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Abstract In this paper we establish a discrete Calderón’s identity which converges in
both Lq(Rn+m) (1 < q < ∞) and Hardy space Hp(Rn × R

m) (0 < p ≤ 1). Based on
this identity, we derive a new atomic decomposition into (p, q)-atoms (1 < q < ∞)
on Hp(Rn × R

m) for 0 < p ≤ 1. As an application, we prove that an operator T ,
which is bounded on Lq(Rn+m) for some 1 < q < ∞, is bounded from Hp(Rn×R

m)

to Lp(Rn+m) if and only if T is bounded uniformly on all (p, q)-product atoms in
Lp(Rn+m). The similar result from Hp(Rn ×R

m) to Hp(Rn ×R
m) is also obtained.
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1 Introduction

The “atoms” and “molecules” were introduced (see Coifman [6], Latter [19],
Coifman-Weiss [7], etc.) and were used in harmonic and wavelet analysis (see
Meyer [21], Meyer-Coifman [22] and Stein [24], etc.) to form the basic building
blocks of various function spaces. Since then, the study of the operators acting on a
space of functions or distributions can become very simple when the elements of the
space admit “atomic decompositions”. Indeed, many problems in analysis have nat-
ural formulations as questions of continuity of linear operators defined on spaces of
functions or distributions. Such questions can often be answered by rather straight-
forward techniques if they can first be reduced to the study of the operator on an
appropriate class of simple functions which generate the entire space in some appro-
priate sense. This fundamental principle was applied by many people to problems
where atomic decompositions exist. However, recently Bownik in [1] gave an exam-
ple of a linear functional defined on a dense subspace of Hardy space H 1(Rn), which
maps all (1,∞)-atoms into bounded scalars, but it cannot be extended to a bounded
functional on the whole space H 1(Rn). The construction in [1] is based on the fact
due to Meyer [21], which states that quasi-norms corresponding to finite and infinite
atomic decompositions in Hp , 0 < p ≤ 1, are not equivalent. We note that H 1(Rn)

can be generated by (1,∞)-atoms. This example shows that one has to be careful
when the above fundamental principle is used. It is then natural to ask under what ex-
tra conditions the above fundamental principle can be used. Nevertheless, Meda et al.
in [20] have recently proved that if T is a linear operator defined on the subspace
H

1,q

fin (Rn) of finite linear combinations of (1, q) atoms in R
n with the property that

sup{‖T a‖Y : a is a (1, q)-atom} < ∞, 1 < q < ∞,

then T admits a (unique) continuous extension to a bounded linear operator from
H 1(Rn) to Y (Banach space) (see also Han and Zhao [13] for related results). Fur-
thermore, Ricci and Verdera have shown that if 0 < p < 1 and T is a linear operator
defined on the subspace H

p,∞
fin (Rn) of finite linear combinations of (p,∞) atoms in

R
n with the property that

sup{‖T a‖Y : a is a (p,∞)-atom} < ∞,

then T admits a (unique) continuous extension to a bounded linear operator from
Hp(Rn) to Y (Banach space). Moreover, the structure of the space Fp of finite lin-
ear combinations of (p,∞) atoms, the completion of Fp and the dual spaces were
thoroughly studied in [23].

The main purpose of this paper is to establish a discrete Calderón’s identity in
multiparameter setting and apply this identity to provide a new atomic decomposition
of (p, q)-atoms of multiparameter Hardy spaces Hp(Rn ×R

m). As an application of
this new atomic decomposition, we will prove the uniform boundedness criterion
of linear operators in multiparameter setting by considering its action on all (p, q)-
atoms for 0 < p ≤ 1 and 1 < q < ∞, which is similar to the one-parameter setting.

Atomic decomposition in multiparameter Hardy spaces is much more compli-
cated. It is well-known that there is a basic obstacle to the pure product Hardy and
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BMO space theory associated with multiparameter product dilations. Indeed it was
conjectured that the product atomic Hardy space on R × R could be defined by rec-
tangle atoms. Here a rectangle atom is a function a(x, y) supported on a rectangle
R = I × J having the property that

‖a‖2 ≤ |R|1/2,

∫
I

a(x, y) dx =
∫

J

a(x, y) dy = 0

for every (x, y) ∈ R. Then H 1
rect(R × R) is the space of functions

∑
k λkak with each

ak a rectangle atom and
∑

k |λk| < ∞. However, this conjecture was disproved by
Carleson by constructing a counter-example of a measure satisfying the product form
of the Carleson measure, that is, the measure μ satisfies∫

S(I)×S(J )

dμ ≤ C|I × J |

for all intervals I, J in R and S(I) is the Carleson region associated with I . Car-
leson [2] showed that the measure he constructed is not bounded on the product Hardy
space H 1(R × R).

This led to the role of cubes in the classical atomic decomposition of Hp(Rn)

being replaced by arbitrary open sets of finite measures in the product Hp(Rn ×
R

m) and the Hardy space Hp(Rn × R
m) theory was finally developed by Chang and

Fefferman [3–5]. Chang and Fefferman [4] proved the following

Theorem f ∈ Hp(R2+ × R
2+) if and only if f (x, y) = ∑

k λkak(x, y) where∑
k |λk|p < ∞ and ak(x, y) are (p,2)-atoms, that is, each ak(x, y) is supported

in an open set � with finite measure satisfying the following properties:

‖ak‖2 ≤ |�|1/2−1/p;
each ak(x, y) can be further decomposed by

ak(x, y) =
∑
R∈�

aR(x, y)

where R = I × J ⊂ � are dyadic rectangles in R
2, and aR(x, y) satisfy∫

I

aR(x, y)xα dx =
∫

J

aR(x, y)yβ dy = 0

for 0 ≤ |α|, |β| ≤ Np = [2/p−4/3], and aR is a Cα,α ≤ Np +1, function satisfying∣∣∣∣ ∂α

∂xα
aR(x, y)

∣∣∣∣ ≤ dR|I |−α,

∣∣∣∣ ∂α

∂yα
aR(x, y)

