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Abstract. In this paper, we explore a general method to derive H” — L7” boundedness
from H? — H? boundedness of linear operators, an idea originated in the work of Han
and Lu in dealing with the multiparameter flag singular integrals ([19]). These linear
operators include many singular integral operators in one parameter and multiparameter
settings. In this paper, we will illustrate further that this method will enable us to prove
the H? — LP boundedness on product spaces of homogeneous type in the sense of
Coifman and Weiss ([5]) where maximal function characterization of Hardy spaces is not
available. Moreover, we also provide a particularly easy argument in those settings such
as one parameter or multiparameter Hardy spaces H?”(R") and H?(R” x R™) where the
maximal function characterization exists. The key idea is to prove || fllL» < C| fllu»
for f € LINHP (1 <q < 00,0 < p <1). Itis surprising that this simple result even in
this classical setting has been absent in the literature.
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1 Introduction

The purpose of this paper is to develop a general method to derive H? — L?
boundedness from H? — H? boundedness of linear operators for the product
spaces of homogeneous type in the sense of Coifman and Weiss ([5]). The orig-
inal idea was first used in the recent work of Han and Lu [19] where the multi-
parameter Hardy space H? theory associated with the flag singular integrals and
boundedness of flag singular integrals on H? spaces and from H? to L? spaces
were established. The crucial idea is to prove the following inequality:

I fllLr = ClIlflar for feL!NHP, 1<qg<o0, 0<p=1 (L)
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Using this inequality, the H? to L? boundedness follows immediately from the
boundedness on H? spaces. We should point out that, in the product spaces of
homogeneous type, the maximal function characterizations of Hardy spaces seem
to be impossible at the present time. Thus, establishing (1.1) is not a trivial task in
this setting.

In this paper, we will illustrate further that this inequality also holds on product
spaces of homogeneous type in the sense of Coifman and Weiss ([5]) and thus
enables us to prove the H? — L? boundedness. Moreover, we also provide a
particularly easy argument in those settings such as the classical one parameter
or multiparameter Hardy spaces H?(R") and H? (R” x R™) where the maximal
function characterizations do exist. The key idea proving || f|lL» < C|| fllar
for f € LIN HP (1 < q < 00,0 < p < 1) in these classical settings using
the maximal function characterizations is rather simple. However, it is surprising
that the H?(R") to L?(R") boundedness for singular integral operators has been
missing in the literature even in these classical cases. It is the main goal of this
paper to demonstrate this crucial idea in proving the H? to L? boundedness.

As we pointed out earlier, an application of an inequality of type (1.1) can easily
lead to the H? — LP boundedness from the H?(R") to H?(R") boundedness
of singular integral operators. We state these results as

Theorem 1.1. Let 0 < p < 1. If T is a linear operator which is bounded on
L2(R™) for some q, 1 < q < 0o, and on HP (R™), then T can be extended to be
a bounded operator from HP (R") to L? (R").

Theorem 1.2. Let 0 < p < 1. If T is a linear operator which is bounded on
LI(R"™ x R™) for some q, | < q < oo, and on HP(R" x R™), then T can be
extended to be a bounded operator from HP (R" x R™) to L?(R" x R™).

It turns out that the proofs of these two theorems are surprisingly simple, though
these theorems have been absent in the literature. Indeed, in the books of Garcia-
Cuerva and Rubio De Francia [11, Theorem 7.7, page 320], Stein [30, Theorem 4,
page 115] and Grafakos [12, Theorem 6.7.3, page 474], it was proved that convo-
lution operators satisfying certain conditions are bounded on H ? (R"). Therefore,
these results, by the above Theorems 1.1 and 1.2, directly imply the H? — L?
boundedness for all these convolution operators as corollaries of our theorems. We
state this result as

Corollary 1.3. Let 0 < p < land N = [% —n). Let K be a CN function on
R™\{0} that satisfies
9P K(x)] < Alx| 7"l
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Sfor all multiindices |B| < N and all x # 0. Let W be a tempered distribution
that coincides with K on R"\{0} whose Fourier transform is a bounded function
satisfying |W(§)| < B. Then the operator T (f) = f*W initially defined for f in
the Schwartz class whose support vanishes in a neighborhood of the origin admits
an extension which is both bounded on H? (R™) and bounded from HP(R") to
LP(R"™). Namely,

IT(OEr < Cop(A+ B fllar

and
IT()lLe < Cup(A+ B fllar

for some constant Cy, p.

We will also provide some examples on the H? (R” x R™) to L?(R"” x R™)
boundedness in the multiparameter settings in Section 4.

Corollary 1.4. The singular integral operators of convolution type or Journé’s
type in product spaces defined in Section 4 are H? — LP bounded for all 0 <
p=<1L

In particular, these linear operators include certain classes of singular integrals
studied by R. Fefferman and E. M. Stein [9], J. L. Journé [24] and J. Pipher [27],
etc.

We mention in passing that the product Hardy space H? (R” x R™) was first in-
troduced by Gundy and Stein [13]. Chang—Fefferman [3, 4] developed the theory
of atomic decomposition. Atomic decomposition of the product H?(R"” x R™)
is more complicated than the classical H?(R"). Indeed it was conjectured that
the product atomic Hardy space on R x R” could be defined by rectangle atoms.
However, this conjecture was disproved by a counter-example constructed by
Carleson [1]. This leads that the role of cubes in the classical atomic decom-
position of H?(R") was replaced by arbitrary open sets of finite measures in the
product H?(R" x R™). This was carried out in [3], [4].

Since it is more complicated to state our applications in multiparameter set-
ting, we will state these results and give some brief proofs in Section 4 with more
details. The proof of Corollary 1.4 could also be derived using the deep atomic
decomposition of Chang—R. Fefferman and the R. Fefferman method by consider-
ing its action on rectangle atoms and combining it with Journé’s covering lemma.
This was done in [6]. Our approach of proving H” — LP” boundedness from
H? — HP boundedness without using Journé’s covering lemma thus provides an
alternative way different from that of R. Fefferman [6]
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Proof of Theorem 1.1. Suppose f € L4(R") N HP(R*) and 1 < ¢ < oo. Let
¢ be a Schwartz function in R” with [p, ¢(x)dx = 1. We recall that f €
HP(R") can be characterized as sup, .. |¢: * f| € L?. Note sup,q |¢: * f(x)| <
CM(f)(x). Thus, sup,¢ |¢: * f(x)| € L2(R"). Since

lim [|¢; * f — fllpa@n) =0,
t—0

there is a sequence of #; — 0 such that lim;, o ¢, * f(x) = f(x) for ae.
x € R”. Then we have forall 0 < p < 1

I/ e @y < tjliglo pe; * fllLr @)

and thus
I £ e ey < IIf 1P @®e)- o

Proof of Theorem 1.2. Suppose f € LI(R" x R™) N HP(R" x R™). Let ¢V
be a Schwartz function in R” and ¢(2) be a Schwartz function R™ such that
Jrn @@ (x)dx = 1, and [, ¢V (y)dy = 1. Set

brs(x.y) = 17502 (2.

