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Abstract

Let X be a metric space with doubling measure, and L be a non-negative,
self-adjoint operator satisfying Davies-Gaffney bounds on L?(X). In this article we
present a theory of Hardy and BMO spaces associated to L, including an atomic (or
molecular) decomposition, square function characterization, and duality of Hardy
and BMO spaces. Further specializing to the case that L is a Schrédinger operator
on R™ with a non-negative, locally integrable potential, we establish additional
characterizations of such Hardy spaces in terms of maximal functions. Finally, we
define Hardy spaces HY (X) for p > 1, which may or may not coincide with the
space LP(X), and show that they interpolate with H} (X) spaces by the complex
method.
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CHAPTER 1

Introduction

The development of the theory of Hardy spaces in R™ was initiated by Stein and
Weiss [SW], and was originally tied closely to the theory of harmonic functions.
On the other hand, real variable methods were introduced into this subject in the
seminal paper of Fefferman and Stein [FS], the evolution of whose ideas led eventu-
ally to a characterization of Hardy spaces via the so called “atomic decomposition”,
obtained by Coifman [C] when n = 1, and in higher dimensions by Latter [L]. In
this context, atoms are compactly supported building blocks, enjoying a vanishing
moment condition, whose (countable and suitably convergent) linear combinations
generate the entire space. The connection between the results of [FS| and those of
[C] and [L] may be seen most directly via the duality pairing with the space BMO,
and via the “tent space” theory of Coifman, Meyer and Stein [CMS] (in which con-
nection see also the work of Calderén and Torchinsky [CT] and Wilson [Wil). The
advent of the atomic method enabled the extension of the real variable theory of
Hardy spaces to a far more general setting, that of a “space of homogeneous type”,
in the work of Coifman and Weiss [CW1],[CW2] (cf. Macias and Segovia [MS]).
Nonetheless, it is now understood that there are important situations in which the
classical Coifman-Weiss theory is not applicable, and these situations, being tied to
the theory of partial differential operators generalizing the Laplacian, return us in
some sense to the original point of view of [SW]. That is, we shall consider Hardy
spaces that are adapted to a linear operator L, in much the same way that the
classical Stein-Weiss spaces are adapted to the Laplacian. On the other hand, the
real variable techniques of [ES],[C],[L], [CW1], [CW2] and [CMS] will still be of
fundamental importance to us here.

First Auscher, Duong and McIntosh [ADM], and then Duong and Yan, [DY1],
[DY?2], introduced Hardy and BMO spaces explicitly adapted to an operator L
whose heat kernel enjoys a pointwise Gaussian upper bound (but see also the earlier,
more specific work of Auscher and Russ [AR]). In their approach, modeled on
Duong’s earlier work on weak-type (1,1) bounds for generalized singular integrals
(e.g., [IDR], [DM]), the heat semigroup or resolvent replaces the usual averaging
operator over cubes or balls (in this connection, see also the work of Martell [M] on
adapted sharp functions), and, in lieu of a standard vanishing moment condition,
“cancellation” becomes a matter of membership in the range of L. Subsequent work
on this subject has been based on these two cornerstones.

Recently, in [AMR] and in [HM], the authors treated Hardy spaces (and in
the latter paper, BM O spaces) adapted, respectively, to the Hodge Laplacian on a
Riemannian manifold with doubling measure, or to a second order divergence form
elliptic operator on R™ with complex coefficients, in which settings pointwise heat
kernel bounds may fail. Thus, although the two cornerstones mentioned above still
underlie the foundation of the subject, the results and (to some extent) methods
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of [ADM, DY1l, DY2] are not directly applicable. Nonetheless, much of the
theory, with some variations, was carried out in [AMR] and [HM] using only
Davies-Gaffney type estimates in place of pointwise kernel bounds. In particular,
the adapted H' spaces were shown to possess a molecular decomposition, as in the
work of Taibleson and Weiss [TW]. Molecules are building blocks similar to atoms,
but lacking the compact support property of the latter.

In the present work, we extend the results of [AMR)] in several ways. After
treating several preliminary matters in Sections 2 and 3, we develop in Sections
4-6 the theory of H' and BMO spaces adapted to an arbitrary non-negative, self-
adjoint operator L satisfying Davies-Gaffney bounds, in the general setting of a
metric space with a doubling measure, and for our H} space we obtain an atomic
decomposition (that is, in which the building blocks are compactly supported).
In particular, specializing to the case of the Hodge Laplacian on a Riemannian
manifold with doubling measure, this sharpens the result of [AMR], who obtain
a decomposition in terms of non-compactly supported molecules. To be more pre-
cise, we show that the adapted H} spaces defined in terms of atoms, in terms of
molecules, or in terms of square functions built with either heat or Poisson semi-
groups, are all equivalent, assuming sufficient “L-cancellation” of our atoms or
molecules. We also establish boundedness of certain maximal operators from our
adapted H} space into L', although in the absence of any structural assumptions
on L, we do not obtain, in this general setting, a maximal function characterization
of our space. We then define an adapted BM Oy, space, and establish its duality
with H}.

We do not address the issue of non-selfadjoint operators as considered in [HM].
In the present monograph, self-adjointness is used in two ways: first, to establish
an L? theory (cf. (BI4) below), and second, to obtain an atomic, as opposed to
molecular, decomposition. The first of these is in some sense non-essential: the
L? theory is available for many non-selfadjoint operators, and were this the only
consideration, one could just as well take the L? square function bound ([B3.14)) as the
fundamental hypothesis, rather than self-adjointness. On the other hand, as regards
the second issue, self-adjointness would appear to be essential: we do not necessarily
expect that atomic (as opposed to molecular) decompositions will be available in
the non-selfadjoint setting. Certainly the method of proof here, based on the wave
equation, does not yield such a decomposition without self-adjointness. The atomic
decomposition has one particular consequence that we exploit: we also show that an
operator T which maps H} molecules uniformly into L' is automatically bounded
from H} into L', without further hypotheses on T’ this fact is analogous to results
obtained in the classical setting in [MISV], [HZ], [HLZ], [RV], [CYZ] and [YZ],
and is non-trivial, in light of the Meyer-Bownik example [B]. The proof of this
fact uses the atomic decomposition in the following way: we show (cf. Theorem
B4 below) that a function f given as a finite linear combination of atoms has
an alternative decomposition as a finite linear combination of molecules, with the
further property that the ¢! norm of the coefficients in the latter case is actually
comparable to the H' norm of f. Our other main general result, namely, the
equivalence of the molecular H} space and its square function analogues, does not
require self-adjointness.

We then proceed to consider certain special cases of the general theory described
above. In Section 7, we suppose that the heat kernel enjoys a pointwise Gaussian
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bound, and prove some sharper results in the spirit of [DY2]. Further specializing in
Section 8 to the case that L is a Schrodinger operator on R™, with a non-negative,
locally integrable potential, we exploit the explicit structure of the operator to
establish additional characterizations of H} in terms of non-tangential maximal
functions built either with heat or Poisson semigroups, by following the methods of
[FS]. We note that much of the adapted H'/BMO theory for Schrodinger operators
was previously developed in the work of Dziubanski and Zienkiewicz [DZ1], DZ2)]
and of Dziubaiiski et al [DGMTZ], in the presence of stronger assumptions on the
potential. Finally, following [AMRY], in Section 9 we define the spaces H?, p > 1
(which do not necessarily coincide with L?), and we show that these spaces belong
to a complex interpolation scale.

We conclude this introduction by remarking that this work, as well as the earlier
cited papers [DY1], [DY2], [AMR)], and [HM], can in some sense be viewed
as a companion to the LP theory developed for general classes of operators in
[BK1],|BK2], [HMa] and [Aul].

Acknowledgments. The authors thank the referee for a careful reading of the
manuscript, and for offering numerous valuable suggestions to improve its mathe-
matical and historical accuracy.

S. Hofmann thanks D. C. Yang for pointing out an error in the original version
of Lemma 3.3 of the cited paper [HM], which we had quoted without proof (as
Lemma [£3]) in an earlier version of this paper. We have addressed this issue here
by revising Definitions and 4] leading now to a correct version of our Lemma
(Lemma 3.3 of [HM]).

L.X. Yan would like to thank X.T. Duong, A. McIntosh and Z. Shen for helpful
discussions, and thanks the Department of Mathematics of University of Missouri-
Columbia for its hospitality.






CHAPTER 2

Notation and preliminaries

2.1. Spaces of homogeneous type. Throughout the paper we shall make
the following standing assumptions:

X is a metric space, with distance function d, and
2.1
21) w1 is a nonnegative, Borel, doubling measure on X.

Recall that a metric is doubling provided that there exists a constant C' > 0 such
that for all z € X and for all » > 0,

(2.2) V(z,2r) <CV(z,r) < o0,
where B(x,r) :={y € X :d(x,y) <r} and
(2.3) V(z,r) := p(B(z,r)).

In particular, X is a space of homogeneous type. A more general definitior] and
further studies of these spaces can be found in [CW1, Chapter 3]. Note that the
doubling property implies the following strong homogeneity property,

(2.4) Vix,A\r) < OX"V (z,T)

for some C,n > 0 uniformly for all A > 1 and z € X. In Euclidean space with
Lebesgue measure, the parameter n corresponds to the dimension of the space, but
in our more abstract setting, the optimal n need not even be an integer. There also
exist C'and D, 0 < D < n so that

(2.5) V(y,r) < C(l + M)DV(L T)

uniformly for all z,y € X and r > 0. Indeed, property (28] with D = n is a direct
consequence of the triangle inequality for the metric d and the strong homogeneity
property (Z4]). In the cases of the Euclidean space R™ and Lie groups of polynomial
growth, D can be chosen to be 0.

To simplify notation, we will often just use B for B(zp,rg5). Also given A > 0,
we will write AB for the A\—dilated ball, which is the ball with the same center as
B and with radius rap = Arg. We set

(2.6) Uo(B) =B, and U;(B):=2'B\2?"'B for j=1,2,....

For 1 < p < oo, the space of p-integrable functions on X is denoted by L?(X),
the norm of a function f € LP(X) by | f||rr(x), and the scalar product in L?(X)

by (.,.).

1We do not treat the more general version of a space of homogeneous type, in which one
assumes the existence of a pseudo-metric, rather than a true metric.

5
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2.2. Assumptions. Let (X, d, ) be as in (2.]). The following will be assumed
throughout the paper unless otherwise specified:
(H1) L is a non-negative self-adjoint operator on L?(X);
(H2) The operator L generates an analytic semigroup {e~*L};~¢ which satisfies the
Davies-Gaffney condition. That is, there exist constants C', ¢ > 0 such that for any
open subsets Uy, Uy C X,

~ dist (U, Un)?

(2.7) e ™ f1, fa)] < CexP( ct

NAillzzcolfallizeo, ¥t 0,
for every f; € L*(X) with supp f; C U;, i = 1,2, where

dist(Uy, Us) = ;CEUilI.1£€U2 d(z,y).

2.3. The classical Hardy space H'(R"). It is well-known that the classical
Hardy space H'(R™) can be characterized by means of the square or maximal
function associated with the Poisson semigroup e~tVT or the heat semigroup e,
where L = —A is the Laplace operator, see [FS]. A slightly more general point of
view is as follows. Let 1) € S(R"), [, ¥ # 0, where S(R™) denotes the Schwartz
class of smooth functions, rapidly decreasing at infinity. Set ¢ (x) := t~ "¢ (%) for
x € R™ and ¢t > 0. The radial maximal function acting on a tempered distribution
f € S8'(R™) is defined as

(My f)(z) = sup |(f * ) ()], x€R™

Then f belongs to the Hardy space H*(R™) if and only if M, f € L*(R™) (see, e.g.,
[St2]).

An important characterization of the Hardy space H!(R™) is in terms of atoms.
Recall that a function a € L?(R") is called a H!(R")-atom if there exists a ball B
in R™ satisfying

1) supp a C B;

2) [lal|p2@ny < |BI7Y;

3) [pa(x)ds =0.

Here and elsewhere, | B| denotes the Lebesgue measure of the set B C R™. Replacing
balls by cubes in (1)-(3) above leads to an equivalent definition.

It is obvious that any H'(R")-atom a is in H'(R"). The basic result about
atoms is the following atomic decomposition theorem (see [C], [CW2| and [L]):
a real-valued function f defined on R™ belongs to H'(R") if and only if it has a
decomposition

f=Y Aja; in L'(R"),
=0

where the a;’s are H'(R™)-atoms and »~7° [);| < co. Furthermore,

1l oy ~ inf (D 101),
§=0

where the infimum is taken over all such decompositions, and the constants of
proportionality are absolute.
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2.4. Hardy spaces via atoms. We now introduce the notion of a (1,2, M)-
atomn associated to operators on spaces (X, d, p) as in (2.

DEFINITION 2.1. Let M be a positive integer. A function a € L*(X) is called
a (1,2, M)-atom associated to the operator L if there exist a function b € D(LM)
and a ball B such that

(i) a = LMb;

(ii) supp L*b C B, k=0,1,...,M;

(iii) ||(rEL)0] |2 (x) < THMV(B)7Y2, k=0,1,..., M.

In what follows, let us now assume that

(2.8)
MeN d M>— h :=inf {n: oy .
S al > 4 where ng mn {n glé];)( [)\nV(B)] < OO}

A>1

Le., ng is the optimal n satisfying ([2:4). We denote by D(T) the domain of an
unbounded operator T, and by T* the k-fold composition of T' with itself, in the
sense of unbounded operators. Also, let L be as in (H1)-(H2).

DEFINITION 2.2. The atomic Hardy space H}, ,, 1, (X) is defined as follows. We
shall say that [ =37 Aja; is an atomic (1,2, M)-representation (of f) if {\;}52, €
0, each aj is a (1,2, M)-atom, and the sum converges in L*(X). Set

H o0 (X) = {f . f has an atomic (1,2, M)-representation},
with the norm given by

[flle | (x) =

L,at,M

inf{ Z A : f = Z)\jaj is an atomic (1,2,M)—rep7‘esentation}.
3=0 3=0

The space H ,, 2 (X) is then defined as the completion of H ,, v (X) with respect
to this norm.

Remark. The assumption of L? convergence as a starting point is natural given
that we consider here operators for which we assume only an L? theory. Indeed,
it is not clear that arbitrary ¢! atomic or molecular representations (i.e., for which
one does not assume L? convergence) make sense in this context. An essentially
equivalent, but more complicated method to address this difficulty, in which L?
convergence of the molecular sums is achieved via truncations of scale, appears in
[HM, [HMZ2]. An alternative approach, based on convergence of molecular sums
in the dual to a BMO-like space, has recently appeared in [JY].

2.5. Hardy spaces via molecules. Given (X,d, ) asin 2], M as in (2.8,
and € > 0, we next describe the notion of a (1,2, M, €)-molecule associated to an
operator L as in (H1)-(H2).

DEFINITION 2.3. A function m € L*(X) is called a (1,2, M, €)-molecule asso-
ciated to L if there exist a function b € D(L™) and a ball B such that

(i) m = LMb;

(i) For every k=0,1,2,...,M and j =0,1,2,..., there holds
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I(rB L) 0|l L2 (v, )y < THT27V (27 B) /2,
where the annuli Uj(B) have been defined in (I20)).
DEFINITION 2.4. We fiz € > 0. The Hardy space HimoLM(X) is defined as
follows. We say that f =Y A\;m; is a molecular (1,2, M, €)-representation (of f) if

{Aj}520 € €4, each my is a (1,2, M, €)-molecule, and the sum converges in L*(X).
Set

HY, ot ar(X) = {f : f has a molecular (1,2, M, e)-representation},

with the norm given by

|1 1|z

L,mol, 1\4 ) -

o0
inf{ Z A f = Z Ajm; is a molecular (1,2, M, e)—representation}.

The space Hi .0 2(X) is then defined as the completion of Hy ., 2 (X) with
respect to this norm.

Eventually, we shall see that any fixed choice of M > ng/4 and € > 0, yields
the same space.

2.6. Hardy spaces via square and maximal functions. For any x € X
and a > 0, the cone of aperture a and vertex x is the set

(2.9) = {(y,t) € X x (0,00) : d(y,x) < at}.

