O (g, f) with f fixed. A similar notation is used for [[@(f,-)]]a-

Proof. Note that the condition 0 < M < N — n implies that [[@(-, f)]]o, is well defined for |a| < M.
Assume that (4.4) holds. Then for any |o| < M

[©k(:, f)]]oc =21 /R L BCey,32) (x = yD) S (y2)dyr dys

= 2|OC|/< Z (_1)|V|C/J,V /l%n (/Rn ek(x7y1,y2)y‘1}dyl) x“f(yz)dyz =0.

u+v=o
Here ¢,y are binomial coefficients. Now assume that [[@(-, f)]]a(x) = 0 for all x € R", |at| < M,
and f € C7. Let @ € C7 be radial with integral 1 and define @y (x) = 2K (2*x). The radial condition
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here is not strictly necessary, but it simplifies notation. Then for |o| < M, we have

[ oteotdn= ¥ [ 8l (- )y,
R" +v=o/R"

= Z (—1)|°°|+"’"x“ lim Ok (x, y1,u) (x —y1)YOn(u— y2)dy  du

V=0 N—oo JR21
= Y (=) lim (@ (-, )]y (x) = 0.
u+v=a N—oo

We use that 8;(x,y1,y;) is a bounded L!'(R") continuous function in x for y; # y, to use the
approximation to identity property @y * 0x(x,-,y2)(y2) — 6x(x,y1,y2) as N — oo pointwise for
y1 # y2 and in LP(R") for 1 < p < . This completes the proof. O

Proposition 4.3. Ler {®,} € BLPSO(N, L) for some integer L> 1 and N >2n+L(2n+L—1)/2,
and assume that

(4.5) du(e,t) =3 Y [[[O]]op(0) 8ok dx

keZ o, |B|<L~-1
is a Carleson measure. Also let @,(Cm) be as inasin (4.2) and (4.3) for 0 <m < L—1. Then @,(Cm) S
BLPSO(N,,,L) where N,y = N —L(2n+L— 1) /2, and they satisfy the following for0 <m <L —1:

(1) For all oo € Njj with ]0(] <m<L-—1, we have

/ 0" (x,y1,y2)dy1 = /Rn 6" (x,y1,y2)dy2 = 0.

(2) du(x,t) is a Carleson measure, where du is defined by
L—-1
dux)=Y Y, Y 0" Nlap(x)8_s rax
keZm=0 |, |B[<L—1

Proof. We will show that {@ } € BLPSO(N,,,L) by induction. First we check that {G) } €
BLPSO(Ny,L) = BLPSO(N —n,L). Using the deﬁmtlon in (4.2), it is sufficient to show that
Ok (f1,/2), [[Ok(:, f2)lo - Pif1s [[Ok(f1,-)]lo - Pef2, and [[O]oo - Pfi - Pif2 each define operators
of type BLPSO(Ny,L). The first and last terms trivially satisfy these properties; note that {@;} €
BLPSO(N L) C BLPSO(Ny, L) by assumption and [[@]]o.0- P.f1 - Pf> is in any BPLSO(N, L) class
since [[@x]]o,0 < 1 and the convolution kernel of Py is in Schwartz class .. We consider the second
term [[@y(- fz)]] - P.f1, whose kernel is

Pr(x—y1) /Rn O (x, u1,y2)du.
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It is not hard to verify that this kernel satisfies the appropriate estimates to be a member of
BLPSO(Ny,L). The kernel condition (2.1) is verified by the following. For |a,|B| <L

DYDY ((Pk(x_yl)/Rn ek(X,ul,yz)dm) a;ﬁtpk(x—yl)/w P Oc(x,u1,y2)du

S 20l x ) [ 2P0 (x - x—sm)

< 2(\“\+\5\)’<q>2’—"(x_yl)cpi\’—"(x_yz)

~Y

< 2(\0€|+\B\)kq>i\70 (x—y1,x—y2).

Here we use that
kn kn 2kn

(T 2FRI)R (1 2R = (T+ 2+ 2)
By symmetry [[@(f1,-)]]o - Pcf> defines an operator of type BLPSO(Ny, L) as well. Now we pro-
ceed by induction. Assume that {@,((m_l)} € BLPSO(N,,,_1,L). Similar to the reduction for the m =
0 case, this can be easily reduced to showing that [[®](<m71) (-, f)]lo- 27 X% P.D* £, for |ot| = m and
the symmetric term define a collections of type BLPSO(N,,,L). The kernel of [[@,(Cm_l) (2)]]a-
2-Kalp D% is

D (1) (v) = = PE(x,).

(—l)locl (D) (x —y1) /Rn el(cm_l)(x,u,yz)Zk'al(x— w)du.