By a result of Merryfield [26], f € HP?(R" x R™) can be characterized as
SUP; s>0 |pes x f] € LP. Note SUP; s>0 |pes x f(x, y)| < CMs(f)(x,y), where

1
M) 3) = sup o /R |/ )| dxdy

is the strong maximal function and the above supremum is taken among all rect-
angles R in R" x R™. Thus, sup, ¢~ |¢ss * f(x,y)| € LY(R" x R™). Since

lim 0 ||¢ts * f — f”Lq(Ranm) = 0,

t—0,5s—

the same argument as in the proof of Theorem 1.1 shows that we have for all
0<p=<l
I f e @exrmy < |If | 5P xR

for f € L1(R" x R™) N HP(R" x R™). |

The second main purpose of this paper is to prove such a general result when
the maximal characterization of the Hardy space is not available, for instance,
H?(X x X)), where only the Littlewood—Paley characterization exists. The main
theorem is as follows:
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Theorem 1.5. Let 1+L9 < p < 1. If T is a linear operator which is bounded on
L2(X x X) for some q, 1 < q < 00, and on HP (X x X), then T can be extended
to be a bounded operator from HP (X x X) to L? (X x X).

Here the Hardy space H? (X x X) for 1_+9 < p < 1 was established in [21] on
the product X x X of two spaces of homogeneous type in the sense of Coifman
and Weiss ([5], see more details in the next section).

The crucial ideas to prove Theorem 1.5 can be summarized as follows:

Step 1. Establish the density result of LZ(X x X) N HP (X x X) in H? (X x X)
forl <g <ocoand0 < p <1 closeto 1.

Step 2. Establish ”f”Lp(xXx) < C||f||Hp(x><x) for f € L9(X x X) N
HP(X x X).

As we mentioned earlier, there is no maximal characterization for the product
Hardy space H? (X x X). Therefore, establishing the above two steps is not
completely trivial. After we have derived the above two steps, we will conclude
that foreach f € LY N H?,1 < g < oo, the L? norm of T/ is dominated by the
HP norm of Tf and hence, the proof of Theorem 1.5 will follow.

The organization of this paper is as follows: In Section 2, we recall some prelim-
inaries on multiparameter Hardy spaces in spaces of homogeneous type. Section 3
proves a density result which states that for 1 < g < 0o, LY(XxX)NHP? (X xX)
is dense in HZ (X x X). In Section 3, we also show that if f € L2(X x X) N
HP(X x X), then f € L?(X x X) and there is a constant C, > 0 which is inde-
pendent of the L4 norm of f such that || ||, < Cp|| f||z». These two results lead
us to prove the H? — L? boundedness for singular integrals in multiparameter
Hardy spaces of homogeneous type where the maximal function characterization
is not available. Section 4 provides some examples of H? — L? boundedness of
singular integral operators in multiparameter setting which includes those studied
by R. Fefferman and Stein [9] and Journé [24]. These boundedness results can be
obtained by our general principle demonstrated in this paper and avoid Journé’s
covering lemma [24].

2 Preliminaries

We begin by recalling some necessary definitions and notation on spaces of homo-
geneous type.
A quasi-metric p on a set X is a function p : X x X —> [0, 00) satisfying

(1) p(x,y) =0ifand only if x = y;
(2) p(x,y) = p(y,x) forallx, y € X;
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(3) there exists a constant A € [1, 0o) such that for all x, y and z € X,
p(x,y) < Alp(x,z) + p(z, y)].

Any quasi-metric defines a topology, for which the balls B(x,r) = {y € X :
p(x,y) < r} form a base. However, the balls themselves need not be open when
A> 1.

The following spaces of homogeneous type are variants of those introduced by
Coifman and Weiss in [5].

Definition 2.1. Let 6 € (0, 1]. A space of homogeneous type, (X, p, l)g, is a set
X together with a quasi-metric p and a nonnegative Borel regular measure @ on
X and there exist constants Co > 0 such that for all 0 < r < diam X and all
X, x/, y e X,

pw(B(x,r)) ~r, (2.1
lp(x, ) — p(x", 2)| < Cop(e, x)[p(x, y) + p(x' . 0. (22)

Through out the paper, we assume that u(X) = oco.

We first recall the following construction given independently by Christ in [2]
and by Sawyer—Wheeden in [28], which provides an analogue of the grid of Eu-
clidean dyadic cubes on spaces of homogeneous type. We will follow the state-
ment given in [2].

Lemma 2.2. Let (X, p, 1) be a space of homogeneous type. Then there exists a
collection {Q{fl C X 1k € Z,a € I} of open subsets, where I is some index
set, and constant § = 1/2, and C1, Co > 0, such that

D w(X\ Uy 0k%) = 0 for each fixed k and Q¥ n QIE =difa # B;
(i) forany a, B, k,l withl > k, either Qlﬁ C Q{; or Q/lg N Q{; = P;
(iii) for each (k,a) and each | < k there is a unique B such that Q{ft C Qllg
(iv) diam(Q¥%) < C1 (D)%
(v) each Q{; contains some ball B(Zg, Cz(%)k), where Z§ e X.

In fact, we can think of Q’é as being a dyadic cube with diameter rough (%)k

centered at zK. As a result, we consider CQ¥ to be the dyadic cube with the same
center as Q{; and diameter C diam(Qg). In the following, for k € Z and 7 € I,
we will denote by Qlf’v, v=12,...,N(k, 1), the set of all cubes QI§+J - Q]r‘,
where J is a fixed large positive integer, and denote by yf Y a point in Q]f’v.
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Now we introduce the approximation to identity on X.

