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Abstract

This article concerns nonconvolutional type operators (also known as Journé’s type operators) associ-
ated with a multiparameter family of dilations given by (x1, x2, ..., xm) = (81x1,82x2, ..., Smxm) Where
x1 €R™M xp eR", ..., xp, € R"m and m > 3. We are especially interested in the boundedness of such op-
erators on the multiparameter Hardy spaces. This work is motivated by Pipher’s result on the boundedness
of these operators from the multiparameter H? spaces to LP spaces for 0 < p < 1, and Journé’s counter-
example which shows that the number of parameter plays a crucial role in boundedness of singular integral
operators on multiparameter Hardy spaces. Journé’s work shows that there is a sharp difference between
the situations for two and three or more parameters. We establish in this paper the necessary and sufficient
conditions under which the singular integral operators in Journé’s class are bounded on multiparameter H”
spaces (0 < p < 1) with arbitrary number of parameters.
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1. Introduction and statement of results

In their well-known theory of singular integral operators, Calderén and Zygmund in [2]
generalized the Hilbert transform on R! and obtained the L?,1 < p < oo, boundedness of
certain convolution singular integral operators on R". C. Fefferman and E.M. Stein in [10]
proved the H”, 0 < p < 1, boundedness of such convolution operators. The theory has been
generalized in two ways. First, the convolution singular integral operators were replaced by
non-convolution singular integral operators associated with a kernel in the following sense.
Let I be a locally integrable function defined on R” x R"\{x = y}. The non-convolution sin-
gular integral operator 7' : Cj°(R") — (C3°(R"))* is a linear operator defined by (T'f, g) =
Jrn Jgn 8K (x, y) f(y)dxdy for f,g € C3°(R") with disjoint supports. Moreover, K, the
kernel of T, satisfies some size and smoothness properties analogous to those enjoyed by the
Calder6n—Zygmund convolution operators. Of course, in general, one cannot conclude that such
an operator T is bounded on L2(R") because Plancherel’s theorem doesn’t work for non-
convolution operators. However, if one assumes that 7 is bounded on LZ(R"), then the L7,
1 < p < 0o, boundedness follows from Calderén—-Zygmund’s real variable method. Moreover,
using atomic decomposition and molecular theory of the classical Hardy spaces, Coifman and
Weiss in [7] proved the H” — L? boundedness of T and the H” — HP boundedness of T pro-
vided some assumptions of certain vanishing moments. The L? boundedness of non-convolution
singular integral operators was finally proved by the remarkable 7'1 theorem of David and Journé
in [8].

Secondly, by taking the space R"” x R™ along with two-parameter family of dilations (x, y) —
(61x,82y), x e R", y e R™, §; > 0, i =1, 2, instead of the classical one-parameter dilation,
R. Fefferman and Stein studied the product convolution singular integral operators which sat-
isfy analogous conditions enjoyed by the double Hilbert transform defined on R x R. In [11]
the L?,1 < p < oo, boundedness of such product convolution operators is obtained. Journé
in [18] introduced a non-convolution product singular integral operators and provided the 7'1
theorem. Moreover, Journé proved the L°° — BMO boundedness for such operators, which
opened the door for proving the product H” boundedness of operators in Journé’s class. The
product Hardy space H” (R" x R™) was first introduced by Gundy and Stein [13]. Chang and
Fefferman [5,6] developed the theory of atomic decomposition and established the dual space
of Hardy space H'!(R" x R™), namely the product BMO(R" x R™) space. Another charac-
terization of such product BMO space was given by Ferguson and Lacey [12]. However, the
atomic decomposition of the product H”(R" x R™) given in [6] is more complicated than the
classical H?(R"™) and cannot be directly used to provide the H? — L? and H? — HP” bound-
edness of operators in Journé’s class. Indeed it was conjectured that the product atomic Hardy
space on R” x R™ could be defined by rectangle atoms. However, this conjecture was disproved
by a counter-example constructed by Carleson [4]. This leads to the fact that the role of cubes
in the classical atomic decomposition of H”(R") was replaced by arbitrary open sets of finite
measures in the product H? (R" x R™). It is surprising that despite of its complexity of mul-
tiparameter atoms, R. Fefferman in [9] proved the criterion of the H” — L? boundedness of
singular integral operators in Journé’s class by considering its action only on rectangle atoms.
One of the key tools used in [9] is Journé’s covering lemma. R. Fefferman’s theorem is stated as
follows.
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Theorem A. Let T be a bounded linear operator on L>(R"*™) and 0 < p < 1. Suppose that for
any HP (R" x R™) rectangle atom a supported on the rectangle R we have

/ ’T(a)|pdxldxz<cy_‘S (1.1)

(yR)¢

for some fixed § > 0 and for every y > 2. Then T is a bounded operator from HP (R" x R™) to
LP (Rn-i-m)'

However, Theorem A, in general, cannot be extended to three or more factors without fur-
ther assumptions on the nature of T as demonstrated by Journé [19]. In fact, Journé provided
a counter-example in the three-parameter setting of singular integral operators such that Theo-
rem A does not hold. Moreover, he showed in [19] that if T is a convolution operator such that
(1.1) holds with some § > %, then Theorem A can be extended to three-parameter case. Journé’s
work shows a sharp difference between the two and more parameters settings. On the other hand,
Carbery and Seeger [3] showed that Fefferman’s criterion remains valid for arbitrary number
of parameters with a different interpretation of rectangle atoms, namely, vector-valued rectangle
atoms. Moreover, the H? to L? boundedness for Journé’s class of singular integral operators
with arbitrary number of parameters was established by J. Pipher [21] by using atomic decom-
position and an extension of Journé’s geometric lemma to higher dimensions. More recently, the
first author and Lee, Lin and Lin [15] have established the necessary and sufficient conditions of
the H? (R" x R™) boundedness of Journé’s product singular integrals in the two-parameter case.
Nevertheless, the boundedness from H? to H? for Journé’s class of singular integrals with three
or more parameters still remains open. This is the main motivation for us to study the bounded-
ness of this class of singular integrals on multiparameter Hardy spaces H” with three or more
parameters in this paper.

The main goal of this paper is to establish the necessary and sufficient conditions for Journé’s
class of singular integral operators to be bounded on multiparameter Hardy spaces H” (R"! x
R"2 x R™) (Theorem 1.4). We like to remark that our results proved in this paper can be extended
for more than three parameters with similar arguments.

We first recall the definitions of the multiparameter Hardy spaces H? and H?-atoms on R"! x
R" x R™.Given 0 < p < 1, let

Coo(R") = {w € C*(R"): ¥ has a compact support and / Y(x)x*dx =0
R’l

for 0 < Ja| < Np,n},
where N, , is a large integer depending on p and n. Let € C&%(R”) satisfy the condition
oo
0

For t > 0 and x € R”", set ¥;(x) = t_”l/f(f). Let Y € Cyo(R™) be supported in the unit ball
of R"™ with condition (1.2), i = 1,2,3. For t; > 0 and (x1, x2, x3) € R" x R" x R"3, set

b6 ? =1 forall& e R"/{0}. (1.2)
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Vi () = ;W (GE) and Yy g (01, X2, X3) = ¥, (kD) W72 (x2) ¥ (x3). The product Littlewood-
Paley square function of f € S'(R" x R"2 x R"3) is defined by

g(f)(-xlsx29x3) = !///‘Tﬂtl .t *f(XI XQ,X?,) 2% ﬁ ﬁ
00 0

h I3

12

For 0 < p < 1, the multiparameter Hardy space H” on R"! x R"2 x R"3 can be defined by
HP(R" x R"™ x R™) = {f € S/(]R”1 x R" x R™): G(f) € LP(R”1+”2+"3)}

with the norm || f{| grr (g1 xr72 xR73) & ||g(f)||Ln(R”1+"2+"3)~

A function a defined in R"! x R"2 x R is called an H” atom (i.e. H”-(p,2)-atom) if a is
supported in an open set £2 C R"! x R"2 x R with finite measure and satisfies the following
conditions:

(@) llall2 <1821

(ii) a can be decomposed as a(xy, x2,x3) = ZREM(.Q) ag(x1, x2, x3), where ag are supported
on the double of R = I} x I, x I3, I; are dyadic cubes in R",i =1, 2, 3, and M (£2) is the
collection of all maximal dyadic sub-rectangles contained in £2 and

1

> llarlzy <1127

ReM(£2)

<=

(iii) f21] ag(x1,x2,x3)xy dx; =0 for all x € R"?, x3 € R™ and 0 < |«|

//\

p ni»

Joy, ar(x1. %2, x3)x5 dxy =0 forall x; € R", x3 € R™ and 0 < || < Ny,

f% aR(xl,xz,m)xé‘ dxz3=0forall x; e R", x, e R" and 0 < || < Np ps5-

We remark in passing that multiparameter (p, g )-atoms for any 1 < g < oo has been derived
n [16].

N

Now we recall the classical definition of the Calder6n—Zygmund operator on R”.