∣∣∣∣ ≤ dR|J |−α

with ∑
R∈m(�)

|R|d2
R ≤ |�|1−2/p,

where m(�) is the set of all rectangles in � which are maximal in both directions of
x and y.
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It is worthwhile to point out that the key tool, using the maximal characteriza-
tion of the one-parameter Hp(Rn), to get the atomic decomposition is a refined
Calderón-Zygmund decomposition; see [6, 7, 19]. This maximal characterization of
the one-parameter Hp(Rn) is the main tool used in the works of [20, 23]. How-
ever, it seems to be difficult to carry this method out to the multiparameter product
spaces. Using the classical version of continuous Calderón’s identity on the product
space, A. Chang and R. Fefferman established the above atomic decomposition for
Hp(Rn × R

m), by use of (p,2)-atoms. We would like to point out that this classical
version of Calderón’s identity does not seem to lead to an atomic decomposition by
(p, q)-atoms for 1 < q < ∞, q �= 2. Thus, deriving an atomic decomposition in the
product spaces using (p, q)-atoms for q �= 2 becomes interesting.

One of the main purposes of this paper is to establish all (p, q),1 < q < ∞,

atomic decomposition for multiparameter Hardy space Hp(Rn × R
m) for 0 < p ≤ 1

with the convergence in both Lq(Rn+m) and Hp(Rn × R
m) norms (see Theorem 1.2

below). It should be pointed out that the series in (p,2)-atomic decomposition in [3]
converges only in the sense of distributions. As we pointed out earlier, this classi-
cal continuous version of Calderón’s identity is not applicable to provide an atomic
decomposition by (p, q)-atoms for 1 < q < ∞, q �= 2. The crucial idea to prove
(p, q),0 < p ≤ 1 < q < ∞, atomic decomposition is to establish a new discrete
Calderón’s identity on the product space, which converges both in Lq(Rn+m) norm
for 1 < q < ∞ and the Hp(Rn × R

m) norm (see Theorem 1.1 below).
The idea of using discrete Calderón’s identity in product spaces was developed

earlier in [10, 11], but in a quite different way. To be more precise, to develop mul-
tiparameter Hardy space theory associated with flag singular integrals and the Zyg-
mund dilation on R

3, the first two authors introduced the multiparameter test function
spaces associated with flag singular integrals and the Zygmund dilation, respectively,
and provided the discrete Calderón’s identities on these test function spaces. Using
these discrete identities, they proved the Min-Max comparison inequalities and fi-
nally the Hardy spaces H

p
F (Rn × R

m) and H
p
Z (R3) were well defined; see [10, 11]

for more details. Moreover, boundedness of singular integral operators from Hp to
Hp and from Hp to Lp were proved in [10, 11] without using Journé’s covering
lemma. In particular, we developed a general method to derive Hp → Lp bounded-
ness from Hp → Hp boundedness of linear operators for the product spaces using
discrete Calderón’s identity and discrete Littlewood-Paley theory. The crucial idea
there is to prove the following inequality

‖f ‖Lp ≤ C‖f ‖Hp for f ∈ Lq ∩ Hp, 1 < q < ∞, 0 < p ≤ 1. (1.1)

Using this inequality, the Hp to Lp boundedness follows immediately from the
boundedness on Hp spaces. This general philosophy in the product spaces of homo-
geneous type has also been established in [17]. The duality theory for multiparameter
Hardy spaces has been established in [16] using the idea of discretization.

In this present paper, using a different approach from those in [10, 11], namely
Coifman’s decomposition of the identity operator and the Calderón-Zygmund opera-
tor theory on the multiparameter product space, we first derive the following discrete
Calderón-type identity:
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Theorem 1.1 Suppose 0 < p ≤ 1. Let ψ(1)(x1),ψ
(2)(x2) be Schwartz functions with

support on the unit ball satisfying the conditions: for a fixed large integer M depend-
ing on p,

∑
j

|ψ̂(1)(2−j ξ1)|2 = 1

for all ξ1 ∈ R
n \ {0}, and

∫
Rn ψ(1)(x1)x

α
1 dx1 = 0 for all 0 ≤ |α| ≤ 2M ; and

∑
k

|ψ̂(2)(2−kξ2)|2 = 1

for all ξ2 ∈ R
m \ {0}, and

∫
Rm ψ(2)(x2)x

β

2 dx2 = 0 for all 0 ≤ |β| ≤ 2M .

Let ψj,k(x1, x2) = 2jn+kmψ(1)(2j x1)ψ
(2)(2kx2). Then for each function f ∈

Hp(Rn ×R
m)∩Lq(Rn+m), 1 < q < ∞, there exists a function g ∈ Hp(Rn ×R

m)∩
Lq(Rn+m) with c1‖f ‖q ≤ ‖g‖q ≤ c2‖f ‖q and c1‖f ‖Hp ≤ ‖g‖Hp ≤ c2‖f ‖Hp ,
where the constants c1 and c2 are independent of f, such that

f (x1, x2) =
∑
j

∑
k

∑
I

∑
J

|I × J |ψj,k(x1 − xI , x2 − xJ )ψj,k ∗ g(xI , yJ ), (1.1)

where I ⊂ R
n and J ⊂ R

m are dyadic cubes, l(I ) = 2−j−N, l(J ) = 2−k−N for
some large integer N depending on ψ and p,q,M ; xI , yJ are any fixed points in
I and J , respectively; the series in (1.1) converges in both the norms of Lq(Rn+m)

and Hp(Rn × R
m).

As a consequence, this discrete Calderón-type identity gives the following atomic
decomposition in terms of (p, q)-atoms for the multiparameter product Hardy space.

Theorem 1.2 Suppose 0 < p ≤ 1. Let f ∈ Lq(Rn+m) ∩ Hp(Rn × R
m),1 < q <

∞. Then there exists a sequence of (p, q)-product atoms {aj } of Hp(Rn × R
n) and

a sequence of scalars {λj } with (
∑

j |λj |p)
1
p ≤ C‖f ‖Hp(Rn×Rm), where the constant

C is independent of f, such that f = ∑
j λj aj , where the series converges to f in

both the Hp(Rn × R
m) and Lq(Rn+m) norms.