Definition 2.3 ([23]). A sequence {S }xez of operators is said to be an approxi-
mation to identity of order ¢ € (0, 8], if there exists a constant C > 0 such that for
allk € Z and all x,x’,y,y’ € X, Sk(x,y), the kernel of S, is a function from
X x X into C satisfying

2—k8
[Sk(x,y)| <C ey (2.3)
e plx,x') e 27k
S ) =S = (=) G ™
1
for p(x,x’) < ﬂ(z_k + p(x, ));
, p(y,¥)  \¢ ke
Si(x,y) — Sk(x,y)| <C
e = e = € (5 Z0) Gy ey 5)
1
for p(y,y") < ﬂ(Z_k + p(x, ¥));
|Sk(x’ y) - Sk(x’y/) - Sk(xl’ y) + Sk(x/’ y,)l
px,x") e p(y,y)  \¢
= C(Z"‘ + p(x,y)) <2"‘ + p(x,y))
5ke 2.6)
X
27k + p(x, y))i+e
1
for p(x. x'). p(y.y") = 5 @7 + p(x.y)):
/ Sk (x, y)du(y) = / Sk(x,y)dp(x) = 1. 2.7
X X

We remark that by a construction of Coifman, in what follows, we will use an
approximation to the identity of order with ¢ = 6.

To recall the definition of H? (X x X), we need to introduce the space of test
functions on X x X.

Definition 2.4 ([21]). Fori = 1,2, fix y; > 0 and B; > 0. A function f defined
on X x X is said to be a test function of type (B1, B2; Y1, y2) centered at (xg, yo) €
X x X with width r1,ry > 01if f satisfies the following conditions:

Y1 2
" "

(1) I =C |
e = € 7 e 20y 7
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@) |f(x, )= f(x' )
V2

<C( p(x,x) )ﬂl ry' "2
14 p(x,x0)/ (1 + p(x, x0) T (r2 4 p(y, yo)) 172

, 1
for p(x,x) < ﬂ[rl + p(x, x0)];

3 1fGy)— )

C( p(y, ) )ﬁz ri! ry’
r2+p(y.y0)/  (r1 + p(x,x0)) TV (r2 + p(y, o)) T2
’ 1
for p(y,y) =< ﬂ[rz +p(y, yo)l;
@ fxy) = fE = y) = &
p(x,x) B/ p(y.y) P r{!
= C(r1 + p(x,xO)) (rz + p(y, yo)) (r1 + p(x, xo)t"

Y2
p)
x 14+y2
(r2 + p(y, y0))

, 1 , 1
for p(x,x) < ﬂ[rl + p(x,x0)] and p(y,y ) < ﬁ[rz +p(y, yo)l;

5) / f(x,y)du(x) =0 forall y € X;
X

(6) [ f(x,y)du(y) =0 forall x € X.
X

If f is atest function of type (81, B2; y1, y2) centered at (xp, yo) € X x X with
width ry, 7, > 0, then we write f € §(xo, yo:71,72; B1, B2; V1, y2) and define the
norm of f by || f ¢ (xo,v0:r1.72:81,B2:71,v2) = If{C : (1), (2), (3) and (4) hold}.

We denote by (81, B2: Y1, y2) the class of §(xq, yo:7r1,72; B1, B2; y1, v2) with
r1 = rp = 1 for fixed (xg, yo) € X x X. Itis easy to see that

G(x1,y1:71,72; B1. B2: v1, v2) = 9 (B1. B2; V1. V2)

with an equivalent norm for all (x1,y;) € X x X. We can easily check that
5(B1, B2; y1,y2) is a Banach space with respect to the norm in (81, 82; y1, ¥2)-

For any 0 < f1, B2, y1, y2 < 6, the space %(,81,[32; Y1, y2) is defined to be the

completion of §(0, 6;6,0) in §(B1, B2; v1,y2). We define ||f||§(ﬂl,ﬁ2;y1,y2) =

| £ 1lg(B1,B2:71,y2)- Then, obviously, ;%(,31,,32; y1,Y2) is a Banach space. Hence
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we can define the dual space (;% (B1, B2; 71, yz))/ to be the set of all linear func-

tionals £ from & (B1, B2; v1, y2) to C with the property that there exists a C > 0
such that for all f € §(B1, B2;y1,72),

LN = Cl gy .

5Y1,72)

In [21], to define the product Hardy space H? (X x X), they first introduced
the Littlewood—Paley—Stein square function on X x X by

0 o) 1/2
N ={ X ¥ Dubam P}

ki=—00 ko=—00
where Dy, = S, — Sk;_, with Sy, being an approximation to the identity for
i = 1,2, and proved that ||g(f)|l, ~ || f|lp for 1 < p < oo. Then H?(X x X)

is defined as follows.

Definition 2.5. Let {Sk; }, ez be an approximation to the identity of order 8, i =
1,2. Set Dy, = Sk, — Sk;_, for all k; € Z. For ﬁ < p <1 and % —
1 < Bi,yi < 0, the Hardy space H? (X x X)) is defined to be the set of all

f e (9(/31,/32, V1, yz)) such that [|g(f)|lLr(xxx) < 00, and we define

I/ P exax) = 118(H)ILrexx)-

In order to verify that the definition of H? (X x X)) is independent of the choice
of approximations to the identity, in [21] the following min-max type inequality
for HP (X x X) is proved.