Definition 1.1. A continuous complex-valued function I defined on D = R"” x R"\{(x, y):
x =y} is called a one-parameter Calderén—Zygmund kernel with regularity exponent € > 0
(0 < € < 1) if there exists a constant C > 0 such that

@ K@, »I<Clx —yI™ |
(i) 1K, y) =K@, IS Cle =x"|x — y[ "7 if [x =X/ < 5lx =yl

(i) [KCCx,y) — K, y) < Cly = y/|lx — y| "€ if [y — /| < 5lx — yl.
The smallest such constant C is denoted by ||[K]|cz.

We call an operator 7 is a Calder6n—Zygmund operator if 7 is a singular integral operator
associated with a Calderén—Zygmund kernel K(x, y) given by

(T(f). g)= f / gOK () () dydx

R Rn
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forall f, g € Cg°(R") with disjoint supports and 7" extends to be a bounded operator on L2(R").
The norm of the Calderén—Zygmund operator T is defined by || T ||lcz =T l;2_~2 + IKllcz-

We remark that if 7' is bounded on LZ(R") then T is bounded from HP(R") to L?(R"),

for.n”? < p < 1, provided only the condition (iii), that is, the regularity with respect to the
variable y.
Next, we recall the definition of the singular integral operator of two parameters due to

Journé [18].

Definition 1.2. A singular integral operator T is said to be in Journé’s class on R” x R™ with
regularity exponent € > 0 if

T(f)x,y) = / K, y,u,0) f G, v) du dv,
Ranﬂ"

where the kernel K satisfies the following conditions: for each fixed x, y; € H}}”, set K! (x1,y1) to
be the singular integral operator acting on functions on R™ with the kernel KM (x1, y1)(x2, y2) =
K(x1, x2, y1, ¥2), and similarly, K2 (xa, y2)(x1, y1) = K(x1, x2, y1, y2) for each fixed x3, y2 €
R™, then there exist a constant C > 0 and 0 < & < 1 such that

(i) T is bounded on L2(R"™™);
(i) 1K e yDllez < Clap =yl ™,
IC Gy, y1) — KEGen, v ez < Clyr — y) 18 1xn — yil ™7 for |y1 — ;| < Alx1 — yil,
IR v, y0) = KN (e, yD)llez < Clxr = x]1F 1y — yi |7 for |y — x{| < S = il;
(iii) K2 (x2, y2)llez < Claz — y2| ™™,
12 (x2, y2) = K2 (x2, ) llcz < Clya = ¥51° 12 — y2| 7€ for |y2 — ¥5| < §lx2 — yal.
1K (2, y2) — K2(x), v2)llcz < Claa — x41° |x2 — y2| "% for |x2 — x5] < L[x2 — yal.

The smallest such constant C is denoted by ||/C||cz. The norm of the operator 7" in Journé’s class
isdefined by |T| =T ll;2_- 2 + IKlcz-

By Definition 1.2, we can extend the singular integral operator in Journé’s class from two-
parameter case to arbitrary number of parameters setting, especially for three-parameter case.

Definition 1.3. A singular integral operator 7' with the kernel /C is said to be in Journé’s class on
R" x R" x R" with regularity exponent € > 0 if for f € C§°(R™""2%"3)

T(f)(x1,x2,x3) = / K(x1,x2, X3, ¥1, 2, v3) f V1, ¥2, ¥3) dy1 dy2 dys,
R"1 xR X R"3

where (x1, x2, x3) is not in the support of f and t’lvle kernel KC(x1, x2, x3, y1, y2, y3) satisfies the
following conditions: for each x1, y; € R, set K Ly, y1) to be the singular integral operator
acting on R"2 x R"3 with the kernel

Kty y1) (x2, X3, y2, y3) = K (x1, %2, X3, Y1, Y2, ¥3)-

Similarly, /EZ(xz, y2) and K3 (x3, ¥3) can be defined in the same way.
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We also set El*z(xl , Y1, X2, ¥2) to be the singular integral operator acting on R with the
kernel

KY2(x1, y1, x2, y2) (13, y3) = KC(x1, X2, X3, Y1, V2, ¥3)-

We can similarly set KM3Ge,yi,x3,33), K20, ya,xn, ), K230, y2, 33, 33),
K31 (xs, ¥3, X1, y1), and K32 (x3, ¥3, X2, y2). There exist constants C > 0 and 0 < & < 1 such
that

(Ay) T is bounded on L2(R"M+n2+n3)y.
(A2) Foranyi=1,2,3,
I iy

) ep < Clri = yil ™,

o i 1
M |y — yi| < sl — il

”’Ei(xi,yz') —ﬁi(Xi,yf)ch S C|yi _y’{|8|xi — il 2

. . 1
||IC (-xlvyl)_ (-xlvyl)”CZ Cixl xl{|g|xl’_yl'|7nlisv lf|xl'_xi/|<§|xi_yi|;

(A3z)Forany 1 <i,j<3andi #j,

|77

||7€i‘j(Xi, )’i’xh)’j)”CZ <Clxi — il ™ xj =y
IR i yixjs v = K2 (], vio 2 vi) | o

1
£ —_p s — R .
< Cloxi = x7[ i =yl ™ xy =y 1T 1f|x,'—x;|<§|xl'—yi|-

The same estimate still holds if the difference is taken for y;, x;, and y;, respectively.
(Ag) Forany 1 <i,j<3and i #j,

H’Cl](-xlvyhxjvyj)_ (xszwasyJ) Izi’j(x,-,y,-,xj,y})+Izi’j(xi,y[,xj,y})||cz
lyi =il by = il° v — v < S — wiland v — v < Sh — vi
i — el oy — yy e ’y’_yi|\§|x’_y’|an ‘y’_yf|\§|x’_y’|‘

The same estimate still holds if the double difference is taken for x;, y;; x;, ¥j; yi, Xj; x;, xj; and
Xj,yj, respectively.

The smallest such constant C is denoted by ||/C||cz. We define the norm of the operator T in
Journé’s class by |7 = 1Tl 2~ ;2 + Kl cz-

From a result in [21], we have that the singular integral T in Journé s class is bounded from
H'(R™ x R™ x R™) to L' (R"1+"21713) Note that if ¢! € Coo@®™), @’ e Co(R™) and e
CeoH(R™), then olo?p? e H'(R™ x R"™ x R™). Thus, T(<p1¢2g03) el (R"1+”2+”3). Hence,
for any 1 <i <3, T (¢'¢%¢3), as a function of x; is integrable on R, and then we can define
Tr(1)=0 by

K(x1, x2, 3, 1, ¥2, ¥3)0' (1) 9> (32)9> (v3) dy1 dyr dys dx; =0,
R™ R"1 xR"2 xR"3

for all ¢! € Cy< Q(R™M), @? eC o (R™), @ eC o(R3).
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Our main result in this article is the following theorem which provides the necessary and
sufficient conditions for the operator in Journé’s class to be bounded on H? (R"*! x R"2 x R"3).

Theorem 1.4. Let T be a singular integral operator in Journé’s class on R" x R"2 x R"3 with
regularity exponent €. Then T is bounded on HP (R"! x R"2 x R"3) for max{n:ljrsz 1<i<3}<
p<l1 ifandonlyszi*(l)zo, 1<i<3.

The necessary conditions of Theorem 1.4 can be obtained from the cancellation conditions of
functions in the classical Hardy spaces. Indeed, by the maximal characterization of Hardy spaces
(see [13]), for f € HP N L? defined on R™ x R"> x R"3, f*, the maximal function of f, belongs
to L? N L? on R™*72+13 This implies that f*(x1, x2, x3) belongs to L' (R*"1172113) Denote
fl* (x1, x2, x3) by the maximal function of f(x1, x2, x3), as the function of x; variable when x;
and x3 are fixed. Then for any fixed x» and x3, f]"(x1, x2,x3) < f*(x1, x2, x3), which means
that f(x1, x2, x3) as a function of x; belongs to H L(Rmy, By a classical result of functions in
H'(R™), we have

f(x1,x2,x3)dx; =0 for any fixed xp and x3.

R"1

Now for ¢' € C$%(R"), 1 <i <3, let g(x1,x2,x3) = ¢! (x1)@?(x2)9> (x3), then g € HP (R" x
R"2 x R™). Thus, by the L? boundedness and H? boundedness of 7', T(g) € L2 N HP, and we
obtain

/ /’C(X1,X2,X3,y1,y2, yDe' (1)@*(72)@ (33) dyi dyr dy3 dx; =0,
Rlll
for any fixed x, and x3.

This implies that 7}*(1) = 0. Similarly, 75(1) = 0 and 75'(1) = 0 can be obtained in the same
way.

We prove the sufficiency of the main Theorem 1.4 by the following two steps.

Step 1. Reduce the H” boundedness of operator 7 to H? — L% boundedness of H-valued op-
erator {1y, 1.1 }t1,10,3>0, Where Lg_[ is the H-valued L? space and H is the Hilbert space defined

by
il dny dir dis\'"
) o aty dny dts
HZ!{htl,t2,l‘3}ll,t2,t3>0- H{htleZJS}H'H: (/‘/\/\Vll‘l’lZ’B' ?Z?) <OO]
000

and Tty 15,65 (f) = Yty 1,03 % (T ().

It is easy to see that the H” norm of T (f), by the Littlewood—Paley characterization, is
equivalent to the L” norm of {7}, 1, 1;}¢.1,.1;>0 in this Hilbert space . This means that the
boundedness of 7 on H? (R"! x R"? x R") is equivalent to the boundedness of {7}, 15,13 }11,12,1550
from HP (R™ x R™ x R™) to L%(R”1+”2+"3).