Here, a function a is said to be a (p, q)-product atom of Hp(Rn × R
m),0 < p ≤

1 < q < ∞, if a satisfies

(1) Suppa ⊂ �, where � is an open set of R
n+m with finite measure.

(2) ‖a‖Lq(Rn+m) ≤ |�| 1
q
− 1

p .

Moreover, a can be further decomposed into a rectangle (p, q)-atom aR associated
to the rectangle R = I × J which is supported in 3R and such that

(3a) For 2 ≤ q < ∞, a = ∑
R∈m(�) aR, and (

∑
R∈m(�) ‖aR‖q

Lq(Rn+m)
)1/q ≤ |�| 1

q
− 1

p .
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(3b) For 1 < q < 2, a = ∑
R∈m1(�) aR + ∑

R∈m2(�) aR, and for any δ > 0, there
exists a constant Cq,δ>0, where Cq,δ depends only on q and δ, such that

⎛
⎝ ∑

R∈m1(�)

γ −δ
2 ‖aR‖q

Lq(Rn+m)
+

∑
R∈m2(�)

γ −δ
1 ‖aR‖q

Lq(Rn+m)

⎞
⎠

1/q

≤ Cq,δ|�| 1
q
− 1

p .

Here and in the sequel, m(�) is the set of all maximal rectangles contained in �

in both directions x1 and x2 and �̃ = {(x1, x2) ∈ R
n × R

m : Ms(χ�)(x1, x2) > 1
100 },

where Ms is the strong maximal function. m1(�) is the set of all rectangles contained
in � and maximal in the x1 direction and m2(�) is defined similarly. γ1 is defined by
γ1(R) = |l|

|I | , where R = I × J ∈ m2(�) and l is the maximal dyadic cube such that

l × J ∈ �̃. γ2(R) is similarly defined.

(4) (Cancellation conditions): for 0 ≤ |α|, |β| ≤ Np = n[ 1
p

− 1] + m[ 1
p

− 1],
∫

3I

aR(x, y)xα dx = 0 for a.e. y ∈ 3J,

∫
3J

aR(x, y)yβ dy = 0 for a.e. x ∈ 3I.

We would like to point out that the condition given in (3b) for (p, q)-atoms when
1 < q < 2 is different from the original one as given in (3a) for q = 2 by [9]. How-
ever, Fefferman’s boundedness criterion of an operator by considering its action on
rectangle atoms [9] still works for (p, q)-atoms for 1 < q < 2 under the condition of
(3b). We refer the reader to the Appendix for the outline of the proof. We remark here
that it is easy to see that Lq(Rn+m) ∩ Hp(Rn × R

m) is dense in Hp(Rn × R
m) for

0 < p ≤ 1 < q < ∞.

Finally, we are able to prove a uniform boundedness criterion for an operator on
the product Hardy spaces by considering its action on (p, q)-atoms. This is the fol-
lowing

Theorem 1.3 Suppose 0 < p ≤ 1. Let T be a linear operator which is bounded on
Lq(Rn+m) for some 1 < q < ∞. Then

(1) T is bounded from Hp(Rn ×R
m) to Lp(Rn+m) if and only if ‖T a‖Lp(Rn+m) ≤ C

for all (p, q)-product atoms;
(2) T is bounded on Hp(Rn ×R

m) if and only if ‖T a‖Hp(Rn×Rm) ≤ C for all (p, q)-
product atoms, where the constant C is independent of a.

The organization of the paper is as follows. In Sect. 2 we prove a new discrete
Calderón-type identity on the product space which converges both in Lq(Rn+m) and
Hp(Rn × R

m) norms (Theorem 1.1). This is the key ingredient of this paper. Next,
we provide an atomic decomposition in terms of (p, q)-atoms for the multiparameter
product Hardy space (Theorem 1.2). Section 3 gives the proof of Theorem 1.3.
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2 Discrete Calderón’s Identity on Product Spaces

As we pointed out in the introduction, the discrete Calderón’s identity in product
spaces plays a crucial role in establishing the (p, q)-atoms in product spaces for all
1 < q < ∞. The main purpose of this section is to prove this identity which is of
independent interest.

We first recall some basic definitions.
Let ψ(1)(x1),ψ

(2)(x2) be Schwartz functions satisfying
∑

j |ψ̂(1)(2−j ξ1)|2 = 1

for all ξ1 ∈ R
n \ {0}, and

∫
Rn ψ(1)(x1)x

α
1 dx1 = 0 for all |α| ≥ 0; and∑

k |ψ̂(2)(2−kξ2)|2 = 1 for all ξ2 ∈ R
m \ {0}, and

∫
Rm ψ(2)(x2)x

β

2 dx2 = 0 for all
|β| ≥ 0.

Definition 2.1 Suppose that f (x1, x2) ∈ S ′(Rn+m), the space of tempered distribu-
tions. Let ψ(1)(x1),ψ

(2)(x2) be functions as above. The Littlewood-Paley function
of f,g(f ), is defined by

g(f )(x1, x2) =
{∑

j,k

|ψjk ∗ f (x1, x2)|2
} 1

2

,

where ψjk(x1, x2) = 2jn+kmψ(1)(2j x1)ψ
(2)(2kx2).

Similar to [4], the above Littlewood-Paley function can be used to characterize the
product Hardy spaces as follows.

Definition 2.2 The product Hardy space f ∈ Hp(Rn × R
m) is defined by

Hp(Rn × R
m) = {f ∈ S ′(Rn+m) : g(f ) ∈ Lp(Rn+m)}

with ‖f ‖Hp(Rn×Rm) = ‖g(f )‖Lp(Rn+m).

We now recall a variant of the boundedness result of operators on Hp(Rn × R
m)

proved in [14, 15], which is sufficient for our purpose here.