The kernel condition (2.1) for [[@,((m_l) (-, f2)]]o - 2 M P D £, is verified as follows using the in-
ductive hypothesis. For |u|,|v| < L and |ot| = m

4y (1)1 D0t [ 0" 322 31 )|
< 2WlK| (DHHQ) (x— 1) /R D30 (x,1,72) 2% (u — y1)*|dus
§2|ﬂlk¢§m(x_)’1)/w Z‘V‘kcbfm’l(x—u,x—y2)2k|°°|(u—y1)°°|du
< 2+ VDN (5 ) /R @ (- ya)du

< 2 VRGN (1 — yy )@y 1 T (x — )

This gives the appropriate formula §’m, defined recursively by No=N —n andNNm =Np_1—n—m
for m > 1. This yields the formula N, = N — (m+1)(2n+m) /2. Since N;, < N forall 1 <m <
L — 1, this gives the requirement N;_; = N — L(2n+ L — 1)/2 as in the statement of Proposition
4.3.

Since {©} € BLPSO(N,L) for some N > 2n+ 2L, we know that [[@]], p(x) exists for all

lal, |B| < L—1. We prove (1) by induction and using the reduction in Lemma 4.2 for each @,(Cm):
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the m = 0 case for (1) is not hard to verify; for all f; € Cy

[[®/(<0)(f1a Mo x) =[O (f1,)]Jo(x) — [[Ok(f1,)]]o(x)
— [[®]]0.0(x) Prf1(x) + [[O]]o.0(x) Pr.f1 (x) = O,

and likewise ®(0) - f2)]lo =0 for all f, € C7. Now assume that (1) holds for m — 1. Then for
k 0
luf <m—1and f; € Cy

(m—1)
[[®k a' ]]anu '27k|OC|PkDOCf1

10 (fi,)u= 10"V (fi. )= ¥ (=1

|ou|=m

Z |B| [[ (m— IB(fla )”[3 'Z_k‘ﬁ‘[[PkDB]]y

(m—1)

®
w .2~k p p% £, [[PDP]],, = O
o= [Bl=m ot

by the inductive hypothesis and the fact that [[P.D*]], = [[PDP]], = O for [u| <m—1 <m = |a| =
|B. For [u| =

10" (A, M= [0 (f1, )= X (=D

|| =m

(m—1)
L a! s 27 M pD% £

Z \B\H (m— IB(fh )] 2 HBI[[pDP ],

10 g s
+ Y (—1)'“‘+'B'T,’-z— (e BD D £ [[PDP ]
lof=[B[= A
(m—1)
— (00" V(- ¥ (-0l e 5 daip pr,
|o|=m :
(m—1)
T |oc|H® _ ]]Ot,u_z—k\oc\PkDocfl _0
|o|=m |

where the summations in 3 collapse using (4.1) and that Mg , = (—1)Bl when u = B and Mg, =0
when [B| = |u| but B # u. By symmetry the same holds for [[® (-, f2)]], and hence by induction
and Lemma 4.2 this verifies (1) for all m < L — 1. Given the Carleson measure assumption for
du(x,t) in (4.5), one can easily prove (2) if the following statement holds: forall 0 <m < L—1

(4.6) Y O @ <" Y Olap)],
latf,[BI<L—1 o/, |B|<L—1

where Cp = Z (1+[Mgpl).
laf,|Bl<L—1
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We verify (4.6) by induction. For m = 0, let |a|, |B| < L — 1, and it follows that
[[@);(CO)Ha,B = [[O]lap — [[Ollo.p[[Pello — [[Ok]la0[[Pe]lp + [[Ollo.0[[Pellecl[Pe]p

Then
\[[®/(<0)]]a,[3\ < Y 0]l + [[@]o.sMo.al
|ouf,[B|<L—1 o, [B]<L—1
+| | BZ [[Ok]]a.0Mo g + |[[Or]]0,0Mo,aMo gl
al,|p|I<L—1
. < u; (IHMO’OCH'MO’BH|M0’QM0’B|)) <| |Z H[@kﬂa’m)
of,|B|<L—1 ul,[v[<L—1
< <| IIBZ (1+|M0,oc|)(1+|Mo,B|)> < |Z H[®k]]a,ﬁ|>
al,|p[<L-1 ul,[v|I<L—1
§C3| |Z |[[Ok]]pl-
ul,|v|<L—1

Now assume that (4.6) holds for m — 1, and consider

Y e sl < Y 0" apl+ Y Y0 VoMl

|aif,|BI<L—1 aif,|B[<L—1 o, |B|<L—1 |u|=m
m—1 m—1
+ Y Y e MaoMepl+ Y Y 10 VlooMuaM, gl
laf,|B|<L—1|v|=m laf,|B|<L—1 |u|=|v|=m
s( Y i Y Mt ¥ gt Y |My,aMV,B|])
o [Bl<L—1 lul=m [v]=m ul=Iv|=m
m—1
( y e ’mm)
o, |B|<L—1

<

(1+!My,a!)(1+!Mv,BD>< Y H[®;(<m_l)]]a75!>

(al,IBISLl lul,[v]<m |of,Bl<L—1

<3 Y 0" Mapl <" Y Ol
o, [B]<L~1 |otf,|B|<L—1

We use the inductive hypothesis in the last inequality here to bound the [[®(’"’1)]]a’ﬁ. Then by
induction, the estimate in (4.6) holds for all 0 < m < L — 1, and this completes the proof. O

Define the linear operators
@ A = ([0, al), ACEF () = [0k )]Jal),
(

@8 A =[OV (flalx), and  AfE) = [0 ]lalx)
forl<m<L-—1.