The main step is

Step 2. Reduce to H? — L;’_[ boundedness of {T}, 15,13 }1,.10,55>0 Via HP -atoms.
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To carry out step 2, in Section 2, we will first establish the following criterion of the bound-
edness of H-valued operator £ from H? (R" x R"2 x R"3) to L%(R"l+n2+”3).

Lemma 1.5. Let £ be a bounded H-valued operator from L*(RM17m2113) 1o L%_L(R"1+”2+”3).
Then, for 0 < p < 1, L can be extended to be bounded from HP(R" x R"™ x R") to
L;’_[ (R™M+72473) Gif and only if ||£(a)||L%(Rnl+n2+n3) < C forall HP (R" x R"™ x R™)-atoms a,
where the constant C is independent of a.

By the Littlewood—Paley theory, it is easy to see that the operator {7}, 1,.1 }#,,1,,13>0 1S bounded
from L2(R"1tm21n3) o L%_[(R”1+”2+”3). Therefore, to show that {7}, 1, 1z },.1,.6>0 is bounded
from H? (R™ x R" x R™) to L;’{(R”W”ﬁ“), by Lemma 1.5, it suffices to check the fact that
T, 02,15 (a)”L[;{(Rnl+n2+n3) < C for every HP (R™ x R"2 x R™)-atom a. This will follow from
the following theorem.

Theorem 1.6. For every HP (R"! x R"2 x R"3) atom a,
” {Ttl 1,13 (a)}ll,lz,t3>0 ” L{;L(RnlJranrn:;) < C1 (13)
where the constant C is independent of a.

The sufficiency of Theorem 1.4 then follows from Theorem 1.6 and Lemma 1.5.

We would like to mention again that in the classical case, if T is bounded on L2(R")
then ||T(a)||Lrwr) < C for every HP(R") atom a provided that T satisfies only the regular-
ity with respect to the second variable. Similarly, Theorem 1.6 will follow from the regularities
of {T.15,13 }11,12,15>0 With respect to y1, y» and y3 together with variants of covering lemma due to
J. Pipher [21]. To obtain such regularities, we will employ a new unified approach. In order to see
how this new approach works, we describe this approach first for the classical case with one pa-
rameter. Let € Cgf’O(R") satisfy the condition in (1.2). Suppose that T is a Calderén—Zygmund

operator as in Definition 1.1. By Calderén’s identity on L2(R")
o0
ds
f&x) = %*%*f(X)?,
0
we can write 7;(x, y), the kernel of T; = v, « T, by

o
ds
nw) = [ [ [t = wk s vow -y duar.
0 R R
If T satisfies the cancellation conditions 7 (1) = T*(1) = 0, then the regularity of 7; follows

from the almost orthogonal argument. Here the almost orthogonal argument means that for such
given function i there exists a constant C such that

s) (tVvs)

t
s t)(@tvs+x)eth’

}%*%@M<C(

where a A b =min(a, b) and a V b = max(a, b).
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If T satisfies the cancellation conditions 7' (1) = T*(1) = 0, then one still has the following
almost orthogonal argument:

6/ Vv e/
< C(£ A 5) (tvs)
N

‘/fw)c—u)K(u,vm(v—y)dudv ) G e

Rll R’l

where 0 < €’ < € and € is the regularity exponent of the kernel K. However, if T satisfies only
the condition 7*(1) = 0, in general, the above almost orthogonal argument holds only for the
case when s < 7. To deal with the case for t < s, we decompose ¥, (x — u)KC(u, v)¥s(v — y) by

Vi (x — K@, )Y (v — ) = ¥ (v — ) K, v) [s (v — y) — Y5 (x = y)]
+ Y (x — w)K(u, V)Y (x — y).

The first term above satisfies the almost orthogonal argument and hence the regularity of this
part follows. The second term leads to a para-product-type operator, namely the kernel of this
para-product-type operator is given by

T d
//Wt(x —u)K(u, v)dudv(/ Yk Yg(x — y) f) = (Wt * T(l))(x)<15t()C -,
t

R? R»

where ¢, = ftoo Yy * Y dTé and ¢ satisfies the same conditions as 1 does but except
fR,, ¢ (x)dx = 1. By the fact T (1) € BMO(R") and the dual of HYR") is given by BMO(R"),
it is easy to check that this para-product-type operator satisfies the required regularities. In Sec-
tion 3, we will carry out this approach to multiparameter case and prove the desired regularities
of the operator T, 4, 1,

We finally mention that our results in this paper have been extended to the weighted case.
Namely, we have proved in [17] the Journé type operators are bounded on weighted multiparam-
eter H}) (R" x ... x R™) when the weight function w is in some class of product Muckenhoupt
weights. More precisely, suppose that 7' is a singular integral operator in Journé’s class with
regularity exponent &€ on R"! x --- x R"_ then we have shown in [17]:

(i) Whenever its kernel X has infinite order of smoothness and cancellation conditions, we have
that the operator T is bounded on HE(R™ x - x R™), where w € Ao (R X - -+ x R);
(i1) If the operator T has kth order cancellation and smoothness condition, then we have that
T is bounded on Hlff(R’” x R"2 x R™), where w € A,(R"! x --- x R"), r > 1, and
max{nij_’—'krﬂ,lgigk}<p<1.
Furthermore, the dual spaces of such weighted multiparameter Hardy spaces Hj) (R"! x - - - x
R") have also been identified in [20].
Throughout this paper, we will denote | by fRn | R2 xRM3 -

2. The proof of the sufficiency of Theorem 1.4

As mentioned in Section 1, Lemma 1.5 can ensure that step 2 is feasible. We now give the
proof of Lemma 1.5.
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Proof of Lemma 1.5. Since the necessary conditions are obvious, we only need to prove the
sufficiency. The argument is similar to that in [16], where a unified boundedness criterion on
atoms has been established in the multiparameter setting. For the sake of completeness, we
provide the details in our #-valued operator setting. The main idea is to obtain a new atomic
decomposition for H? (R" x R™ x R™) N L>(R"1172%73) instead of a classical atomic de-
composition for H? (R" x R"™ x R™). The new feature of such a decomposition is that
the series in the decomposition converges in both H” (R" x R"2 x R™) and L>(R"1+"21"3)
while the convergence takes only in the sense of distribution in the classical case. To be
more precise, given f € HP(R™ x R™ x R™) N L>(RM172113) st 2 = {(x1,x2,x3) €
R™ x R™ x R™: G(f)(x1,x2,x3) > 2K}, where G(f) is the G-function defined in Section 1.
Let By={R=1; x I x I3: |[RN §2¢| > %|R|, |IRN k41| < %|R|}, where [; are dyadic cubes
in R, i =1,2,3. By Calderén’s identity on L?(R"1+m2%73),

1 diy dt3
f(xl9x27-x3) :///wtl,tz,g *wtl,tg,@ *f(-xlv-x2s-x3)t_ -
1
0 0 0

h 13

Z Z Vi, (X1 — Y1, X2 — ¥2, X3 — 3)

keZ ReBy

R
dt) dny dt3

X Yt * F(1, y2, y3)dyrdyrsdys — — —, 2.1
frh Ih 13

where R = {(y1, y2, 3, 11,12, 13): yi € L, % <t < (1), 1<i <3}

Then (2.1) provides an atomic decomposition such that the series converges in the sense of
distribution [5]. It can be further shown that the series in (2.1) also converges in L2(RM1+mtns)
(see also [16]). In fact, by the duality argument, for g € L? with ||g|| 12 = 1, by Schwartz’s
inequality and L? boundedness of the Littlewood—Paley square function,

dty dt, dt3
<Z > /wtl,tz,t3(’ =V = Y2 = Y)W s * (V1 y2, y3) dyrdya dys PR g>'
R

keZ ReBy % L B
- dt) dny dts
=y > /%,zm * 8(V15 Y2, Y3Vt * (V1. y2, y3) dyrdyz dys Pl
keZ ReBy & 1 2 3
R
172

2 dty dty dt3

< C(Z > /’W!],tz,tz, * fO1, 2, )| dyrdyrdys — — —

h B 3

keZ ReBx ?

12

~ 2 dt dty dt3

><<§ > /Iwzl,zz,z3*g(y1,yz,y3)| dyidyrdys — —= == )
keZ ReBy 5 1 2 %3

SCISfN2liglize < Clfll 2

where in the first equality 1/7,1,,2,,3 (x1,x2,x3) = &,l,,z,t3(—x1, —x7, —x3). Thus, the series in (2.1)
converges in L2. As in [5], for f € L> N HP, f(x1,x2,x3) = > Ahjaj(x1,x2,x3), where
(aj) are HP-atoms and Zj [Aj17 < C||f||Zp. Since £ is bounded from L? to L%{ and
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the series in the atomic decomposition of f converges in L?, we have £( x1,x2,x3) =
> i AjL(aj)(x1, x2, x3). Moreover, this series also converges in L? and then a subsequence con-
verges almost everywhere. Hence

[£CONTs nreng sy < ZI/\ PIE@HN L5 nrsno)
<CZ|W<C||f||;;p(Rnlan2XRn3).