Lemma 2.6. Let all the notation be the same as in Definition 2.5. Moreover, for
i = 1,2, let { Py, }x,ez be another approximation to the identity of order 6 and

Ep, = Py, — Py, _lfor all ki € Z. And let { Q¥ ki € Z,1; € I, v; =
N(kl,rl)}and{Q kv k €z, ‘L’ elk,v =1,. N(kl, l)}besetsof

dyadic cubes of X as mennoned in Lemma 2.2. Then, for < p < oo, thereisa

constant C > 0 such thatforall f € (ﬁ(ﬂl,ﬂz,yl,yz)) wzth%—l < Bi.yi <0,

N(ky,71) N(k2,12)

(¥ Yy > ¥ ¥

ki=—oc0kr= —OO‘L'IGIk tzelk vi=1 vo=1

1/2
1D D112 P gy O g0

k1.v1 kp.vp
Zleer aZ2€Qr2

L2 (X%xX)
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Nk} ,T)) N(ky,h)

iy 2 xry %

kl=—ook2— oorlelk/1 rzelk; 1—1 v2—1
1/2
, inf B Ey (f)(21’22)| X i Ox k2 ()} .
zlerrl. ,22€0 ; 2 2 er 2 L2 (XxX)
71 fz

As a consequence of Lemma 2.6, we define the discrete Littlewood—Paley—Stein
square function by

ga(f)(x1,x2)

N(ky,71) N(k2,12)

{Z MDD IS 2 1Pk D)0 P

k1=—00 ko=—00 t]GIkl 1261k2 vi=1 Vo=
1/2
X Xle ] (Xl))(ka U2(x2)} )

where y; and y, are any fixed points in er U and Qk2’ , respectively, and we
have

I flleeoexaxy = 18 Lrexxy ~ 18 (F)ILexxx)-

To prove Lemma 2.6, in [21] they established the discrete Calderén reproducing
formula on X x X.

Lemma 2.7. Let all the notation Zae the same as in Definition 2.5. Then there
are families of linear operators { Dy, k;ez and { D, }k;cz such that for all f €

é(ﬂl,ﬂz; Y1, y2) with Bi,yi € (0,0),

N(ky,71) N(k2,12)

flx1.x2) = Z Z Yo > > ekt

k1——ook2——oor|€Ik1 ‘L'2€Ik2 vi=1 vo=1

L YX22) i Dy, (f) (pE11, ykev2)
N(ky,t1) N(k2,72)

Z Z oY Y Y ekl

ki=—ocoky=—ocot1€l)| T2€l}, VI=1 va=1

X Dy, Di, (x1, %2, yK1:v1 yk202) Dy Dy (£)(pk1o, ykavzy,
(2.8)

X Dk]Dk2(x1 X2, ykl’vl
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where ylfl.i Vi is any point in Qlfl.i U fori = 1,2 and the series converges in both
the norm of §(P1. P2:y1.y2) and the norm of L¥ (X x X) with 1 < p < oc.
Moreover, Dy, (x,y), the kernel of Dy, satisfies the conditions (2.3) and (2.4) of

Definition 2.3 with 6 replaced by any ¢ < 0 and
| Drte)ant) = [ Dy txyydnto) = o 29)

similarly, Dk,— (x,), the kernel of Dk,- satisfies the conditions (2.3) and (2.5) of
Definition 2.3 with 0 replaced by any ¢ < 0 and (2.9), for all k; € Z withi = 1,2.

Forany f € (é(ﬁl, B2:v1, yz))/, (2.8) also holds in (é(ﬂl,ﬁz; Y1, yz))/.

In this paper, we use the notation ¢ ~ b and b < ¢ for a,b,c > 0 to mean
that there existsa C > 0,sothata/C < b < C -aand b < C - ¢, respectively.
The value of C varies from one usage to the next, but it depends only on constants
quantified in the relevant preceding hypotheses. We use @ VvV b and a A b to mean
max(a, b) and min(a, b) for any a, b € R, respectively.

3 A density result and bounding the L? norm by H? norm

In this section, we prove Theorem 1.5. To do this, we need the following two
results.

Proposition 3.1. For 1n+0 <p<landl <q<oo, L1(X xX)N H?(X x X)

is dense in HP (X x X).

Proposition 3.2. For 5 < p <1 <q <00, if f € LYAX x X)NHP (X x X),
then f € LP(X x X) and there is a constant C, > 0 which is independent of the
L9 norm of f such that

1f1lp < Cpll fllEr-

Proof of Theorem 1.5. Let us assume the two propositions first. Then for f €
LI(X x X)NHP(X x X),wehave T(f) € L1(X x X)N H? (X x X). From
Proposition 3.2, we get that || 7(f)||, < Cp||T(f)||m» and C, is independent of
the L2 norm of T'(f). Since T is bounded on H? (X x X)), we have |T(f)||gr <
C| fllg». Moreover, by Proposition 3.1, we obtain that 7 can be extended to a
bounded operator from H? (X x X)) to L?(X x X). This completes the proof of
Theorem 1.5. |

Now we begin to prove the above two propositions.
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Proof of Proposition 3.1. Suppose f € H? (X x X) and set
W = {(k1,k2:t1,12:01,02) : k1| < Ly, |k2| < Lo,
BV X Q" C B(xo,r) X B(xo,1)},

where k1, ko, are positive integers and B(xg, ) is a ball in X centered at xg € X
with radius r > 0. It is easy to see that

> p(QEP ) u(Q¥2 V) Dy, D, (x1. x2. V1, yk2v2)

(k1,k2;71,72;01,02)EW
ki, ko,
X Dy Diy (f) vzt y22")

is an L4 function, 1 < g < oo, for any fixed L, L5 and r. To show this proposi-
tion, it suffices to show that

3 QI (QX2 ) Dy, Dy (x1, x2, yKI1, yh2ov2)

(k1.k2;T1,72;01,02)EWC
ki, ko,
X Dkl Dkz(f)(y 101 7yr22 vz)
tends to zero in the H? norm as L, L, and r tend to infinity. In fact, from the
min-max type inequality in Lemma 2.6, we can see that

N(ky,71) N(k2,12)

(¥ ¥ r > ¥ %

ki=—o0ky=—c0 t1€l)| T2€l}, VI=1 v2

|l ~ ‘

1

2
[Die Das (DA 3 P2 gy () gz (xz)}
p

(3.1)

And repeating the same proof of Lemma 2.6 yields that

> QT (QE ) D Dy (x1. 52,y 1y ™)

(k1,k2;71,72;01,02)EWC

x Dy, Dy, (f)(yK1-01, ykav2)

HP

{ DY ' > n@kneE™)

ky=—o00 kh=—o00 (k1,k2;1,72501,02)EWC

ki, ko,
X Dk; Dk;Dk1 Dkz(xl,xz yr]l vl,yrz2 vz)

1
2}2

X Dy, Diy (/) (K101, ykav2)

p
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<c H{ ) Dty iy (/) 101yl 2
(k1,k2;71,72;01,02)EWC

X Xle 1 (xl)Xkaz-vz (XZ)}
P

Since f € HP(X x X), from (3.1) we can get that the last term tends to zero as
L1, Ly and r tend to infinity. This completes the proof of the proposition. o

Proof of Proposition 3.2. To show this result, we first use Coifman’s idea to con-
struct an approximation to the identity {Sy }; on X which satisfies the following
conditions: There exists a constant C > O such thatforallk € Z andx,x’,y € X,

(i) Sk(x,y) = 0if p(x,y) > C27% and || St [loo < C25;
(i) |Sk(x,y) = Sp(x', y)| < C2KIF) p(x, x')<;
(i) [y S(x,y)du(y) =1,ae. x € X;
(iv) Sg(x,y) = Sg(y,x).