Theorem 2.1 For given 0 < p ≤ 1, suppose that T is a bounded operator on
L2(Rn+m) and it is associated with the kernel K(x1, x2, y1, y2) given by

Tf (x1, x2) =
∫

K(x1, x2, y1, y2)f (y1, y2) dy1 dy2, (2.1)

where the kernel K(x1, x2, y1, y2) is defined on R
n × R

m × R
n × R

m and there
exist constants C > 0 and a large integer M > n+m

p
+ 100 such that for all 0 ≤

|α|, |β|, |θ |, |γ | ≤ M,

|∂α
x1

∂β
x2

∂θ
y1

∂
γ
y2K(x1, x2, y1, y2)| ≤ C

|x1 − y1|n+|α|+|θ ||x2 − y2|m+|β|+|γ | , (2.2)
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and
∫

K(x1, x2, y1, y2)x
α
1 dx1 = 0, for all x2 ∈ R

m, y1 ∈ R
n, y2 ∈ R

m,

∫
K(x1, x2, y1, y2)x

β

2 dx2 = 0, for all x1 ∈ R
n, y1 ∈ R

n, y2 ∈ R
m,

∫
K(x1, x2, y1, y2)y

θ
1 dy1 = 0, for all x1 ∈ R

n, x2 ∈ R
m, y2 ∈ R

m,

and
∫

K(x1, x2, y1, y2)y
γ

2 dy2 = 0, for all x1 ∈ R
n, x2 ∈ R

m, y1 ∈ R
n.

Then T is bounded on Hp(Rn × R
m).

We remark that the necessary and sufficient conditions of the product Hp bound-
edness of operators of Journé’s class nonconvolution type whose kernels satisfy
weaker smoothness conditions are given in [15] for the two-parameter setting and
in [14] for an arbitrary number of parameters. We also mention that the proof of The-
orem 1.1 follows from the same idea in [11] of the discrete Calderón’s identity in the
case of flag singular integrals (but simpler in our pure product case here). But we will
provide a somewhat different proof here by invoking Theorem 2.1.

Proof of Theorem 1.1 Based on the conditions on ψj,k , where M is chosen by M >
n+m

p
+ 100, the classical Calderón’s identity on L2(Rn+m) is given by

f (x1, x2) =
∑
j

∑
k

ψj,k ∗ ψj,k ∗ f (x1, x2). (2.3)

Using Coifman’s decomposition of the identity, we write

f (x1, x2) =
∑
j

∑
k

∫
Rn×Rm

ψj,k(x1 − u,x2 − v)ψj,k ∗ f (u, v) dudv

=
∑
j

∑
k

∑
I

∑
J

∫
I×J

ψj,k(x1 − u,x2 − v)ψj,k ∗ f (u, v) dudv

=
∑
j

∑
k

∑
I

∑
J

|I × J |ψj,k(x1 − xI , x2 − xJ )ψj,k ∗ f (xI , xJ )

+ RN(f )(x1, x2), (2.4)

where I ⊂ R
n and J ⊂ R

m are dyadic cubes , l(I ) = 2−j−N, l(J ) = 2−k−N for some
large integer N which will be chosen later; xI , yJ are any fixed points in I and J ,
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respectively; and

RN(f )(x1, x2) =
∑
j

∑
k

∑
I

∑
J

∫
I×J

[ψj,k(x1 − u,x2 − v)ψj,k ∗ f (u, v)

− ψj,k(x1 − xI , x2 − xJ )ψj,k ∗ f (xI , xJ )]dudv.

Now, we prove that RN is bounded on L2(Rn+m) and Hp(Rn × R
m). More pre-

cisely, we show

‖RN(f )‖L2(Rn+m) ≤ C2−N‖f ‖L2(Rn+m) (2.5)

and

‖RN(f )‖Hp(Rn×Rm) ≤ C2−N‖f ‖Hp(Rn×Rm). (2.6)

To do this, we rewrite RN(f )(x1, x2) for

RN(f )(x1, x2)

=
∑
j,k

∑
I,J

∫
I×J

{[ψj,k(x1 − u,x2 − v) − ψj,k(x1 − xI , x2 − xJ )]ψj,k ∗ f (u, v)

+ ψj,k(x1 − xI , x2 − xJ )[ψj,k ∗ f (u, v) − ψj,k ∗ f (xI , xJ )]}dudv

=
∫

Rn×Rm

RN(x1, x2, y1, y2)f (y1, y2) dy1 dy2,

where RN(x1, x2, y1, y2), the kernel of RN(f ), is given by

RN(x1, x2, y1, y2)

=
∑
j,k

∑
I,J

∫
I×J

[ψj,k(x1 − u,x2 − v) − ψj,k(x1 − xI , x2 − xJ )]

× ψj,k(u − y1, v − y2) dudv

+
∑
j,k

∑
I,J

∫
I×J

[ψj,k(u − y1, v − y2) − ψj,k(xI − y1, xJ − y2)]

× ψj,k(x1 − xI , x2 − xJ ) dudv

= RN,1(x1, x2, y1, y2) + RN,2(x1, x2, y1, y2).

We now verify that the kernel RN(x1, x2, y1, y2) satisfies the condition (2.2) with
constant C2−N and then prove (2.5).

For RN,1(x1, x2, y1, y2), since ψ is a Schwartz function, thus

|∂α
x1

∂β
x2

ψj,k(x1 − u,x2 − v) − ∂α
x1

∂β
x2

ψj,k(x1 − xI , x2 − xJ )|
≤ |∂α

x1
∂β
x2

ψj,k(x1 − u,x2 − v) − ∂α
x1

∂β
x2

ψj,k(x1 − xI , x2 − v)|
+ |∂α

x1
∂β
x2

ψj,k(x1 − xI , x2 − v) − ∂α
x1

∂β
x2

ψj,k(x1 − xI , x2 − xJ )|
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≤ C

[( |u − xI |
2−j + |x1 − u|

)
2j |α|2−j (2M+1)

(2−j + |x1 − u|)n+2M+1

2−k(2M+1)

(2−k + |x2 − v|)m+2M+1

]

+ C

[
2−j

(2−j + |x1 − xI |)n+2M+1

( |v − xJ |
2−k + |x2 − v|

)
2k|β|2−k(2M+1)

(2−k + |x2 − v|)m+2M+1

]

≤ C2−N 2j |α|2−j

(2−j + |x1 − u|)n+2M+1

2k|β|2−k

(2−k + |x2 − v|)m+2M+1
,

where we use the facts that u,xI ∈ I, v, xJ ∈ J and l(I ) = 2−j−N, l(J ) = 2−k−N.

