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Abstract In this paper we establish a discrete Calderdn’s identity which converges in
both L9 (R"*") (1 < g < co) and Hardy space H? (R" x R™) (0 < p < 1). Based on
this identity, we derive a new atomic decomposition into (p, g)-atoms (1 < g < 00)
on HP?(R" x R™) for 0 < p < 1. As an application, we prove that an operator 7,
which is bounded on L4 (R**™) for some 1 < g < 00, is bounded from H?” (R" x R™)
to L? (R"*™) if and only if T is bounded uniformly on all (p, g)-product atoms in
LP(R""). The similar result from H? (R" x R™) to H? (R" x R™) is also obtained.
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1 Introduction

The “atoms” and “molecules” were introduced (see Coifman [6], Latter [19],
Coifman-Weiss [7], etc.) and were used in harmonic and wavelet analysis (see
Meyer [21], Meyer-Coifman [22] and Stein [24], etc.) to form the basic building
blocks of various function spaces. Since then, the study of the operators acting on a
space of functions or distributions can become very simple when the elements of the
space admit “atomic decompositions”. Indeed, many problems in analysis have nat-
ural formulations as questions of continuity of linear operators defined on spaces of
functions or distributions. Such questions can often be answered by rather straight-
forward techniques if they can first be reduced to the study of the operator on an
appropriate class of simple functions which generate the entire space in some appro-
priate sense. This fundamental principle was applied by many people to problems
where atomic decompositions exist. However, recently Bownik in [1] gave an exam-
ple of a linear functional defined on a dense subspace of Hardy space H!(R"), which
maps all (1, oo)-atoms into bounded scalars, but it cannot be extended to a bounded
functional on the whole space H L(R"). The construction in [1] is based on the fact
due to Meyer [21], which states that quasi-norms corresponding to finite and infinite
atomic decompositions in H?, 0 < p < 1, are not equivalent. We note that H 1 (R™)
can be generated by (1, co)-atoms. This example shows that one has to be careful
when the above fundamental principle is used. It is then natural to ask under what ex-
tra conditions the above fundamental principle can be used. Nevertheless, Meda et al.
in [20] have recently proved that if T is a linear operator defined on the subspace

Hﬁlr’lq (R™) of finite linear combinations of (1, ¢) atoms in R" with the property that
sup{||Tally :aisa (1, g)-atom} <oco, 1<gq < o0,

then T admits a (unique) continuous extension to a bounded linear operator from
H'(R") to Y (Banach space) (see also Han and Zhao [13] for related results). Fur-
thermore, Ricci and Verdera have shown that if 0 < p < 1 and T is a linear operator
defined on the subspace Hffn’oo(R") of finite linear combinations of (p, co0) atoms in
R”" with the property that

sup{[|Tally : a is a (p, c0)-atom} < o0,

then 7 admits a (unique) continuous extension to a bounded linear operator from
HP”(R") to Y (Banach space). Moreover, the structure of the space F? of finite lin-
ear combinations of (p, oo) atoms, the completion of F? and the dual spaces were
thoroughly studied in [23].

The main purpose of this paper is to establish a discrete Calderdn’s identity in
multiparameter setting and apply this identity to provide a new atomic decomposition
of (p, q)-atoms of multiparameter Hardy spaces H” (R" x R™). As an application of
this new atomic decomposition, we will prove the uniform boundedness criterion
of linear operators in multiparameter setting by considering its action on all (p, q)-
atoms for 0 < p <1 and 1 < g < 0o, which is similar to the one-parameter setting.

Atomic decomposition in multiparameter Hardy spaces is much more compli-
cated. It is well-known that there is a basic obstacle to the pure product Hardy and
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BMO space theory associated with multiparameter product dilations. Indeed it was
conjectured that the product atomic Hardy space on R x R could be defined by rec-
tangle atoms. Here a rectangle atom is a function a(x, y) supported on a rectangle
R =1 x J having the property that

lalla < |RI"?, /a(x,ymx:fa(x,y)dy:o
1 J

for every (x, y) € R. Then Hrlect(R x R) is the space of functions Zk Arai with each
ay a rectangle atom and ), |Ax| < co. However, this conjecture was disproved by
Carleson by constructing a counter-example of a measure satisfying the product form
of the Carleson measure, that is, the measure u satisfies

/ du<C|I x J|
S(HxS(J)

for all intervals I, J in R and S(7) is the Carleson region associated with 7. Car-
leson [2] showed that the measure he constructed is not bounded on the product Hardy
space H!(R x R).