HARDY SPACE ESTIMATES FOR BILINEAR SQUARE FUNCTIONS AND CALDERON-ZYGMUND OPERATORS 19

Lemma 4.4. Let L > 1 be an integer, and assume that {®;} € BLPSO(N,L), where N = 2n+
L(2n+L+3)/2. Define @,(Cm) and Azm’afor i=1,20<m<L—-1,and|o| <L—1asin (4.2),
(4.3), (4.7), and (4.8). Then {Ai’m’a} € LPSO(n+2L,L) for eachi=1,2, 0 <m < L—1, and
|a| < L — 1. Furthermore, if ®y satisfies the Carleson condition in (4.5), then

2 L—1

(4.9) dve)=Y Y Y Y ([AY)p(x)[*8,_y «dx

keZi=1m=0|al,|B|<L—1
is a Carleson measure and S \imo is bounded from HP into LP for all HLL <p<li=12 m=
0,1,....,L—1, and || < L, where Spima is the square function operator associated to { A"}

Snimaf (x) = (Z IAZ’"’“f(X)|2> .
keZ

Proof. We first look at A,?O’O‘f = [[Ok(f,")]]o for i = 1,2 and |a| < L— 1. We wish to show that
{A,i’o’a} € LPSO(n+2L,L). The kernel of /\,16’0’OC is bounded in the following way. For [B| < L

IDEA () < [ D00 Cry2)2 e = y2)

S (=30 = 32) (2 —3a]) 2

N_
Sz\ﬁ\k an)k ‘a‘(x—y,x—yz)dyz

< 2Bl (o y) < 2Bkt (x ),

Here we use that our hypotheses on N imply that N > 2n+ 3L — 1. Then {A,lc’o’a} € LPSO(n+

2L,L) for all |a| < L — 1, and by symmetry it follows that {A,%’O’a} € LPSO(n+2L,L) for |a| <

L—1 as well. If L = 1, this completes the estimates.
Now we continue to estimate these operators for | <m < L—1,where L>2. Fix0<m<L—1

and |ot| < L— 1. The kernel A,”""*f(x) is given by
1 —1
M y) = /R ) 0" (x,3,32) (x = y2)“dy».

By Proposition 4.3, we know that {@,({m_l)} € BLPSO(Ny,—1,L) where Ny = N —m(2n+m —
1)/2, and we now show that {A,i’m’a} € LPSO(n+2L,L). We check the kernel conditions for
A" hold. For 1 <m <L—1,|of <L—1,and |B| <L

1 -1
DEA ")l < [ DR (x,3y2)2 ™ (= y2) %y
<26 [ @it (x—yox - y2)2¥ - )%y

< 2|Blk g (Di/m—lfm (x—y,x — y2)dy»

< 2|B|kq)§<vm71*n*([,*1) (X _y) < Z‘B‘kq)z+2L(x _y)
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The last inequality is given by our assumption that N > 2n+ L(2n+ L+ 3)/2 since for 0 < m <
L—1, we have

Np1—n—(L—1)>Ny_o—n—(L—-1)=N,_; =N—-L2n+L—1)/2
>2n+L(2n+L+3)/2—L2n+L—1)/2=2n+2L > n+2L.

Also, by (2) in Proposition 4.3 it follows that dv(x,¢) defined in (4.9) is a Carleson measure; this
is because

A5 = [Olp oo AN = [[©4]]p,
(A = ([0 g and  [AZ™ g =[O lup for0<m<L—1.

By Theorem 2.1 from [35], it follows that Syim« is bounded from H? into L? for all HLL <p<
1.

(m)

Now we use Lemma 4.1 and the paraproduct operators ®, " along with Propositions 3.3 and 4.3
to prove Theorem 2.1.