Noting that 0 ≤ |α|, |β| ≤ M, then

|∂α
x1

∂β
x2

∂θ
y1

∂
γ
y2RN,1(x1, x2, y1, y2)|

≤ C2−N
∑
j,k

∫
Rn×Rm

2j |α|2−j (2M+1)

(2−j + |x1 − y1|)n+2M+1

× 2k|β|2−k(2M+1)

(2−k + |x2 − y2|)m+2M+1
|∂θ

y1
∂

γ
y2ψj,k(u − y1, v − y2)|dudv

≤ C2−N 1

|x1 − y1|n+|α|+|θ |
1

|x2 − y2|m+|β|+|γ | .

This implies that RN,1(x1, x2, y1, y2) satisfies (2.2) with constant C2−N . The same
results hold for RN,2(x1, x2, y1, y2), and hence (2.2) holds for RN(x1, x2, y1, y2) with
the constant C2−N where C depends only on ψ and M.

To show (2.5), we use Cotlar-Stein’s lemma on L2(Rn+m). To be more precise, let
RN,1(f ) = ∑

j,k Rj,k(f ) where

Rj,k(f )(x1, x2)

=
∑
I,J

∫
I×J

[ψj,k(x1 − u,x2 − v) − ψj,k(x1 − xI , x2 − xJ )]ψj,k ∗ f (u, v) dudv.

By the proof of the estimates for the kernel of RN given above, it is easy to see that
‖Rj,k(f )‖L2(Rn+m) ≤ C2−N‖f ‖L2(Rn+m) for all j, k. Using an almost orthogonality
argument, see [12, 22], yields

|Rj,kR
∗
j ′,k′(x1, x2, y1, y2)|

≤ C2−N2|j−j ′|2|k−k′| 2−(j∧j ′)

(2−(j∧j ′) + |x1 − y1|)n+1

2−(k∧k′)

(2−(k∧k′) + |x2 − y2|)m+1
,

where a ∧ b is the minimum of a and b, and Rj,kR
∗
j ′,k′(x1, x2, y1, y2) is the kernel of

operator Rj,kR
∗
j ′,k′ .

This implies

‖Rj,kR
∗
j ′,k′(f )‖L2(Rn+m) ≤ C2−N2|j−j ′|2|k−k′|‖f ‖L2(Rn+m).
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Similarly, we obtain

‖R∗
j,kRj ′,k′(f )‖L2(Rn+m) ≤ C2−N2|j−j ′|2|k−k′|‖f ‖L2(Rn+m).

Thus the proof of the estimate in (2.5) follows from Cotlar-Stein’s lemma. We re-
mark that the estimate in (2.5) can also be obtained by use of Journé’s T 1 theorem
on product space L2(Rn+m). Indeed, by the regularity and cancellation conditions
of RN, one only needs to check the weak boundedness conditions with the bound by
C2−N ; see [8] for a similar proof for one-parameter case. We leave the details to the
interested reader. Applying Theorem 2.1 yields (2.6).

If we choose N big enough so that C2−N < 1, since the identity operator I =
TN + RN , then T −1

N is also bounded on Hp(Rn × R
m) and L2(Rn+m), where

TNf (x1, x2) =
∑
j

∑
k

∑
I

∑
J

|I × J |ψj,k(x1 − xI , x2 − xJ )ψj,k ∗ f (xI , xJ ).

By interpolation, RN is bounded on Lq(Rn+m) with the bound C2−N for all 1 <

q < ∞. Therefore, T −1
N is bounded on Lq(Rn+m). Set g(x1, x2) = T −1

N (f )(x1, x2),

then ‖g‖q ≤ C‖f ‖q,1 < q < ∞, and moreover,

f (x1, x2) =
∑
j

∑
k

∑
I

∑
J

|I × J |ψj,k(x1 − xI , x2 − xJ )ψj,k ∗ g(xI , xJ ), (2.7)

where the above series converges in both L2(Rn+m) and Hp(Rn × R
m) norms.

To complete the proof of Theorem 1.1, we only need to show that the series (2.7)
converges also in Lq(Rn+m) for any 1 < q < ∞. Note first that by the Littlewood-
Paley estimates on Lq(Rn+m),1 < q < ∞, it is easy to see that

∥∥∥∥
∑
j

∑
k

∑
I

∑
J

|I × J |ψj,k(x1 − xI , x2 − xJ )ψj,k ∗ f (xI , xJ )

∥∥∥∥
Lq(Rn+m)

≤ C‖f ‖Lq(Rn+m).

Thus it suffices to show that the series (2.7) converges in Lq(Rn+m) for each func-
tion f ∈ Lq(Rn+m)∩L2(Rn+m) since the subspace Lq(Rn+m)∩L2(Rn+m) is dense
in Lq(Rn+m). Indeed, the convergence of the series (2.7) in L2(Rn+m) implies the
convergence for almost every (x1, x2) ∈ R

n+m. For f ∈ Lq(Rn+m) ∩ L2(Rn+m) set

Bl = {R = I × J : l(I ) = 2−j−N, l(J ) = 2−k−N, I ⊂ B1(0, l),

J ⊂ B2(0, l), |j |, |k| ≤ l},
where B1(0, l) and B2(0, l) are balls centered at 0 with the radius l in R

n and R
m,

respectively.
Write ψR = ψj,k , then it suffices to show that for each function f ∈ Lq(Rn+m) ∩

L2(Rn+m) and any positive integer L,

∥∥∥∥
∑
l>L

∑
R∈Bl

|R|ψR(x1 − xI , x2 − xJ )ψR ∗ (g)(xI , xJ )

∥∥∥∥
Lq(Rn+m)
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tends to zero as L goes to infinity.
Let h ∈ Lq ′

(Rn+m) ∩ L2(Rn+m) ( 1
q

+ 1
q ′ = 1). By duality argument, Cauchy’s

inequality and Hölder’s inequality, then we have

∥∥∥∥
∑
l>L

∑
R∈Bl

|R|ψR(x1 − xI , x2 − xJ )ψR ∗ g(xI , xJ )