We can check that such a { Sy} satisfies all the conditions in Definition 2.3. More-
over, we can see that for each fixed y, when considering Si (x, y) as a function of
variable x, it supports on {x € X : p(x, y) < C27K}. Set Dy = S — Sk_1, then
we can see that similar results hold for Dy with only (iii) replaced by

(i) [y Di(x,y)dp(y) = 0,ae.x € X.

Let Sk, and Si, be two approximations to the identity on X that satisfy all
the above conditions, Dy, = Sk, — Sk, -1, Dk, = Sk, — Sk,—1- And then we
substitute such Dy, Dy, into Definition 2.5, Lemma 2.6 and 2.7. And then we
define a square function as follows:

N(ky,71) N(k2,12)

ﬁ(f)(xl,xz)={2 SEDIID DD

kl——ookg——oorlelkl 2€Ik2 v1=1 vr=1

|Dk1 Dkz(f)(ykl’vl s y-]éz’vz)|2)(er<11.v1 (xl)XQ%.vz (XZ)}
(3.2)

where 5k15k2 is the same as that in (2.8), Lemma 2.6. By Lemma 2.6, for
feLi(X xX)NHP(X x X), we have

IENp = ClIS Iar
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Now let f € LY(X x X) N HP (X x X), and set

Qi = {(x1.x2) € X x X : §(f)(x1,x2) > 2'};

{(xl,xz) e X x X : Mg(xg,)(x1,x2) > 1%}

1 1
By ={RCXxX:p(RNQ)> SHR) W(RN Qi) < EM(R)},

where R ranges over all the dyadic rectangles in X x X and C is a constant to be
chosen later. It is easy to see that each dyadic rectangle R belongs to only one B;.

Since f € L9(X x X), then by the discrete Calder6én reproducing formula
(2.8) in Lemma 2.7,

N(ky,71) N(k2,72)

fx1.x) = Z Z DD DD D DI (b I (ol

k1=—ook2——oor161kl ‘L’2€Ik2 vi=1 vy=1
ki,v ka,v
X Dy Dy (X1, X2, y7,°°", v 7?)

X Di, D, (f)(yE1v1, ykav2)
N(ky,t1) N(k2,12)

XYY YT Y Y o

i k1——ook2——oorlelk1 2€Ik2 vi=1 vo=1

Xk XQIr(z,vzeB[}(kl,kZ; 71, T2: V1, V2)
2

x p(QX IV u(Qk2v2)

X Dk1 Dk2 (x1, x2, y_lrfll,vl i yiczz,vz)
X Dlekz(f)(ykl’vl , yrZ v2)
£ Z Ji(x1,x2),
i
where the series converges in L4 norm hence it also converges almost everywhere.

We claim that .
IIfiII” < C2'P (),

which together with the fact ;7 < p < 1 yields that

A5 <D A7 < ZCZ”’M(QI') =CIENOIE =ClIS o
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To show the claim, note that Coifman’s construction yields that Dy, (x;, yfl v

is a function of x; with compact support. {xi € X : p(xi, yfl”v’) < 2027k}, for
i = 1,2. Thus, by choosing a constant C small enough when Qk"v1 X Qlfzz’vz €
B;, we can obtain that Dy, (x1, yrll’v‘)D/€2 (x2, yr2 V2 is supported in §2;. Here
C only depends on C, A and J. This yields that for each i, f;(x1, x2) is supported
in ;. Thus, by using the Holder inequality, we have

1Lfi (en,x2) 12 < (@) 4 | £112.

We now estimate the L4 norm of f;. By the duality argument, forall 1 € L4 (X x
%) with |y < 1.

00 00 N(ky,71) N(k2,12)

=l Y X T T Y %

k1=—00 kr=—00 1:161,1(l 1:261k2 v =1 vo=1
X{Q’T‘IJ’IXQITCZvUZGB‘}(kI’kZ; 71,72 V1, V) (QE T n(QK2 )
x Dy, Diy () (K101 yk202 Dy D (f) (kw1 ykazy

X XQfll 1 (xl))(QltfzzﬂJz (x2) dp(x1)dp(x2)

> Y XY oy v

=—OOk2——ooT1€Ik1 rzelkz v1=1 vr=1

‘ ( N(k1,71) N(k2,12)

X{le UIXQ/;2,U2€B_}(k17k2; 71, T2, V1, UZ)

x | Dy, Dy, (h)(y¥1:01, yk2:02) 2

X X ko (X1 X pkaws (X2) dpe(xy)dpn(x2)
0z, 015 p

> Y XY oy oy

( N(ki,71) N(k2,72)
ki=—ocoky=—ocot1€l}| 12€l}, VI=1 va=1

LRI uzeB_}(kl,kz; T1,T2: V1, V2)

X | D, Dy, (f) (K101, ykawv2y 2

1

XX krn (X1) X ko s (X2)dpn(x1)dp(x2)
0z, 075 4
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Since

N(ky,71) N(k2,12)

(X Xy 3 ¥

=—o00ky=—o00 1€l 2€lk, VI=1 vr=1

k ko. ki,ko; 71,72, 01,0
X{lel Qr%vZEBi}(l 271, T2; U1, U2)

1
2
XDk Dy (5 ye2 )P gy o (¥ X gizva (xz))

q/
N(ky,t1) N(k2,72)

< ( Z Z Yo Y Y 1Dk Dy () (x1.x0)?
kl——ookz——oorlelkl ‘L’zEI/\2 vi=1 vr=1
2
X X pkror (X1) X pkan (X2)d i (x1)dp(x2)
er Qr2 q/
< Cllhllg
EC’

the claim follows from the following estimate:
C21 u(S20)

> /~ S0 (x1. x2)dp(x1)dp(x2)
Q;\Q;