Since HP(R" x R" x R") N LZ(RM*72173) i dense in HP (R™ x R™ x R™), £ can be
extended to a bounded operator from HP”(R™ x R"™ x R") to L% (R"*"2"3) by limiting
argument. Therefore, the proof of Lemma 1.5 is complete. O

The sufficiency of Theorem 1.4 will follow by combining Lemma 1.5 and Theorem 1.6 which
is actually the main result of this section. Now we return to the proof of Theorem 1.6.

Proof of Theorem 1.6. Suppose a is an H? (R"! x R"2 x R"3) atom supported on an open
set £2 C R" x R™ x R™ with finite measure, furthermore, a can be decomposed as a =
>_ReM(2) 4R, Where M(82) is the collection of all maximal dyadic sub-rectangles contained
in £2, each ap is supported on 2R = 21 x 2 x 213, lel_ agr(xy, x3,x3)dx; =0, here I; are
dyadic cubes in R", 1 <i < 3. Moreover,

1

11 2 11
lallz < [£21277 and ( > ||aR||%> <277
ReM(2)

Let Dy = {(x1, x2,x3) € R" x R™ x R": M;(xo)(x1,x2,x3) > 4~ ”1_"2_’13n;n1/2n;'12/2 x

n, el 2}, where M is the strong maximal function defined by

1
My(f)(x1,x2,x3) = sup |—R|/|f(y1,yz,y3)|dy1dy2dy3,
R

(x1,X2,X3)€ER

where the supremum is taken over all rectangles R = I1 x I, x I3 with sides parallel to the axis
and containing the point (x1, x2, x3).
And forany £ > 1,£ € N, let

Dyr1 = {(x1,x2,x3) € R" x R™ x R"™:

N —ny— —n1/2. —ny/2 —n3/2
M (XDy) (X1, X2, X3) > 477273y S TR Y

It follows from the L?(1 < p < oo) boundedness of the strong maximal operator M; that
|Dey1] < C|D¢| < C|82]. Note that M(£2) € M, (§2), where M;(£2) is the collection of all
dyadic rectangles R C £2 that are maximal in the x; direction, i = 1,2,3. For each R =
11 x I x Iz € M(82), we choose 11 to be the largest dyadlc cube containing /; such that
]1 x I x I3 € M{(Dy). Similarly, we can choose 12 and 13 to be the largest dyadic cubes
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containing /> and I3 respectively such that ﬂ X E x Iz € M>(D3) and ﬂ X E X E e M3(D3).
Note that4./n1 I} x 4 /ny I, x 4. /n3 I3 C Dy.
We now estimate the L%(R”'*’"z*‘“) norm of {7, 1,.1;(@)}1,,12,15>0 as follows. First we write

[”{Tthtz,t_g(a)}(xthx3)||§_£dxldx2dx3:/”{Ttl,tz,m(a)}(xlvx27x3)”§_[dxldedx3
Dy

+ / U T 0.0 (@} 1, x2, x3) |4, dxy dxa dixs.
(D4)¢

By Holder’s inequality and the L — L%_[ boundedness of {7}, 1, 1,11 ,12,13>0, We have

/ “ {]}lst2v13 (a)}(xl s X2, X3) ”g-t dxidxydx;
Dy
P

2
< </|‘{Ttl,tz,lg(a)}(xlvx2’x3)H’2deldx2dx3> |Dy|'~%
Dy

<Clal}i12I' 2 <c. 2.2)
It remains to estimate f(D4)c {Tt 10,15 (@)} (X1, X2, x3)||p7_[ dx1dxydxs. Since
(Da)° € (4yni Ty x 4my T x 4/n3 13)°

C (@yn1 1) x R™ x R™) U (R x (4/n2 1)¢ x R™) U (R™ x R™ x (4/n3 13)°)
=FE{UEyUE3,

we have that
/ ” {TtlJZJS (a)}(th,xg)”% dx1dxydx3s < Uy + Uy + Us,
(Dg)*

where

U,-=/||{Tt,,tz,u(a)}(xl,xz,x3)||%dx1 dxrdxsz, i=1,2,3.
E;

We first estimate U;. Denote Ay, x = {S: I1 x S € M3(§2) and 71 = 2]‘11}. Note that if 7] x
S e M3(£2) and I} =21y, then S € M(Ay, ). Thus,

vl 5, o)

I S: 71:2"11
I xSeM3(£2)

P
,HX(4“/n_12k11)U dx
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S5 (5 el

SeMa(Ap k)
Wovdl I
x: X g4 /ni 2 I xSeM3(Q)

P
dx. (2.3)
H

Denote le,k = {(x2,x3) € R"? x R"3: MS(XAII.k) > 4’”2’"3n2_”2/2n3_"3/2}, and Zh,k =
(02, 23) € R™ X R™: M,(x3, ) > 4=mnsp 22 12y Obviously, Ak C Afx C Ap i

The strong maximal theorem gbout AiIS yields that |2\411’k| < C|Z11,k| < C|Ay, kl. For each
S=15I x Iz € My(Ay, k), let I, and I3 be the largest dyadic cubes containing /> and I3 re-

spectively such that I, x I3 € /\/ll(gh,k) and I» x I3 € S := .Mz(gll,k). Then

0] [

=0 45, Gym 24N

P
Z allxg)}H dx1dxydx;
H

SeMa (A k)

I xSeM;3(£2)
o0 p
+YN / / ”{Ttl,tz,t3< > ay xS)} dxydxzdxs
I} k=0 = k71.\C SEMZ(AI ,k) H
@spe ym 2t I xSeMs(2)
=U;1 + Uz 24
Since |§k| < C|Zhﬂk| < C|Aj, k|, applying Holder’s inequality, we yield
(0.¢]
Ui <CY Y 1Apl'™?
I k=0
2 4

2
dx; dx3> dx.

(el 5 o)
SeMa (A 1) H

4 m1 2k 435
G2 45, I} xSeM;5(£2)

Using the cancellation condition of aj, xs and then applying Schwartz’s and Minkowski’s in-
equalities we obtain

2

H{Tthtzﬂ( Z alle>}(x1,x2,x3) N

SeMa(Ary k)
I xSeM3(£2)

<C|Il|/H{ / [7}1,[2,[3(x17x27-x37 Y1, Y2, y3)_E],t2,13(x19x27x37-x117y27 y3)]
21 R"2 xR"3

x ( > a11xs)(y1,y2,y3)dy2dY3}

SeMa(Ary k)
I} xSeM3(2)

2

dy;.
H
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Note that if y; € 211 and x1 € (4 /n 2k11)c, k >0, then |y; — x| < %|x1 —Xxp, |, where xy, is the
center of 1. Thus for x; € (4./n 2kt 1)¢, by the regularity of T}, s, », given in Corollary 3.2(i),
we get

2

H{Ttl,mh( Z a11><5>}(x1’x2ax3)
H

R"2 xR"3 SEMQ(A[I,]()
L xSeM;3(82)

dxydxs

§C|11|f / H{ f [Tt],tz,t3('xla-x2’x3a Y1, Y2, y3)_Tf],tz,t}(xlﬂx27-x3’x117y25 y3)]
211 R"2 xR"3 R"2 xR"3

2
X < > alle) (y1, y2, y3)dy2 dy3} dxadxzdy,
SeMa (AL p) H
I} xSeMs3(82)
eI 2
SCLY ————= arxs ,
= |)C1 —X]1|2(n1+8) Z 1 LZ(R"1+”2+"3)

SeMa(Ary k)
I xSeM3(£2)

which together with Holder’s inequality implies that for any % <p<l,

0 Iy & P
_p,. 2 (1)
U1,1<CZ Akl 72102 Z arxs / <—n+g, dxi
I, k=0 SeM L e —xp, [
1 K= S Z(All‘k) (4m2k11)c
I x SeM;3(£2)
s )4
P /
ol IV VA eV (1 B L O 7RO [
I k=0 SeMa(Ar k)
I} xSeM3(£2)
k[ —p(ni+e)] 52
co( SRRt z) (S S i)
I k=0 I k=0 SGMZ(AI],k)
I} xSe M3(2)
<clel"r e =c, 2.5)

where in the last inequality we use the following variant of covering lemma due to J. Pipher [21]

o
D3 1Al < Cl2| forany § > 0. (2.6)
I k=0

Now we estimate Uj . For ¥ = (x, x3) € (4§k)c C ((417)€ x R™) U (R"2 x (413)°),

e SE [ ] (5 )

I k=0 = k SeMa(Ap k)
c4 2K1)¢ L
@Sc @yni2th) I xSeM;3(82)

j2
HX(4;2)r dxdx
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. P
+ZZ / / H{Tfl,tz,&( Z allxs)} X (@l dxydx
s ! . SeMa(Ar &) "
(50 U2 I xSeMs(2)
= W] + WZ' (27)

We first estimate W;. Denote
Bl bk ={0: bhxQeM(Apx), =21}

Note that if I x Q € My (Ay, x) and I, =2/ I, then Q € M(By, 1, x,;) and

00 p
wi<y > / / H{Tzl,zz,z3( > allszXQ)} e dxdx
Ik, j=0 = ¢ s 1,=2/1
PRI T S Gym2ta S X 0N Chry )
I xSeM3(£2)

p
X(2j+212)c dx1 dx.
H

EE ] S ol 5 o)

bk j=0 = 4 2ky)e QeMBrnk))
4S8y ( «/"_l 1) I xIr x Qe M3(82)