∥∥∥∥
q

= sup
‖h‖q′≤1

∣∣∣∣
〈∑
l>L

∑
R∈Bl

|R|ψR(x1 − xI , x2 − xJ )ψR ∗ g(xI , xJ ), h

〉∣∣∣∣

= sup
‖h‖q′≤1

∣∣∣∣
∑
l>L

∑
R∈Bl

|R|ψR ∗ h(xI , xJ )ψR ∗ g(xI , xJ )

∣∣∣∣

≤ sup
‖h‖q′≤1

∫ ∑
l>L

∑
R∈Bl

|ψR ∗ h(xI , xJ )| · |ψR ∗ g(xI , xJ )|χR(x1, x2) dx1 dx2

≤ sup
‖h‖q′≤1

∫ {∑
l>L

∑
R∈Bl

|ψR ∗ h(xI , xJ )|2χR(x1, x2)

} 1
2

×
{∑

l>L

∑
R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} 1
2

dx1 dx2

≤ sup
‖h‖q′≤1

∥∥∥∥
{∑

l>L

∑
R∈Bl

|ψR ∗ h(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

q ′

×
∥∥∥∥
{∑

l>L

∑
R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

q

≤ C sup
‖h‖q′≤1

‖h‖q ′

∥∥∥∥
{∑

l>L

∑
R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

q

.

By the Lq(Rn+m) norm inequality of the discrete Littlewood-Paley function, that is,
for 1 < q < ∞,

∥∥∥∥
{∑

j

∑
k

∑
I

∑
J

|I × J |ψj,k ∗ f (xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

q

≤ C‖f ‖q,

the last term tends to zero as L goes to infinity and this completes the proof of Theo-
rem 1.1.

Before ending this section, we remark that by use of discrete Calderón-type iden-
tity given in Theorem 1.1, one can provide the following Min-Max type inequality:
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for 0 < p ≤ 1 < q < ∞ and each f ∈ Lq(Rn+m) ∩ Hp(Rn × R
m),

∥∥∥∥
[∑

j,k

∑
I,J

sup
(u,v)∈I×J

|ψj,k ∗ f (u, v)|2χI (x1)χJ (x2)

] 1
2
∥∥∥∥

p

≈
∥∥∥∥
[∑

j,k

∑
I,J

inf
(u,v)∈I×J

|ψj,k ∗ f (u, v)|2χI (x1)χJ (x2)

] 1
2
∥∥∥∥

p

, (2.8)

where ψ,I, J and p are the same as in Theorem 1.1; see [10, 11] for the similar but
more difficult proofs in the flag and Zygmund dilation settings.

The Min-Max type inequality in (2.8) easily implies that for 0 < p ≤ 1 < q < ∞
and each f ∈ Lq(Rn+m) ∩ Hp(Rn × R

m),

∥∥∥∥
{∑

j,k

|ψj,k ∗ f (x1, x2)|2
} 1

2
∥∥∥∥

p

≈
∥∥∥∥
{∑

j,k

∑
I,J

|ψj,k ∗ f (xI , xJ )|2χI (x1)χJ (x2)

} 1
2
∥∥∥∥

p

. (2.9)

This provides the discrete Littlewood-Paley characterization of Hp(Rn × R
m),

that is, for each f ∈ Lq(Rn+m) ∩ Hp(Rn × R
m),0 < p ≤ 1 < q < ∞,

∥∥∥∥
{∑

j,k

∑
I,J

|ψj,k ∗ f (xI , xJ )|2χI (x1)χJ (x2)

} 1
2
∥∥∥∥

Lp(Rn+m)

≈ ‖f ‖Hp(Rn+m). (2.10)

�

3 Atomic Decomposition and Boundedness Criterion of Operators in Product
Hardy Spaces

By the discrete Calderón’s identity in (1.1), we can first establish the atomic decom-
position into (p, q)-atoms for 0 < p ≤ 1 < q < ∞, namely Theorem 1.2.

Proof of Theorem 1.2 Let f ∈ Lq(Rn+m)∩Hp(Rn ×R
m),0 < p ≤ 1 < q < ∞, and

ψR = ψj,k be functions mentioned in the proof of Theorem 1.1. Set, by Theorem 1.1,

�l =
{
(x1, x2) :

[∑
j,k

∑
I,J

|ψj,k ∗ g(xI , xJ )|2χI (x1)χJ (x2)

] 1
2

> 2l

}

and

Bl =
{
R = I × J : |R ∩ �l | > 1

2
|R| and |R ∩ �l+1| ≤ 1

2
|R|

}
,

where χI and χJ are the characteristic functions of I and J , respectively, and I and J

are dyadic rectangles in R
n and R

m, respectively. Then, by reproducing the discrete
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Calderón formula in Theorem 1.1, we have

f (x1, x2) =
∑
j

∑
k

∑
I

∑
J

|I × J |ψj,k(x1 − xI , x2 − xJ )ψj,k ∗ g(xI , xJ )

=
∑

l

∑
R∈Bl

|R|ψR(x1 − xI , x2 − xJ )ψR ∗ g(xI , xJ ),

where ψR = ψj,k and xI ∈ I and xJ ∈ J .
To see the decomposition above gives an atomic decomposition in terms of (p, q)-

atoms, rewrite

f (x1, x2) =
∑

l

λlal(x1, x2), (3.1)

where

al = 1

λl

∑
R∈Bl

|R|ψR(x1 − xI , x2 − xJ )ψR ∗ g(xI , xJ ),

and when 2 ≤ q < ∞,

λl = C

∥∥∥∥
{ ∑

R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

q

|�̃l |
1
p

− 1
q

and when 1 < q < 2,

λl = C

∥∥∥∥
{ ∑

R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

2
|�̃l |

1
p

− 1
2 .

In the above expressions we have set �̃l = {(x1, x2) : Ms(χ�l
)(x1, x2) > 1

100 }. Since
R ∈ Bl =⇒ 4R ⊂ �̃l , thus

⋃
R∈Bl

4R ⊆ �̃l, this implies that al is supported in an
open set �̃l, and hence al satisfies (1) of Theorem 1.2.