Proof of Theorem 2.1. Let 5" < p < 1 and 27 < p1,p2 < 1 such that % = pll

definitions in (4.2), (4.3), (4.7), and (4.8), we can rewrite G),(Cm) in terms of A% in the following
way;
0, (f1, £)(x) = Okl fi,£2) (x) = AL o) Pifi () — AL fi () - P ()
+ [[OdJo,0(x) - Pefi (%) Pef2(x)

1)\l
6" V- X C A 2 DR )

+ piz Using the

o =m a!
—1)IBI
-y é‘) AP 1) -2 PR DR £ (x)
|Bl=m :
_1)lof+[B]
+ ( 215! [GI(Cmfl)”a’B(x),sz(loclﬂﬁ\)kaocfl(X)PkDsz(x).
o =|B|=m P

Then O is bounded in the following way;
0
Ok(f1,2)] < |®,(< )(f1,f2)| + |A;]C’O’Of1Pkf2| + |Ai’0’of2Pkf1| + [[[®k]]0,0Prf1Prf2]
I
< |®,(< (1, f2)] + A Pl 1P AN ol + [[O)0 0P fi Pl

=1 B=1

+ ) ’[[®1(<0)]]a,[32_k‘a‘PkDaf12_k‘B‘PkDBf2\
lo|=|B[=1
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L—-1
@10 <o) ()l + Y Y RO AN |

m=0|a|=m
L1
+Y ) |A/i’m’5f12_k|B‘PkDsz|
m=0|=m
L1

+Y ) ‘H@](cm)”a,ﬁz_k'a'PkDaflz_k‘B‘PkDBfﬂ+H[®k]]0,0pkflpkf2’-
=0 o ~[Blm

We verify that the square functions associated to each of the terms on the right hand side of (4.10)
is bounded by a constant times || f1||g71 || f2||g72 -
The @ ( fi1,f2) term: First we note that since {®;} € BLPSO(N,L) for N =2n+L(2n+ L+
5)/2, by Proposition 4.3 it follows that {G)k } € BLPSO(N;_,L) where
Nio1=N—L2n+L—1)/2=2n+L(2n+L+5)/2—L(2n+L—1)/2 =2n+3L.

This inequality for N;_; is the binding restriction for the requirement N = 2n+ L(2n+L+5) /2.

The other terms require N to be large, but none as large as the requirement for {@,(CL_I)} to be a
member of BLPSO(2n+ 3L L) Also by property (1) in Proposition 4.3, we have that

-1
/ 9 X (31, y2)yYdyr = /R" 9;(< )(X7)’1>y2))’gd)’2 =0

for all o) < L —1. By Lemma 4.1, it follows that
1

[Sew-1 (f1, f2)llr = <Z |®/(<L_1)(f17f2)|2) S AAllae || f2] a2
keZ
LP

since 557 <p<land 27 <pi,p2 <1

The 2_k|°‘|PkD°‘ f1 Ai’m’a /> terms: By Lemma 4.4, we know that S i« is bounded from H? into L9
for any HLL <g<landeachO<m<L-—1,i=1,2,and |a] <L—1. It is also not hard to see
that 2K P D% £ (x) = (—1)/%(D%); * f(x), where D% € . since @ € .. Therefore

‘ (Z |2_k0cPkD°‘f1Aivm,ocf2|2) <Z |Ai,m,ocfl|2>
ket ke€Z
S L Allae || 2]l ar2

Note that here we use that ;%7 < p; < 1. Then the Al’m’B f127*Blp.DB £, terms are bounded ap-
propriately by a similar argument and the assumption 77 < p> < L.

sup |(D*@) * fi
keZ LP1

P LP1
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The [[@,((m)]]a752’k|°‘|PkD“ f127KBlp DB £, terms: For these terms we use the Carleson measure prop-

erty (2) from Proposition 4.3. Also using Proposition 3.3, it follows that

(Z H[G)k]]oc,ﬁz_k'aPkDaf12_k|B|PkDBf2!2>

keZ

LP

SAlae 21 Er2
LP2

(Z| uBD(P)k*f1| >

keZ

sup | (DPo), + f3]
IR

for 0 <m < L — 1. In fact, this estimate holds for p, p1, p> that range all the way down to zero, but
the bounds for the other terms require the assumed lower bounds for p, p1, p2.

The [[®k]]o,0Pkf1 P f> term: This term is bounded in the same way as the ones from the previous
case. By Proposition 3.3 and the assumed Carleson measure properties for [[@]]o.o it follows that

‘ <Z |H®k”0,0pkflpkf2|2> (Z [[[©]]o.0Prfi |2>

keZ keZ
S L llaedf2l |mez-

Therefore the H?” norm of the square function associated to the right hand side of (4.10) is bounded

by a constant times || f1||g»1 || f2||mr2 as desired, and hence Sg is bounded from HP! x HP2 into

LP. O

sup | Py f2|
ke

)72

Ly LP1

5. HARDY SPACE BOUNDS FOR SINGULAR INTEGRAL OPERATORS

As described above, we will apply Theorem 2.1 to prove Theorem 2.2. In order to do so, we
prove the decomposition result in Theorem 2.3. First we prove a quick lemma that show that if
(2.3) holds for ¢ € Dy, as stated, then we can replace Yy € Doy, by @ € C7 in (2.3).