For simplicity, we will often write I'(z) in place of I''(z). Given an operator L
satisfying (H1)-(H2) and a function f € L'(X), consider the following quadratic
and non-tangential maximal operators associated to the heat semigroup generated
by L

(2.10) Suf(a //F( L )Py W) IV wex,

Viz,t) t

and

1 2 1/2
2.11 Nnf(z) = — e UL () Pdu(z , x€X,
eI Nif@ = s (G [ e ERE) T e

where we use an extra averaging in the space variable for the non-tangential maxi-
mal function in order to compensate for the lack of pointwise estimates on the heat
semigroup (an idea originating in [KP]).

One can also consider the Poisson semigroup generated by the operator L and
the operators

(2.12) Spf(z //p( tvVLe VI f(y )IQ%%)I/z, T € X,

and

(2.13)  Npf(z):= sup !

1/2
— eV f(2)Pdu(z)) T, ze X,
(y,t)el(x) (V(yﬂf) /B(y,t) )

for f € L*(X).
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In order to define the Hardy spaces based upon these various operators, we
follow [AMR] and first define the L? adapted Hardy space

(2.14) H*(X) = H}(X) = R(L),

that is, the closure of the range of L in L?(X). Then L?(X) is the orthogonal sum
of H?(X) and the null space N(L). In the sequel, we shall often drop the subscript
L when referring to H?(X) = H?(X).

Before proceeding further, let us observe at this point that there are fairly
general circumstances under which N(L) = {0}, and thus H?(X) = L?(X). Indeed,
suppose that the space X satisfies the “Ahlfors-David” condition V(x,t) ~ t", for
all x € X and every t > 0 (compare to the weaker ([2.4])), and suppose that the
heat semigroup e~ " satisfies, for some p > 2, the hypercontractive estimate

_ nl_ 1
(2.15) e fllpo(x) < Ct2 G 2)||fHL2(X)7 vt > 0.

t a t
et 1 :/ —e*bds = —/ Le*tds,
0 Os 0

we see that f € N(L) implies that e **f = f. Consequently, for such f, letting
t — oo in (ZI5]), we obtain that f = 0, since f € L?(X).

We note that, in particular, this last observation shows that if the heat kernel
Wi(z,y) of L satisfies the classical pointwise Gaussian bound

Then, writing

Wiz, y)| < Ct‘"/Qe—lx—y\"‘/cg

then H?(X) = L?(X).

Having introduced the space H?(X) = H%(X), we may now define the spaces
Hp g, (X), Hp 5, (X), H} 5, (X), and H} -, (X) as the respective completions of
{fe H*X): |Tf|r1(x) < oo}, where T' denotes, respectively, Sy, N, Sp or Np,
with respect to the norm || T'f||11(x); e.g.,

(2.16) 1y, ) = IS fllrxy, f € HY(X),

and Hi,Sn (X) is the completion of {f € H?(X) : ||Shfl|lr1(x) < oo}, with respect
to the norm defined in (216).
Then the following result holds.

THEOREM 2.5. Suppose M > =P and € > 0. For an operator L satisfying (H1)-
(H2), the Hardy spaces Hi 5 (X), H}, g, (X), H 4 2(X), and HJ ., 3 (X) co-
incide. Furthermore,

”fHHi‘Sh(X) ~ HfHHi’SP(X) ~ ||fHHiyatrM(X) ~ ||fHHiymolyM(X)7

with implicit constants depending only on ng, M, €, and L.
2.7. BMO spaces associated to operators. The classical space of func-
tions with bounded mean oscillations on R™, denoted by BMO(R"™), was originally

introduced by John-Nirenberg in [JN]. Recall that a locally integrable function f
is said to be in BMO(R") if

1
Immmm:ww—/ﬁw—hW<m
B |Bl /g
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where the supremum is taken over all balls B C R", and fp stands for the mean of

f over B, i.e.
B = f(y)dy.
1/,

C. Fefferman and E.M. Stein have proved in [FS] that BMO(R™) is the dual of
H'(R"). For a definition of the BMO space on spaces of homogeneous type we
refer the reader to [CW2].

Another goal of this paper is to generalize the classical notion of BMO. This
generalization is suitably adapted to the operator L and preserves the characteristic
properties of the classical BM O spaces, including the duality relationship with the
corresponding atomic H' space.

In defining our adapted BMO spaces, we follow the approach in [HM]. Let
¢ = LMy be a function in L?(X), where v € D(LM). For ¢ > 0 and M € N, we

introduce the norm

91y 1 = 5up 2V (20, 27) 1/2Z|\Lku||Lz ))},
k=0
where By is the ball centered at some g € X with radius 1, and we set

Mo® M (L) = (¢ = LMv € L*(X) ¢ [|§]| pga.2m0e (1) < 00}

We note that if ¢ € My>* (L) with norm 1, then ¢ is a (1,2, M, €)-molecule
adapted to By. Conversely, if m is a (1,2, M, €)-molecule adapted to any ball, then
m e My>Me(r).

Let (My>™(L))* be the dual of My** (L), and let A, denote either (I +
t2L)~Y or e="L. We claim that if f € (My* 2, *“(L))*, then we can define (I—A;)M f
in the sense of distributions and prove it belongs to LIOC(X ). Indeed, if ¢ € L?(B)
for some ball B, it follows from the Davies-Gaffney estimate (Z.7) that (I—A;)Mp €
MEPME(L) for every € > 0. Thus,

(217) (I =A™ f o) = [{f. (T = A)™M )|

< Ct,rB dist(Bwo)HfH(MLQ,M,g(L))* 1/2.

ollr23)V(B)

Since B was arbitrary, the claim follows. Similarly, (£2L)M A, f € L% (X).
In order to define our adapted BMO spaces we need to introduce one more
space. For any M € N, we set

(2.18) Enr = [ Mg>*e(L)).
e>0

DEFINITION 2.6. Suppose M > 1 and let L be an operator satisfying (H1)-
(H2). An element f € Epr is said to belong to BMOy (X)) if

1/2
219) oo = s (g7 [ 10 =789 f@)Pdu(a)) < .
cX
where the sup is taken over all balls B in X.

Throughout the paper we make the convention that the space BMOy a(X) is
understood as classes of functions modulo elements in the null space of the operator
LMo where M is the least integer strictly bigger than ng/4.
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Eventually, we will see that this definition is independent of the choice of M >
no/4 (up to “modding out” elements in the null space of the operator L*° as these
are annihilated by (I —e~"5L)M0). Compared to the classical definition, in (ZI9)
the heat semigroup e~TBl plays the role of averaging over the ball, and the power
M > ng/4 provides the necessary cancellation.

The natural analogue of the Fefferman-Stein duality result [FS] is the following:

THEOREM 2.7. Suppose M € N and M > 7. For an operator L satisfying the
conditions (H1)-(H2), there holds (recall the convention made after Definition 2.0])

(HEat.00(X))" = BMO ar(X).
The proof of Theorem 2.7] is done in Section 6.

2.8. Historical notes. Hardy and BMO spaces explicitly adapted to an op-
erator L were introduced by Auscher, Duong and McIntosh [ADM], and by Duong
and Yan, [DY1], [DY2], in the case that heat kernel of L enjoys a pointwise Gauss-
ian upper bound. The definitions of their adapted Hardy and BMO spaces were
similar to those given above, except that the parameter M may always be taken
to be 1 in the presence of pointwise kernel bounds. In turn, their approach was
modeled on Duong’s earlier work on weak-type (1,1) bounds for singular integrals
satisfying a generalized Hérmander condition (e.g., [CD1], [DR], [DM]), in which
the heat semigroup or resolvent replaces the usual averaging operator over cubes
or balls (in this connection, see also the work of Martell [M] on adapted sharp
functions).

Extensions of the results of [ADM)], [DY1,[DY?2], to settings in which pointwise
kernel bounds may fail, and are replaced by Davies-Gaffney estimates, appear first
n [AMR] and in [HM]. We remark that the present results include those of
[AMR], in which the Hardy spaces were adapted to a first order Dirac operator
D, and were defined in terms of square functions of the form

Sy f(x // - (D) f(y)|? dﬁ( )) it)w,

where v has sufficient decay at infinity and sufficient cancellation at the origin. In
2

particular, the choice of ¥(¢) = (%e~¢ is acceptable, and since D? = A (the Hodge

Laplacian), one obtains in that case precisely the “heat” square function S}, defined

in (2I0), with L = A.







CHAPTER 3

Davies-Gaffney estimates

Let (X,d,u) be as in @1I). Let L£(LP(X),L9(X)) stand for the space of
bounded linear operators from LP(X) into LI(X), for 1 < p,q < 400, and write
1T\ Le (x)—La(x) for the operator norm of T' € L(LP(X), LY(X)). When p = ¢ we
will simply use £(LP(X)) instead of L(LP(X), LP(X)).

3.1. Self-improving properties of Davies-Gaffney estimates. Suppose
that, for every z € C; = {# € C: Rez > 0}, S, is a bounded linear operator
acting on L?(X) and that the mapping C, > z — S, € £(L?(X)) is a holomorphic
function of z. Assume in addition that

(3.1) 1S:lz2(x)—r2(x) <1, VzeCy.

We say that the family of operators {S, : z € C,} satisfies the Davies-Gaffney
estimate if there exist constants C, ¢ > 0 such that

i 2
(3.2) |<Stf1,f2>\§0exp(_w

for every f; € L*(X) with supp f; C U;, U; C X, i = 1,2. Of course, the case if
Uy =U; =X is just BT).

Note that semigroups of operators generated by non-negative self-adjoint op-
erators always satisfy ([B]), and among them many examples of interest satisfy
(B2). Recall that, if L is a non-negative, self-adjoint operator on L?(X), and
Er()\) denotes its spectral decomposition, then for every bounded Borel function
F :[0,00) — C, one defines the operator F(L) : L?(X) — L*(X) by the formula

)Hf1||L2(X)Hf2||L2(X)a Vit >0,

(3.3) F(L) = /0 " POVEL (V).

In the case in which F,(\) := e™** for z € C,, one sets e * := F,(L) as given by
B3). By the spectral theory, the family S, = {e"*}.cc, (also called semigroup
of operators generated by L) satisfies condition (BI).

Examples of families of operators for which condition ([8:2) holds includes semi-
groups generated by second order elliptic self-adjoint operators in divergence form,
Schrodinger operators with real potential and magnetic field (see, for example
[Si2]). Condition (B2) is well-known to hold for Laplace-Beltrami operators on
all complete Riemannian manifolds (see [Da2],[Gal). In the more general setting
of Laplace type operators acting on vector bundles, condition [B2]) is proved in
[Si1].

Condition ([B.2)) also holds in the setting of local Dirichlet forms (see, [Stul, for
instance). In this case the metric measure spaces under consideration are possibly
not equipped with any differential structure. However, the semigroups associated

13
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with these Dirichlet forms satisfy usually Davies-Gaffney estimates with respect to
an intrinsic distance.

PROPOSITION 3.1. Assume that the operator L satisfies (H1)-(H2). Then for
every K € N, the family of operators

{tL) e }iso

satisfies the Davies-Gaffney condition (B2]), with ¢, C > 0 depending on K,ng and
D only.

We note that, in particular, specializing to the case that Uy = Uy = X, we have
the uniform bound

(3.4) sup 1LY e || L2 (x) = L2(x) < C < o0.
>
In order to prove Proposition 3.1l we recall a result which appears as Lemma
6.18 in [Oul.

LEMMA 3.2. Suppose that F' is an analytic function defined on C,. Assume
that, for two numbers A, b > 0,

(3.5) |F(z)| <A, VzeCi
and
(3.6) IF(t)] < Ae™%, Vit>0.

Then for every z = re’, r>0 and 6 € (—%, %),
b
(3.7) |F(2)] < A exp ( ~ 5 cos@).

ProoF orF PRoPOSITION B.Il By assumption, L is a non-negative self-adjoint
operator on L?(X). Thus, it follows from spectral theory that the family S, =
{e=*L}.cc, , the semigroup of operators generated by L, satisfies condition (3.)).

Fix Uy, Uy C X open (not necessarily proper) subsets of X and let f, g € L?(X)
with supp f C Uy and supp g C Us,. Define,

F(z) = (e f.g) = /X L f(2)g(@) dpu(z).

It follows from the holomorphy of the semigroup on L?(X) that the function F is
holomorphic on C,. By the Davies-Gaffney condition (3.2I),

_ dist(U,Up)?
F@)<e = fllezwnlglze@s), Vt>0.

In addition, it follows from condition (B]) that
IF) < flzwpllgllzzn), Vz € Ch.
We then apply Lemma 3.2 to obtain that for every z = re*?, » > 0 and 6 € (=%, %),
diSt(Ul, (]2)2
2cr

The proof of Proposition B] then follows from ([B.8) and the Cauchy formula, to
the effect that, for every ¢ > 0,

_ K _ d¢
L K tL = (-1 KK't_ ¢L
(D)<t = (~)F K1 /M—me Lt

(38) P <exp( - c0s0) |2 o2y, V= €Ty
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where 1 > 0 is small enough, and the integral does not depend on 7 (the choice
n = Lsin% insures that {¢ : |¢ —¢| < nt} is contained in () = {z € C: 2z #
0, largz| < 6}). O

3.2. Finite speed propagation for the wave equation and Davies-
Gaffney estimates. Let L be a non-negative self-adjoint operator. By B3) it

follows that for every ¢ > 0, the operator cos(tv/L) is well-defined on L?(X). Thus
it makes sense to make the following definition.

DEFINITION 3.3. A non-negative self-adjoint operator L is said to satisfy the
finite speed propagation property for solutions of the corresponding wave equation
if there exists a constant c¢o > 0 such that

(3.9) (cos(tVL) fr, f2) =0
fOT all 0 < ¢cpt < d(Ul,Ug) and U; C X, fl € L2(Ul), 1 =1,2.

In particular, if Kcos(t VI) (z,y) denotes the integral kernel of the operator
cos(tv/L), then ([B) entails that for every ¢ > 0,

(3.10)  supp Ko, y7) C Dii= {(:v,y) eX x X :dz,y) < cot}.
As a consequence of (B.10), it follows that K. /7 (z,y) = 0 for all (z,y) & D.

PROPOSITION 3.4. Let L be a mon-negative self-adjoint operator acting on
L?(X). Then the finite speed propagation property (B9) and Davies-Gaffney esti-
mate (B2)) are equivalent.

PRrROOF. For the proof, we refer the reader to Theorem 2 in [Si2] and Theorem
3.4 in [CS]. See also [CCT] and [T]. O

Next let L be an operator satisfying (H1)-(H2). It follows from Proposition [3.4]
and (H2) that the kernel K, 7 (x,y) of the operator cos(tv/L) has the property
(3I0). By the Fourier inversion formula, whenever F' is an even bounded Borel
function with F' € L'(R), we can write F(v/L) in terms of cos(tv/L). Concretely,
by recalling (B3] we have

F(VL) = (2r)™! / h F(t) cos(tV'L) dt,

— 00

which, when combined with BI0]), gives

B1)  Kpyp o) =0 [

F(t)Kcos(t\/f) (x,y)dt.
It >cq td(zy)

LEMMA 3.5. Let ¢ € C5°(R) be even, suppp C (—cyt,cot), where cq is the
constant in (BI0). Let ® denote the Fourier transform of ¢. Then for every
k=0,1,2,..., and for every t > 0, the kernel K ;2 ).q17)(%,y) of (L) ®(tV/'L)
satisfies

(3.12)  supp K(t%)%(t\/f)(x,y) - {(m,y) €X x X :d(z,y) < t}.

PROOF. For every k = 0,1,2,..., we set U, () := (t¢)**®(¢¢). Using the
definition of the Fourier transform, it can be verified that

—

Toals) = (C1)"30a5),
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where we have set 1),(s) = %w(s). Observe that for every k = 0,1,2,..., the
function ¥, ; € S(R) is an even function. It follows from formula (BIT)) that
1 d2n

K

(313) K(t’zL)»eq)(t\/f) (:I;7 y) = (_1) @(S)Kcos(st\/f) (:E> y) ds.

o0 T
27 J\st|> eyt d(a,y) 45°°

Since € C§°(R) and supp ¢ C (—cy*,cy'), the claim in Lemma 3.5 follows readily
from this. O

Finally, for s > 0, we define
F(s) := {1/) : C — C measurable : |¢(2)] < CL)}

Then for any non-zero function ¢ € F(s), we have that {fooo \w(t)F%}l/Q < o0.
Denote by 1,(z) = ¥(tz). It follows from the spectral theory in [Yo| that for any
f e L*(X),

{[ VD) s

{ [ evDeevDirn)

(] weevnon}”
ol fllzco.

with equality if f € H?(X)) where k = > e (t) |2dt /t /2 an estimate which
( quality 0 ;
will be used often in the sequel.