This led to the role of cubes in the classical atomic decomposition of H?”(R")
being replaced by arbitrary open sets of finite measures in the product H”(R" x
R™) and the Hardy space H” (R"” x R™) theory was finally developed by Chang and
Fefferman [3-5]. Chang and Fefferman [4] proved the following

Theorem f € HI’(IR2 X Rz) if and only if f(x,y) = > Akar(x,y) where
Zk |[Ak|P < oo and ag(x,y) are (p,2)-atoms, that is, each ay(x,y) is supported
in an open set 2 with finite measure satisfying the following properties:

lagll2 < 121"/ 177;
each ax(x, y) can be further decomposed by

a(x,y) =Y ag(x,y)

ReQ

where R =1 x J C Q are dyadic rectangles in R?, and ag(x, y) satisfy
[ ante.ytdx = [ antr.py?ay =0
1 J
forO<|al|,|Bl| <Np,=I[2/p—4/3], and ag isa C*,a < N, + 1, function satisfying

<dplJ|™

<dglI|™® ‘—aR(x y)

'—aR(x y)

with
> IRldg <197,
Rem(2)

where m(£2) is the set of all rectangles in €2 which are maximal in both directions of
x and y.
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It is worthwhile to point out that the key tool, using the maximal characteriza-
tion of the one-parameter H”(R"), to get the atomic decomposition is a refined
Calder6n-Zygmund decomposition; see [6, 7, 19]. This maximal characterization of
the one-parameter H”(R”") is the main tool used in the works of [20, 23]. How-
ever, it seems to be difficult to carry this method out to the multiparameter product
spaces. Using the classical version of continuous Calderén’s identity on the product
space, A. Chang and R. Fefferman established the above atomic decomposition for
HP(R" x R™), by use of (p, 2)-atoms. We would like to point out that this classical
version of Calderdn’s identity does not seem to lead to an atomic decomposition by
(p, qg)-atoms for 1 < g < 00, g # 2. Thus, deriving an atomic decomposition in the
product spaces using (p, g)-atoms for g # 2 becomes interesting.

One of the main purposes of this paper is to establish all (p,q),1 < g < oo,
atomic decomposition for multiparameter Hardy space H” (R" x R™) for0 < p <1
with the convergence in both L4 (R"**") and H? (R" x R™) norms (see Theorem 1.2
below). It should be pointed out that the series in (p, 2)-atomic decomposition in [3]
converges only in the sense of distributions. As we pointed out earlier, this classi-
cal continuous version of Calderén’s identity is not applicable to provide an atomic
decomposition by (p, g)-atoms for 1 < g < 0o, g # 2. The crucial idea to prove
(p,q),0 < p <1 <gqg < oo, atomic decomposition is to establish a new discrete
Calderén’s identity on the product space, which converges both in L4 (R"*") norm
for 1 < g < oo and the H?(R" x R™) norm (see Theorem 1.1 below).

The idea of using discrete Calderén’s identity in product spaces was developed
earlier in [10, 11], but in a quite different way. To be more precise, to develop mul-
tiparameter Hardy space theory associated with flag singular integrals and the Zyg-
mund dilation on R3, the first two authors introduced the multiparameter test function
spaces associated with flag singular integrals and the Zygmund dilation, respectively,
and provided the discrete Calderén’s identities on these test function spaces. Using
these discrete identities, they proved the Min-Max comparison inequalities and fi-
nally the Hardy spaces HE (R" x R™) and HL (R?) were well defined; see [10, 11]
for more details. Moreover, boundedness of singular integral operators from H? to
H? and from H? to L? were proved in [10, 11] without using Journé’s covering
lemma. In particular, we developed a general method to derive H” — L? bounded-
ness from H” — H? boundedness of linear operators for the product spaces using
discrete Calder6n’s identity and discrete Littlewood-Paley theory. The crucial idea
there is to prove the following inequality

Wfller <Clifllgr for feLINHP, 1<g<oo, 0<p<l. (1.1)

Using this inequality, the H? to L? boundedness follows immediately from the
boundedness on H? spaces. This general philosophy in the product spaces of homo-
geneous type has also been established in [17]. The duality theory for multiparameter
Hardy spaces has been established in [16] using the idea of discretization.

In this present paper, using a different approach from those in [10, 11], namely
Coifman’s decomposition of the identity operator and the Calderén-Zygmund opera-
tor theory on the multiparameter product space, we first derive the following discrete
Calderdén-type identity:
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Theorem 1.1 Suppose 0 < p < 1. Let 1/f(1)(X1), 1//(2) (x2) be Schwartz functions with
support on the unit ball satisfying the conditions: for a fixed large integer M depend-
ing on p,

Yo e =1
j
forall & € R" \ {0}, and [p, vV (x1)x% dx; =0 for all 0 < || < 2M; and

Y WPt =1
k

for all & € R™\ {0}, and [, ¥ (x2)xk dxa =0 for all 0 < |B] < 2M.

Let ¥ x(x1,x2) = 2/7Hkmy (D27 %)y @ (2% x,). Then for each function f €
HP(R" x R™)N LY (R"™™), 1 < g < oo, there exists a function g € H?(R" x R™)N
LIR"™) with c1]| flly < llglly < c2llfllg and cill fllar < liglar < c2ll fllur,
where the constants ¢y and ¢; are independent of f, such that

FOLx) =YY SN U X Tl — X1, x0 = x)Yjacx g0, yr), (11
i kI J

J

where I C R” and J C R” are dyadic cubes, I(I) =27/"N I(J) = 2k=N for
some large integer N depending on v and p,q, M; x;, y; are any fixed points in
I and J, respectively; the series in (1.1) converges in both the norms of L4 (R"*")
and H? (R" x R™).