Lemma 5.1. Assume that T € BCZO(M) for an integer M = L(2n+ L+ 5)/2 for some integer
L> 1, and that T is bounded from L* x L?* into L. If T*! (x*,y) =0 in Q)(a|for ally € Dy, then

T*1(x%,¢) = 0 for all ¢ € Cy. Likewise for T**(y,x*) and T**(@,x%).
Proof. Let ¢ € Cy and y € Dy 4, such that
=Y wxf

keZ
in L? for f € L?. Then for |at| < 2L+nand ¢ € D)|> We have

(T (%0).0) = fim [ T(0,0)(x)x"ne(x)dx
= lim kZZ/RnT(q),\pk*(p)(x)x“mg(x)dx

R—o
=), lim [ T(0.Wix9)(x )xNg (x)dx = 0.
kez" T

This holds if the series above is absolutely convergent. Using the L? x L? to L! bound and kernel
representation for 7', it is not hard to show that there exists a constant Cgy 7 < o (independent of
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k € Z and R for R sufficiently large) such that

[ 7@ wx @) ne(x)d

< Co,r||Wi* 0|12

Since ¥ € Doy, C Dy, it follows that ||y * @|[,2 < min(24%/2,277/2) This estimate is easy
when k < 0 since ||y * 0|2 < [|[Well2]|@ll < 2K/2. When k > 0, we use y € D, to conclude
that [y * @(x)| <27 (P (x) + @4 (x)). Hence for k > 0, we have

[Iwix@ll2 < 27" (|| ™[ 2 + |9 ]2) S 27 (2"k/2 n 1) < k2,

Then the above sum is absolutely convergent, and the proof of the lemma is complete. U

Proof of Theorem 2.3. Assume that T and y are as in the statement of Theorem 2.3. Without
loss of generality we assume that supp(y) C B(0,1). To compute the kernel for @, f = OxT, we
consider the following decomposition: Let ¢ € C;’(B(0, 1)) with integral 1 such that

/n o(x)x%dx =0

for 0 < |a| < M. Define Wi (x) = @1 1(x) — @ (x), and it follows that ¥ € Dy,. Then
1
Ok(f1,/2)(x) = Z< (Qu, f1.Prf2) \Vx>+<T(Pkf1,PRf2),\Vi>
R—1R-1
= lim Y Y (T(00fi,00f2),¥5) + Z < (0r, i, Pef2). Wi )
=k o=k

R—1 N
+ Z <T(Pkf1,Qézf2),\lf)1§>+<T(Pkf1,Pkf2),\lfi>

R—1R-1
(5.1 = lim | (Z Zlelezkxyl »2 +2H£1 (xX,51,52)
R—o0 JR2n 1=k b=k
R-1
+ Y 1y 1 (x,y1,y2) + IVix,y1,32) | fi(in) f2(v2)dy1 dya

=k

where

Ik (ry132) = (T(WLGE) Vi) g, i(v.31,32) = (T(@] W2). i)

Iy, 1 (x,y1,y2) = <T(\~l’£7(PZz)7W)/§>, and  IVi(x,y1,y2) = (T(@}", 0.2), ¥ ) -
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To show that @ satisfies (2.1), we first assume that |x — y{| + |x — y2| > 227*. Without loss of
generality, we assume that ¢; > ¢,. For |a/, |B| < L we have

(Tt (DR)2)vi) |
/R% (K(u7V1>V2)_ y DM("I_M)”)

!
| <M1 H

_ olalei+Blez

< (D)3 () (DP)2 (v2) Wi (w)du vy dvs

M
Vi — )1 ~ ~
s /1@3" (Jue— v1|\ + |u —’vz Y2 (D), (v1) (D) (v2) Wi (1) | duedvy dvy
2 (2n+M)k

< ot (M—lal-IB)
~ (14 2%x — y1| +2K|x — yo| ) 2H+M

< plhmmax(ty0)) (M=ol 1B) (e HIBDKQ2MEM (1 1y,

Then

(o]

\D DIt 4, (x,31,92)
Zl kéz

< 2 HBDR2 M (g, ¢ —yy) VY okt 1) LGB (kg ) M=Ig
b=k =k
< 2B (x y1 o).

The second term satisfies a similar estimate

/RSn K (u,v1,v2) (DUW)}) (v1) (DP@)? (va) Wi (u)dudvy dvy

/3n (K(”M,Vz)— Y DM(W—M)“)

|
<M1 K

D?Dgllgl7k(x,y1,y2)‘ — plolliy[Blk

_ HlaltiylBlk

X (D)} (v1)(DP Q)2 (v2) i () dudvy dv,

M
Vi—)1
S 2Bk /R3n (|u _V1‘| P _‘VZ‘)2n+M (D™9);! (v1) (DP9 (va) Wi (u)|dudvy dv,

< e Bk () (Mo 2t M (1 oy,

Again summing over ¢; > k, we obtain

5 10008 e €205 B0 ¥y E 2000
=

< 7 (la+[Bl) "<I>§<V(x—y1 X —y2).
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The third term 171y, x(x,y1,y2) is also bounded by a constant times 2(‘“‘+|B|)k<1>§cv(x —y1,x—y2) by
symmetry. We estimate the last term.