For each Q € M(By, . 1,.k,;), let 5 be the largest dyadic cube containing Q such that @ N

Bl bk jl > 47" n;"3/2|@| and denote by O ; the collection of such Q. The weak L' bound-

edness of the Hardy—Littlewood maximal operator implies that |® ;| < C|By, 1, k,;|. Thus,

eSS el 5 )

LIk =045 . it k7\¢ QeM(By, . 1r.k.j)
kj (IT21)C (4 /my 2411 )¢ Ma(s
j( )¢ (41281 I1 x I, x Qe M3(£2)

S5 ] e

LBk J=0 40, e 2i+21)e 4yt 2k I )e

P
x < Z a].x]ng)}H dxidx)dx;
H

Qe M(Bi, 1y .k.j)
11 ><[2>< QEM}(Q)

=W+ Wia. (2.8)

p
dx1 d)CQ dX3
H

We first estimate the term Wi ;. By Holder’s inequality,

)
1-2
Wl,l <CZ Z |Bll,12,k,j| 2

I, k,j=0
N
) / / ( / H{Ttl’tz’t3< Z allxlsz)} dX3> dxidx;.
(@4 mr2kI)e Qi+ n)e 46y QeM(By, 1y k.)) H

I] ><12><Q€M3(.Q)
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From cancellation conditions of aj, x 1, x g9, We can write

Ttl,tg,t3< Z allxlsz>(X1,x2,x3)

QeM(By, 1 k)
_ Z / [T G Y1 92, ¥3) = Ty Comars X105 Y2, 13)
QeM(Bry1p.k. ) 2(1) x Iy x Q)
— Tyt Corsrs Y1 X0, 93) + Tyt Coas X1y, X1, 93) ] (1, 22, 23)
X (anxnx0) (Y1, 2, y3) dy1dy2dys,
where xj, is the center of I;, i = 1,2. For x; € (4/n12K1))¢, xo € (2/*2D)°, y; € 2I; and

y2 € 21, we have |y — x| < %|x1 —xpland |y, —xp,| < %|xz —Xpl.
Applying Schwartz’s and Minkowski’s inequalities, we get that

H{Ttu,tz,tz( > allxlzxg)}(xl,m,)%)

QeM(Byy 1y .k,j)
I xIhx QeM3(82)

2

H

< ClhL|| 1| f H{ /[Tzl,zz,z3(X1,X2,X3,y1,y2,y3)—Tzl,zz,t3(X1,X2,X3,X11,yz,y3)
201 x21 R"3

- Ttl,lz,t3 (xls X2,X3, Y1, X1, )’3) + Tt],tz,t3(xlsx21 X3, X1, X, )’3)]

2
x ( > allxlsz>(YI, y2, ys)dys}

dyidy,
QeM(Byy 1y k,5) H
]1 X]zXQEM}(Q)

which together with the regularity of T}, s, », given in Corollary 3.2(iv) implies that

/ H{Ttl'tz’t3< Z a11x12xQ)}(x1,x2,x3)
RrR™3

QeM(Biy,1.k,j)
I xIp x Qe M3(£2)

200 S A 103 2
< C|11 ||12| i 7
| — X, [1FE |2 — X, |[P2FE

2
Z al]X]zXQ

(Rn1+n2+n3).
QeM(Biy 1.k.j)

L2
I xIhx Qe M3(82)

2
dxs

H

Thenfor#<p<l,i=l,2,

00 P

-2 2 D

W1,1<CE E |Br, bk, il 2111|2]12]2
Iy, bk, j=0

Z Al xI)xQ

Qe M(By.1y.k,))
L1 xIhx Qe M3(R2)

L2
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o) un)® N\’
X - | dx1dx;
|X1 — Xn, |nl+‘9 |)C2 _xn2|n2+8
(44 /Ny 2k11)c X (2j+212)c

o0
_ ’ e / _pr _pr _r
< CZ Z oklmi=pm+e)lyjlna=pratedl p (1=3 | 1|1 2|Bll,12,k,j|1 2

I, bk, j=0
p
X Z a11><[2><Q
2
QeM(Biy,1y.k,j) L
Iy xI; x Qe M3(£2)

o0
N2 _ /
<c(2 > 1Biy gy I 12 P25 e

1-2
) 2
]2p>
I, k, j=0

x (Z i > ||a11X,2XQ||%>§

1.k, j=0 Qe M(Bi, 1.k, j)
11><[2><QEM3(Q)
Y
<cle' e =c,

(2.9)
where in the last inequality we again apply the following variant of covering lemma due to
J. Pipher [21] (see also [1])

o
33 1B b ILILI27827 < Cl@| forany § > 0.
Ik, j=0

(2.10)

Now we estimate W1 ». For any O € M(By, 1, k, ), we have from the cancellation conditions
of Al xIhx Q>

T 00.6(@n x I x ) (X1, X2, X3)

[Ttl,l‘z,t3 ('a'v'a Y1, Y2, )’3) - Tt1,l‘2,l‘3 ("'a'a XI5 Y2, Y3) - Tt1,l‘2,t3 ("'7" Y1, X1, )’3)
2(I1 xIhx Q)

+ ]}1,[2,!3 (','7'a-x[1 y X1 )’3) - Tl‘],tz,tj;(-xa Y1, y23x13) + T}],l‘z,[3 ('a'v'a-xll s y2a-x13)

+ Ttl,lz,@ ('a'y’v yl’xlz’-xI:;) - Tl],tz,tj;("'fv Xn vx127x13)](-x19x27 x3)
X apxhLxo 1, y2, y3)dy1 dy2 dys,

where xj; is the center of /;, i =1,2,3. For any Q € M(By, 1,.k,;), if x1 € (4/n 2k1)¢, xa €
(27F21)¢, x3 € (46 j)°, y1 €211, y2 € 215, and y3 € 20, then |y; —x;| < 3|x; —x7,], 1 <i < 3.
Thus Minkowski’s and Holder’s inequalities together with Theorem 3.1(B3) imply that

H{Tzl,zz,z3< Z allx12xQ>}(x1,x2,x3) y

QeM(Bi 1y k,j)
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/ ’ /
o(n)f Uh)* C(Bry, 1.k, )f
Ixi —x, M+ g — xp, 1278 |x3 — xpy 13+

Z Al xIh)xQ

Qe M(Byy.1y.k,))

1
<ClI x I X By 1y k12

L2

nj

Hence for P

<p<l,i=1,23,

0 » p
Wi, <C Z Z Iy x 2 X By bk, j| %
L.k, j=0

Z Al xIhxQ

Qe M(Biy.1y.k.j)

/ Lnre e(I)Pe C(By 1y k)7

|x1 — X, |P(n1+8’) |xy — xn2|l7(nz+8’) [X3 — Xn4 |[’("3+8’)

L2

X

(44 /N1 2k11)(X(2j+2]2)c><(4@k,j)c

o0
<€ Z Z |1y x I x BII,IZ,k’j|1_172k[”1_P("l+8/)]2j["2—1’("2+5/)]
I, k,j=0

Z Al xI)xQ

Qe M(By,.1y.k.j)

p

L2

P

o0 1-5
’ 2 : ’ 2
< C( E : § : | x I x BI],]z,k,j|2k[nl_p(nl+8 )]rpz][nz—P(VlZ'FS )]ﬁ)

I, I k,j=0
o 3
X (Z Z Z ||allx12xQ||iz>
I, Ik, j=0 Qe M(Byy 1, k,j)
<clel et =c, Q.11

where in the last inequality we use the estimate in (2.10). From (2.9) and (2.11), we see that
|W1| < C for some positive constant C under the condition n[_’ig <p<1,i=1,2,3. Following
similar arguments, we can derive that |W>| < C by applying the regularity of T3, , ;; given in
Corollary 3.2(v) instead of Corollary 3.2(iv). Thus, |U; 2| < C and hence, |U;| < C.