As a consequence, this discrete Calderdn-type identity gives the following atomic
decomposition in terms of (p, g)-atoms for the multiparameter product Hardy space.

Theorem 1.2 Suppose 0 < p < 1. Let f € LIR"™) N HP(R" x R™),1 < q <

00. Then there exists a sequence of (p, q)-product atoms {a;} of HP (R" x R") and
1

a sequence of scalars (A j} with (Z/’ [A;1P)? < C|l flr @2 xrmy, where the constant

C is independent of f, such that f = jriaj where the series converges to f in

both the HP (R" x R™) and LY (R*™™) norms.

Here, a function a is said to be a (p, g)-product atom of H”(R" x R™),0 < p <
1 < g < o0, if a satisfies

(1) Suppa C £, where Q is an open set of R"*" with finite measure.
1_1
() llallpa@nrmy <1827 7.
Moreover, a can be further decomposed into a rectangle (p, ¢)-atom ag associated
to the rectangle R = I x J which is supported in 3R and such that

1_1

(33) For 2 <qg<ox,a= ZRem(Q) ar, and (ZRem(Q) ||aR||iq(Rn+m))1/q =< |Q|q P
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(3b) For 1 <q <2,a =3} pem @) @R + 2_Rrem, (o) 4R, and for any § > 0, there
exists a constant Cy s-0, where C, 5 depends only on g and §, such that

1/q

=3 _s 1_1
§ V> ”aR”%q(Ran) + E 14| ||aR||zq(Rn+m) = Cq,5|Q|q 7.
Rem; () Rema(2)

Here and in the sequel, m(2) i Is the set of all maximal rectangles contained in €2
in both directions x| and x; and Q= {(x1,x2) e R" x R™ : My(x0)(x1,x2) > 100}
where M; is the strong maximal function. m1(€2) is the set of all rectangles contained
in  and max1mal in the x; direction and m,(£2) is defined similarly. y; is defined by
y1(R) = II\ , where R =1 x J € m>(2) and [ is the maximal dyadic cube such that

IxJeQ. y2(R) is similarly defined.
(4) (Cancellation conditions): for 0 < |«|, |B]| < N, = n[% —1] —i—m[% —11,

/aR(x,y)x"‘dxzo fora.e. y € 3J,
31

f agr(x, y)yﬁ dy=0 forae.xe3l.
3J

We would like to point out that the condition given in (3b) for (p, g)-atoms when
1 < g < 2 is different from the original one as given in (3a) for ¢ = 2 by [9]. How-
ever, Fefferman’s boundedness criterion of an operator by considering its action on
rectangle atoms [9] still works for (p, ¢)-atoms for 1 < g < 2 under the condition of
(3b). We refer the reader to the Appendix for the outline of the proof. We remark here
that it is easy to see that L9 (R"*") N HP (R" x R™) is dense in HP (R" x R™) for
O<p=<l<g<oo.

Finally, we are able to prove a uniform boundedness criterion for an operator on
the product Hardy spaces by considering its action on (p, g)-atoms. This is the fol-
lowing

Theorem 1.3 Suppose O < p < 1. Let T be a linear operator which is bounded on
L4 (R"™) for some 1 < g < oo. Then

(1) T is bounded from HP (R" x R™) to L? (R**™) if and only if ITallpp@ntmy < C
for all (p, q)-product atoms;

(2) T is bounded on H? (R" x R™) if and only if | T all gr we xrm) < C forall (p, q)-
product atoms, where the constant C is independent of a.

The organization of the paper is as follows. In Sect. 2 we prove a new discrete
Calderén-type identity on the product space which converges both in L4 (R"*") and
HP(R" x R™) norms (Theorem 1.1). This is the key ingredient of this paper. Next,
we provide an atomic decomposition in terms of (p, g)-atoms for the multiparameter
product Hardy space (Theorem 1.2). Section 3 gives the proof of Theorem 1.3.
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2 Discrete Calderon’s Identity on Product Spaces

As we pointed out in the introduction, the discrete Calderén’s identity in product
spaces plays a crucial role in establishing the (p, g)-atoms in product spaces for all
1 < g < oo. The main purpose of this section is to prove this identity which is of
independent interest.

We first recall some basic definitions.

Let v (x1), ¥ @ (x2) be Schwartz functions satisfying Zj |1/ﬁ\(1)(2_j$1)|2 =1
for all & € R" \ {0}, and [p, ¥ P (x)x%dx; = 0 for all |o| > 0; and
YU P2 *e)2 =1 for all & € R™ \ {0}, and [g 1p<2>(x2)x§ dx> = 0 for all
1Bl = 0.

Definition 2.1 Suppose that f(x1,x2) € S'(R"*™), the space of tempered distribu-
tions. Let 1//(1)(x1), w(z) (x2) be functions as above. The Littlewood-Paley function
of f, g(f), is defined by

1

() (x1,x2) = {Z Wi f(xl,xznz}z,

j.k
where ¥ (x1, x2) = 27"y (D27 x1) g @ (2 xy).