(3.14)

IN



CHAPTER 4

The decomposition into atoms

The aim of this chapter is to show that the “square function” and “atomic”
H' spaces are equivalent, if the parameter M > ng/4. In fact, we shall prove

THEOREM 4.1. Suppose that M > ng /4. Then Hf ,, 1, (X) = Hi,Sn (X). More-
over,

(nalrs!

~ | fl
L,at,M f HL,Sh7

where the implicit constants depend only on M, ng and on the constants in the
Gaffney and doubling conditions.

Consequently, one may write Hy ., in place of H} ,, 5,, when M > ng/4, as
these spaces are all equivalent. In fact, more generally, given Theorem 1] we have
the following:

DEFINITION 4.2. The Hardy space Hi (X) is the space
Hp(X):=Hp g, (X) = H} (X) = H] 5y 1(X), M >mno/d.
4.1. Strategy of the proof of Theorem [4.11

OUTLINE OF THE PROOF. Recall that H} ,, 5,(X) and Hj g, (X) are, respec-
tively, the completions of H} ,, 5,(X) and of H} g (X)N H*(X).
We proceed in two stages: first, to show that H} ,, 5,(X)C (H*(X)NH] g, (X)),
with
Hf”Hi,Sh’(X) <Clflm ,, )

(this is the content of Proposition L4l below); and second, to show the opposite con-
tainment with the reverse inequality (this is the content of Proposition T3] below).
Thus, the two completions H} ,, ,(X) and H] g (X) have the same dense subset
H} a0 (X) = Hi,Sn (X) N H?(X), with equivalence of norms, and are therefore
the same space. The details of this two stage argument follow (respectively) in the
next two subsections. ]

Before proceeding to the proof of Theorem (4.1l we record now for future refer-
ence two observations.
First, we note that the operator S;, is bounded on L?(X). Indeed, for every

feL*X),
2 > 27 —t3L 2dﬂ(y)ﬂ T

/X 1Sh /() Pdu(z) /X / /d<x,y><t't L~ ) G (o)
)dt

> _e du(y
| et Pt < e,
17

(4.1)

Q
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where the last step in (4] is a particular case of ([B.I4]), and the next-to-last step
is obtained by using condition ([Z5) to deduce that, for d(z,y) < t,

@) [ Ve @~ [ Vs ) -1
d(z,y)<t d(z,y)<t

Next, we note the following technical lemma.

LEMMA 4.3. Fiz M € N. Assume that T is a linear operator, or a non-negative
sublinear operator, satisfying the weak-type (2,2) bound

(4.3) p{r € X 2 |Tf(@)] >n} < Crn 2| fl2x), Y0 >0,
and that for every (1,2, M)-atom a, we have
(4.4) ITallrx) < C

with constant C independent of a. Then T is bounded from Hhat,M(X) to LY(X),
and

ITfllzrx) < Cllifllm , 000

Consequently, by density, T extends to a bounded operator from Hi,at,M(X) to
LY(X).

PROOF. Let f € Hj . 2 (X), where f = 37 \ja; is an atomic (1,2, M)-
representation such that

o0
”fHHlL)at’M(X) ~ Z Az
§j=0

Since the sum converges in L? (by Definition 2.2)), and since T is of weak type (2,2),
we have that at almost every point,

(4.5) <> NI T (ay)]
=0

with equality without absolute value if T is linear. Indeed, for every n > 0, we have
that, if fV := Zj>N Ajaj, then,

w{IT() =5 1T (ay)] >} <limsupp {|T(FV)| > n)
7=0

< Crn? lim sup 1F¥13 = o,
—00

from which (3] follows. In turn, (E5) and (@4) imply the desired L' bound
for Tf. The last claim in the statement is a routine consequence of the non-
negative sublinearity of T and the triangle inequality, much as in the case when T
is linear. ([l

We now are ready to present the two stage proof of Theorem [£.]]
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4.2. Hj ., (X) C Hi,Sh (X)N H?(X) for all M > ng/4. This stage of the
proof is contained in the following Proposition.

PROPOSITION 4.4. Suppose that M > = and that L satisfies (H1)-(H2). Then
HE ar,(X) € Hp g, (X) N H*(X), and

I llay o x) < Clllley, ,, 0
for some C = C(M,ng) > 0.

PRrOOF. We begin by noting that H} ,, ,,(X) C H*(X). Indeed, by definition,
a (1,2, M)-atom belongs to R(L) (in fact, to R(LM)), and therefore so does any
finite linear combination of atoms. Moreover, by definition, every f € Hj, ,, 5, (X)
is an L? limit of such a finite linear combination, whereby f € R(L) = H*(X).

It remains to show that the square function maps H} ,, 5, (X) into L'. To
this end, we observe that by Lemma 3] it will be enough to show that for every
(1,2, M)-atom a associated to a ball B of X, we have ||Sxal[1(x) < C. By Holder’s
inequality, we may write

(4.6) IShallLrxy < C Y V(2 B)Y?||Snall 2w, (5))-
j=0

Since S}, is bounded on L?(X), we can write
(4.7) HShaHL2(Uj(B)) < CHaHLz(B) < CV(B)_l/Q, for j=0,1,2.

Fix some j > 3. We note that since a is a (1,2, M)-atom associated to the ball
B, by definition, there exists a function b € D(LM), such that a = LMb, which
satisfies (#4) and (444) in Definition 20l We then estimate the L? norm of Sja on
U;(B) by decomposing the domain of integration as follows.

HShaHQLz’(Uj(B))

:/ / / |t2Le_t2La(y |2 dily) @d,u(ac)
U;(B) 2y)< Vi(x,t) t
2 od ( dt
t2 M+1 —t Lb d/ff T
/U(B)/ /d(x y)<t w )‘ V(x,t) t4M+1 (=)

(z,zB) oo
:/ / +/ -|-/ )/ . du(y) dt du(x)
U;(B) 0 B d(z,xp)/4 d(z,y)<t

=:I;+1II; + 1II;, respectively.

Let us first estimate the term I;. Set
(4.8) E;(B):={ye X : d(z,y) <rp for some x € U;(B)}.
If z € B and y € E;(B), then for z € U;(B) with d(x,y) < rg we have

d(y, z) 2 d(z,xp) — d(x,y) — d(z,2B)
> d(x,zp) — 2rp > d(z,xp)/2 > 2" %rp
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and, thus, dist(E;(B), B) > 2/"?rp. Using estimate (£2)) and Proposition B with
K =M+1, ||b]lz2(p) < rHMV(B)~1/? and [ZX), we see that

2 2 dt
I; < / / L)MH e lp(y)| d#(y)twf—ﬂ

_ 2 dt
= C/O H(t2L)M+1€ tszHLz(Ej(B))téUW—H

B dist(E;(B), B)?\ dt
2 i\2)
< Ol [ e (- TP ) i
"B t AM+1 ¢t
M -1
< Crg'V(B) /0 (erB) M1
. _ L i V(2jB)
< ) Jj(AM+1—ng) 27 B 1 9—Jimno
S VB V(B)]

< OQ*J’(‘!M*HO)/?{/(QJ'B)*l

which is of the right order. In order to estimate the second term II;, observe that
if z € B and

y € Fj(B) :={ye X d(x,y) < M

for some z € U;(B)},
then for « € U;(B) with d(z,y) < % we have

d(yaz) > d(x’l'B) - d(l'vy) - d(z’l'B)

and hence dist(F;(B), B) > 277 3rp. Estimate ([@2)), together with Proposition 311
and the condition M > ng/4 shows that

R R e
dist(F;(B), B)*\ dt
< ClplEam) [B exp( i )tWH

ot \2MAF dt
aM —1
s Org V(B) /r (QJrB) t4M+1

B

< CQ*j(4M*no)/2v(2jB)*1

which suits our purpose. Finally, for the term III; we obtain

m; < / / |(2L)M e Ly (y) | 2du(y )t4M+1
27— ITB
dt
< C i1 t4M+1 ||b||L2(B)
< 02 4ij( ) 1 <02 g4M7n0)/2v(2jB)71

by the condition M > ng/4. Combining the estimates for I;, II; and III ; obtained
above, we may conclude that for every j > 3,

|ShallLzw;m)) < C2 1AM =no)/4y/ (91 BY~1/2



4. THE DECOMPOSITION INTO ATOMS 21

The latter, together with ([@6]), ([@LT), and the condition M > ngy/4, gives that

[|ShallL1(x) < C. We have therefore proved that a € H} ¢ (X) with lalla: . (x) <
’ 2 h

C. Hence, the proof of Proposition [4.4]is completed. a

REMARK 4.5. It turns out that, assuming Gaussian upper estimates for the
heat kernel of the operator L, we can take M = 1 in Proposition L4 and in other
similar results (this observation was made previously in [AMRI). We will come
back to this point in Section 7.

We now turn to the reverse estimate.

4.3. The inclusion (H} ¢ (X)NH?*(X)) C H} ,, 5,(X) for all M > 1. The
aim of this section is to establish an atomic (1,2, M )-representation for functions
in the space H} g (X)NH?(X). This atomic decomposition will be obtained using
Lemma[B3.5 and adapting the arguments in [CMS] and [Ru] to the present situation.

4.3.1. Tent spaces on spaces of homogeneous type. We begin by reviewing tent
spaces on X following [CMS] and [Rul. For any z € X and « > 0, recall (2.9) and
for any closed subset F' C X define a saw-tooth region R*(F) := |J I'“(x). For

TeF
simplicity we will write R(F) instead of R!(F). If O is an open subset of X, and
we denote by E° the complement of a set E, then the “tent” over O, denoted by

6, is defined as
(4.9) 0 = [R(0%)] = {(x,1) € X x (0,00) : d(z,0°) > t}.

LEMMA 4.6. For a measurable function F defined on X x (0,00), consider

1/2
(4.10)  A°F(z // D s dpy) dt) . a>0,
()

Viz,at) t
and set AF(x) = A'F(z). Then there exists a constant C > 0 depending only on
ng in (IZ8) and the constant D in (IZ3l) of X such that
[A“F|| 11 (x) < CllAF |11 (x)

PRrROOF. The argument is similar to that of Proposition 4 in [CMS] correspond-
ing to the case X = R™. See also Theorem 7.1 in [FOS]. O

Following [CMS] and [Rul, given 0 < p < oo, the “tent space” T4 (X) is defined
as the space of measurable functions F on X x (0, 00), for which AF € L?(X). This
is equipped with [|F[|lzr(x) := [[AF || zr(x). Observe that T3 (X) is a Banach space
when p € [1, 00).

For future reference, we note that for any compact set K in X x (0,00), and
for 1 < p < oo, we have

(4.11) /K IF (2, 8)Pdu(z) dt < COK, p)|AF) 200,

as one may verify, in the more delicate case p < 2, by observing that the doubling
property implies that

P e, )] ~ / F (e, )|V (y, ) duly),
d(z,y)<t

and then using Minkowski’s integral inequality and compactness of K.
The duality for tent spaces is as follows:
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PROPOSITION 4.7. The pairing (F,G) — [y ooy Fla, t)G(z, t)dp(z)dt/t re-
alizes szl (X) as equivalent with the dual of T (X) if 1 < p < 0o and 1/p+1/p’ = 1.

In the sequel, [, ] , and (, ) 0.4 denote the complex and real method of inter-

polation described in [BL], respectively. Then we have the following results of
interpolation of tent spaces.

PROPOSITION 4.8. Suppose 1 < py < p < p1 < 00, with 1/p=(1—6)/po+6/p1
and 0 < 0 < 1. Then
[13°(X), T3 (X)), = T5(X)
and (T (X), T8 (X)), , = TV(X), if p= 0.

Next we review the atomic theory for tent spaces as originally developed in
[CMS], and extended to the setting of spaces of homogeneous type in [Rul.

DEFINITION 4.9. A measurable function A on X x (0,00) is said to be a T -

atom if there exists a ball B C X such that A is supported in B (defined in (E3))
and

(4.12) /I o 1A D)

Note that if A is a T}-atom supported in g, then we have

w19 Moo= [ (f[ 1awor du(( D
/c B //a(w) V((:E’)t)t)l/zdu(x)
< .V ()3 ///d(x,y)<at P CXl/M((x)t;lt dﬂ(x))l/z

dt 1/2
X x (0, oo) d(z,y)<oat

where for the last inequality in ([@I3]) we have used (£2) and (Z12).
It has been proved in [Ru] that every F' € Ty (X) has an atomic decomposition.
For future reference, we record this result below.

IN

PROPOSITION 4.10. For every element F € T)(X) there exist a numerical
sequence {\;}52 C €' and a sequence of T} -atoms {A;}520 such that

(4.14) F = Z)\ A; in Ty(X) and a.e. in X x (0, 00).

Moreover,

S IR Nl ),

j=0
where the implicit constants depend only on the homogeneous space properties of
X.
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Finally, if F € T3(X)NTZ(X), then the decomposition (EI4) also converges
in T3(X).

PROOF. Except for the final part of the proposition, concerning T3 conver-
gence, this is Theorem 1.1 in [Rul, and we refer the reader to that paper for the
proof. The T} convergence is only implicit there, so we shall sketch the proof here.
To this end, we first note that by (£2) (cf. @), we have

pp dut) dt
415) IPlgen = [ arfan= [ [T [ P gt i)

%A LW@ﬁW&?@

Suppose now that F' € T} NT§. We recall that, in the constructive proof of the
decomposition ([£I4) in [Ru], one has that

NA; = Flg,,

where {S;} is a collection of sets which are pairwise disjoint (up to sets of measure
zero), and whose union covers X x (0,00). Thus, by (I3,

du(y)dt
IE N~ [ ] 15 1 PP P00
>N J>N

j>N

as N — oo, where we have used disjointness of the sets S; and dominated conver-
gence. It therefore follows that F' = " \;A; in T7%. O

Next, we discuss some preliminary matters en route to the atomic decomposi-
tion of H} g (X)NH?(X) (PropositionEI3 below). Let M > 1, and for the remain-
der of this section let ¢, ¢g, and ® be as in Lemma[3.5] but with the added assump-
tions that o > 0, with ¢ > ¢ > 0on (=1/(2cp),1/(2¢0)). Set ¥(x) := 22M+D(z),
x € R. Consider the operator my 1, : T3(X) — L*(X), given by

° dt
(4.16) wwﬂw@:/ VD) (F( 1))
0
where the improper integral converges weakly in L?. The bound
(4.17) 7o, LFllz2x) < Cml|Fllz(xy. M >0,
follows readily by duality and the L? quadratic estimate (3.14)).

Moreover, we have the following analogue of the well-known argument of The-
orem 6 of [CMS].

LEMMA 4.11. Suppose that A is a Ty (X )-atom associated to a ball B C X (or
more precisely, to its tent B). Then for every M > 1, there is a uniform constant

Cyr such that Cyff my 1 (A) is a (1,2, M)-atom associated to the concentric double
2B.

PROOF. Fix a ball B and let A be a T} (X)-atom A associated to B. Thus,

/ (Al ) Pdu(z)dt/t < V(B)~!
X x(0,00)
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We write
a:=my (A) =LMb,
where
% on 2 dt
b= [ *MPLO(—tVL)(A(, ))t.
0

We observe that the functions LFb, k = O, 1,..., M, are supported on the ball 2B,
by Lemma .5 since A is supported in B. Con51der some g € L?(2B) such that
ll9llL2(2B) = 1. Then for every k£ =0,1,..., M we have

(4.18) ‘/ (FL)*b(x) g(x)d)|
= %i—%/x (/(51/ tQMr%kthqu)(—t\/Z)(A(-, t))(x)%) g(x) d,u(:zc)’

B

<TB ”A”T2 (/g|(t2L)k+1q)(—t\/Z)g(I)‘2dﬂ(f)dt)1/2

<Ccri'v(B)~ 1/2H9HL2(2B)

Here, the third line is obtained by using the compactness of the ¢ interval to inter-
change the order of integration, and the fourth line by using that A is a Tj-atom
supported in B (hence, 0 < t < rg), and that k¥ < M. The last inequality follows
from (BI4). We then have the (1,2, M)-atomic bounds

IrEL) b 2emy < CrEMV(B)™Y2 k=0,1,.., M,
finishing the proof. O
We will also use the following elementary fact.