Similarly, by applying Corollary 3.2(ii) and (iv) and Theorem 3.1(B3), we can conclude
|Uz| < C. Using Corollary 3.2(iii) and (v) and Theorem 3.1(B3), we can yield that |U3| < C.
We leave the details to the reader. Finally we obtain

/ {7000 (@ } (et 22, x3) ||} dxt dxa dos < C.
(D4)¢

The proof of Theorem 1.6 is complete. O

Combining Lemma 1.5 and Theorem 1.6, we conclude Theorem 1.4. O
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3. The regularities of {7}, 1,,1,)11,12,65>0

The main purpose of this section is to show the regularities of {7}, 15,13 }1,15,1350-
We first write out the kernel of the operator 73, 4, 1, for any #1, 2, 3 > 0. To do this, for f € L2,
by the L? boundedness of the operator 7' and Calderén’s identity on L2, we obtain

Tt1,l‘2,l‘3 (f)(xlax27x3)
= (I/ftl,l‘z,u * Tf)(.XI, X2, x3)

oo 00 o0

dsy dsy ds3
= th,zz,g *T wsl,sz,.g * wsl,sz,n * f(sv) - - (xl,xz, -x3)'
s 852 83

00 0

This implies that the kernel of T}, ;, ;; can be expressed by

Ty 12,15 (X1, X2, X3, Y1, Y2, ¥3)

o0 00 o0

Z/////l//n,tz,t3(xl—ul,xz—uz,x3—u3)/C(u1,M2,u3,v1,v2,v3)

00 0

dS1 dS2 dS3
X gﬁsl’sz’h k 1/fs1,sz,x3 (v1 —YV1,U2 —Y2,V3 — y3)du1 du2 du3 dv1 dvz dv3 S_ S_ S_
1 2 3

The main result of this section is the following

Theorem 3.1. Under the assumption T}*(1) = T, (1) = T (1) = 0 for the Journé class of singu-

lar operator T given in Definition 1.3, Ty, 1,1, (X1, X2, X3, Y1, Y2, ¥3), the kernel of the operator
Ty 10,13 = Y1, 00,15 * T, satisfies the following estimates:

(B)) For0 < ¢’ <s,

Tt 0.0 (10 X2, X3, Y1, ¥2, ¥3) = Ty .t (X1, X2, X3, V1, 2, y3)}”H
|y1 _yils/ —ny —n3 . / 1
Wlxz—yzl [x3 — y3| 7" zf\yl_yl}gim_y”_

The same difference estimates hold for y, and y3, respectively.
(By) For0 < ¢’ <s,

|| {Tzl,t2,z3(X1,X2,X3, Y1, Y2, ¥3) — Ty 1o.15 (xl,x27x3» Vs V2, y3)

- Ttl,tz,t:; (-xl’-x27 X3, Y1, yév y3) + Tll,lg,t3 (x17x27-x37 )’;» yé’ Y3)} ||’H

i |

Iyt — v; ly2 — ¥
lx; — y1 M+ |xp — yp|rate

_ ) 1 .
7z —y3| ™" lf|)’i_y,{|<§|xi_yi|7 i=1,2.

The same double difference estimates hold for y1, y3 and y», y3, respectively.
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(B3) For0 <&’ <¢,

o 0.3 (e1s X2, X3, 910 920 ¥3) — Ty s (%1, %2, %3, 1, ¥2, ¥3) = Ty (%1, X2, X3, v1, ¥5, 33)
+ Tiyiyts (X1, X2, %3, V1. ¥5. ¥3) — Ty ot (X1, X2, X3, Y1, y2, ¥3)
+ Tiyiyts (X1, X2, %3, Y1 32, ¥3) 4 Tyt (X100 X2, X3, Y1, 5, ¥3)
— T, (xl,xz,x3, Vs Yas )’é)}”H

I~

i3

Iy — ¥} lv2 — ) s — 51 o1
7 7 ;o i — V| < =|xi —yil, i=1,2,3.
=P s — el s — e U i< gl

As a consequence of Theorem 3.1, we directly obtain the following regularities of the operator
Ty 212,13

Corollary 3.2. (i) Suppose f € L*>(R™2%"3). If |y; — xpl < %|x1 —xy,|, then

[E],l‘z,l} ('xl y s Y1, Y2, y3)
R™2 xR"3

= T (X1, X0, y2, y3) | f (02, y3) dyn dy3}

L%{(anﬂg)
i — xp,|¥
- 2 (RN +n3 5
X1 — xp |11 Fe 17z e
(ii) Suppose f € L*(R"+"3). If |y, — x1,| < 3|x2 — X1, then
H / [Ttl,tz,l3('r X2, V1, Y2, Y3)
R"1 xR"3
= Ty Gy X2, Y1, X0, ¥3) | £ 1, v3) dy dy3}
L%{(Rnlﬁ—rg)
lv2 — xp,|¥
I ——— 2(Rn1+n3y,
|x2 — xp,|"2F8 Il ey
(iii) Suppose f € L*R™M™2). If |y3 — xp3| < 3|x3 — xp3], then
H / [T[l,tz,t3('9'v X3, Y1, Y2, y3)
RVLI XRHZ
= Ty Cons X3, Y10 Y2, X5) | f (01, y2) dy dyz}
L%{(R”I‘H’Z)

!
R/ Y ~
x3 — xpy |3t L2®R"7"2)>
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(iv) Suppose f € L2 (R™). If |yy — x5, | < 31x1 — xp,| and |y, — xp,| < %|x2 — x1,1, then

H{ f[’Tl‘l,t2,t3('xlax2’"ylayzvy?’)_Tt1,t2,l‘3(-xla-x25'a-x1|7y23y3)_Tt|,l‘2,t3(-x1’-x27'7y17-x127y3)
R}l3

+ Tty 1,13 (X15 X2, - X1y, X1y s y3)]f(y3)dy3}
L3, (R"3)

’ /
|Y1 _x11|8 |y2—X12|S

lxy — xp, "1 xp — xpy P2t

||f||L2(]R"3);

(v) Suppose f € L>(R™). If |y —xp| < %|x1 —xpland |y3 — x| < %|X3 — XI5, then

H{ / [T 1+ X3, 91, 320 93) = Thynats (X1, - X3, X0, 2, ¥3) — Thins (X1, 5 X3, Y1, V2, X13)
R}12

+ Tl],tz,t3 (Xl, X3, X115, Y2, xl3)]f(y2) dy2}
L3, (R")

! ’
Iyt —xp 18 ly3 —xpl°

Ixp — xp [ a3 — xpy |13 te

7 ||f||L2(an);

(vi) Suppose f € L2(R™). If |y2 — x1,| < 31x2 — xp,| and |y3 — xp,| < §|x3 — x5, then

H{ /[Ttl,tz,t3(xlax25x3aylay2»y3)_Ttl,tz,t3(xlax25x3aylaxlzay3)
R"1

— T3 (X1, X2, X3, Y1, Y2, X13) + Tty 1,15 (X1, X2, X3, Y1, X1y 5 xh)]f(y1)dy1}
L3, (R")
/ ’
ly2 —xp|®  |yz3 —xpl°
|xy — xp, |72+ |x3 — xpy |13t

7 ||f||L2(Rn1)~

Indeed, it is easy to see that (B1) and (B;) of Theorem 3.1 yield (i), (ii) and (iii) in Corol-
lary 3.2 and (B3) and (B3) of Theorem 3.1 imply (iv)—(vi) of Corollary 3.2. We now turn to the
proof of Theorem 3.1.

Proof of Theorem 3.1. To obtain the estimates (B;)—(B3), as we mentioned in Section 1, we
decompose T}, 1,1, based on the following principle: if only some one s; > #;, i = 1,2, 3, then
we take the difference for 1//S’i. For instance, if s3 > 3, we write
1 2 1 1
Yt (e — D)Wy (2 — u) ¥ (%3 — uz)Kur, uz, us, vy, v2, V3V, * ¥ (v — y1)

x Y2 x P2 (v — y) [l (v3 — 23) — ¥, (x3 — 23) |¥s (23 — ¥3).

Similarly, if two of sq, s2, s3 are larger than the corresponding two of 71, t2, 13, for example,
sy > tp and s3 > t3, then we write
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Yt (e — un) g (x2 — u) ¥y (x3 — u3)K(uy, uz, uz, vi, v2, )Y, * ¥l (v1 = y1)
x (g, (v2 — 22) — Wi (%2 — 22) | [W5) (V3 — 23) — ¥ (3 — 23)].
If s1 > t1, 55 > 1» and 53 > 13, we take all difference for wn , 1//32 and wi Of course, we have to

add all remainder terms. Therefore, there are totally twenty seven terms, but each term belongs
to one and only one of the following forms.

Form (1):
3 N
/////1//,11(961—ul)lﬂzzz(m—uz)llfg(ﬂ—u3)/€(u1,u2,u3,v1,v2,v3)
0 0 0
1 1 2 2
X Yy kg (V1 — YD, * g (V2 — y2)
dsy dsy d
Xl/fg*lﬁg(vz y3)dulduza’mdvldvzdvgﬂﬂﬁ
s1 §2 83
Form (2):

//////%l(xl—ul)iﬁtz(xz uz)llfm()% u3)K(uy, uz, uz, v, v2, v3)
13 0 R"3

Xyl Pl or —yDUd Yl (v - yz)[lﬂgg(% —z3) — I/fY3 (x3 —23)]
dsy dsy dS3

X %33(12 v3)duydurduzdvidvydvzdzz — — —
s1 82 83

Form (3):

I 1N

///flﬁzll(xl—ul)iﬁtzz(xz—uz)%ﬁg(ﬁ—M3)/C(M1,M2,u3,v1,v2,v3)
00

1 1 2 2 dsy dsy 4
X Yo * Yg (V1 — yD g, * g, (v — y2) duy duy duz dvy dvzdv3 o 5 — ¢;,(x3 — y3).