IDEDEIVA (x,v1,v2) | = 20 B0 | (T (D) (DP@)R) i )

/RM (K(u,vl,vz)— y M(u_x)u>

|
| <M1 K

o (la+[Bk

x (D)} (v1) (DP @) (v2) Wi (u)dudv dvy

M
+IB|)k |u— x| y B\
SR /1&3" (|x—v1|-i-|x—vz|)2n+M|(DOC Pl (V1) (DPQ) (v2) i (u) | dudvy dva
—Mk
< ~(lof+[B])k 2 o (lod+IBDEgN (1 — _
<2 D) (x—y1,x—y2).

QF 4 x—yi [+ x—ya )M

So we that that 8;(x,y1,y) as given in (5.1) satisfies (2.1) for |x — y1| + |x — y2| > 227, Now we
assume that |[x —yi| + |[x —y2| < 27K, In this situation 22" < &Y (x — y;,x—y2), so it is sufficient
to prove (2.1) with 2% in place of (I)QJ (x —y1,x —y2). We again use the decomposition in (5.1).
To bound Iy, ¢, x, we assume without loss of generality that £ > ¢,. Since we have assumed that

<T(f|}£ ,fﬂ;),x“> =0 for |u| < 2L+ n, we can write

‘D?Dg <T(ilvl}g)iaf|})é§)7%>’ < ’Afl,gz,k(xaylayZ)’ + ‘Bfl,fz,k(xayl7y2)|7 where

Ao oalieyio) =20 OB [ (0t (DR
U=y1l> i
D%y (1)
x (ww— Y S ) |
|0 <2L+n )
Bél,éz,k(xa)’byZ):2&'&'_‘%2‘6' u—yy|>21-1 T((Daw)%;7(DB$))€§)(u)
u—yi .
D%y (y1)
x (w;z(m— Y 2Oy
|o|<2L+n )

The Ay, ¢, x term is bounded as follows,

[Agy 0k (x,y1,y2)| < 2001 IB) T(D*¥);!, (DB‘T’)@ Xy 21yl

N D (y1)
(Wk_ Y 0o g

|o|<2L+n

X

[
<2f1‘(x‘+€2|ﬁ|2—€1n/2||T((DOL\"I}))71 (DB\"I})YZ)HL (I’l-‘rZL-‘—l)(k—fl)zk}’l

<2f1\0c\+€2|[5|2 €1n/2||(Doc ) ||L2H(DBW) || n+2L+1 ) (k— 61)2kn
< 2€1 ‘G‘+82|B|2(H+2L+1)(k Zl)zknzgzn < 2k(|0c|+|[3|)2k7max(él,62).
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Let 0 < & < 1. The By, ¢, x term is bounded using the kernel representation of T', which is viable
since |u—y1| > 2!=% implies u ¢ supp(fﬂ: ). Since Yy, € Doy, we have

/ y |>21—(1 /RZn K(”‘?Vlavz)(Da\T’)z (Vl)(DB\TI)}é;(Vz)dVI \%)
u—yi

x (\v?é(u)— Y w(u—m“) "

!
|o|<2L+n o

K<u7y17V2) u
Y B

| <2L

‘ — olilof+6[B]

‘Bfl,fz7k(x7yl 7y2)

— oli|of+62[B]

X (D)1 (v1) (DP)2 (va)dvy v

x (w?i(u)— 3 w(u—m“) "

!
|o|<2L+n o

AMITATIR vi —yi [P
S EL ]
~ mz=’1 2 <Juyg| <2t SR (Ju— Y| 4 i — o) 2R

wiw— Yy 2O e

X [(DOG))! (v1) (DP)}2 (v2))| o dudvydvy
0| <2L+n '
< olilof+62[B] i onlm—ty) 2-2t+ DA kno (n+2L+8) (k+m—{1)
< b1l alBly2L (k1) 93(k—£1) p 2kn i H—(1-8)m

m=1

< k(IR pd(k—t1)2kn

Recall that by symmetry, we assume that ¢ > ¢5, so 28(k—=t1) — 9d(k—max(1,62)) Tt follows that

R—1 R—1
y ‘DnglghéLk(x,yhyz)’g oKl Bp2kn Y pB(k—max(s,62) < ok(]al+IB])y2kn
€1:k+1£1=k+1 él,€2>k

for all |, |B| < L. The estimate for I1j, ¢, x is obtained by essentially the same argument. That is,
we estimate /1y, ; in the following way using the hypothesis <T(\~V£ : \TJZ) ,x“> =0 for |u| <2L+n,