LEMMA 4.12. Let By, By be Banach spaces, and let T be a bounded linear
operator from By into Ba. Suppose that Y F; converges in By. Then > f; =
S T(F;) converges in Bs.

PROOF. We have that

N oo
e[S - T(2F),

o0
:hmsupHT( 3 Fz)
i=N+1

< C’hmsupH Z

N—o0

N—o00

so that the desired conclusion follows. O

We are now ready to establish the atomic decomposition of H} ¢ (X)NH?(X).
Our argument here follows the (now standard) tent space approach of [CMS], as
modified in [AMR)] to treat the situation in which pointwise kernel bounds may be
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lackingﬂ A similar approach, again following [CMS]| and [AMR], appears in [JY].
A more complicated adaptation of the methods of [CMS] was used in [HM), [HMZ2)].

PROPOSITION 4.13. Suppose M > 1 and L satisfies (H1)-(H2). If f €
H} s, (X) N H?(X), then there exist a family of (1,2, M)-atoms {a;}52, and a
sequence of numbers {\;}32, C ' such that f can be represented in the form
f= Z;‘;o Aja;, with the sum converging in L*(X), and

Nz, o0 S C DN ClSllag ,, 00
j=0

where C is independent of f. In particular,
(4.19) Hp 5, (X) N H?(X) C HE o 00 (X).
PROOF. Let f € Hy 4 (X)NH?(X), and set
F(-,t) = t*Le VL.

We note that F € T3(X) N T;(X), by BI4) and the definition of Hj g (X).
Therefore, by Proposition .10 we have that

F=> XA,

where each A; is a T} -atom, the sum converges in both T3 (X) and T5(X), and

(4.20) Z I\l < ClIF|lrpx) = CHf”H}hsh(X)'

Also, by L2-functional calculus ([Mc]), and using that f € H?(X), we have the
“Calderén reproducing formula”

(4.21) f(z)=co /000 \I/(t\/f)(tzLe*ﬁLf)(x)%

= Cy 7T\1/7L(F) = Cy Z)\j ’iT\p’L(Aj),

where by ([@I7) and Lemma the last sum converges in L?(X). Moreover, by
Lemma [.1T], for every M > 1, we have that up to multiplication by some harmless
constant Cps, each a; = co mo.1,(4;) is a (1,2, M)-atom. Consequently, the last
sum in @21)) is an atomic (1,2, M)-representation, so that f € H} ,, ,(X), and
by [@20) we have

Il , oo S CIAE . x0)-

L,Sy,

The proof is completed. O

4.4. Equivalence of H} ¢ (X) and H} , ,/(X) when M > ng/4. We
recall that H} ¢ (X) is defined to be the completion of the set {f € H*(X) :
ISP fllLr(x) < oo}, with respect to the norm

1y o, x) = ISP FllLrx)s
where the operator Sp is defined in (2.12). We have the following:

THEOREM 4.14. Suppose that M > ng/4. Then Hisp (X) = H%MSh (X) =
H} o0 (X)), with equivalence of norms.

n particular, it is the idea of [AMR] to exploit the fact that a Tgl—atomic decomposition,
of an element in T21 n T227 converges also in T22.
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We start with the following auxiliary result.
LEMMA 4.15. Fiz a number K € N. For all closed sets E,F in X with
dist(E, F) > 0, and with f € L*(X) supported in E, we have

B t 2K +1
||(t\/f)2K6 tﬁHm(F) < O(W) I fllz2(z), Vt>0,
and also

t 2K +1
||(t\/_)2K+1 _t\/_Hp ) I fllz2(y, VYt >0.

#) S C(dist(E, )

PRrROOF. The proof in [HM] of a similar result deals with the case of diver-
gence form elliptic operators in R™, but carries out to the present context mutatis
mutandis. We therefore give only a brief sketch of the argument.

The subordination formula

1 X U t2
4.22 VL _ _/ ¢ o hL
(4.22) e f N ﬁe fdu

allows us to estimate
o0
e
C /
0o Vu
w dist (B, F)2

2K _—tVL
[VI) e ™| Ly
o0
C||f\|L2(E)/ P : e ST
0

Lf‘

2"

(4.23)

IN

dist(E,F)?

o to bound the last term

Then we make the change of variables u — s := u

in (@23) by
. oo 73#2 +2 K-1/2 +2
dist(E,F)2 p7 S g— T ———
HfllL?(E)/0 € € (Sdist(E,F)2) dist(E, F)?

t 2K+1 oo _ _
C”fHL?(E)(m) /0 e *sk 1/2d8

o t 2K +1
< _— 2
= (dist(E,F)) 1122z

which proves the first estimate in the conclusion of the lemma. To prove the second

estimate, we note that tv/Le VL f = —t9(e=*VE f)/0t, so that the subordination
formula now yields

W 1 [*e ™ L
=2 — —— 4u
tvVLe Lf= \/_ \/_ 1u e~ mlfdu.

The rest of the argument follows as before. ]

ds

IN

We now turn to the Hardy spaces H}J s, (X) defined in terms of the square

function associated to the Poisson semigroup {e*tﬁ}bo. As was the case for the
space H i s, (X), it is enough to establish the following analogue of Propositions [.4]
and

PROPOSITION 4.16. Let L be an operator satisfying (H1)-(H2), and suppose
that M > no/4. Then H o (X) N H*(X) = Hy 2 (X), with equivalence of
norms. More precisely, we have
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(i) Suppose M > 22 Then H} ,, (X) C H} 5. (X) N H?*(X), and
£l o, 0 < Ol
for some C' independent of f.
(ii) Conversely, if f € Hi,sp (X) N H?(X), then for every M > 1, there exist
a family of (1,2, M)-atoms {a;}3, and a sequence of numbers {\;}32, C ' such
that f can be represented in the form f = Z;io Aja;, with the sum converging in
L*(X), and

Loat, v (X))

[l ,, 0 < CZO A< Cllf Nl 5, )
=
where C' is independent of f. In particular,
(4.24) Hp s, (X)NH*(X) CHE g 2(X).

PROOF. The proof of part (i) is almost identical to that of Proposition [£4]
except that we use Lemmal[LT5l with K = M, in lieu of the Davies-Gaffney estimate
@20). A careful examination of the proof of Proposition d4] reveals that in fact, we
did not use the full strength of the Davies-Gaffney estimates, but rather only the
polynomial decay bounds provided by the case K = M of Lemma

To prove part (ii), we repeat essentially verbatim the proof of Proposition T3]

replacing t2Le "L by tv/Le~*VL. We omit the details. O

4.5. Inclusion among the spaces Hj ., 1,(X), H} , (X) and H} . (X).
Recall the spaces H} ,, 2,(X), H v, (X) and H] 4, (X) from Definition and
from §2.6 In this section, we will prove the following result.

PROPOSITION 4.17. Suppose M > ng/4. For an operator L satisfying (H1)-
(H2) the following inclusions hold:

Hy oy (X) C Hy v, (X) and - Hp gy 3 (X) C Hp (X)),
PROOF. We first prove the inclusion H} ,, ,,(X) € HJ 4, (X). Denote by M

the Hardy-Littlewood maximal operator in X. For f € L?(X), and = € X, we use
the Davies-Gafiney estimate (21) to obtain (recall (ZI1]) and (Z6]))

(4.25) Npf(z) <C sup Z(

(y.0)Er () =5

—t2L 2 1/2
5 | ) @R au(:)
B(y;t)

i _ 42
<C sup Y V() Plle  (fxu, ) L2
(y,t)el(x) =0
<C  sup V(y,t)~/?
<y,t>er(x)jgo

X  exp ( - diSt2(Uj(B(y’t))’B(yvt))

)IIfHLQ(UAB(y,t)))

ct?
> . _ 1 1/2
<C sup Yoo i [ pe)Pdue)
mEB(y,t)jz::() (V(QJB(y,t)) 23 B(y.t) )

< omusm@] "
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Thus, we have the weak-type (2,2) bound
N f >y < i { IMAFP] > 0/CY < O~ fllezx),s

since the Hardy-Littlewood maximal theorem holds in spaces of homogeneous type.

Consequently, by Lemma [£3] we need only to establish a uniform L' bound on
atoms, i.e., that there exists a constant C' > 0 such that for every (1,2, M)-atom a
associated to a ball B of X,

1/2

(4.26) HNhaHLl(X) < C.

We write
10

(4.27) HNha”Ll(X) < Z ||Nha\|L1(U (B)) + Z HNha”Ll(U (B)) = I+ 10.
7=0 j=11

In concert, Kolmogorov’s inequality, the Hardy-Littlewood Maximal Theorem, and
the doubling property ([Z2) show that for every j =0,1,..., 10,

| Ma@die) < c / Mlaf?)(@)]dyz)
U;(B)

< CV(UJ(B))l/Q

< CV(B)?|allp2(x) < C,

which gives I < C.

To handle the second sum in ([@27), fix some number 0 < n < 1 such that
nM — ng/4 > 0 and split the region over which the sup is taken in the definition
of Nya according to whether ¢t < ¢2Wrg, or t > ¢2Wrg. Consider first the case
t < ¢2%rg. In this scenario, set

W;(B) :=2/"B\273B, R;(B):=2/""B\2?°°B, and E;(B):= (R;(B))*

for every j > 11. For z € U;(B), d(z,y) < t and t < ¢2%rp thus we have
y € W;(B). Moreover, dist(W;(B), B) ~ C2/rg and V(2/B) ~ V(y,2'rg). Then
Proposition Bl guarantees that for « € U;(B),

1 2 1/2
NWa(z) = sup —/ le™" Fa(z)2du(2)
g (y.)€T () (V(y,t) B(y.t) )

e J 1/2 1/2
(‘1//((2;/,?))) (V(21J'B) /M'“(Z)'zd“(z))

<C sup (L>
< C272Mi [ M(la)?) ()] *.

2r11\l+n0
2

v€B(yt) \2'TB

Now we treat the case t > ¢2%rg. Consider the following modifications of the
non-tangential maximal function: for every f € L?(X) set

1 2 1/2
4.28 NMf(x) = —/ M LMe=t"L £(2)2d :
@) M@= s (Ge [ NG Pdu)

The same argument as in (£2H) shows that NM f(z) < C[M(|f\2)(x)}1/2, uni-
formly for z € X. For every x € U;(B), we use the fact that a = LMb in order to
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obtain
1 2 1/2
J\/(2)a(x) = sup (—/ le™? La(z)|2du(z))
h wher@) \V(W:t) Jew.
t>c2Mrp
= s (o2 / \t2MLMe_t2Lb(z)|2du(z))1/2
(y,t)el(x) V(y,t) Jey.p
t>c2Mrp

IN

C27 My PM(NMb) ()
< C272MIp 2MIM(|b]?) ()]

Once again, Kolmogorov’s inequality, the Hardy-Littlewood Maximal Theorem and
the definition of ng in (2.3)), give that

m < ZCTQWMJ/

j=11 U;(B)

1/2

(M) @] 4 (A2 )] ) o)

< Y 2 MV B2 (Jlal e + 152 bllacx) )
j=11

< Z Co—2mM—"1)j <C.
j=11
Altogether this shows that ||Nyal|L1(x) < C and proves claim ([28]). As a byprod-
uct, the inclusion Hj . /(X) C Hy y, (X) is also obtained.

To prove that H} ,, 5, (X) C HIluNP (X), one may use the technique of Stein
[St3] to bound Np by N}, plus a controllable square function, an idea suggested
to the first author in this context by P. Auscher. The details may be found in
[HM], Section 7, and are omitted here. Hence, the proof of Proposition BT is
complete. O

In closing, we note that it remains an open problem to make a direct comparison
between the spaces H} x-,(X) and H} . (X).






CHAPTER 5

Relations between atoms and molecules

We begin with the following molecular analogue of Lemma 3]

LEMMA 5.1. Fiz M € N. Assume that T is a linear operator, or a non-negative
sublinear operator, bounded on L?(X), and that for every (1,2, M, €)-molecule m,
we have

(5.1) [Tmzrx) < C

with constant C independent of m. Then T is bounded from H, .., 1/ (X) to L' (X),
and

ITfllerxy < Ol fllm

L,mol,,M(X)'

Consequently, as in Lemma L3, by density, T extends to a bounded operator from
H}J,mol,M(X) to LI(X)

The proof is identical to the argument in the atomic case (Lemma 3] above),
and is omitted.
Next, we have the following result.

THEOREM 5.2. Suppose that L satisfies (H1)-(H2). Let € > 0 and M > ng/4.
Then H, .., 1 (X) € Hp g, (X) N H*(X) and

171y 0 < Clfly oo

Before proving the theorem, we state an immediate corollary.

COROLLARY 5.3. For all M > ng/4 and € > 0, we have that
Hi,mol,]V[(X) = H%/,at,M(X) = Hi,sh (X) =: Hi(X)

PrOOF OF COROLLARY .3l We have already shown that Hj ,, ,,(X) =
Hj s, (X), and that H} ,, 1, (X) = H] g (X) N H?(X), with equivalence of norms.
Moreover, every (1,2, M)-atom is, in particular, a (1,2, M, e)-molecule for every
€ >0, hence H} ,, /(X)) CHJ 0 2, (X), with
) Sl

Hf”HlL’MDL Lﬂt’M(X)v vf € HlL,at,M(X)'
Also, by Theorem 5.2, H} ., 1 (X) C H} g, (X) N H*(X) = H} ,; 5, (X), with
”fHHlL)at’M(X) ~ Hf||Hinh(X) < C||f|\H1LYmO,,)M(X)-

Consequently, H ., 1,(X) = Hf ¢ (X)NH*(X) = Hj ,; 2,(X), with equivalence
of norms, so that the completions H} ¢ (X), Hf 4 2/(X), H] 002/ (X) are all the
same, independently of M > ng/4, or € > 0. |

31
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Proor oF THEOREM (5.2l By Lemma[5.0]and Definition 241 it will be enough
to show that Sj, maps allowable (1,2, M, €)-molecules uniformly into L. To this
end, let m be a (1,2, M, e)-molecule, adapted to the ball B with radius rp. In
particular, we have that

(5.2) lml2(x) < CV(B)~H2,
Hence, by the doubling property and L? boundedness of Sj,, we have that
I1Skmllz6m) < CV(B)Y2|Spml|z2(x) < C.

Writing now [|Spm|ly = |Spml i aes) +22 =5 1Suml| L, (), where we recall that
U;(B) :=27B\ 277! B, we see that it is enough to prove that

(5.3) HShmHL2(Uj(B)) < CQ_jaV(2jB)_l/2,

for some a > 0 and for each j > 5. To this end, we write

HShmHL2(U

270t du(y) dt
/U(B)/ /d(ac y)<t t ! )(y)’ V? yt)Td/i(x)

20(i—5 7"B
S0 S AR S A AT s
U;(B) J0 d(z,y)<t U;(B) /200G =5 rg Jd(z,y)<t

where 6 € (0,1) will be chosen momentarily. Then by Fubini’s theorem, (@2,
the definition of a (1,2, M, €)-molecule (Definition 2.3)), and ([3.4), we have for an
appropriate b € D(LM),

IIQ < > t2(M+1)LM+1 —t2Lb 2d dt
S S e W) | duy) aarm
rB
< O (2rp) M b3 x) < C2IAM )y minoy gy~
S CQ*j(49]\/[7no)V(2jB)fl

where in the last step we have used ([2.8)). Taking square roots, and choosing 6
sufficiently close to 1, we obtain (53) for the contribution of the term II, with
o= (40M —ng)/2 > 0.