Similar to [4], the above Littlewood-Paley function can be used to characterize the
product Hardy spaces as follows.

Definition 2.2 The product Hardy space f € H” (R" x R™) is defined by
HP(R" x R") ={f e S'(R"*™) : g(f) € LP(R"™)}
with || f || r e xrmy = 18 ()l Lp @rm).-

We now recall a variant of the boundedness result of operators on H” (R" x R™)
proved in [14, 15], which is sufficient for our purpose here.

Theorem 2.1 For given 0 < p < 1, suppose that T is a bounded operator on
L2(R"™) and it is associated with the kernel K (x1, X2, y1, y2) given by

TF (1, x2) = / K (et x2, v1. 2) £ 1, y2) dyr dya, 2.1

where the kernel K(x1,x2,y1,y2) is defined on R" x R™ x R" x R™ and there
exist constants C > 0 and a large integer M > % 4 100 such that for all 0 <
lal, 1BI, 101, Iyl = M,

C
192 98 89 87, K (x1, x2, y1, y2)| <

/ 2.2
X17x2 0y T |xp — yp |8l xy — yy |mEIBIEIYIY (2:2)
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and
/K(xl,xz,yl,yz)x‘f‘dxl =0, foralx;eR", yjeR", y, e R",
/K(xl,xz,y1,y2)x§dx2 =0, foralx eR", yjeR", y, eR",
/K(x1,x2,y1,y2)y19dy1 =0, forallx;eR", x, eR", y, e R",
and

/K(xl,xz,yl,yz)y;dnzo, forall x; e R", x, e R", y; e R".

Then T is bounded on HP (R" x R™).

We remark that the necessary and sufficient conditions of the product H” bound-
edness of operators of Journé’s class nonconvolution type whose kernels satisfy
weaker smoothness conditions are given in [15] for the two-parameter setting and
in [14] for an arbitrary number of parameters. We also mention that the proof of The-
orem 1.1 follows from the same idea in [11] of the discrete Calderén’s identity in the
case of flag singular integrals (but simpler in our pure product case here). But we will
provide a somewhat different proof here by invoking Theorem 2.1.

Proof of Theorem 1.1 Based on the conditions on v x, where M is chosen by M >
’“J’T’" + 100, the classical Calderén’s identity on L>(R™*™) is given by

FOx) =YY ks Pigox [, x2). (2.3)
ik

J

Using Coifman’s decomposition of the identity, we write

nyRM

f(m,xz):ZZf Vik(xr —u,x2 —v)V¥jx* f(u,v)dudv
ik

- ZZZZ/I J‘ﬁj,k(xl —u,x2 = )Yk * f(u,v)dudv
i ok 1 J x

ZZZZZ” X J\Wja(xr —xp, X2 —x )W jk* f(xr,x7)
i ok o1 J

+ Ry (f)(x1, x2), 24

where I C R” and J C R™ are dyadic cubes , [(I) =277~V [(J) =27%N for some
large integer N which will be chosen later; x;, y; are any fixed points in / and J,
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respectively; and

IGIERSES 3 M | Wit =3 = 0 )
i ok I J x

— Vi1 —xp, x2 —xp)Vjk* f(xr,x7)]dudv.

Now, we prove that Ry is bounded on L2(R™™) and H?(R" x R™). More pre-
cisely, we show

IRN (Ol L2gnsmy < C27N N f 1l 2ty (2.5)

and
IRN ()l e @ xmy < C27N N f 1l p o cem). (2.6)
To do this, we rewrite Ry (f)(x1, x2) for

Ry (f)(x1,x2)

=ZZ/; J{[l/fj,k(m —u,x2 — V) — Yjr(xr —xp, x2 — x )Wk x f (u, v)

ik 1,J

+¥jn(er —xp, xa —x )W)k * fu,v) =Yk x f(xp, xp)]}dudv
=f Ry (x1,x2, y1, ¥2) f (Y1, y2) dy1 dya,
R xR™

where Ry (x1, X2, 1, ¥2), the kernel of Ry (f), is given by

Ry (x1,x2,¥1,¥2)

= ZZ/I‘ J[l/fj,k(xl —u,xp —v) — V¥ r(x1 —x7,x2 — x7)]

jk 1J

X Vi —y1,v—y)dudv

+ ZZ/IXJ[Wj,k(M =y, v—=y2) = ¥jk(xr — y1, x5 — ¥2)]

j.k 1.J
X Y k(x1 —x7,x2 —xy)dudv

= Ry 1(x1,x2, y1,¥2) + Ry 2(x1, X2, ¥1, ¥2).