N(ky,71) N(k2,12)

(Y yy vy %

ki=—oc0kr= —Ootlélk ‘(2€Ik vi=1 vo=1

X{le UlXka N B}(kl ka;t1, 12501, Uz)|Dk1Dk2(f)(yk"”1,yf;’”2)|2

NI

X K g (1)1 gtz (xz)) dpr)dp(x)

N(ky,71) N(k2,12)

(x> x> > %

k1=—oc0kr= —OOT]EIklrzelkz v1=1 vo=1

X{le gk uzeB}(/q ko t1,12; 01, vz)lelDkz(f)(yk"”‘,yfj’vz)lz

N

X X{(Qk] U] XQk2 Uz)ﬂai\gi}()(:l’ xz)) dl’l“(xl)dl’l’(xz)
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N(ky,71) N(k2,12)

/(zzzzzz

=—00ky=—00T1El)| 2€lk, VI=1 vy=1

X{Qfl]yvl ka UZGB }(k13k29 71,725 V1, v2)|Dk1 Dkz(f)(ykl’v] 7y‘{:€22,v2)|2

N

2
XM (X{(le V1 Qk2 vz)m?ii\ﬂi}) (-xl’x2)) dﬂ(xl)dﬂ(XZ)

N(ky1,71) N(k2,12)

T AR D YD VD SD 3D >

ki=—ocoky=—cot1€l)| 12€l}, VI=1 va=1

X{ercllvvl ka “2¢p; }(kl,k2, 71, T2; V1, U2)|Dlek2(f)(ykl’v] 7y1l;€22’v2)|2

IR

XXQ{E’]]-vl( l) QIZUZ( )} du(xl)dﬂ(x2)7

where in the last inequality we have used the fact that
~ 1
M(Q’,‘,"’“ x 072N szi\sz,-) > SH(Q5 X 03
ki,v1 ka,v2
when Q7" x Q7;”% € B;, and thus

1
X gkt ixglyny (Y1 ¥2) = EMS(X Lo okaangg, \m))(xl’“)’

and in the second to the last inequality we have used the vector-valued Fefferman—
Stein inequality for strong maximal functions. This finishes the proof of the propo-
sition. |

4 Examples of multiparameter singular integrals bounded on
HP?R" x R™)

We end this paper with some examples on how our general results of bounded-
ness on Hardy spaces H? (X x X') make sense and imply in the simplest case of
product spaces of two Euclidean spaces. In particular, our Theorem 1.2 will imply
the H?(R" x R™) to L?(R"” x R™) boundedness of a certain class of product
singular integrals. We first remark that our results hold on X x ¥ with two differ-
ent homogeneous spaces X' and ¥. Second, all the theorems proved in this paper
on X x ¥ can be made very precise on R” x R™ by using Calder6n reproducing
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formulas with explicitly constructed approximation of identity via Fourier trans-
form. In particular, the definitions of Hardy spaces H? (X x ¥) can be made for
all0 < p <1when X =R"” and ¥ = R™.

To state the realization of our main results on R” x R™, we need to start with
some preliminaries. Let §(R") denote the set of all Schwartz functions in R”.
Then the test functions defined on R” x R™ can be given by

y(x,y) = v Dy (y)

where (1) € $(R"), y@ € §(R™), and satisty Yz [¥D(277&1)[> = 1 for

all £ € RM{(0)), and Yoz 17122 %6)2 = 1 for all £ € R™\{0}, and the
moment conditions

/ ¥y O () dx = / VOGP dy =0
R” Rm

for all nonnegative integers « and .
Let f € L?,1 < p < oco. Thus g(f), the Littlewood-Paley—Stein square
function of f, is defined by

J

«()x.y) = {ZZ ¥ * f(x,y)|2}2,
k

where
Yix(x,y) = 27nTkmy W ) )y @k ), 4.1)

By taking the Fourier transform, it is easy to see the following continuous ver-
sion of Calderén’s identity holds on L?(R” x R™),

S =D Wik * Yk * (X, 9). (4.2)
J ok

Using the orthogonal estimates and together with Calderén’s identity on L2
allows us to obtain the L? estimates of g for 1 < p < oo. Namely, there exist
constants C; and C; such that for 1 < p < oo,

Cilflp = 18(Dlp = C2ll fllp-

In order to use the Littlewood—Paley—Stein square function g to define the
Hardy space, one needs to extend the Littlewood—Paley—Stein square function to
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be defined on a suitable distribution space. For this purpose, we introduce the
product test function space on R” x R™.

Definition 4.1. A Schwartz test function f(x, y) defined on R” x R™ is said to be
a product test function on R" x R™ if f € §(R" x R™) and

/ Feo)x® dx = / Feeoy)yP dy =0
Rn R’n

for all indices «, B of nonnegative integers.
If f is a product test function on R” x R™ we denote f € 80 (R” x R™) and
the norm of f is defined by the norm of Schwartz test functions.

We denote by (800(R” x R™))’ the dual of $5(R” x R™).
Now we need to establish the discrete Calderén reproducing formula as follows.

Theorem 4.2. Suppose that v ;. are the same as in (4.1). Then

Fy) =Y D N[ acCexr. y. y)VWia * fGr. v, (43)

Jk 1,J

where ,'l;j,k(x,X[,y,y_]) € 8o(R" x R™), I C R", J C R™ are dyadic cubes
with side-length £(1) = 277N and £(J) = 275N for a large fixed integer N,
and xp, yj are any fixed points in I, J, respectively. Moreover, the series in (4.3)
converges in the norm of 800 (R" x R™) and in the dual space (0(R" x R™))’.

The proof of this theorem is similar to that of Lemma 2.7 and we shall omit it
here.

Since the functions v, ;. constructed above belong to the space §(R" x R™),
the Littlewood—Paley—Stein square function g can be defined for all distributions
in (8(R"™ x R™))’. Formally, we can define the multiparameter Hardy space as
follows.

Definition 4.3. Let 0 < p < oco. The multiparameter Hardy space is defined as
HPR"xR™) ={fe€(8) :g(f) e LPR" xR™M}. If f € HP(R" x R™),
the norm of f is defined by || f ||g» = [Ig(f)|p-

To establish the Hardy space theory on R” xR, we need the following discrete
Calderdn-type identity.