To see that al satisfies (2) of Theorem 1.2, as in the proof of Theorem 1.1, let
h ∈ Lq ′

(Rn+m) ∩ L2(Rn+m) ( 1
q

+ 1
q ′ = 1). By Cauchy’s and Hölder’s inequalities

and the discrete Littlewood-Paley square function estimates on Lq,1 < q < ∞, then
we have

∥∥∥∥
∑
R∈Bl

|R|ψR(x1 − xI , x2 − xJ )ψR ∗ g(xI , xJ )

∥∥∥∥
q

= sup
‖h‖q′≤1

∣∣∣∣
〈 ∑

R∈Bl

|R|ψR(x1 − xI , x2 − xJ )ψR ∗ g(xI , xJ ), h

〉∣∣∣∣

≤ sup
‖h‖q′≤1

∫ ∑
R∈Bl

|ψR ∗ h(xI , xJ )| · |ψR ∗ g(xI , xJ )|χR(x1, x2) dx1 dx2
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≤ sup
‖h‖q′≤1

∥∥∥∥
{ ∑

R∈Bl

|ψR ∗ h(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

q ′

×
∥∥∥∥
{ ∑

R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

q

≤ C sup
‖h‖q′≤1

‖h‖q ′

∥∥∥∥
{ ∑

R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

q

,

which yields that when 2 ≤ q < ∞,

‖al‖q =
(

C

∥∥∥∥
{ ∑

R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

q

|�̃l |
1
p

− 1
q

)−1

×
∥∥∥∥

∑
R∈Bl

|R|ψR(x1 − xI , x2 − xJ )ψR ∗ g(xI , xJ )

∥∥∥∥
q

≤ |�̃l |
1
q
− 1

p .

Note that al is supported in �̃l . Thus if 1 < q < 2, the similar estimate and the
definition of λl yield

‖al‖q =
(

C

∥∥∥∥
{ ∑

R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

2
|�̃l |

1
p

− 1
2

)−1

×
∥∥∥∥

∑
R∈Bl

|R|ψR(x1 − xI , x2 − xJ )ψR ∗ g(xI , xJ )

∥∥∥∥
q

≤
(

C

∥∥∥∥
{ ∑

R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

q

|�̃l |
1
p

− 1
2

)−1

× |�̃l |
1
q
− 1

2

∥∥∥∥
∑
R∈Bl

|R|ψR(x1 − xI , x2 − xJ )ψR ∗ g(xI , xJ )

∥∥∥∥
2

≤ |�̃l |
1
q
− 1

p ,

which implies that al satisfies the size condition (2) of (p, q)-atoms in Theorem 1.2.
To verify that al satisfies the conditions (3) and (4) of Theorem 1.2, note that

al = ∑
Q∈m(�̃l)

al,Q, where

al,Q = 1

λl

∑
R∈Bl,R⊂Q

|R|ψR(x1 − xI , x2 − xJ )ψR ∗ g(xI , xJ ).
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It suffices to verify that each al,Q is a rectangle (p, q)-atom satisfying (3) and (4)
in Theorem 1.2. The support and cancellation conditions follow directly from the
conditions on ψ and thus (4) follows easily. Therefore, it remains to show (3).

To see that when 2 ≤ q < ∞, al satisfies the estimate of (3a), by the same proof
for the estimate of ‖al‖q, we have

‖al,Q‖q ≤ C

∥∥∥∥
{ ∑

R∈Bl,R⊂Q

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

q

and hence, the fact that 2 ≤ q < ∞ and the definition of λl yield
∑

Q∈m(�̃l)

‖al,Q‖q
q ≤ ‖al‖q

q

which, by the estimate (2) for al, implies that al satisfies (3a) of Theorem 1.2. When
1 < q < 2, we have

∑
Q∈m1(�̃l )

γ −δ
2 (Q)‖al,Q‖q

q

≤ C

λ
q
l

∑
Q∈m1(�̃l )

γ −δ
2 (Q)

∥∥∥∥
{ ∑

R∈Bl,R⊂Q

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

q

q

≤ C

λ
q
l

∑
Q∈m1(�̃l )

γ −δ
2 (Q)|Q|1− q

2

×
{∫ ∑

R∈Bl,R⊂Q

|ψR ∗ g(xI , xJ )|2χR(x1, x2) dx1 dx2

} q
2

≤ C

λ
q
l

{ ∑
Q∈m1(�̃l )

γ −δ′
2 (Q)|Q|

}1− q
2

×
{∫ ∑

R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2) dx1 dx2

} q
2

≤ Cq,δ′ |�̃l |(1− q
2 )|�̃l |

q
2 − q

p = Cδ′ |�̃l |1− q
p ,

where the last inequality follows from Journé’s Lemma [18]. The other summation
in (3b) can be proved by the same manner. This shows that al satisfies (3b) of Theo-
rem 1.2.

Note that by the maximal theorem |�̃l | ≤ C|�l |. Since if (x1, x2) ∈ R ∈ Bl then
Ms(χR∩�̃l\�l+1

)(x1, x2) > 1
2 , we have

χR(x1, x2) ≤ 2Ms(χR∩�̃l\�l+1
)(x1, x2)

=⇒ χR(x1, x2) ≤ 4M2
s (χR∩�̃l\�l+1

)(x1, x2).
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Thus, by the Fefferman-Stein vector valued inequality, for all 1 < q < ∞,

∥∥∥∥
{ ∑

R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

q

q

=
∫

Rn×Rm

{ ∑
R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} q
2

dx1 dx2

≤ C

∫
Rn×Rm

{ ∑
R∈Bl

|ψR ∗ g(xI , xJ )Ms(χR∩�̃l\�l+1
)(x1, x2)|2

} q
2

dx1 dx2

≤ C

∫
�̃l\�l+1

{ ∑
R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} q
2

dx1 dx2

≤ C2lq |�̃l |.