We now verify that the kernel Ry (x1, x2, y1, y2) satisfies the condition (2.2) with
constant C2~Y and then prove (2.5).
For Ry 1(x1, x2, y1, y2), since ¢ is a Schwartz function, thus

0% 08 vy (x1 — . xp —v) — 0% 98 Yy a(x1 — x7. 32 — X))
<102 08 Yk (xr —u, x2 — v) — 3% 8P ¥ (x1 — x1, x2 — V)|

+10% 08 Wy (xr — xp,x2 —v) = 0% 98 Wy (k1 — xp,x2 — X))
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lu — xp| 2jlely—j@M+1) 9—k(2M+1)
<C , .
B |:<2_f +x1 — ul) Q77 + |xg —u|)rt2MFL (27K 4 |xp — v|)m+2M+1]

2 [v— x| kIl —k(2M+1)
+C -
|:(21 + |x1 — xg|)ntZM+ (Z—k + |x2 — v|> 27K + |xp — v|ym+2M+1 i|
2Jjlely—j 2kIBlo—k
< C27N - B
- (2—] + |x1 _ u|)”+2M+1 (2—k + |x2 _ U|)m+2M+1

where we use the facts that u, x; € I,v,x; € J and [(1) =277V, [(J) =27 N,
Noting that 0 < |«/, |B| < M, then

192 8% 8% 8, Ry.1(x1, x2, y1. y2)|

X1 7X27)1

vy 2ileln—j@M+1)
<C2~ / .
% SRR (277 4 |x1 — yy nT2M+1

2k|Bly—k(@M+1)

X
(2—k + |x2 _ y2|)m+2M+1

N 1 1
<C2 .
Ix1 — y1 |1+ | xy — yo |mHIBI+IY]

109, 0%, jk(u — y1,v — y2) | dudv

This implies that Ry 1(x1, x2, y1, y2) satisfies (2.2) with constant C2~N. The same
results hold for Ry 2(x1, x2, y1, ¥2), and hence (2.2) holds for Ry (x1, x2, ¥1, y2) with
the constant C2~" where C depends only on ¥ and M.

To show (2.5), we use Cotlar-Stein’s lemma on L?(R"*™). To be more precise, let

RNn,1(f) =2, Rjk(f) where
R (f)(x1,x2)

ZZ/; J[ij’k(x1 —u, X =) = Yk = xp, x2 = X)Wk fu, v)dudv.
v

By the proof of the estimates for the kernel of Ry given above, it is easy to see that
IR & (N 2 metmy < c2—N I f Il L2(gn+m) for all j, k. Using an almost orthogonality
argument, see [12, 22], yields

[Rj kR o (x1, %2, y1, ¥2)|
2—GA) 2~ (kAK')
Q0N 4 Jxp = yi ) Q0D 4 Jxp — [yt

< €2 Npli=iIghk=¥

where a A b is the minimum of a and b, and R; x R;f, Y (x1, X2, y1, y2) is the kernel of
3
operator R;, k R}
This implies

“Rj,kR;f/,k/(f)||L2(R"+’") < CZ_N2|]_1 |2|k_k ! ||f||L2(Rn+m).
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Similarly, we obtain
IR, Rjr o (Ol p2ggnsmy < C27N 27K £ .

Thus the proof of the estimate in (2.5) follows from Cotlar-Stein’s lemma. We re-
mark that the estimate in (2.5) can also be obtained by use of Journé’s 7'1 theorem
on product space L*(R"*™). Indeed, by the regularity and cancellation conditions
of Ry, one only needs to check the weak boundedness conditions with the bound by
C27V; see [8] for a similar proof for one-parameter case. We leave the details to the
interested reader. Applying Theorem 2.1 yields (2.6).

If we choose N big enough so that C2~" < I, since the identity operator [ =
Tn + Ry, then T/\jl is also bounded on H? (R" x R™) and L2(R"t™), where

Ty fx) =Y Y D D N X TWjke = x7, X2 = X)W % f (1, X))

i kK I J

By interpolation, Ry is bounded on L4 (R"*™) with the bound C2~" for all 1 <
g < 00. Therefore, Tlgl is bounded on L4 (R"*™). Set g(x1,x2) = TA71 (f)(x1, x2),
then [Iglly < ClI fll4, 1 < ¢ < 0o, and moreover,

FOnLx) =YY "3 N 1 X Tyl — X1, 60— x )Y k%0, xp), (27)

j kK I J

where the above series converges in both L2(R"™™) and HP (R" x R™) norms.

To complete the proof of Theorem 1.1, we only need to show that the series (2.7)
converges also in L7 (R"*™) for any 1 < g < oo. Note first that by the Littlewood-
Paley estimates on L4 (R"*™), 1 < g < oo, it is easy to see that

‘ SN IS X Tljaer — xp.x0 — x )Wk f(pLxg)
i ok I J

S C || f ||Lq (R)H»m) .
Thus it suffices to show that the series (2.7) converges in L4 (R"*™) for each func-
tion f € L4 (R"™) N L2(R"*™) since the subspace L4 (R"+") N L2(R"+™) is dense
in L9(R™™). Indeed, the convergence of the series (2.7) in L?(R"*") implies the
convergence for almost every (x1, x2) € R"™. For f € LY(R") N L?(R"*") set

L4 (R’l+m)

Bij={R=1xJ:I(I)=2"7"N_1(J)y=2"%N 1 cB(0,1]),
J C B2(0,0), |jl, 1kl <1},
where B1(0,/) and B,(0, 1) are balls centered at 0 with the radius / in R"” and R™,
respectively.