Form (4):

o0 o0 1
//f / //%1] (x1 — uD) Y (2 — u) ¥ (x3 — u3)K(ur, ua, u3, vy, v2,v3)

3 0 R"2xR"

X pd w1 — YD [, (2 — 22) — ¥, (02 — 22) | [, (v3 — 23) — ¥y, (33 — 23)]

dsy dsy ds
X Wszz(zz — Y2)1/fs33(23 y3)duyduzduzdvy dvydvsdzadzs —1] S—; s—:
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Form (5):
oo I
// / f/l/ffll (1 — un) Wy (2 — u) ¥y (3 — uz) Ky, u, uz, vy, v, v3)
n 0 R"™
X g w s (01 — yD [, (2 — 22) — Y5 (32 — 22) ]
dsy ds
x Y2 (22 — y2) duy duz duz dvy dvy dvs dza —1 : (3 =3,
Form (6):

|
/ffw}l(xl — U VA (2 — u2)yp (x3 — u3)K(up, uz, uz, vi, v2,v3)
0

Xy x Yl (v = y1) duy duy dus dvy dvy dvs ¢, (xo — yz) ¢,;(X3 y3).

Form (7):
00 00 00
///[//%11 (x1 — uD) Y (2 — u) Wy (3 — u3)KC(uy, ua, u3z, vy, v, v3)
3 h 1)
x [y 1 — 20) — ¥, (1 — 2D [Ws, (02 — 22) — ¥, (%2 — 22)]
x [W3 (3 — 23) — ¥ (x3 — 23) | duy dus duz dvy dvy dvs ‘% ds—”;z ‘%
Form (8):
00 00

// / //thl (x1 — uD) Y, (X2 — up) ¥y (x3 — u3)K(ur, ua, uz, v1, v2, v3)
B h R XR™
x (a1 —z0) — ¥ (1 — 2D [W2 (2 — 22) — Y2 (x2 — 22)]

dS1 dS2
X ya (21 — yDVi (22 — y2) duy duy duz dvy dvy dvsdzy dzo 5 s ¢y (x3 = 3).

Form (9):
Vi * T (D)1, X2, x3)¢ (X1 — yDBE (12 — y2)¢7, (63 — v3)
where ¢} (xi) = [ ! ;'ids;j",izl,2,3.

- 27
Now we write Tt .13 (X1, X2, X3, Y1, 2, ¥3) = D54 T,1 12,13 (X1, X2, X3, Y1, y2, ¥3), where for

each j, 1 < j <27, Tzl 113 (X1, X2, X3, Y1, y2, ¥3) belongs to one of the forms (1)—~(9).
Thus, the estimates (B1)—(B3) in Theorem 3.1 will follow from the following lemma.
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Lemma 3.3. For 1 < j <27 and t1, tp, t3 > 0, there exists a constant C such that:

(D)) For0 <e” <& <eg, if|y1 — |<% 1, then

T s (1, X2, %3, 91, 2, 93) = Ty (1, %2, 33, V1, 92, 33)|

. c('” -l ) (t)* (1)* (13)¢

i} (11 + |x1 = yi)M+e (12 + [x2 — yo )2+ (13 + |x3 — y3|)ste’

The same estimates hold if the difference is taken over y», and y3, respectively.
(Dy) For0 <¢&” <é' <e, if |y1 —yjI < %tl and |ys — 5| < %tz, then
\T (x1, x2, X3, ¥1, y2, ¥3) — (x1, X2, X3, ¥{, y2. y3) — T (x1. X2, X3, y1, ¥5. ¥3)
t,h,13 s s s fl 1,13 s 5 1s 3 t,h.13 P 5 X3, » Y2, )3

+ Tt],tz,t_g (X],XZ,X3, yi? yév y3)’

<C<|y1—y{|>8 <|y2—y§|>€ (t)" (t2)*
= f ) (11 + |x1 — y1])M+e (8 + |xg — yo[)r2te’

(13)°
(13 + |x3 — y3|)ate

The same estimates hold if the double difference is taken over y1, y3, and y2, y3, respectively.
. 1 1 i

(D3) For 0 <&" <&’ <&, if |[y1 — yiI < 511, [y2 — ¥3| < 512 and |y3 — y5| < 513, then

Ty s (1 X2, X3, 91, y2, ¥3) — T ) (X1, X2, %3, y1 y2, v3) = T 4 (X1, X2, X3, Y1, 5, 33)

/ / _/ /
F T (132, 53, Y0, 95, 93) = Ty 4 (1, %2, X3, V1, 2, 04)

’ ’ J ’o
+ Tn .13 (x1,x2,x3, Yis Y2, y3) + T 00 (xl, X2,X3, Y1, Yas y3)

/ / /
[| 1,13 X1, X2, X3, )’1, )’2» }’3)|

_ c('” —y§|>€ (|yz—yg|>8 (Iys —yg|)€ ()" (1)*
h 13 153 13 (11 + |x1 — y1)M+e (t + |x2 — yo|)r2te’

(13)°
(13 + |x3 — y3|)rate’

To prove Lemma 3.3, we need the following classical almost orthogonal estimates on Eu-
clidean space. See [14] for the proof.

Proposition 3.4. Suppose S is a Calderén—Zygmund operator with regularity exponent & asso-
ciated with a kernel S(u, v) and 8*(1) = 0. Then for all ¥ € C yR") and 0 <" <&’ <,

” ’

s\° té
<C||5||CZ(;) —  ifs <t

‘//wt(x—u)&mv)%(v—y)dudv ESFITE

R? Rn

3.1)
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and

'/fw,(x WS [ — y) — P x — )] dudv
R? Rr

" ’

t\° s¢
<C|S -] ——— ift<s. 3.2
[ ||CZ<S> Gl if (3.2)

For such S in Proposition 3.4, we obtain the following almost orthogonal estimates from (3.1)
and (3.2)

‘//lﬁz(x—Z)S(Z,w)lﬁs*%(w—y)dzdw
R R"

"

s\° tf
<CISlez(2) ————— fors <y, 3.3
I ||cz<t) TN s (3-3)

and

‘///Wt(x—Z)S(Z,W)[ws(w—u)—l/fs(x—u)]%(u—y)dudwdz
RYIRYIRH

” ’

\° s€
<C|S -] ———— fort<s. 34
I ||cz(s) EEFETE (3.4)
Moreover, by the almost orthogonal estimate in (3.1) and the smoothness condition on Vs,

‘ ///wz(x — 28z w)Ys(w — w)[Ys(u — y) — Y (u — y') | dudwdz

Rll Rn Rn

s el g |y _ y/l P tsl ‘
<C|S - - for|ly—y/|<-ands<t, (3.5
I ||Cz<t> ( - ) FEYPTEE [y—Y|<;ands 3.5)

and by the estimate (3.2) and the smoothness condition on ¥,

U//%(x—Z)S(z,w)[llfs(w—u)—llfx(x—u)][llfs(u—y)—tlfs(u—y’)]dudwdz
R" R" RN

/

t 8// |y_y/| 6/// SS t
<C|S - 7 for|y—y|<sandr <s. 3.6
I ||CZ<S) ( . PR E——vE or [y — /| ands <s (3.6)

Proof of Lemma 3.3. We first show that 7, , .
form (1), satisfies (D1)—(D3). To show T,}’tz’l3 (x1, x2, X3, Y1, 2, ¥3) satisfies (D), we only show

the case when its difference is taken over y; since the other one is similar. Set

(x1, x2, x3, Y1, 2, ¥3), which belongs to the
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K3,1(u3, v3)(u1, v1)

5]
~ dS2
= / / / Vi (X2 — ua) W * g, (v2 — y2) K (w3, v3) (e, v1) (2, v2) duz dva o
0 R"2 R"2
where 3! (u3,v3)(u1, vy) is the same as in Definition 1.3.
Since
|13 s, v3)r, v)]| oy < Cluy — w1 ™ |z — 03173,
we have from 7 (1) = 0 and the almost orthogonality estimate in (3.3) that
5] & P’
~ 52 (2) ds>
K31 (u3, v3) @y, v1)| < C/ K> (3, v3) (e, v1) (—) F—
| < ) ” lez n) (+lx2— D+ s

(1)*
(2 + |xp — yo|)r2te’

luy —vi| 7" uz — 3| .
Similarly, when u3, v3, uj, ”/1 and v, are fixed, we have

K3,1(u3, v3)(ui, v1) — K3,1(u3,v3)(u], v1)
n
=// /I/ftzz(m—Mz)[lzll(us,vs)(ul,vl)(uz,vz)—163’1(u3,v3)(bt’1,v1)(uz,vz)]
0 R™2 R™2
dsz

X 1/’32 * l/ffz(vz — y2)duzdvy -

Note again that I%3'1(u3, v3)(u1, vy)(ua, v2) — 153*1(143, v3)(u/1, v1)(uz2,v2) is a Calderén—
Zygmund kernel on R"2 x R"2 with the norm

| (s, v3) (i, vi) = K (s, v3) (u), v1) | o,
< Cluz — v3] " uy —u/1|8|u1 —or [T if fun —uy | < %'ul ol

Thus,

|KC3,1(u3, v3) (ur, v1) — K31 (u3, v3) (u], v1))|

S_2> () dn

n
=31 ~3 1
<C/|}IC (w3, v3)(uy,v)) — K (u3,v3)(u/1,v1)ch<t2 2t 2 — ) s
0

|—n] —& (t2)£
(t2 + |xp — yo|)r2te’

1
— & .
< Cluz — 3] uy — )| |uy — vy if ug —u}| < §|u1 — vl
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A similar argument shows if |v; — vi| < %|u1 — v/, then

|KC3.1(u3, v3) (ur, v1) — K31 (u3, v3) (g, v))|

/
lvgp — v} (n)*
lur — v1[MFe (13 + |xp — yo|)r2te’