‘D(IXDE <T((pi17{|7%§)7\|’i>’ < ‘Aéz,k(xaylay2)| + |B€2,k(x>ylay2)|7

where

Apyi(x,y1,y2) = 2K+ IP) , T(D%), (DPW)2) ()
lu—y1|<2'=%2
D (y1)
o!

x (\v’;i(u) - <u—y1>°°> du

|o|<2L+n
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and
Bialoyiyn) =240 | (0% (DM ()
u—yi
D%y (y
x@m% Z——%ﬁwmﬁm
oj<2Ltn

By the argument above, we obtain the estimate

R 1
’D D 1152 (x, )’17)’2)‘ < pk(|o+[Bl)p2kn Y 23(k=t2) < pk(lod+[Bl)p2kn
ly=k+1 U>k

A similar argument can be applied to 111y, ; as well. The estimate for IV}, trivially follows from the
[? x [? to L' boundedness of T,

IDEDE(T (0! 02) wi) | = 24080 | (7 (D)3, (DR@)i2). v )| <

Therefore all of the sums on the right hand side of (5.1) converge absolutely, and hence

< k(o] +Bl)p2nk

Ok (x,y1,y2) = Z Z Loy 0, 1 (%, 31,2) + Z g, 1 (x,y1,y2) + Z Iy, i (x,y1,y2) +1Vi(x,1,¥2)
U=k lr=k b=k =k

satisfies (2.1). Hence {®y} = {OxT'} € BLPSO(N,L). O

The proof of Theorem 2.2 follows immediately from Theorems 2.1 and 2.3.

6. APPLICATIONS TO PARAPRODUCT

6.1. Bilinear Bony Paraproducts. Let » € BMO, and recall the bilinear Bony paraproduct
Hb(flafZ ZQ/ ij Pfl /fZ)( )

JEZ
Now we prove Theorem 2.4

Proof. Tt is easily shown that IT, € BCZO(M) for all M € N. So it is sufficient to show conditions
(2.3) and (2.4) from Theorem 2.2. We first show (2.3). For fi € Dain, f2 € Dyg)» and |at| < 2L +n

(T (f1, f2) 2 —hmZ / Q,b()P; f1 ()P (1) @ (Mex®) (1) du

—Z/@ VP31 10)Py () 05 (<) ) = 0,

JEZ
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and likewise (I, (f2, f1),x%) = 0. The BMO)y 4 conditions in (2.4) are more difficult to verify,
but hold nonetheless. For |a, |B| < L — 1, we first compute

M) 9 [[TT, ] p (x) = 250 BD ([0, ), , W)
= lim 2k(+[B]) Z /RMW]‘(M—V)ij(v>(Pj(V_yl)(Pj(V_yZmR(yl)nR(yZ)

R—oo b=
x (u—y1)*(u—y2)Pyi (u)dudvdy, dy,
= Jim ¥ Y cauepa 29T [ (= )00, (v = 1)~ y2Me(Me(r2)

Cu<av<p ]GZ

X (=) (v —y1) (v = y2) PV () dudvdyy dy

= ¥ ¥ caucpyCouCp 2N Y [yl =) 0b(v) Wi (u)dud
Husov<p JEZ Rzn

= Y ¥ CoucpyCayuCp 28D @HB) Y 0,060 (1)
usov<f JEL

= Z Z CouCpyCo—puCp—yWi* (T v ) (x),
usov<p

—

where ¢, are binomial coefficients, C,, = [ @(x)x"dx, and V, W, and Ty are defined via V#+V) (&) =

] By ) (), W(E) = |1+ BIG(E), V) (x) = 20y 6o (27, W (x) = 207w (20),
and

v (tv) f Z V ,L1+V

JEZ
This is verified by the following computation.

z(k—j)(\ot\JrIBI)f[QkQ(f‘”)ij} (&) = 2= +BDg(2 k€ )y u+v( TEYG(27IE) F(E)
= (27 [g]) (1BD (2 g Pl (2 Re ) (28 (2 TE) FE)
= W2V (27IE) f(E)
= [Wer v ™ s 1] ®)

It was shown in [35] that 7},(.4v) is bounded on BMO. Then T, (1v)b € BMO with || T, (v b| Mo S
|16]|Bmo, and

Z 22k(\0€|+\m) |Qk[[nb]]0c,[3<x) |25122—k dx
keZ

2
Z Z Co,uCByCo—uCp— ka*( wvb)(X)| & _pkdx

usov<p

=)

keZ

is a Carleson measure since Ty, (.+vb € BMO and Wy (x) = 2K"W (2*x) has integral zero. O
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6.2. Product Function Paraproducts. Now we prove Theorem 2.5. First recall the definition of