Write g = ¥ «, then it suffices to show that for each function f € L9(R"*™) N
L2(R"™™) and any positive integer L,

O IRIWR( = xp, X2 — x )Yk * () (51, X)

I>L ReB;

L4 (RrHrm)
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tends to zero as L goes to infinity.
Let h € Lq/(R”‘””) N L2(Rr+m) (% + % = 1). By duality argument, Cauchy’s
inequality and Holder’s inequality, then we have

DO IRIWRG = xp, X2 — x )Yk * g(x1, %))

I>L ReB; q
= sup <ZZ|R|wR(x1—xz,xz—x1>wR*g(x1,xJ>,h>'
Il <1127 ReB,
= sup |> > IRWWR*h(xs,x)) VR *g(xr. X))
Il <27 Rep,

< sup fz D Wk xh(er x| - [Wr * g(xr, x) I xr (X1, x2) dx1 dxa

Inlly <t 1 ReB

< sup /{Z Z VR *h(x/,JCJ)|2XR()Cl,xz)}2

Il <1 UlT RreB,

1
2
x {Z > e *g(xz,xnlzx;e(m,xz)} dxi dx;

I>L ReB;

1
{Z 3 e *h(xz,anxR(xl,xz)}z

I>L ReB;

1
{Z > e *g(xl,xnﬁxze(xl,xz)}z

I>L ReB;

< sup
Al <1

/

q

X

q

1

{Z S e *g(xz,xJ)FxR(xl,m)}z

I>L ReB;

<C sup |hlg
Al <1

q

By the L4 (R"*™) norm inequality of the discrete Littlewood-Paley function, that is,
for 1 < g < o0,

=Cllfllg,
q

1
H{ZZZZ'I X JWj,k*f(xl,XJ)IZXR(X1,X2)}2
Tk 17

the last term tends to zero as L goes to infinity and this completes the proof of Theo-
rem 1.1.

Before ending this section, we remark that by use of discrete Calderén-type iden-
tity given in Theorem 1.1, one can provide the following Min-Max type inequality:
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for0 < p<1<gq <ooandeach f € LY(R""™)N HP (R" x R™),
1

H [ZZ Sup [k £, v)IZXI(x1)XJ(X2)} 2

jk 1,J (u,v)el xJ

p

) (2.8)
p

1
%H[ZZ inf |Wj,k*f(uav)|2XI(xl)XJ(x2):|2

w)elxJ
IR, (u,v)el x

where v, I, J and p are the same as in Theorem 1.1; see [10, 11] for the similar but
more difficult proofs in the flag and Zygmund dilation settings.

The Min-Max type inequality in (2.8) easily implies that for 0 < p <1 < g < 00
and each f € LI(R"™™) N HP(R" x R™),

H{Zw,-,k *f(xl,x2)|2}2
j.k

p

~ H {ZZ W% f(xz,x1)|2><1<x1>m(xz>}2 2.9)

jk 1,J

p

This provides the discrete Littlewood-Paley characterization of H?”(R" x R™),
that is, for each f € L4(R"™) N HP(R" x R™),0 < p <1 < q < 00,

1
” {ZZ V)& f(xz,xJ)IZXI(m)XJ(xz)} :

jk 1

~ ||f||HI’(Rn+m). (210)
Lp (Rntm)
O

3 Atomic Decomposition and Boundedness Criterion of Operators in Product
Hardy Spaces

By the discrete Calderén’s identity in (1.1), we can first establish the atomic decom-
position into (p, g)-atoms for 0 < p <1 < g < 0o, namely Theorem 1.2.

Proof of Theorem 1.2 Let f € L4R"™)NHP(R" x R™),0 < p <1 < g < 00, and
Yr = V¥ k be functions mentioned in the proof of Theorem 1.1. Set, by Theorem 1.1,

1

Q= {(xl,m : [ZZ Wk *g(xz,x1>|2x](x1)xj(xz>]2 > 2’}

jk IJ
and

1 1
Blz{Rzl X J: RN > §|R|and|RﬂQl+1|§§|R|},

where x; and x; are the characteristic functions of / and J, respectively, and I and J
are dyadic rectangles in R” and R™, respectively. Then, by reproducing the discrete
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Calderon formula in Theorem 1.1, we have

O x) =Y "N SN x Ty — xp, X2 — x )V % g (X1, X))
ik 1 J

J

=" > IRIYR(x — X1, %0 — X)) YR * g(x1, X)),

I ReB

where Yygp =V andx; € I and x; € J.
To see the decomposition above gives an atomic decomposition in terms of (p, q)-
atoms, rewrite

f(xl,X2)=Zk1az(X1,X2), 3.1
/
where

a — E R l// X X[, X2 —X l,ﬁ * 2(X7,X7),
1 R 1 1 J R g 1 J
ReB;

and when 2 < ¢ < oo,

1

)|~ 11
Az=c‘{ZWR*g(xI,xJ)FxR(xl,xz)} [l

ReB; q

and when 1 < g < 2,
2

~ 1.1
)»1=CH{ZWR*g(XI,XJ)IzXR(Xl,Xz)} 12|72

2

ReB;

In the above expresEions we have set SNZZ =~{(x1 ,X2) t M (xq,)(x1,x2) > ﬁ}. Since
R e B; :~> 4R C 4, thus UReB[ 4R C €y, this implies that g; is supported in an
open set €2;, and hence ¢; satisfies (1) of Theorem 1.2.