<Cluz —v3|™™

These imply that for fixed u3 and v3 on R"3, KC3 1 (u3, v3)(u1, v1) is a Calderén—Zygmund kernel
on Rl x R"™! with the norm

(1)® "
(2 + |x2 — yo|)rate’

13,1 (w3, v3) | -, <C 3 — 3|7, 3.7

Set

1

/’C\3(u3,v3)=/ / /w}l(xl — un)Ks,1 (3, v3)(ur, VDY, (01 — 21)

0 R"1 R"1 R"1

ds
x [w) (21— y1) =¥ (21 — ¥{)] dz1 duy dvy s—ll (3.8)

Then by estimates in (3.5) and (3.7), we could derive that 163 (u3, v3) is a Calderén—Zygmund
kernel on R"3 x R and for |y; — yj| < %,

IK3llcz <C

t)* () <|y1 — ) 3.9)

(1 + |x1 — i)+ (t 4 |xp — yao)r2te t

From (3.8) we can write

1 1 /
Ti s (1 X2, X3, 1, ¥2, ¥3) — Ty (X0, X2, X3, V1, 2, 33)

3
~ dss
=f / / Vi (x3 — uz) ¥y, # Yy (v3 — y3)Ka (u3, v3) dus dvs =
0 R"3 R"3

For [y; — yj| < ’7‘, T3 (1) = 0 and the almost orthogonality estimate in (3.3) together with (3.9)
yield that

1 1 ’
T, s 1, X2, %3, y1, y2, ¥3) — T,y 4y (X1, %2, X3, V10 92, 33) |

c('“ - y1|)8” t)* (12)*' (13)¢

< ! / ’
= t (1 + [x1 — y1D)MFE (12 + |x2 — ya )2 (13 + |x3 — y3|)3+e

Now we prove that Tt] (x1, x2, X3, Y1, y2, ¥3) satisfies (D) for its double difference taken

1,12,13
over yj and y3.
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Set

19}
E3,1(u3,v3)(ul,v1)=/f//wtzz(m—Mz)/z3’1(u3,vs)(ul,vl)(uz,vz)lﬁszz
0 R"2 R™ RM
dsy

X [I/ff2 (z2—y2) — llffz (22— y3) | duz dvadzy o

and

n
K3(u3, v3) =/ / / / W (o — un)Kas 1 (3, v3) (i, v) Y, (01 — 21)
0 R™ R"I R"I
I I , dsy
x (¥, @1 = y1) = ¥, (21 — ¥}) ] dur dvi dzy o
Eollowing a similar argument to that in (Dp), we can deduce that for fixed #3 and v3 on R"3,
163,1 (u3,v3)(ug, vy) is a Calder6n—Zygmund kernel on R x R™ with the norm

te
C 2
(2 + |x2 — y2|)2te

_ o &
1KCa.1 (3, v3)| -, < Jw—%l’”(%) for [y2 — y5| < %2

We can also conclude that /%3(143, v3) is a Calder6n—Zygmund kernel on R x R with the
norm

IKsllcz < C il h <|y‘_yi|)8 <|y2_y§|)8 (3.10)
(t1 4 |x1 — Y1)+ (12 + |x2 — yo|)r2te’ 1 n

when |y; — yi| < %‘ and |y, — y§| < %2 Then from T3*(1) = (0 and estimates in (3.3) and (3.10),
we have

1 1 ’
T s 01 X2, %3, Y1, y2, ¥3) = T, 4y (X1, %2, X3, V1, 92, 33)

= Ty (022,23, 91,39, 33) + T 1y (1, %2, 23, 51, 39, 33) |

3

= dS3
/ Yo (3 — u3)Ka (uz, v3) 93, * ¥y, (v3 — y3) duz dvs Y
O Rl‘l3 Rn3 -

_ C<|y1 —yil)gﬂ<|yz—y§|)5” (t)" (1)*

3 5) (1 + |x1 — yi DM+ (8 + |x2 — ya)r2te

(t3)°
(13 + |x3 — y3|)rate’
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1

Finally, we prove that T 0. 1

(x1, x2, x3, Y1, y2, ¥3) satisfies (D3). To do this, we write

! /
T3 (51, %2, %3, Y1, Y2, 3) — Ty o (X1, X2, X3, V1, 2, 3) — Ty oo (1, X2, X3, y1, ¥5, 33)
/ / /
+ Thyrs (X1, %2, %3, Y1, 5, 3) = Ty s (%1, X2, X3, ¥1, V5, ¥3)
/ / /
+ Tt .60.15 (xl,xz, X3, Y1, Y2, y3) + Tt (xl, X2, X3, Y1, Y2, y3)

/ / /
— Ty (%1, %2, X3, Y1, ¥5, ¥5)

3
:////¢g(x3—u3)fg(u3,u3)w33(v3_ZB)

0 R"3 R"3 R"3
dS3

x [¥3, (23 — v3) — ¥, (23 — 3) | dus dvs dzs o

Estimates in (3.5) and (3.9) together with 75 (1) = 0 derive directly that Tt},tz, i (X1, X2, X3, y1,
2, y3) satisfies (D3).

‘We now estimate T,?’,Zyl3 (x1, x2, X3, ¥1, ¥2, y3) which belongs to the form (3). For fixed #1, 2,
set

Ky 2@, v1) (2, v2) = f / i (3 — u3)K2 (uy, v1) (2, v2) (3, v3) dus dvs.
R"3 R"3

Note that for fixed (u1, v1) and (u2, v3), fnw /Z‘l(ul, v1)(uz, v2)(u3, v3) dvs, as a function of
the variable u3, is a BMO function with the norm

< Cluy —vi| " ug — v "2,
BMO(R™3)

H /’El’z(ul»Ul)(”27U2)('7U3)dU3
R"3

and 1/;,33 (x3) is a function in H ' (R"3) with the H'(R"3) norm uniformly bounded for all x3 and 3,
thus, K1 2(u1, v1) (U2, v2)| < Cluy —vi| 7" |ug — v2| "2,
Similarly, for |up — u})| < %|u2 — v, we have

|2, vi) (2, v2) ¢ v3) = K12, v1) (w8, v2) ¢ v3)] dvs| o)

< C|| K"y, vi) (2, v2) = K2y, v1) (idh, v2) ||

gy w2 —ufl®
SCluy —vog |7 —————.
|z — va|™

Therefore,
K1 2@, vi) (a2, v2) — Ki2(ur, v1) (), v2))|

<l o)

J IR 2 e v )

R"3
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— K"y, v1) (uh, v2) (-, v3)] dvs

BMO(R"3)

luz —uj)|®

<Cluy —v|" ——=—
s ¢l | lug — vp|n2te

1
if ’uz — ulz} < §|u2 — 3.

Thus, for fixed u1, vi € R™, Ky 2(u1, v1)(uz, v2) is a Calderén—Zygmund kernel on R"2 x R"2
with the norm

1K1 2@ v1)| oy < Cluy —vg| 7. (3.11)

Denote that

n
ds
/cl(ul,vo:///w,i(xz 2121, 002, v Y2 5 U 02 = va) duz vy 2.

82
0 R2R"

By the similar argument as in K, we can conclude that Ky (u1, v1) is a Calderén-Zygmund
kernel on R"! x R™ with the norm

(t2)*
IKillcz <C - (3.12)
(12 + |x2 — yo|)2te

We write

3 3
Ty 1y (1 X2, X3, V1, 2, ¥3) = T7) 1y 4 (%1, X2, X3, 31, ¥2, ¥3)

3]
:// /Iﬁlll(xl—bn)lcl(ul,vl)

0 R' R

x [, % g, (o1 = y1) = ¥, * g, (01 — )] du dv1 ¢,3 (x3 = y3).
Since T7*(1) = 0, we have from the estimates in (3.3) and (3.11)

3
T s 1. X2, X3, 90, 2. 3) = T2 (10 %2, %3, V1 32, 93) |

. c('“ — yﬂ)*f (t)* (1)* (13)°

t (1 + |x1 — yi)M+e (12 + |x1 — ya )2t (13 + |x3 — y3|)te’’

which leads to (Dy). Since the proofs of the estimates in (D) and (D3) are similar, we leave the
details to the reader. Therefore Ttl to.13 (x1, X2, X3, ¥1, Y2, y3) satisfies (D1)—(D3).

Finally we estimate 7, 11 tz s (x1, x2, X3, ¥1, y2, ¥3) which belongs to the form (9). Note that

T(1)(ur,uz,u3) = / K(ui,uz, us, vy, vz, v3)dvi dvy dvs,
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as a function of variables of u,u> and u3 belongs to BMO(R"' x R"™ x R"3) and %1] (x1 —
ul)wtzz(xz — uz)wi (x3 — u3), as a function of variables uj, uz, u3 is in HX(R" x R™ x R™)
with bounded norm uniformly for all #1, 2, t3 and x1, x2, x3. Using the size conditions of ¢>,11 R qb,zz

and ¢>l33 we yield that T,%?,N3 (x1, x2, X3, Y1, 2, ¥3) satisfies the estimates of (D1)—(D3). We omit

the details here. The proof of Lemma 3.3 is complete and hence Theorem 3.1 follows. O
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