Theorem 4.4. Let 0 < p < 1 and M be a large fixed integer such that M >
max (n(% - 1), m(% — 1)) Suppose that ;. are the same as in (4.1) and that
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V1, W2 are Schwartz functions supported in the unit ball in R™ and R™, respec-
tively, and satisfy the moment conditions

[ xwwadr= [ y@mnfdy =0
Rn Rln

for 0 < |a|,|B| < M. Then there exists an operator TIQI such that for f €
L2(R" x R™) N HP(R" x R™),

) =YY NI —xr.y —y0) Wik * (T ) (x1.y7). (4.4)

ok 1,J

where I C R”, J C R™ are dyadic intervals with interval-length £(I) = 2~/=N,
L(J) = 2~k—N for a fixed large integer N depending on M, and xj, yj are
any fixed points in I, J respectively. For each j, k, 1, J and xy, yj as above,
’1; jk(x—=x1,y—y7r) is also a Schwartz function with compact support and satisfies
the same moment conditions as Y .. Moreover, the series in (4.4) converges in the
norm of L*(R" x R™) and HP (R" x R™).

Remark 4.5. This theorem can be proved in the same way as in [19]. The dif-
ference between Theorem 4.2 (see also the second equality in Lemma 2.7) and
Theorem 4.4 are that our Calderén reproducing formula in Theorem 4.4 has the
operator 7'y, I acting on f. The purpose to preserve Ty ! in the Calderén repro-
ducing formula is that we would like to make v/ ; x (x — x7, y — ys) have compact
support, which plays an important role in the discrete Littlewood—Paley character-
ization of the Hardy spaces H?(R" x R™).

Proof. Forany f € L2(R" x R™) N HP(R"” x R™), by using (4.2), we have

FQy) =D Wk * Vg * f(x.y)

J.k
N %;12,:/1 /, Vi (x —u, y =) * f(u,v) dudv
= ;{:IXJ:[/I /J Vik(x —u,y —v) dudv]wj,k * f(x1,v7)

+ RN (x.y),

where for each j, k, I C R", J C R™ are dyadic intervals with interval-length
€1y =277=N _¢(J) = 275N for a fixed large integer N depending on M and
Xy, ygy are any fixed points in 7, J, respectively.
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Note that

R()(x.y)
= ZZ/I /; Vik(x —u,y — )Yy p * f(u,v) — ¥k * f(x1,y7)] dudv

ik 1.J
:ZZf/ Wj,k(x—%y—v)/ [V —u' v —2")
k1,717 R# xR™

—Yikxr —u',yy =) f(' ) du'dv' dudv
= / R(x,y,u' ) f',v)du'dv,
R72xR™

where R(x, y,u’,v’) is the kernel of R.
Next, we need the following: there exists a constant C > 0 such that for any
f € L2(R" x R™) N HP(R" x R™),
@ [IR2@rxrmy < C27V 1 fll2@exrm):
®) IR e @exrmy < C27V |l r@rxwm).-

In fact, for any O < p < 1, using the discrete Calderén reproducing formula for
f e L>(R" x R™) N HP(R" x R™), we have

R < [ {5 X Wass RNE 10200} |

.k 1,J

= H{ZZ Z Z |Wj,k*ﬁ(|1/||fl|’1;j/,k/(-,xl,,.7y1,)_wj/,k/

ok I,J j k1,0’

« S y) P Or0) |

»’
where j,k, I, J and j', k', I’, J’, xy/, yj: are the same as in Theorem 4.2.

Now, from the definition of R(x,y,u’,v’) and using the cancellation and
smoothness conditions, we can obtain the following almost orthogonality estimate:

|(‘”-f?k * RV (oxp., J’J/)) (x, y)‘
2—(AJHK
(2—(j/\j/) + |x — xl,|)(n+K)
2—(kAk/)K
X 9
@Y 4y = yy o

< 2Ny li—J'IKy—lk=k'|K
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where K < M and max (n+K m+K) < p. Then, using the above almost orthog-
onality estimate, we can obtain that forany x €  and y € J,

Wk * R(OO(x, )|

< C2No=li=J/'|Ky=lk—k'|K

M2 Wi # £ty O10) Y )

1,J’
Thus,
lg(RUDp
= e[S Wia = S vaarns) | oV
Jlk r,J
<c2¥N H{Z NIE f(xl’vJ’J’)|2XI’XJ’}£”p
JLk

< C27N| fllar ®nxrm).-

This implies that (b) holds. It is clear that the above estimates still hold when p is
replaced by 2, which implies that (a) holds.
We now denote Ty' = Y72 R, where

(e = SN[ [ [ vt =y = auav] « 1.

jk 1,J

Then, (a) and (b) together show that if N is large enough, then both T and Ty 1
are bounded on L2(R” x R™) N H?(R" x R™). Hence, we can get the following
reproducing formula:

FEy) =D NIk (x = x1.y = Y)Wk * (T ). y7).

Jk 1J

where Fx/jj,k(x — X7,y —YyJ) = %% 1 )7 Vik(x —u,y —v) dudv satisfies the
properties mentioned in Theorem 4 4.
This completes the proof of Theorem 4.4. o

We now recall some basic definitions about the product Hardy space on R” x
R™.

Definition 4.6. Suppose that f(x1, x2) € L2((R” xR™)). Let (D (x1), @ (x,)
be functions as above. The discrete Littlewood—Paley function of [, gn(f), is
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defined by
1

en () (x1.x2) = {Z S Wik x (T N Gr. yn)Par (xl)m(m} C @)

gk 1,J

where Ty 1 is the same as above, I C R” and J C R™ are cubes with £(]) =
27/=N _¢(J) = 27%=N N is alarge fixed integer, and x; and y s are the charac-
teristic function of I and J, xj, ys are any fixed points in / and J, respectively.