Therefore, when 2 ≤ q < ∞, we have

∑
l

|λl |p = C
∑

l

∥∥∥∥
{ ∑

R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

p

q

|�̃l |1− p
q

≤ C
∑

l

2lp|�̃l |
p
q |�̃l |1− p

q

= C
∑

l

2lp|�̃l | ≤ C
∑

l

2lp|�l |

≤ C

∥∥∥∥
{∑

l

∑
R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

p

p

≤ C‖g‖p
Hp ≤ C‖f ‖p

Hp,

and when 1 < q < 2,

∑
l

|λl |p = C
∑

l

∥∥∥∥
{ ∑

R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

p

2
|�̃l |1− p

2

≤ C
∑

l

2lp|�̃l | p
2 |�̃l |1− p

2

= C
∑

l

2lp|�̃l | ≤ C
∑

l

2lp|�l |
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≤ C

∥∥∥∥
{∑

l

∑
R∈Bl

|ψR ∗ g(xI , xJ )|2χR(x1, x2)

} 1
2
∥∥∥∥

p

p

≤ C‖g‖p
Hp ≤ C‖f ‖p

Hp .

Finally, the fact that the atomic decomposition in (3.1) converges in Lq(Rn+m)

follows from the same proof as given in Theorem 1.1. This ends the proof of Theo-
rem 1.2. �

We are now ready to provide the

Proof of Theorem 1.3 We only need to prove the “if” parts of Theorem 1.3 because by
the same proof as in [9], it is easy to check that if a is a (p, q)-product atom then a ∈
Hp(Rn ×R

m) and ‖a‖Hp(Rn×Rm) ≤ C where C is a constant uniformly for all (p, q)-
product atoms. See the Appendix for the outline of this proof. If ‖T (a)‖Lp(Rn+m) ≤ C

uniformly on all (p, q)-product atoms in Lp(Rn+m), then by Theorem 1.2, for f ∈
Hp(Rn × R

m) ∩ Lq(Rn+m),

Tf =
∑

l

λlT al

since T is bounded and f = ∑
l λlal on Lq(Rn+m).

Thus

‖Tf ‖p
p ≤

∑
l

|λl |p‖T al‖p
p ≤ Cp

∑
l

|λl |p ≤ C‖f ‖p
Hp .

(2) If ‖T (a)‖Hp(Rn×Rm) ≤ C uniformly on all (p, q)-product atoms in Hp(Rn ×
R

m), then by Theorem 1.2 and notes that the Hp norm of f is the Lp norm of the
Littlewood-Paley function g(f ), for f ∈ Hp(Rn × R

m) ∩ Lq(Rn+m),

‖Tf ‖p
Hp ≤

∑
l

|λl |p‖T al‖p
Hp ≤ Cp

∑
l

|λl |p ≤ C‖f ‖p
Hp .

Since Hp(Rn × R
m) ∩ Lq(Rn+m) is dense in Hp(Rn × R

m), the proof of Theo-
rem 1.3 is complete. �
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Appendix

We give the outline of the proof that if a is a (p, q)-product atom for 1 < q < 2, then
‖a‖Hp(Rn×Rm) ≤ C, where C is a constant independent of a. The proof for this fact
when q ≥ 2 is basically done in [9].

For simplicity, we only consider the case where n = m = 1. But from the proof
given below, the proof for the general n and m can be done in the same manner with
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minimal modifications. To show ‖a‖Hp(Rn×Rm) ≤ C, it will be enough to prove that
‖g(a)‖p ≤ C, where g(a) is the Littlewood-Paley g function of a given in Defini-
tion 2.1 and C is a constant independent of a.

Recall that a is an atom supported in � satisfying conditions (1), (2) in Theo-
rem 1.2 and the following (i.e., (3b) in Theorem 1.2):

a =
∑

R∈m1(�)

aR +
∑

R∈m2(�)

aR,

and for any δ > 0, there exists a constant Cq,δ>0, where Cq,δ depends only on q and
δ and aR satisfies condition (4) in Theorem 1.2 such that

⎛
⎝ ∑

R∈m1(�)

γ −δ
2 ‖aR‖q

Lq(Rn+m)
+

∑
R∈m2(�)

γ −δ
1 ‖aR‖q

Lq(Rn+m)

⎞
⎠

1/q

≤ Cq,δ|�| 1
q
− 1

p .

We will use the same notation and follow the similar outline as given on page 120
of [9]. Let �̃ = {(x1, x2) : Ms(χ�)(x1, x2) > 1

2 } and ˜̃� = (̃�̃).
To estimate

∫
˜̃� |g(a)|p dx1 dx2, applying Hölder’s inequality and the boundedness

of g on Lq we get

∫
˜̃�

|g(a)|p dx1 dx2 ≤
{∫

˜̃�
|g(a)|q dx1 dx2

} p
q |˜̃�|1− p

q ≤ C‖a‖p
q |�|1− p

q ≤ C.

To handle
∫
˜̃�c |g(a)|p dx1 dx2, we note the properties of ψjk in the definition of the

g function and follow the outline given on p. 121 of [9]. Let R = I × J ∈ m2(�), let

Î be the maximal dyadic cube in R
n such that Î × J ⊂ �̃, let ˜̂

I be the double of Î

and (̃Î )c be the complement of ˜̂
I . Thus, we have

∫
˜̂
I

c×R

|g(aR)|p dx1 dx2 ≤ Cγ −δ
1 (R)‖aR‖p

q |R|1− p
q .

Summing over R gives
∑

R∈m2(�)

γ −δ
1 (R)‖aR‖p

q |R|1− p
q

≤
{ ∑

R∈m2(�)

γ −δ′
1 (R)‖aR‖q

q

} p
q
{ ∑

R∈m2(�)

γ −δ′′
1 (R)|R|

}1− p
q ≤ C,

where δ′ = − δ
2

q
p

and δ′′ = − δ
2 (

q
p
)′. Here the last inequality above follows from

Journé’s Lemma and the condition of (3b) of Theorem 1.2.
The similar proof works when the Littlewood-Paley square function g is replaced

by the operator T as given in [9]. We leave the details to the interested reader. This
means if we assume Fefferman’s condition of the operator on the rectangle atom,
then we can show ‖T (a)‖p ≤ C for any (p, q)-atom when 1 < q < 2. Therefore,
Fefferman’s criterion holds in this case as well. This demonstrates that our definition
of (p, q)-atoms is consistent with the existing multiparameter Hp theory.
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