We now treat the term I. We set

U;j(B) :== 2B\ 2972B, U;(B):=2"2B\2/7%B,
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and observe that, by Fubini’s Theorem, ([£2]) and the triangle inequality

20(i—=5),

B » 2 dt
I2§/ /~ ‘(tQLe th) (y)‘ dpy) —
0 U;(B)

S /02%‘5)703/~ [(PLe " (1y-0m)) (y)rdu(y)%

U;(B)

2707 s 2 2 dt

+/ /~ (2L (g, ym)) )| i)
0 U;(B)

20 s 2 2 dt

v [ [ (et pesm) @] dut) §
0 U;(B)

= (1)* + (I2)* + (I)*.
By (BI4), Definition 23] and the doubling property,
L <Clmlg, g < C277V(@B) V2,

which is (B3] for the contribution of I. For the other two terms, we have by the
generalized Davies-Gaffney estimates in Proposition B.11

WU (20 g)?\ dt
()P + (B < Clmlegyy [ e (Z2225) T

< C || H2 /29(j S)TE t N dt < C (B) 12N(0 Di
N [2(){) 0 QJTB t = N )

where we have used (B.2)) in the last step, and N is at our disposal. Having fixed
f < 1 above, we may now choose N so large that N(1 — #) > 4M, and then use
[23) to obtain in turn the desired bound

(I)? + (I5)* < CV/(B)~t2 i/ M=n0) < ¢y (27 B)~1o=7 (M =no),
whence (B3] follows. O

Before we state the next theorem, let us make some observations. By (53] and
its proof, we claim that an L? bounded linear operator mapping (1,2, M) atoms
into (1,2, M, €) molecules for some € > 0, has a bounded extension from H} (X)
into itself. Indeed, if f =" Aja; € H£7at7M(X), then by the L? boundedness of T
we have that the sum (cf. ({Z3)

> Amy = 3 oONT(ay) =T (3 Ajay)

converges in L?, and is therefore a molecular (1,2, M, ¢)-representation of T'(f), i.e.,
T(f) € HE o101 (X) (cf. Definition 2.4). Thus, for an appropriate choice of atomic
(1,2, M)-representation of f, we obtain

”T(f)”H}hmol,M(X) < Z RVIES HfHHlLYM’M(X)'

But we have observed in the proof of Corollary B3lthat H , . 1, (X) = HE ,, 5,(X),
whose completion is H}, and the claim follows.
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Secondly, if we set Diat’ (X)) to be the space of all finite linear combinations
of (1,2, M)-atoms, i.e.

N
D} e (X) = {f f= Z)\iai, Ai € Cand a; are atoms },
i=0
then the space Dy ,, 5,(X) is a dense subspace of H} ,, 5,(X). In general, for every
f= Zﬁio Aia;, with a; (1,2, M)-atoms, there exists a constant Cy such that

Z il < Crllfllag ,, 00

=1

However, C can not be chosen universally for all f € Hp ,, ,(X) (this can be seen
from Definition [ZT]).
We can now state our next result.

THEOREM 5.4. Suppose that L satisfies (H1)-(H2). Let ¢ = M — no/4 >
0. Suppose f = Ef\io Nia;, where {a;}N o is a family of (1,2,2M)-atoms and
Zi\;o |Ai] < 0o. Then there is a representation of f = Zfio wim;, where the m;’s
are (1,2, M, €)-molecules and

~

(5.4) Cullflly ., oo < Sl < Call flln o0

i=0
with C; = C;(X, L, M, €,ng) for j =1,2.

PROOF. Since {a;}Y, is a family of (1,2,2M)-atoms, by definition there exist
a family of functions {b;}¥, and a family of balls {B; } Yo such that for every
0 <i <N, a; = L*b; satisfies conditions (i7) and (iii) in Definition ZIl Fix a
point 29 € X. By L2-functional calculus, for f = ZzN:O N\ia; € H?(X), we can write

e _ dt
f _ C]\/[/ (t2L€ 752[/)]\4+2f7
0
> dt /K, dt
- Cy (tQLe—tzL)M+2f_+CM/ (tQLe—t2L)1\/[+2f_
K t 0 t
Ky

o 3 dt
Oy (2Le L)M+1( [tQLe t Lf} XB(ao.Ka)e )
1/K»

dt
+CM/ (tLe™ "Ly M“( [tzLe f] XB(a:o,Ks))
1/Ks

(5.5) = fitfotfa+ fa,

where the parameters K7, Ko and K3 will be chosen later.
Let us start with the term fi. Set u = N7 f|m

L,at,M
f= ZﬁV:O A;a; into fi, we have

N e 2 it &
56 @ =Cud o [ R = 3 i, )

(x)- Substituting
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where p; = Cpyrpt, m; i, 1= LMfi,Kl? and

_ > _ dt
fi7K1 (x) = u 1/\i ; t2(M+2)L2€ (M+2)t2Lai(x)?_

Then Y"1 o |wil = Carl fll e

L,at,M
of Ky, for every i =0,1,..., N, the function m; g, is a (1,2, M, €)-molecule associ-
ated to the ball B;. To see why this claim is true, observe that since a; = L*Mb;,
it follows from Proposition Bl with K = M + 2, and Definition 2.1] (iii) (with 2M
in place of M, since a; is a 2M atom), that for every k =0,1,..., M and for every
i=0,1,....N,

(x)- We now claim that, for an appropriate choice

H(T%iL)kfi,Kl

L2(U;(Bs))

dt

[ee]
< YN t—2MH (21)2M+2,—(M+2)#L (.2 | Fp,
<A (t°L) e (r. L) L2(U;(B)) t

K1

wt’2M< t )%l+€dt

< Cu ' \\ill|(r% L)k, / .
< Cp™ [Nl (rp, L) bil L2 ()) s,

K1

. ) N\ 2(M-TD—5)
<l v@B) 2 (B2) T T,
i Kl
where 5 =0,1,2,.... This gives
H(rQBiL)’%K1 o) < PZMoicy(2ip;)V/
by choosing
1
._ -1 Jl2mM-"0 -5
(5.7) Ky = C(Orgnl_zgvr&)[u Oglizzvp\,q EEREIS
The claim is proved.
For the term fo, we let u = N71||fHH£ ., (x), and write
- Y 2 2L\M+2 dt -
68 hlo)=Cu o [ (RLe T Ra@)F = Y ),
i=0 i=0

where p; :== Carpt, mi i, = LM f; k,, and

fike, () := -1y, 1/K2t2(M+2)L2 —(M42)t°L . ﬁ
ik, (%) = p i) e ai(w)

Then Eﬁio lwil = Cullfllg: ., (x)- Using the condition a; = L*Mp, . Proposi-

tion Bl with K = 2, and Definition 1] (iii) (with 2M in place of M), we have for
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every k=0,1,...,M,i=0,1,..., N, and for every j =0,1,...,

H(T%iL)kfi,Kz

L2(U;(B;))

1 Vo2 aM42 —(M+2)t2L (.2 7\k dt
S Y A (G (%, )"bi| o
0 L2(U;(By) t

/1/K2 o . 2M+no/2+eﬁ
£2(B,) Jo 2irp, ¢

—(n70+€)}

< |

(rB,L)"b;

< Cr3Moiv (2 B,) /2 [u—l I\ (rBi KQ)

Y

which gives

2 kg, 2M o—je i \—1/2
LY f; < 127V (27 B;
H(T‘Bl ) f,Kz LQ(Uj(Bi)) — T31 ( )
by choosing
T
o -1 [ -1 || moFEE
(5.9) Ky = C’Orgniegv B, [u Orgniegv |\

This shows that for each 0 < ¢ < N, the function m; g, is a (1,2, M, €)-molecule
associated to the ball B;.
Consider the term fs. Let y = N~} [ fllz2 (x)- One can write

a Ky ) 2 dt
fz3(xr) = Cu Z)\,/ (t*Le™" L)MH( {t2Left Lal} XB(ZO,KS)C)(J:)T
i=0 J1/K2
N
(5.10) = > Pk, g, (2),
i=0

— T M
where p; := Carph, M ey Ko 15 = L™ fi N K, K5, and

dt

Kl 2 2
Ji Ky Ky K5 = M_lAz‘/ {2 o= (ML L( [tzLe_t Laz} XB(HC(),Ks)C)?'

1/K

Then ZlN:O luil = Cull flla: ., |, (x)- We now claim that, for Ki, K> as above, and
for an appropriate choice of Kg, the m; i, Kk, K, are (1,2, M, e)-molecules associated
to the ball B;. To establish the claim, for every ¢ = 0,1,...,N and every j =
0,1,2,..., we set

Q. k. o= Blao, K3)° N (2772B\27 2 By)
and
Q. ik, = Blao, K3)° 0 (2712B\2)2B;)".
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Then B(xg, K3)¢ = Qi:?,i,j,Kg, U Qg)’i’j’l{g for any 7 =0,1,2,.... One has
fi 1 Ko K

1 fa 2(M+1 M4t L 2 t2L dit

=pu" N 2(M+1) o= (M+1) ( [t Le~ az} X )—

1/K2 x(g,i,J,K3 t

1 a 2(M+1 M+1)t2L 2 t2L dt
+ [Li )\7,/ t (M+ )Lei( +1) ( [t Le™ ai] XQ(2) ) )—
1/Ks z0,i,5,.K5/ T

=1 0i,Ky,K2,Ks T i iy K05 K-

If K3 > 3maxo<i<n d(zo,2p,), then for each j = 0,1,..., we have that
dist(Q(l) B;) > max(2/3rp,,1671K3). Fix K; and K, as above. It follows

Z0,1,J,K3"

from Proposition Bl that for any £ =0,1,..., M,

2 k
L)¥qg;
H(TBi )" 9i K1 Ko K oW, (B

Kl —
t 2M -2k
< u‘ll&-lr%ﬂ]/ (_) (t2L)k+le—(M+1)t2L
0 B;
dt
( {tzLe_ﬁLal} XM )—
g Kg/ T IIL2(Us(B;))
K, _
t \2M—k dt
< o () et L 0 T
0 B; L (Qmo‘i,j‘K3)
Bu g \2M—k, ¢ N"des ¢o\dt
< C _1)\-7"2]\,/[/ (=) Gm)" () Slaille,
= w B; 0 B, 2irp, K t” Z||L2(Bz)
<

i

j ] - =0 n
CT%1:/12_J€V(2]BZ-)_1/2 [;J,_1|)\i|K12M k+- +e+1TB__2M+k—§_6K§1]
The same estimate holds for the term h; k) r, r;, since

dist (U (B), 02 i,) = C2r,

» % w0,1,5, K3
and since
dist(Bi7Q(2) ) > oKy

Z0,1,J,K3

if K3 >> 2rp,. Hence, we obtain that

(TQBiL)kfi,KlaKzaKs < T]23]:/[27jﬁv(2jBi)71/2’

L2(U;(B:))
by choosing K3 > 3 maxo<i;<n d(zo,zp,) and also

(5.11) K3 > Cp~' max (KfM_k—ir%JreJr1 max \)\z|[ min rp,

—2M+k—0—€
0<k<M 1<i<N 1<i<N } )

This proves our claim.
Finally, let us consider the term f4. Since f € H i s, (X)NH 2(X), it follows that

F:=t2Le "L f € T}(X). By Proposition II0, F has a T}-atomic decomposition:

(5.12) F= Z/%’Aia
i=0



38 S. HOFMANN, G. Z. LU, D. MITREA, M. MITREA AND L. X. YAN

o0 —
where Y || < C|[F|pp < C| flla: (x), and A; are Ty-atoms supported in B;

i=0 L,at,M
satisfying fXX(O,oo) |A;(x,t)|2dxdt/t < V(B;)~1. Substituting the decomposition
EI2) of F into f4, we have

fa 2 2L\M+1 i dt
_ —t + A, at
fila) = Cu | (@1t (;_O: A DX BGan, ) ) (@)
Kl 27 —t2L\M+1 - dt
+Cy (t"Le " ) ( E /LiAi('vt)XB(wo,Kg))(I)?
1/K> i=Ka+1
(513) = GK1234 (LE) + HK1234 (1’),

where K4 € N will be chosen in the sequel.
For the term Hy,,,,, we let By = B(xg,1) be the ball centered at zo and radius
1. One can write

HK1234(37) = ||f”Hi,at’]u(X)LMhKl234(:E)

where
hK1234(x) = ||f||;11‘ at IW(X)
K 2(M+1) 7 ,—(M+1)2L 3 =
[ e S e )
1/K2 i:K4+1

Set F, = Zfi}gﬂ wiA;, and let ng, = HFK4HT21(X)' By Proposition [3.I] we have
for k=0,1,..., M that

k
HL hK1234

<C| £l
L2(U;(Bo)) — 170 a0

dt

K1
% t2M72kH 2V e (MDPL (g ’ at
/1/K2 o)y Frectoteo ) )| o,

1 au—ky [11 (8N F e dt
<Ol o0 B 1/K. (2_]> ||FK4XB(zo,K3)HL2(X)7
’ ’ 2

1 i ng 2(M—k)+204e 1
<Ol 2 IR

Ky ) 1/2
< ([ IRaPde)
1/K2 v B(zo,K3)

< Crieara 27V B) 2 VB 2IfI) ey

where the last inequality follows by using estimate (ZIT]).
Note that

— 0 as K4 — +oo.
T3 (X)

(oo}
NK, = H Z i Ay

1=K4+1
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By choosing K4 such that ng, is sufficiently small, we have
< 277V (20 By) 2.
L2(U;(Bo))
Therefore, Hg,,,, is a (1,2, M, €)-molecule associated to the ball By.
Finally, we consider the term Gr,,,,. For each i =0,1,2,..., K4 we let Z; =
AiXB(x0,K), and observe that gl is also a T4-atom, supported in f?i. One can write

HLth1234

K1

t

Ky N
GKizea (@) = Z,Ui (CM/l (t2Le_t2L)M+1 (AAJ))(@@)
i=0

/K2

Ky
= > pmi(x)
i=0

Then, by a variant of Lemma ETT] using also the Gaffney bounds for 2Let'L ,
we obtain that, up to normalization by a multiplicative constant, for each i =
0,1,2,..., Ky, the function m; is an (1,2, M, ¢)-molecule associated to the ball B;.
Moreover, we have

Ky %) o
Dol < lwil CIY - pidillgy ) < Cllfllug.,, L0
=0 =0 =0

as desired. To finish the proof of Theorem (.4l we combine the estimates we ob-
tained for f1, f2, f3 and fy. |

Theorem [5.4] yields the following immediate corollary.

COROLLARY 5.5. Let T be a linear or positive sub-linear operator. Suppose
that there is some M > ng/4, and ¢ < M — ng/4, for which T maps (1,2, M, ¢)-
molecules uniformly into L'. Then T extends by continuity to a bounded operator
from H}(X) into L'(X).

Analogous results in the classical setting may be found in [MSV], [HZ], [HLZ],
[RV], [CYZ] and [YZ].






CHAPTER 6
BMOy 3 (X): Duality with Hardy spaces

We start with an auxiliary lemma that gives an equivalent characterization of
BMOy, as(X) using the resolvent of L in place of the heat semigroup associated
with L. In the sequel we will frequently use the characterization below in place of
the definition of BMOy, (X).

LEMMA 6.1. Let L be an operator satisfying (H1)-(H2) and fix M > no/4. A
functional f € Enr belongs to BMOy a(X) if and only if
1/2

61 sw (ﬁ /B 0= (I 4+ 3L ™) f@)Pdp(a)) " < o,

where the supremum is taken over all balls B in X.

PROOF. The proof is similar to that of Lemma 8.1 in [HM] corresponding to
the case X = R"™ and we omit the details. ([l

THEOREM 6.2. Let L be an operator satisfying (H1)-(H2). Then, for any
f € BMOp p(X) and M > ng/4, the linear functional given by

tg) = (1.9),

witially defined on the dense subspace of Mé’Q’M"e(L) consisting of finite linear

combinations of (1,2, M, €)-molecules, € > 0, and where the pairing is that between
./\/l(l)’2’M’6(L) and its dual, has a unique bounded extension to Hi,at,M(X) with

HKH(Hi,m,M(X))* < Clfllemoy a(x)s  for some C independent of f.

To prove Theorem [6.2] we use the following result of M. Christ ([Ch|, Theorem
11)@, which shows that X possesses a dyadic grid analogous to that of the Euclidean
space. Specifically, we have the following.