Similar to [19] and [20], the above discrete Littlewood—Paley function in (4.5)
can characterize the product Hardy spaces. More precisely, we have

Theorem 4.7. For 0 < p < 1, let N be the same as in Theorem 4.4. Then for
f e L2(R" x R™)) N HP (R" x R™), we have
I f g @®rxrmy = 8N ()llLr @2 xr™Y-
This theorem is a direct consequence of the following min-max type inequality.
Lemma 4.8. Let 0 < p < 1 and let M, Yy, Vj i, ¢jr and ®;y be the same

as in Theorem 4.4 and N, Ty U be the same as in Theorem 4.4. Then for any
f e HP(R" x R™), we have

XX swp 1w Sl D100 ,

ik IJuEIveJ

%

{ZZ inf_ ‘Pyk*f(u,v)IZXI(')XJ(')}i

uel,v
Jjk 1,J

=

&

(O s = 07 NP0}

ik IJuEI veJ

P

(XX s 10 0 N0 PrOs0) |-

jk 1,J uel,veJ

where I, J are the same as in Theorem 4.2.

The proof of the above lemma can be obtained by applying the Calderén repro-
ducing formulae in Theorem 4.2 and 4.4 and then repeating the same proof of the
min-max type inequality as in Lemma 2.6. For the detail, we omit it here.

The Calderén—Zygmund convolution operators on the product space R” x R
studied by Fefferman and Stein [8] generalizes the double Hilbert transform in R?,
H(f) =pv.f % % These operators are defined by T(f) = f * K acting on
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functions on R” x R™ with the kernel K = K(x, y), x € R"?, y € R™. The kernel
satisfies the following basic assumptions:

(1) Size properties:
0°FP K (x, y)| < Caplx| ™1y 7P
for all multiindices « and B;

(2) Cancellation properties:

/ K(x,y)dx=0
a<|x|<b

forall0 <a <b <ooand y € R™, and

/ K(x,y)dy =0
a<|x|<b

forall0 <a <b <ooand x € R”.
To see that such convolution operators are bounded on H?(R"” x R™) for

max(; 4. ;285) < p < 1foreach f € HP(R" x R™) N L*(R" x R™), us-

ing Theorem (4.7) and the discrete Calderdn identity we have

ITf e = lgn(THlp

- H{ZZ Vg * K (Tlvlf)(xlvyJ)|2XI(X1)XJ(X2)}é”p

Jk 1,0
4.6)
- H{ZZ Wik * K% Y > Wjraxr —xr, ys = yir)
Jk 1,J J kI

’

1
LI 1y (T D ey Par e )|

where in the above we have used the dyadic cubes I, I’ in R” and J, J' in R™
with (1) =27/"N ¢J) =2"FN ¢’y =277""N and £(J") = 27+,
By an orthogonal estimate, that is

2—(AjIM

[ * D2 Wy o1 xa)| = Q2717 Mol

~ (2—(jAj’) + |xl|)n+M+1
]/’ 4

2—(knk'\M

QKA L [yt M

for any fixed large integer M .
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Applying the similar estimate as in [9, page 125], we have
[ K 5 Y W, x2)
j/,k/
2—(AjIM

—1i=J'|M y—lk—k'|M
<
= Cm2 2 (2—(j/\j’) + |x1|)"+M+1

2~ (kA" )M

X (2—(kAk’) + |xZ|)m+M+1'

Substituting this estimate back into (4.6) and applying Fefferman—Stein’s vector
valued maximal function inequality, we can obtain the H? boundedness of T'. By
our main theorem, such an operator can be extended to be a bounded operator from
HP(R" x R™) to L?(R" x R™).

Similarly, we can consider a class of the product Calder6n—Zygmund operators
T studied by Journé, which is defined by

Tf(x1,x2) = /R N K(x1,x2,y1,y2) f(y1, y2) dy1dya, (2.4)
)’lX m

where the kernel K(x1, x2, y1, y2) is defined on R” x R™ x R” x R™ and there

exist constants C > 0 and ¢ > 0 such that

C
(i) |K(x1,x2,y1,y2)] < ;
lx1 = y1["|x2 — y2|™

|x1 —x1 1

(i) |K(x1,x2,y1,y2) — K(x],x2,y1,72)| < C ,
Ix1 = y1/"elxz — yo|™

ly1 — y11°
Ix1 = y1|"elxz — o™

|K(x1,x2, y1,y2) — K(x1,x2, 51, 72)| < C

|x2 — x5/°
|K(x1,x2, y1,y2) — K(x1,x5, y1,2)| < C :
X1 — y1]"|x2 — yo ™ FE
/&
) —
|K(x1,X2, y1,y2) — K(x1,x2, y1, y5)| < C 12 = 75|

X1 — y1]"|x2 — yo|™FE

for 2|xy —x{| < [x1 = y1l. 2ly1 = 11 < |x1 = y1l, 2[x2 = xX5] < |x2 — 2,
2[y2 — yél < |x2 — y2|, respectively;

(iii) |[K(x1.x2.y1,y2) — K(x], %2, y1. 2)]
- [K(xl,xé, V1,¥2) — K(xll,xé, y1, yz)]|

i —xql® e =)

le _ y1|n+8 |X2 _ y2|m+s’
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[[K(x1.,x2, y1, y2) — K(x1., %2, 1, y2)]
— [K(x1.x2, y1, 5) — K(x1, x2. ¥1., ¥5)]|
~cn —yil_sF Iyz—yéli ’
lxp — y1l" 78 [x2 — y2 "8
for 2|x1—x}| < [x1—y1], 2|x2—x5| < [x2—y2| and 2[y1 —y;| < |x1—y1],
2|y2 — y5| < |x2 — y2|, respectively.

For the Calderén—Zygmund operator T as above, the following result has been
proved in the recent paper of Han, Lee, Lin and Lin (see [16]).

Theorem 4.9 ([16]). Let T be a Calderén—Zygmund operator associated to the
kernel K that satisfies (i)—(iii) with T,*(1) = T, (1) = 0. Then T is bounded on
HPR" x R™) formax{; 5, 7iz <p < 1.

Here, T*(1) = 0 and T (1) = 0 mean that, for all ¢ € Cg(R" x R™),

/ / K(x1,x2,y1,2)9(y1, y2) dy1dy2dx; =0
n Ranﬂ’l

and
/ / K(x1,x2,y1, y2)¢(¥1, y2) dy1dy2dx, = 0,
m JRnxRmM

where C&% is the class of all functions in C° with support on the unit ball and
[o=0.

Therefore, by Theorem 1.2, such operators can be extended to be bounded op-
erators from H?(R"” x R™) to L?(R" x R™). This implies Corollary 1.4.

This type of theorem in the more difficult and complicated setting of three or
more parameters has been established by Y. Han, G. Lu and Z. Ruan [22].
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