To see that g; satisfies (2) of Theorem 1.2, as in the proof of Theorem 1.1, let
he Lq/(R”J“’”) N LZ(R"™) (é + % = 1). By Cauchy’s and Holder’s inequalities
and the discrete Littlewood-Paley square function estimates on LY, 1 < g < oo, then
we have

> IRIYR( — x7.%0 — X))k % g(x1, X;)

ReB

q

= sup
Al <1

< > IRIWR( = x1, X2 — x))YR *g(xz,xj>,h>‘

ReB;

< sup /ZWR*h(XI,XJ)I~IWR*g(XI,XJ)IXR(me)dMdX2
”h”q/Sl ReB;
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< sup
Ihll, <1

{ > vk *h(xl,xnﬂxR(xl,xz)}

ReB;

/

q

1
{ D vk *g(xz,xJ)IQXR(xl,m)} 2

ReB;

q

1
<C sup |hlly {Zm*g(m,xm xR(xl,xz)} :
Il <1 ReB q
which yields that when 2 < g < oo,
1
5 o~ 11\
||az||q=(C‘{Zwk*gm,xm xR<x1,xz>} ok )
ReB; q
> IRIYR( — X1, %0 — x)) YR * g(x7, X))
ReB; q
~ 1_1
< |1 .

Note that g; is supported in €. Thus if 1 < q < 2, the similar estimate and the
definition of A; yield
-1
Ik _7)
2

D IRIWR( = xp, X2 — x))YR * (X1, %))

ReB;

1

larllg —( H{ Y Wk xgler, x| xR(xl,xz)}

ReB;

q

1
2 ~ 1 _ -1
€217
q

DIf—

< (¢

{ PRIZ: *g(xz,xjnsz(xl,xz)}

ReB;
~ 1_1
< 11172 Y IRIYR G — X130 — X)) YR * g (x1 =)
ReB;
~ 1_1
< |77,

which implies that a; satisfies the size condition (2) of (p, g)-atoms in Theorem 1.2.
To verify that g; satisfies the conditions (3) and (4) of Theorem 1.2, note that

a; = ZQem(Q;) ar, o, where

1
ag=> Y IRWRC —x1, 00— X)) YR *g(x1, X)),
ReB;,RCQO
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It suffices to verify that each ;¢ is a rectangle (p, g)-atom satisfying (3) and (4)
in Theorem 1.2. The support and cancellation conditions follow directly from the
conditions on ¥ and thus (4) follows easily. Therefore, it remains to show (3).

To see that when 2 < g < 00, g; satisfies the estimate of (3a), by the same proof
for the estimate of |la;||,, we have

1
{ ) m*g(xz,x1>|2xR<x1,xz)}2

ReB;,RCQ q

llar,olly SC‘

and hence, the fact that 2 < g < oo and the definition of }; yield
> llanold < lald
Qem(%y)

which, by the estimate (2) for a;, implies that a; satisfies (3a) of Theorem 1.2. When
1 <gq <2, we have

> v Dllaold

Qemi (&)
1

C _s 2 2|4

=7 Z v, (@) Z [Yr * g(xr, x7)|" xR (X1, x2)
) ReB|,RCQ q
C _ _q

<3 > nlwiel'?
L gem @)

q
2
xf > wfR*g(xl,anxR(xl,xz)dxldxz}

ReB;,RCQ

q

C , -
<=1 > »’ (Q)IQI}
LY gemi ()

q
2

x /ZWR*g(xl,xj)lz)(R(xl,xz)dxldxz}

ReB;
~ 14y ~ 1_4 ~ 1_4
< Cus U117 = CylS)' 7,

where the last inequality follows from Journé’s Lemma [18]. The other summation
in (3b) can be proved by the same manner. This shows that a; satisfies (3b) of Theo-

rem 1.2.
Note that by the maximal theorem |£~21| < C|€]. Since if (x1,x2) € R € B; then

M (X pn&\ ) (X1 X2) > % we have
XR(xX1, X2) < 2Ms (X R\, ) (X1 X2)

= Xr(¥1,%2) S4M] (Xgngap,,) (X1, X2).
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Thus, by the Fefferman-Stein vector valued inequality, for all 1 < g < oo,

1
5|19
{} |1/fR*g<x1,xJ)|2xR<x1,xz)}2

ReB;

q

q

2
=f { > |wR*g<x1,xJ>|2XR(x1,xz>} dx)dx;
RI!XRWI

ReB;

q

2
<C f { > vk *g(xl,ngs(me@,\Q,H)(xl,x2>|2} dxydx;
R xR™ REB

Lol
N\

<21y

q
2
> e *g(XI,xJ)IZXR(xl,xz)} dxi dx;
ReB;