LEMMA 6.3. There exist a collection of open subsets {QZ CX:keZacl},
where Iy, denotes some (possibly finite) index set depending on k, and constants
4 €(0,1),a0 € (0,1) and 0 < Cy < oo such that

(i) W(X\ Ua Q) =0 for all k € Z.

(it) If i >k then either Qf C QF or QLN QF =9.

(iii) For each (k,a) and each i < k, there is a unique 3 such that QX C Qg.

(iv) Diameter (QF) < Cy6*.

(v) Each QF contains some ball B(zX, aod¥).

1In fact, one could avoid invoking the full strength of Christ’s result, but we do not pursue
this point here.

41
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ProOOF OF THEOREM [6.21 Let us prove first that for every (1,2, M, €)-molecule
m,

(6.2) [(£,m)| < CllfllBmoy, i (x)-

By definition, f € (My>*(L))*, so in particular (I — (I +r%3L) )M f e L2 (X)
(see the discussion preceding (Z.I7)). Thus, with B denoting the ball associated
with m, we may write

(fom) = /X (I — (T +r3L)"5™ f(2)m(z) da

(1= (= T+ r50)™)M] fm)
=: Il + 12.
Recall [Z.6). For the term I, we have

(6.3) [L]

oo

= . (/UJ'(B) =T+ T%L)_l)Mﬂx)lmx) - ( /Uj<B> |m(9€)\2d$) -

= e —1/2 _ 22 [\ -1\M x2x1/2
S N PR OO

7=0

by Cauchy-Schwarz’s inequality and the L2-normalization of m. With notation as
in Lemma[6.3] we can select an integer kg such that C1 6% < rp < C16%~1 and, for
each j, an integer k; such that 6% < 29 < §~% =1 With x5 denoting the center
of B, define

M; ={B €Iy, : QZO N B(zp, C16% % 72) £ 0}
so that

(64)  U;(B) C Blxp,Cis* 72 ) QF C B(xp,2C18% % 2).
BeM;

By Lemma [63] the sets QZ‘), B8 € Mj, are pairwise disjoint and for each 8 € M;
there exists zlgo € X such that

(6.5) B(ZZO,Cl’FB) C QEO C B(ZEO,CQTB)

for some ¢y, ¢ independent of j. Hence, returning with (64 back to (€3] we obtain

(6.6) [L]

<Zz iV (27 B) 1/2 Z/

BEM; 02’“3)

L)Y )

oo

/
<3 2 VEB) 2 fllovioy w3 VBER )

j= BeM;
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where for the second inequality in (6.0) we used Lemma Moreover, because of

23), [&3), and ([@4) we can further write

ZV zﬁ,CQTB)) < CZV zﬁ,cer <CZVQ
BEM; BeEM; BeEM;
(6.7) < CV(B(zp,2C,6"*72)) < CV(2B).
Combining (G.3]), ([6.6]), and (G.7)), we can conclude that
(6.8) 1] < Cll fllemoy a(x)-

To analyze Iz, we follow (8.15) in [HM] to write
M- (1= 1+ T%L)_I)M}
_ ((r—2 +0)M - LM> (1 - (1+ T%L)_l)M
( LM (1~ (1+r,23L)’1)M.

This, together with the condition m = LMb and the fact that L is self adjoint, gives

HMi

(M — k 'k'TB

|12|<0r;2MZ\ A=+ )Y D)

Cr Y3 () lu =y fla)Par)

k=1 j=0
1/2
x (/ (L)) Pdr)
U;(B)

From this point on we proceed as in the case of I} using (i¢) of Definition 223l This
yields the same bound as for I;. Given all these, ([62) follows.

Our next goal is to show that for every number N € N and for every g =
Z;V:o Ajaj € Hp 4 2 (X), where {aj}é-vzo are (1,2,2M)-atoms, we have

69 |/ f@e@dua]| < Clal,

Since the space of finite linear combinations of (1,2,2M)-atoms is dense in
Hi,at, u (X)), the linear functional ¢ will then have a unique bounded extension
to Hf 4 p(X) defined in a standard fashion by continuity.

Let us prove claim ([G9). By Theorem [5.4] there is a representation of

N K
9=y Na; =Y pm,
j=0 i=0

where the {m;}X , are (1,2, M, €)-molecules and

1 a2 )”fHBMOL,M(X)'

L,at, m(X)

K
(6.10) > Il < Clgllm
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Therefore,
K
[ r@en)| < 3l [ smidutz)
p's = p's
K
< O il fllsvor, a0
i=0
N O 1
This proves claim (€3], which in turn finishes the proof of Theorem O

Our next result is essentially the converse of Theorem

THEOREM 6.4. Let M > no/4 and € > 0. Suppose that L satisfies (H1)-
(H2) and that { is a bounded linear functional on Hj ., \,(X). Then in fact,
¢ € BMOL p(X) and for all g € HY o 3,(X) which can be represented as finite
linear combinations of (1,2, M, €)-molecules, there holds

Ug) = (f9)

where the pairing is that between Mé’Q’M’e (L) and its dual. Moreover,

[ellBnmo i x) < Clllll s, 0+

PRrOOF. By Theorem [5.2] we have that for any (1,2, M, €)-molecule m,

Imllay ,, o0 <C.
Thus,
em)| < Cllely ., o0
for every (1,2, M, ¢)-molecule m. In particular, ¢ € £y for every M > ng/4. Thus,
(I — (I +r3L)~1)M7 is well defined and belongs to L2 (X) (see the discussion

loc

preceding (ZI7)). Fix a ball B, and let ¢ € L*(B), with [|¢|/125) < 1. As we
observed before,

m = V(B = (I +r5L) )M
is (up to a multiplicative constant) a (1,2, M, ¢)-molecule. Thus,

V(B)"2((I = (I +rBL) "M, )|
= V(B)"V26 (I~ (T +r5L) )Mo
= [{&m)| < Cllel g, 00+

Taking the supremum over all such ¢ supported in B, we obtain

1 B 2
V(B) /B |(I - (I-I-TQBL) 1)M€(J:)|2dx < C(HKH(H%“at,M(X))*) .

Finally, taking the supremum over all balls B in X, the conclusion of the theorem
follows. 0

In concert, Theorem [6.2] Theorem [6.4] and Corollary [5.3] justify Theorem [2.7]
stated in Section 2.



CHAPTER 7

Hardy spaces and Gaussian estimates

In this section, we give further results about Hardy spaces H}J at, v (X) assum-
ing some “Gaussian” upper bounds for the heat kernel of the operator L. More
precisely, we assume that:

(H1) L is a non-negative self-adjoint operator on L?(X);
(H3) The kernel of e~*L| denoted by p:(x, %), is a measurable function on X x X
and there exist two positive constants C' and ¢ such that, for almost every z,y € X,

d?(z,y)
ct

C
7.1 r,Y)| < ————ex (— ), vt > 0.
T el < g
We note that obviously (H3) implies (H2). It is also useful to note that
Gaussian upper bounds for p;(x,y) are further inherited by the time derivatives of
pe(z,y). That is, for each k € N, there exist two positive constants ¢ and Cf such

that
oF Ch d*(z,y)
. —_— A _
(7.2) ’atkpt(%y)‘ = WV (D) exp( ot

for almost every =,y € X. For the proof of ((2]), see [CD2|, [Da3], |[Gr] and [Oul,
Theorem 6.17.

), vt >0,

7.1. Hardy spaces H}J,at,M(X)» H} g, (X) and Hi,Sp(X) and Gaussian
estimates. In this subsection we establish certain improved versions of Proposi-
tions 4] and 13l under the stronger assumption that Gaussian upper bounds
hold.

THEOREM 7.1. If an operator L satisfies conditions (H1) and (H3), then for
every number M > 1, the spaces H] ,, y/(X) and H, 5, (X) coincide. In particular,

[nalres!

o0 ® S llay o )

Remark: In the context of Hodge Laplacians, it has already been observed in
[AMR] that it suffices to take M > 1 in the presence of pointwise Gaussian bounds.

PrOOF. Asin Chapter 4, it is enough to work with the dense spaces ]HllLyat’M(X)
and Hj g (X)NH?(X). The inclusion H} g (X)NH?*(X) C Hj ., 5, (X) was proved
in Proposition 13| for every M > 1, and does not require Gaussian estimates. As
for the converse inclusion, by Lemma it suffices to verify that for any (1,2, 1)-
atom a associated to a ball B = B(zp,rp), there holds

(7.3) Shall 1 (x) < C.
Since Sy, is bounded on L?(X), by Hélder’s inequality we have that
Shallpr sy < C.
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Going further, we use the fact that a = Lb for some b € D(L) satisfying (i7) and
(#4i) in Definition 2711 For z ¢ 4B, this allows us to write

(Spalz //7y<t|t2 —tL |25/(L( ))d
N L G

e > duly) dr

+ / +/ / 20)2%e 1y —

( re d(m,zB)/4) d(z,y)<t ’( ) ( ) V(.’ﬂ,t) to
=: E1(z) + FEx(z) + E5(x).

It follows from (2.4) and [2.3) that for ¢ 4B, z € B, and 0 < t < d(z,zp)/4, we
have

—1 _1(d(z,zp)\"o
(7.4) V(e t) < OV (ep,d,zp) " (FR2)
On the other hand, if + ¢ 4B and d(x,y) < t, we also have d(z,y) <t < d(z,zp)/4
and d(y, z) > d(x,xzg)/2 for every z € B. These, together with (£2)), the fact that

_%[e_w] = Le~'' and (2) for k = 1, show that

(7.5) Ei(x
d*(y, 2) 2 du(y) dt
<C — d -
/ /d(xy)q}/ Vi o2 )|a(z)| M(z)‘ Vi) t
B t 2(no+1) dt
< 2no -2 2, 4—2n0 at
< Cd(z, 252"V (x5, d(x, 25)) 2 ]al (B)/o (761(%:03)) :
C 1"12B

= V(zp,d(z,zp))?2 d(z,zp5)?

The second inequality in (Z5) makes use of (T4) and the fact that d(y,z) >
d(xz,xp)/2. A similar argument shows that

Es(x)
n B < n t 2n0+2 (Jt
< Cd(e, 252V (2, d(z, 25)) bl ) / (o)
C r%

S Viap dz,zn)? d@,zp)?

Consider the term E3(z). For z € B and t > d(x,z)/4, we have that V(z,t)~! <
CV(xzp,d(x,zg))~! for x € 4B. This, together with estimate (Z.2)) for k = 1, gives

) © g
Eoa) < OVGemdtaan) s [ %
d(z,xp)/4
< ¢ 7'?3
= Viep, a0 25)) d(e, 057"
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The estimates obtained for FEj(z),Eo(z) and FEs3(x) combine to show that
|Shallpr(apyy < C. This justifies (Z3), and the proof of Theorem [ is com-
pleted. O

Turning to the equivalence between Hj ,; 1, (X) and Hj 5 (X), we start with
the following auxiliary result.

LEMMA 7.2. For every K =0,1,..., there exists a constant Ck such that the
kernel p. i of the operator (tVL)2Ke=VE satisfies
d(z, y)>—(2K+1)
t

1
< 1 Vit
‘pt,K(l'vyN = CK V(J?,t) ( + > 07

for almost every z,y € X.

PRrROOF. The subordination formula (£22)) allows us to estimate
et 1 ud?(x,y)

e [T L (D,

e £ g (= G

Note that there exists C' > 0 such that

u t
7.6 “V( —)
(7.6) e Vin g m
Indeed, if 0 < u < 1/4, this is true for trivial reasons (with C = 1), whereas if
u > 1/4, from the doubling property (24 we have

V) =TV VG S Ve

) m
Therefore, using (LG,

c > —x ud2 x, _
Ipe,x (z,y)] < / e 2 exp ( — M)UK /200
0

1
<CV(z,t)™" Yu>0,ze€X,t>0.

V(z,t) cxt?
C d(z,y)\ —(2K+1)
< 1 )
— Vi(a,t) ( + t
for every t > 0 and almost every x,y € X. |

With Lemma in hand, by reasoning as in the proof of Theorem [l one
then obtains the following result.

THEOREM 7.3. If an operator L satisfies conditions (H1) and (H3), then for
every number M > 1, the spaces H], ,, v (X) and H] g, (X) coincide. In particular,

[1£11 23

Do () Hf”Hi’SP (X)-

7.2. Hardy spaces via maximal functions. We continue the discussion
from subsection 4.4 regarding the study of Hardy spaces in terms of maximal and
non-tangential maximal functions, under the additional assumption that Gaussian
upper bounds hold.

Given an operator L satisfying (H1) and (H3) (stated in the first part of Section
7) and a function f € L?(X), consider the following maximal and non-tangential
maximal operators associated to the heat semigroup generated by the operator L,

(7.7) fif (@) = sup e L f ()],
t>0
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and

(7.8) Nuf(z):= sup |e“Lf(y)|.
d(z,y)<t

In addition, let us also consider the Poisson semigroup generated by the oper-
ator L and the operators

(7.9) fi (@) = sup e VI f(2)]
t>0

and

(7.10) Npf(z):= sup |e V[ (y)l
d(z,y)<t

with z € X, f € L*(X).

Define the spaces Hy .. (X), H n, (X), HJ 10 p(X) and Hp (X)) as the
completion of H?(X) in the norms given by the L'(X) norm of the corresponding
maximal function. For example,

[ 1 ey

L,max,h

x) = I leex),
etc. Then the following theorem holds.

THEOREM 7.4. If an operator L satisfies conditions (H1) and (H3), then for
every number M > 1, the following continuous inclusions hold:

(i) Hi,at,M(X) - H%/,Nh(X) - Hi (X) < H[1,7max,P(X)7'

(it) H} o n(X) € HE y, (X).

,max,h

Remark: Tt is trivial that the “averaged” non-tangential maximal functions Np
and N}, are dominated by their pointwise analogues Np and N}, respectively, so
that Hp n,(X) C Hf yr,(X) and H}, y, (X) € H] y, (X), but it is not clear how to
reverse these inclusions, nor to compare Hj, ., (X) and H}, . (X) to their pointwise
“vertical” analogues, Hy .. p(X) and Hf .. (X), in the absence of some sort

of “Moser-type” local boundedness (cf. Lemma [84] below).

PROOF. We first prove the inclusion Hy ,, ,(X) € H} y, (X). By Lemmal3
it suffices to show that there exists C' > 0 such that for every atom a associated to
a ball B= B(xp,rp) in X, we have

(711) HNhaHLl(X) < C.

The condition (7)) implies that Npa(z) < CMa(x) for almost everywhere x € X,
where M denotes the Hardy-Littlewood maximal operator on X. By Holder’s
inequality, we then have

INhal| i ap) < V(AB)Y2(|Mal|12(x) < CV(B)?|la||2(p) < C.