II(f1, f2).
(f1,/2) = Y, Ik(fi,/2), where II(f1,/2) = Ok (Pcfi- Pef2)-

keZ

Proof of Theorem 2.5. Tt is easy to verify that I € BCZO(M) for all M > 1. Then to show that IT
is bounded as described in Theorem 2.5, it is sufficient to show (2.3) and (2.4) from Theorem 2.2.
The kernel of I is given by

(X, y1,y2) = /Rn Wi (x —u) Qg (u — y1) Ok (u — y2)du.
We first prove (2.3); for . € N7}, f1 € Q)\Ot\’ and f, € Doy 1, we have

((f1, f2),x%) = lim ) /4 Wi (x — ) @ (= y1)@x (u = y2) i (1) Lo (2 )N& (x)x"dudx dy dyr
“Ckez /R

= Jim T [ o ost—s2lfi 000 ( [ wsls—meto)s%a ) s =0

R—oo

To prove (2.4), let o, p € Njj and f € Djg)1p|- It follows that
(Wl f) = Jim ¥ [ | wile—w)peu—y)ou(a—y2 el ma(r2)
keZ

X (x—yl)a(x—yz)ﬁf(x)dudxdyl dy;

= lim Y )Y cuvicww /1R4n\|’k(x_u)(Pk(”_YI)(Pk(u_)’ZmR()’I)nR()’Z)

R e m V=0t o=
X (x— )" (u—y)' (x — u)"2(u—y7)V2 f(x)dudxdy, dy,

= lim Z Z Z Cpl,vlcuz,vZ/Zn‘lfk(x_“)(X—u)"‘ﬂ‘zf(x)

RHwkEZ,Ul‘FVl:(X,uz%»Vz:B R

(L oxtu=s= 30" metomian
X (/R <Pk(u—yz)(u—yz)vzﬂR(yz)dm) dudx

=Y X ) awwtmwnCGy /R,,<Rnwk<u>uﬂl+ﬂ2du)f<x>dx=o.

kGZ,UI“‘Vl:oc,UQ—I—Vg:B
Here we define Cy for v € Njj

C‘V = / (p<x)xvdx7
R®

and cy , are binomial coefficients. Therefore I1 is bounded from H”! x HP? into H? for all Zn"—JrL <
p<1and HLL < p1,p2 < 1, as in the statement of Theorem 2.5.
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6.3. Molecular Parparoducts. Finally, we address the paraproducts in Theorem 2.6. Recall the
paraproduct operators

T(f1.2)(x) = Y 10172 (f1,05) {f>,05 ) (%),
0

where 0, 07, 0, are (M, N )-smooth molecules indexed by dyadic cubes.
h1Q2Q3Q M,N h molecules indexed by dyadic cub

Proof of Theorem 2.6. It is easy to see that T € BCZO(M) and is bounded from L% x L? into L!,
which was proved in [2]. So we must verify conditions (2.3) and (2.4) of Theorem 2.2. As was
shown in [2], the kernel of T is

K(x,y1,y2) = Y 1017204 (y1)03 (y2) 03 (x).
o
For f| € Dyg and f2 € Dy 1y with la| < L, we have

<T(f17f2)7xa> = I%HEOZ |Q’71/2 <fla¢1Q> <f27¢2Q> <¢3Q;x(an>
0

= Z 0|71/ <f17(|)1Q> <f27¢2Q>/ ¢3Q(x)x“dx =0.
0 R

It is not hard to show that this series is absolutely summable independent of R when fi € D
and f, € Cy’; hence we can bring the limit in R inside the sum. A similar computation shows that
(T(f1,/2),x*) =0for fi € Dapyn and fo € D)y To show (2.4), we first verify that we can use an
alternate formula to compute [[T'] g. For o, € Nj with o +[B| < L—1 and W € Dyg 4, fix Ro
large enough so that supp(y) C B(0,Ro/4). Then for S,R > Ry, we have

/]RSn K (e, y1,y2) (= )4 = y2) PR (v M (72) W) dyr dyz dx
- /RSn K(x,y1,52) (x = y1)*(x — y2)PMr(1)Ms (v2) —Mry (y1)MR, 1)) W(x)dy1 dy2 dx

[ y132) (=31 = 32) g, 01 g, 0 Wy dyzd,

where the integrand of the first integral is bounded by an L' (R*") function independent of both R
and S. Then the limit as S, R — oo exists (as a two dimensional limit), and

Jim lim - K (x,y1,52) (= y1)*(x — y2)PMr(y)ns 02)W(x)dyr dyz dx = {[[T])ap, ¥) -

Therefore
([T ap W)
= lim lim ZIQI‘”Z/RS” 0 (1) (x = y1) N5 ()03 (32) (x — y2) PR (32) 0% (X)W (x)dy1 dy, dx
0

R—00S—s00

= fim X101 L. ( L ¢1Q<y1><x—y1>“dy1) 002) (x —32) PR (r2) 0 (W (x)dy2dx = 0.

Then we apply Theorem 2.2 to complete the proof. 0
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