Therefore, when 2 < g < 0o, we have

1
2 p ~ _P
D mlr=cy, {Z |1//R*g(xl,xj)|2XR(xl7x2)} [l
! ! ReB; q
lp ~ P ~ 1,2
<CY 2P| 1)
1
=C) 2% <C) 27|
l I
1
2 z7|”
< CH{Z D Ik gxr, x ) XR(X1,Xz)}
| ReB p
< Cliglhy, < ClLF 15
and when 1 < ¢ < 2,
L
<=L
Yomlr=c) {Z|wR*g(x1,x1>|2xR<x1,xz>} fof i
I ! ReB; 2

<C )y 2y 1t
1

=C) 2Pl <C ) 27|l
l 1
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=iz

< Cliglgr < Cllf -

1
2P
> [Yr g(xz,xJ)IZXR(x1,xz)}

ReB;

p

Finally, the fact that the atomic decomposition in (3.1) converges in L9 (R"*T™)
follows from the same proof as given in Theorem 1.1. This ends the proof of Theo-
rem 1.2. g

We are now ready to provide the

Proof of Theorem 1.3 We only need to prove the “if”” parts of Theorem 1.3 because by
the same proof as in [9], it is easy to check that if a is a (p, g)-product atom then a €
HP(R" xR™) and ||a|l gr®"xrm) < C where C is a constant uniformly for all (p, g)-
product atoms. See the Appendix for the outline of this proof. If || T (a) || .p gr+m) < C
uniformly on all (p, g)-product atoms in L? (R"*™), then by Theorem 1.2, for f €
HP(R" x R™) N L4 (R,

Tf:Zk,Tal
I

since T is bounded and f =) ; A;a; on LY (R,
Thus

TS <D IalPITarlly < CP Y al? < ClLfIG,.
l l

Q) If IT (@)l gr®" xrmy < C uniformly on all (p, g)-product atoms in H?(R" x
R™), then by Theorem 1.2 and notes that the H” norm of f is the L” norm of the
Littlewood-Paley function g(f), for f € HP(R" x R™) N L4 (R*™™),

ITA1 e <D IalPITarlly, <CP Y IulP < ClIf I,
1 1

Since H? (R" x R™) N L4(R"*™) is dense in H? (R" x R™), the proof of Theo-
rem 1.3 is complete. O
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Appendix

We give the outline of the proof that if a is a (p, g)-product atom for 1 < g < 2, then
lall Hp®rxrmy < C, where C is a constant independent of a. The proof for this fact
when ¢g > 2 is basically done in [9].

For simplicity, we only consider the case where n = m = 1. But from the proof
given below, the proof for the general n and m can be done in the same manner with
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minimal modifications. To show |la|| gr®:xrm) < C, it will be enough to prove that
lg(@llp < C, where g(a) is the Littlewood-Paley g function of a given in Defini-
tion 2.1 and C is a constant independent of a.

Recall that a is an atom supported in €2 satisfying conditions (1), (2) in Theo-
rem 1.2 and the following (i.e., (3b) in Theorem 1.2):

a= Z ar + Z agr,

Rem () Remy(2)

and for any § > 0, there exists a constant Cy s-0, Where C, s depends only on g and
& and ap satisfies condition (4) in Theorem 1.2 such that

1/q

_s _5 1_1
Y v el ey + Y VAR I gy | S CyslQ1 T
Rem(2) Remy(2)

We will use the same notation and follow the simi’lvar 01{[\line as given on page 120
of [9]. Let @ = {(x1, x2) : My(x@)(x1,x2) > 3} and @ = (Q).

To estimate |: 5lg(a) | dx1 dxy, applying Holder’s inequality and the boundedness
of g on L7 we get

=

L

P
/zlg(a)l”dxl dxy < {ﬁ lg(@)]? dx; dxz}q Q"7 <Clalf1QI'"7 <C.
Q Q

To handle f 5 |g(a)|? dx1 dx2, we note the properties of ¥ in the definition of the
g function and follow the outline given on p. 121 of [9]. Let R =1 xJ emy(Q), let

I be Lhe maximal dyadic cube Hl R” such that I x J C §~2, let 1 be the double of 7

and (f )¢ be the complement of I. Thus, we have

— 1-2
/N lg@r)|? dxi dxz < Cy S (R)llagl 2 1R F.
I xR

Summing over R gives

— 1-2
> v ®llaglly IR

Remy(R)
:
< { oo (R)naRnZ} { ooy (R)|R|} <C,
Rem(R) Remy ()
where §' = —%1 and 8" = —%(i)/ . Here the last inequality above follows from

Journé’s Lemma and the condition of (3b) of Theorem 1.2.

The similar proof works when the Littlewood-Paley square function g is replaced
by the operator T as given in [9]. We leave the details to the interested reader. This
means if we assume Fefferman’s condition of the operator on the rectangle atom,
then we can show [T (a)||, < C for any (p, g)-atom when 1 < g < 2. Therefore,
Fefferman’s criterion holds in this case as well. This demonstrates that our definition
of (p, g)-atoms is consistent with the existing multiparameter H? theory.
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