For z ¢ 4B, the same type of argument as in Theorem [[.T] shows that if d(z,y) <
t <d(x,xp)/4 and z € B, then d(y,z) > d(z,xp)/2, and

d(:c,a:B)>"'

V(zt)7t < CV(xB,d(a:,:vB))_l( :
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We now estimate Npa(x) with « ¢ 4B by examining several cases. To facilitate the
subsequent presentations, introduce for f € L?(X),

2
(7.12) NVf@) = sup e T f(y),
d(z,y)<t
0<t<rgp

42
(7.13) NP f(a) = sup e T f(y)),
d(z,y)<t
rp<t<d(z,zp)/4

42
(7.14) NPf@) =  sup e ()
d(z,y)<t
t>d(z,xp)/4

Case 1. 0 <t < rp. In this scenario we have

2 2
NVat) < € s [ Ve e (- M) du)

d(z,y)<t ct?
0<t<rgp
C d(x,xB))’ﬂO ( d(x’xB)Q)
= - a— 1
a 0<Stu§prB V(:EB,d(x,a:B))( t exXp of2 llallz1(B)
C rg

= V(zp,d(z,zp)) d(z,z5)

Case 2. rp <t < d(xz,xp)/4. Since a is a (1,2, 1)-atom, we can write a = Lb
for some b € D(L) satistying (i¢) and (¢4¢) in Definition 211 Then, one has

N}(f)a(ac) = sup t_2|t2Le_t2Lb(y)\
d(z,y)<t
rp<t<d(z,zp)/4

d 2
<C sup t_2/ V(z,t) texp ( - (y,izz)) |b(2)|dp(z)
d(z,y)<t B ct
rp<t<d(z,zp)/4

C

< " ||b
S Vg, d.agz) =@
n d 2
% sup fz(d(xvﬂiB)) Oexp(_ (1‘73;3) )
rp<t<d(z,zp)/4 3 ct
C rBp

= V(zp,d(z,zp)) d(z,z5)

Case 3. t > d(x,zp)/4. In this case, V(z,t)"! < CV(zp,d(x,x5))"* for every
z € B, and then
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N}(L?’)a(ac) = sup |Le_t2Lb(y)\
d(z,y)<t
t>d(z,zp)/4

<C sup t72V(1‘B,d(I,:EB))71||b||L1(B)
t>d(z,xzp)/4
< C B
= V(zp,d(z,zp)) d(z,2p5)"
Combining the estimates obtained in Case 1, Case 2 and Case 3, we may conclude
that

(7.15) Npa(z) <

C B
V(zp,d(z,zp)) d(z,zp)
Integrating both sides of (ZIH) over X \ 4B yields (ZIIl). Thus, the proof of the
continuous inclusion H} ,, ,(X) € H} y, (X) is justified.
The proof of H} n (X) € HJ e, (X) follows from the definitions of the
maximal operators Nj, and of the f,j . Moreover, we have

(7.16) ||ffJLr||L1(X) <INk fllrx)-
Next, we prove the inclusion Hj .., (X) C H},. p(X). To do so, fix f €
H} o (X). The subordination formula 22) can be used to estimate

VL IR
V@] < 0 S e )

(o) e—u
Cer(x)/ —du
" W
< Cff(2).
This proves that ff(z) < Cff(z) for any 2 € X. Thus, H} .. ,(X) C
HIll,maX,P(X)'
The proof of the inclusion Hj ,, (X) € H} y, (X) is similar to that of

Hj 1(X) € Hj y,(X) and we omit the details. This completes the proof of
Theorem [Z.4 O

IN

Parenthetically we remark that it seems likely that under additional assump-
tions, such as Nash type local Holder continuity of the heat kernel, one may obtain
equality of the various spaces in Theorem [ 4l We do not attempt to address this
point here, but see [AR].

7.3. The spaces BMOL(X) under Gaussian bounds. Call a function f €
(X) of type (xg,3), where zg € X and 3 > 0, if it satisfies

— |f () 1/2
@10 Wt o) = (/X (14 d(zg, )PV (x0,1+ d(xo,a?))dﬂ(x)) < o0

We denote by Mg, g) the collection of all functions of type (zo,). For a fixed
zo € X, it is easy to see that M, s) is a Banach space under the norm (ZIT).
Also, for any x1 € X, we have M ,, 3) = M4, g) with equivalent norms. Set

M= U Maeos

zoEX B:0<B<0

L2

loc
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We will say that f € M is in BMOy(X), the space of functions of bounded mean
oscillation associated with {e~'1},~,, if

1 2
(118) o, o) = sup 50z /B (@) — e f()|du(a) < oo,

where the supremum is taken over all balls B in X. Note that this formally corre-
sponds to Definition 2.6 with M = 1 and with an L' norm in place of the L? norm
(see [DY1], [DY2]). The current presence of stronger (point-wise) bounds allows
us to take M = 1.

Next, define

Ky = {f e M:e f(z) = f(z) for almost all z € X and all t > O}.

We have that K = {f € BMOL(X) : ||fllBmo,(x) = 0} and BMOL(X)/Ky is a
Banach space with the norm

I fllBmoy (x)/x, = IfIBMOL (x)-
We remark that the convention made after Definition applies here with M =1
and that the two versions of the BMO are compatible whenever they can simulta-
neously be considered.
The following result holds.

THEOREM T7.5. Assume that the operator L satisfies conditions (H1) and (H3).
Then, we have

(HL 011 (X)) = BMOL(X).

PROOF. This result can be proved in a similar, but slightly simpler, fashion to
the duality results in Section 6. We omit the proof. O






CHAPTER 8

Hardy spaces associated to Schrodinger operators

In this section we treat Hardy spaces adapted to a Schrodinger operator in R™,
assuming merely local integrability and non-negativity of the potential. Our work
extends some of the previous theory developed in [DZ1], [DZ2, DGMTZ] under
stronger hypotheses on the potential. In particular, [DZ1] and [DGMTZ| deal
with a Schrodinger operator whose potential belongs to the reverse Holder class
RH,, with ¢ > n/2, while [DZ2] generalizes the results of [DZ1].

Let n > 1 and V be a locally integrable non-negative function on R"™, not
identically zero. We define the form @ by

(8.1) Q(u,v) = VuVvdr + Vuv dz
R’IL R’IL

with domain
(8.2) D(Q) = {u e WL2(R") : /

It is well known that this symmetric form is closed. Note also that it was shown by
Simon [Siml| that this form coincides with the minimal closure of the form given
by the same expression but defined on C§°(R™) (the space of C* functions with
compact supports). In other words, C§°(R"™) is a core of the form Q.

Let us denote by L the self-adjoint operator associated with ). The domain of
L is given by

Vul2dz < oo}.

n

(8.3) D(L) :=

{u € D(Q) : v € L? such that Q(u,¢) = / vpdr, Vo€ D(Q)}.

n

Formally, we write L = —A 4+ V as a Schrodinger operator with potential V. Since
V' is a locally integrable non-negative function on R", the Feynman-Kac formula
implies that the semigroup kernels p;(z,y), associated to e "t satisfy the estimates

lz —y/?
A

See page 195 of [Ou]. In particular, as we have noted above (see the discussion
immediately before and after (2IH)), this fact implies that H? (X) = L?(X).

(8.4) 0 < pi(z,y) < (47t) % exp ( - ) forall t>0, z,y€R".

8.1. Equivalences among H} ,, ,(R"), H] ¢ (R") and H] ¢, (R"). The
following theorem is a special case of Theorems [Z.1] and

THEOREM 8.1. Assume that L = —A + V, where V € LL _(R") is a non-

loc

negative function on R™. Then for all M > 1, the spaces H}Jﬁat’M(R”), H} g, (R™)

53
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and Hj g, (R™) coincide. In particular,
Hf”HL atar (B & ||fHH1 5, R ™ Hf”H}hsP(]R")'

8.2. Maximal characterization of Hi’at’M(R"). In this section, we con-
tinue with the assumption that V € L} (R™) is a non-negative function on R". In

the sequel, we may sometimes use capital letters to denote points in ]R:L_H, e.g.,
Y = (y,t), and set

Vyu(Y) = (Vyu,0u) and |Vyul? = |V,ul* + [0pul?.

For every function f € L?(R"), consider the quadratic operators associated to
the heat semigroup and the Poisson semigroup generated by the operator L,

- dydiy 1/2
Sus@) = ([ 1ovetrwegn)

and
—t\/_ Qdydt 1/2

where z € R", f € L2(]R”
Define the spaces H, - (R") and H] - (R") as the completion of H*(R") in
s O h WP

the norms given by the L' norm of the square function, e.g.,
Hf”Hirgh(]R") = ”SthLl(R")-
Then the following result holds.

THEOREM 8.2. Assume that L = —A+V, where V € L], .(R™) is a non-negative
function on R™. Then all of the Hardy spaces H} ., ,,(R™), M > 1, Hé s (R),
[ O h

Hijp (R™), H} (R™), HIlMNh (R™), Hbmaxyp(R") and HIl/7NP (R™) coincide. In

L,max,h
other words, VM > 1,
1y ey = Wl @y 2 W F iy @y = Wl e

Q

IIfHH;N re) A (| fll

Remark: We note that similar equivalences hold for the spaces Hi ~p (X) and
Hi n;, (X)), by virtue of the local boundedness estimates in LemmaB.4below (in the
case of the Poisson extension), or the analogous parabolic estimates in [CarMSp]
(in the case of the heat extension); we leave the routine details to the interested
reader.

The proof of Theorem will be given below; we first prove some preliminary
estimates.

8.2.1. Estimates for weak solutions. In order to prove Theorem B2 we need
some estimates for the Poisson semigroup {e*t‘ﬁ}bo7 and for weak solutions of
the equation

1 max,p ®") ”fHHiYNP(R")-

Lu = —Agu+Vu=—uy+Lu=0

in domains 2 C R*t!. To define the latter notion, we suppose that € is an open
subset of R®*1. Define

Wi@) = {u e W@ [ Vi dydt < oo},
Q
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and let W‘l,g (€2) denote the subspace of W&,’Q (©) with trace 0 on 9. The function
u € W2 (9Q) is called a weak solution of Lu =0 in Q if it satisfies

(8.5) / Vu-VedY +/ VupdY =0  for every p € W2 (Q).
Q Q ’

We note that here, and in the sequel when working in an (n + 1)-dimensional
context, V denotes the full gradient Vy in R"*1. Moreover, the local estimates
that we are about to prove (Lemmas B3] and [84]) are valid for potentials V' which
may depend on all the variables Y = (y,t). However, our results for semigroups
will of course require ¢t-independence of V.

We begin by stating a Caccioppoli inequality which appears previously in [Sh].
We include the proof here for the sake of self-containment.

LEMMA 8.3. Let u be a weak solution of Lu =0 in the ball B(Yy,2r) Cc R*L
Then there exists an absolute constant C > 0 such that

/ Vu(Y)[?dY < %/ lu(Y)|*dY.
B(Yy,r) T JB(vy,2r)

PROOF. Let n € CY(B(Yy,2r)) with n = 1 on B(Yp,r) and |V < 7=t Set
¢ = n?u. Then we have

/|Vu|2772 dy +/277uVu -VndY = —/Vn2u2 dy <0.
This gives

1
[Ivuliay <2 [ajul9avalay < [ (9upiay + 1 [ ?vakay,

where in the last step we have used a variant of Cauchy’s inequality. Choosing
e = 1/2, hiding the small term on the left hand side, and using the bound for |V,
we obtain Caccioppoli’s inequality in the usual way. O

Next, we recall a Moser type local boundedness estimate, which has appeared
previously in [AB]. We include the proof here for the sake of self-containment.

LEMMA 8.4. Let u, B(Yy,2r) be as in Lemma B3l Then for any p > 0, there
exits a constant C = C(n,p) > 0 such that

1 1/p
sup |u(Y)| < C<ﬁ/ \u(Y)\de> :
B(Yo,r) 7 ) B(vo,2r)

PROOF. It is enough to show that u? is a subharmonic. To this end, observe
that for any ¢ € C}(B(Yp,2r)) with ¢ > 0, we have

/Vu2~V<de
= 2/vu-V(wp) dde—2/<p|Vu|2dY

= —2/V90u2 dY—2/<p|Vu|2dY
< 0.

The desired result follows readily. ([l
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Next, we observe that the heat semigroup associated to L satisfies a Davies-
Gaffney estimate.

LEMMA 8.5. There exist two constants ¢, C' > 0 such that for any two closed
sets E and F of R™, we have:

dm(E F)?

2
[6Ve " fll L2y < Ce™ 1fllz2(
for every f € L>(R™) supported in E.

PROOF. The proof is similar to that of the case when L is a divergence form
operator, and is omitted. See, for example, Lemma 2.1 of [AHLMT)]. O

8.2.2. Proof of Theorem B2l Step I: Proof of the inclusion H} .. p(R") C
HE n, (R™).
We apply Lemma B4 with 0 < p < 1 and u(z,t) = e *VE f(z) to obtain that for
every € R™ and every (y,t) € I'(x)

_g‘/_f Pdzds
thrl/ /;c z|<2t ( )|

< [fplP(2) dz < CM(|fEP)(2),

n
t |z—z|<2t

e VEfy)lP <

where M is the Hardy-Littlewood maximal function in R™. We then have

Npf(x) < C[M(|f;|p)(x)]l/p for x € R™.
Therefore, since p < 1,

||NthL1(Rn) < OH {M(\f;‘p)}l/p’

This proves that Hy ... p(R") C H} y, (R").

Step II. Proof of H} y (R™) C H} g (R™). The proof follows the analogous
argument for the case V' = 0 of Fefferman and Stein [FS], with some modifications
owing to the lack of pointwise bounds for the gradient, as in, e.g., [AR) [HM,

<C n
py < Ol o

AMR]. First, we define an area functional using all partial derivatives of e VL (z)
by setting

dy dtN\1/2
86)  S2f(x) // Oy V)P LI for a e B
Ts(z t
where Y = (y, t). For simplicity we will write Sp f in place of St pf. It is clear that
Spf < St pf pointwise in R™. We also define the family of truncated cones
refe(z) = {(y,t) ER"x (,R): |z —y| < at}, z e R,

and, associated to these new truncated cones, the area functions
dydt
5501w = ([ e PR WINVE, aere
Te R, ﬁ tn+

In what follows we will work with S;’R’B rather than SIB;. and then pass to the
limit as ¢ — 0, R — oo. In the sequel, unless explicitly stated, the constants
appearing in estimates will not depend on ¢ and R.



8. HARDY SPACES ASSOCIATED TO SCHRODINGER OPERATORS 57

We also define the following non-tangential maximal function

Npf(@):= sup e VEf(y)l.
(y,t)ers (x)

For every closed set £ C R", define

(8.7) E* =
BN B@) .

{zer: Bz) -2

for every B(z), ball in R™ centered at x},

the set of points having global density bigger than or equal to 1/2 with respect to
E. For B > 0 to be selected later, we introduce

ROP(E*) = | TR (a)
TEE*

(which is a Lipschitz domain given that it has the uniform cone property) and

u(y,t) == e VEf(y), te(0,00), yeR™

Making use of Lemma 2.1 in [CMS], it is not hard to see that
S26,R,1/2 2 SacaR,l/a 2
(SP f(ac)) dz (SP f(a:)) dz

/ / ¥y uly, £) Pdydt,
Rae,aR,l/u(E*)

for all a € (1,2). Going further, integration by parts shows that

IA

(8.8)

IA

// tVyu(y, t)*dy dt
Rae,aR,l/a(E*)

= // tVyu(y,t) - Vyu(y,t) dydt
RaeaR,1/a(Fx)
_ / 1Yy u(y,t) - Ne(y, tyu(g, ) dog(y,t)
BRQF,QR,l/a(E*)
-/ t(GRuty, ) + 5y, 1) )uly 1) dy dt
Roce,aR,l/a(E*)

_ / / Byuly, t)uly, ) dy dt,
Rae,uR,l/a(E*)

where Ng(y,t) is the outward unit normal vector to R*“*®:1/®(E*) and dop, is the
surface measure over JR*“*11/a(E*). Observe that 0?u + A,u = Vu in the weak
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sense on R/, Since 0 <V € L} (R™), we then have

(8.9) // HVy uly, t)dy dt

Ras,aR,l/a(E*)

< Re / Iy u(y,t) - Ne(y, Oy, D) dos(y, 1)

aRae,aR,l/a(E*)

_Re // vy, t)uly, ) dy dt,
Rae,aR,l/a(E*)

where Re z denotes the real part of a complex number z. Using integration by parts
again, we have

2Re // Oru(y, t)u(y, t)dydt
Rae,uR,l/a(E*)
- / |u(y>t)|2NE(y7t) : (07 707 1) dUE(yvt)
ORae,aR l/a(E*)

Using this back in (89]) and, after taking absolute values, integrating both sides of
the resulting inequality with respect to a we obtain

2
/ // tIVyu(y,t)|* dy dt da
1 Rae,aR,l/a(E*)

2
<[/ tuly, )|y uly, Oldo sy, ¢) da
1 BRae,aR,l/a(E*)

2
) [y, ) Pdos(y. ) do
IR aR, l/a‘(E*
dy dt
I utolieyut.e |dydt+// Bl
Bes R(E ) Be R(E
dy diy1/2
// tVyu(y, t)? dydt // |2y—)
BeR(E*) BeR(E* ) t
dy dt
(8.10) // I e y
BeR E*

where
BSR(E*) = {(x,t) eERY : (z,t) € IR RL/a(E*) for some 1 < o < 2}.

IN

IN

Consider the following three regions:
(8.11) B(E*) = {(z,t) € R" x (€, 2¢) : dist(z, E*) < t},
(8.12) BR(E*) = {(z,t) € R" x (R,2R) : dist(z, E*) < t},
(8.13)  Ber(E*):={(z,t) € R" x (¢,2R) : dist(z, E*) < t < 2dist(z, E*)},
and observe that
BR(E*) C B(E*)UBR(E") U B, n(E").
Below we will analyze separately the parts of integrals in (8I0) corresponding to

the regions (BI1)-EI3).
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d dt
Il // |2 y
<(E*)

For every (y,t) € BS(E*), there exists y* € E* such that y* € B(y,t). By definition
of E* this implies that |E N B(y*,t)| > |B(y*,t)|/2 and therefore |E N B(y, 2t)| >

Let us start with

Ct™. Then
dy dt
no<off / uly, H)Pd= 25
«(E*) J EnB(y,2¢) t
2e
<o [ ] twnpan)ed
B(z,2t)
2e
dz dt
< of [wprerEt<c [ Ve

provided 8 > 2. Next, using similar ideas, we may estimate

L = // tIVyu(y, t)|*dy dt
‘(E*)

2e
1 dz dt
c/ / / Vyu(y,t)|*d
. E(tn,Q B(z,2t)| Y (y )| y) n

(8.14) < Qe / ( / |Vyu(y,t)|2dydt)dz,
E G-

where G, is the set of points (y,t) with |y — 2] < 2t, ¢ < ¢t < 2¢ and z € E.
Pick a covering of G, with bounded overlap by a finite number K of balls B; =
B((x, t;),€/4), where (z;,t;) € G.. That is, G. € Ul (B;, and every point (y,t) €
G. belongs to at most a finite number of balls B;. By geometric considerations, it
follows that U, B((x;, t;), €/2) C {(y,t) : ly — 2| < 16t, /2 < t < 3e}. We then
apply Lemma Im to obtain the bound

IN

L, < C = "/ / |Vyu(y,t)|*dy dt)dz
’ Z B((wj,t5),€/4) )
< C’Zel*"/ (672/ |u(y,t)|2dydt>dz
7=0 E B((Ij:tj)vﬁ/z)
<

3e
Ce D) / ( / / [uly, 1) 2dy dt)dz < C / IN2S(2)dz,
E “NJej2 JB(z2,16t) E

where it was assumed that § > 16. Observe that the same argument applies to

further estimate
lu(y,t) e Ipr 2)[?dz,
BR(E*)

/ / HVyuly, t) Py dt < C / INEf(2)dz,
BR(E*) E

granted that 8 > 16.
To control the integral over B, g(E*), we first decompose (E°)* into a family of

Whitney balls, {B(zr, %) }72, such that |J B(xg,ri) = (E°)*, ¢i dist(xy, E*) <
k=0

ri < cadist(zk, E*), and every point z € (E°)* belongs to at most c3 balls. Here,
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0 <1 <cg <1andcs €N are some fixed constants, independent of (E€)* (see
[CW2| and [St1]). Then

dy dt
I3 = // ‘2 y
B, r(E*)

0 r2ri(l/e1+1) du dt
Y
<Y/ / july, )2 L=
k 0 ’I"k(l/(;Qfl) B(zk,rk)
27 (1/c1+1) dt
(8.15) < C» rp / / lu(y, t)|*dy| —
Z k(1/c2—1) B(xk, =251 t
From the fact that E* C E it follows that dlst(azk, E) < dist(xg, E*) < (1_6022)01 t

which, in turn, can be used to majorize the term under right-most inner integral
in (8I8) by Ngf( ) for some z € F provided 8 > [i—eye; - Hence, assuming that
this is the case,

(8.16) I3 < CZ (supr,f ))2§C|(EC)*‘(supNgf(z))2.

z€E

A reasoning s1m11ar to the one used to prove ([BI3) and (BI0) also yields that
there exists a finite constant Cy = Cy(c1,c2) > 0 such that

2
I, = // HVyuly,t)Pdy dt < C|(B)*|(sup NE(2))
e, r(E*) 2€E
provided 8 > Cy. Let us now choose
C2
1 = 16, ———
(8.17) Jé] max{ 6, (1_02)01,00}

in (8I]). Combining all the estimates above allows us to write

[ GEmei@) e < cleri(swnise) o [ NP

z€E
and, therefore, passing to the limit as ¢ — 0 and R — oo,

~ 2 2
[ (3Pr@) ar < cumyi(swnise) +c [ INGG)Pde
* z€E E
At this stage choose
(8.18) E:={zxeR": Ngf(x) <o},
for some arbitrary, fixed o > 0. Also, generically, denote by Ap the distribution

function of F. Then, since Nﬁf < o on E and [(E°)*| < C|E°| < CAys (o), we
P
have

IN

~ 2 o
/* (S}D/Qf(q;)> dr < CUZ/\Ngf(U)_'_C/O t)‘Ngf(t)dt'

Next,
Mgz () < ’{:1: e B*: Y% f(z) > a}] (B
1 S1/2 2
< s (SP f(:z:)) dz + Chys 4(0)
1 (og
< C; t)‘Ngf(t)dt+C)‘N£f(a)'

0
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Therefore, for 5 as in (817), by applying Lemma we obtain

oo

||SPf||L1(Rn) S HSPf”Ll(Rn) S C||S}13/2fHL1(R") :/ )\g;/zf((f) dO’
< C/ Ays (@) do < CINE fll e
< COB"INpfllp @y,

where for the last inequality we have used the fact that HN@ flloimny <
CB"||NpfllL1(mn) (see Theorem 2.3 of [CT]). Hence, the inclusion

Hj n,(R") C Hp 5, (R")

is proved, and then the proof of Theorem is complete. |

8.3. H} at, M H'! bounds for Riesz transforms of Schrédinger oper-
ators. Let L be as in Section 8.1, that is L = —A+ V, with 0 < V € L} (R").
Consider the Riesz transform T := VL~ /2 associated to the operator L. An alter-
native definition is

(8.19) 2\F/ —fo

Then the operator T is bounded on L*(R™). Indeed, for every f € L?(R™), we have
8200 TSl = [ IVL7V2f0) e
Rn

< [ VIR @R+ [ V@l f@)Pds
= QLML LT = |13 2 @)

where @ is as in [81]). The latter equality follows from the fact that @ is symmetric
hence D(Q) = D(LY?) and Q(u,v) = (LY?u, L'/?v) (see, for examples, Chapter
VI of [K] or p. 254, Theorem 8.1 of [Oul).

Moreover, by the molecular decomposition of functions in Hi s, (R™), it was
proved in [DOY] that T is bounded from the Hardy space H} g (R") into L'(R™)
and, by interpolation, T" is bounded on LP(R™) for all 1 < p < 2. See also [Si2].
We note that for p > 2, the counter-example studied in [Sh| with the potential
V(z) = |z|°"2 shows that the operator T = V(—A + V)~!/2 is not necessarily
bounded on LP. However, LP-boundedness of Riesz transforms for large values of
p can be obtained if one imposes certain additional regularity conditions on the
potential V' (see [Sh], [AB]). Below we observe that the target space L!'(R™) can
be replaced by the smaller space H!(R").

THEOREM 8.6. Assume that L = —A+V, where V € L] (R™) is a non-negative
function on R™. Then the Riesz transform Y L™Y/2 is bounded from H} oo (R™)
with M > 1 (and, hence, from any of the equivalent spaces from Theorem [B2]) into
HY(R"™), i.e., there exists a constant C > 0 such that
(8.21) IVL™Y2 fllageny < ClLf |l

Loat,ar (R™)*
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PROOF. Recall that m is a molecule for H'(R™) centered at zq if

(8.22) {/ mz) Pz }{ /R ma) Pl — aoP"dr} <1

and

(8.23) / m(z)dx = 0.

As is well-known (cf. Theorem C in [CW2]) if m is a molecule for H!(R™) centered
at xg, then m € H'(R™) and ||m|| g1 (gn) depends only on n.

Fix M > n (by Theorem [B2] the choice of M > 1 does not affect the nature
of the atomic space). In order to prove ([82I]), it suffices to prove that for every
(1,2, M)-atom a associated to a ball B of R, m = VL~'/2q is a molecule. Clearly
(823) holds. Since VL~1/2 is bounded on L?(R™), we have

824)  [mllzz@n) = IVL™ V24l r2n) < Clallzz(s) < C|BI7Y2.
We now estimate |||z — zp|"m||z2®n). Since a is a (1,2, M)-atom, there exists a

function b € D(LM) such that a = L™b, which satisfies conditions (i) and (iii) in
Definition 2.1l We can write

o0
Z H|:1: - xB|"m‘
L2 R?L :0

oo
ST j
H|x zs| ‘ L2(U;(B) JZ::O (2r)" Imll 2w, (B))-

The formula

L_1/2a:L OOe_tQLadt
VT Jo ’

allows us to write for j =2,3,...,

_ 2L ‘
mlr2(w; (m)) € 12U, (B))
dt
< C/ [EVe=" a2, BN
—oM 2 oL dt
+C t [tV (t2L)M bll 2w, By — h
TB
= :I+1.
To estimate I, we use Lemma [R.5] to obtain
B 22ir g di
(25 I < C / e (= T22) Dlallacs)
0
B n+1
< o [" () B < oty
o \rp

Consider the term II. Again we use Lemma B35 and Lemma 2.3 of [HMa] (which
essentially says that the composition of two operators satisfying Davies-Gaffney
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estimates also satisfies Davies-Gaffney estimates) to write

el 2 2
(8.26) I < / t M ewe TP L) M e T b L2 v, 5y dt
B
o 92 2
< Clblla) /TB M e (= 28
oo +1
< cr§M|B|-1/2/ r?M-l(.L)” dt
o 29rpg

< Cvzfj(n%&)‘B‘fl/Z7

where the last step makes use of the condition M > n. Combining estimates
([B25)-(B26) we have that |m| 12, (5)) < C277("T1|B|~1/2. Therefore,

I
L2(R™

(oo}
< OY (Frp)"27 9| < 1B,
I
which, combined with (824)), shows that VL~'/2q satisfies condition [822)). Conse-
quently, VL~1/2q is a molecule. The proof of Theorem R@lis therefore complete. [

Remarks. Let L = —A +V be a Schrodinger operator, where 0 <V € Ll (R™).
(i) The fact that the Riesz transforms VL~'/2 associated with L are of weak
type (1,1) can be seen as in [CD1]. See also [Si2].

(ii) From Theorem [R.6 we have
H%/,at,M(Rn) g H%/,Riesz(Rn) = {f € Ll(Rn) : VL_l/zf € Ll(Rn)}

In general, it remains an open problem to determine whether the reverse inclusion
HiRiesz(R”) C H}J,at, o (R™) holds. However, under the stronger assumption of

(local) L"/2+¢ integrability of the potential, this question has been resolved in the
affirmative in [DZ1] and [DP].






CHAPTER 9

Further properties of Hardy spaces
associated to operators

9.1. The semigroup with the conservation property. Let (X,d,u) be
as in ([2), and let L be an operator satisfying (H1) and (H2). We claim that
e~ *r' maps L? functions with compact supports into L'. Indeed, fix ¢ > 0 and
¢ € L*(X) supported in a ball B. Let U;(B) be the annuli defined in (26]). Using
the hypothesis (H2), we have that for every j > 0,

o0 [ jetowldute) < VU B) e (-
U;(B)

so that summing in j gives the claim. Hence, the action of the semigroup on L>(X)
can be defined in the L2 (X) sense via duality. In this section, we assume that for
all t > 0,

(H4) e"t1=1, in L} (X).
That is, for every ¢ € L?(X) with compact support,

[ et @omane): = [ e o)
X

dist(U;(B), B)?

) 9l )

X
(9.2) — [ g(a)du(a)
X

for all ¢ > 0. We have the following;:
LEMMA 9.1. Suppose M > 1. For an operator L satisfying (H1), (H2) and
(H4), then for every (1,2, M)-atom a,
/ a(x)du(z) = 0.
X

PrOOF. It follows from the hypothesis (H1) that L is a non-negative self-
adjoint operator in L?(X). Let ¢ in L?(X) with compact support (so that, by our
previous observation, e *f¢ € L'(X)). By L? functional calculus, we may write
(I+L)"'¢ = [;7 e te ttpdt. This and ([@2) yield

[+ o s@ant) - /Oooe-f[ | e owina)]a
(9.3) - /X o) du(x),

where our use of Fubini’s theorem in the first equality may be justified by the fact
that e=*f¢ € L1(X).

Suppose now that a is a (1,2, M)-atom associated to a ball B. By definition,
there exists a function b € D(LM), such that a = LMb, which satisfies (ii) and (iii)

65
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in Definition 211 Set by = LM~1h, and thus @ = Lb;. Note that by € L?(X) is
supported in B. We apply (@3] twice to obtain

[ a@dute) = [ 1+ 1) Lhiw)duta)
X X
=[G+ D7+ Dhae)duta) - [ (1+ ) h(@du(o)
X X
_ /X by (@) da() — /X by (@)du(x) = 0.

This proves Lemma [3.11 O

9.2. Hardy spaces H7(X) for 1 <p < occ.

9.2.1. Definition. In previous sections, we have treated the Hardy space H3 (X)
(cf. Definition F2)) associated to a given operator L. The goal of this section is to
study the Hardy spaces HY (X) associated to L for all 1 < p < oo, by means of
quadratic operators and tent spaces. These spaces were previously introduced in
[ADM] and [AMR] under somewhat more specialized circumstances.

Given an operator L satisfying (H1)-(H2) and M > 1, consider the following
quadratic operators associated to L

o Sl (@) // (L) e ) d/(L( )) )1/2 e X

where f € L%(X). Also, abbrev1ate Shaf=5Snf.
For each M > 1 and 1 < p < oo, now define

(95) Dy, = {feHQ(X). hﬂfeLp(X)}, 1< p < oo

DEFINITION 9.2. Suppose M > 1. For 1< p < oo, the Hardy space HZ,M(X)
associated to L (assumed to satisfy (H1)-(H2)) is the completion of the space Dy,
in the norm

Hf”HZM(X) = 1S, 7./l e (x)

For every M > 1, it follows from (BI4) for an appropriate choice of ¢ that
HEM(X) = H?(X). Moreover, we have that Hi,M(X) = H}(X) for all M >
1. Indeed, by definition, Hj ,(X) = Hj g, (X) and a similar argument to that

in Propositions £4 and [AI3] shows that for each M > 1 and M > ng/4, the
spaces Hi 5 (X) and H L.at.1 (X)) coincide. Under an assumption of Gaussian upper

bounds for the heat kernel of the operator L, it was proved in [ADM] that for every
M >1, Hi M(X) = LP(X) for all 1 < p < oo. Note that, in the framework of the

present paper, we only assume the Davies-Gaffney estimates on the heat kernel of
L, and hence for 1 < p < oo, p # 2, Hz M(X) may or may not coincide with the

space LP(X).
For every f € HZ M(X)’ 1 < p < o0, we now consider

(9.6) Q,paifla, t) = (L ) “Lf(x), t>0, r€X.

Then the operator @, ; 77 embeds the Hardy space Hfj M(X ) isometrically into
the tent space T5(X) for 1 < p < oco. Of importanée shall also be another
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operator acting to the opposite direction. Let M > 1. Consider the operator
o T5(X) — H?(X), given by

(0.7) Tt (F) (@) = / S @LMe (R ) (@)Y

t )
where the improper integral converges in L?. Then the bound
(9.8) ImemFllezx) < CullFllrzx), M =1,

follows readily by duality and the L? quadratic estimate ([B.14)). By L2-functional
calculus, for every f € H?(X) there exists a constant ¢ 37 Such that we have the
“Calderén reproducing formula”

(9.9) f@) = ez (Q 57 ) (@), M, M > 1,

in L2(X).

Let Ty .(X) be the set of all f € T5(X) with compact support in X x (0, 00).
It follows from (II)) that mp, s is well defined, and 7y F € H(X) for all F €
T3 .(X).

PROPOSITION 9.3. Assume the operator L satisfies (H1)-(H2). Let M > 1.
The operator wr, nr, initially defined on T;
from

(a) TH(X) into H:(X), if M > ng/4;

(b) TE(X) into HY _(X) if 1 <p<2, M>1, and M >no/4;

(¢) TP(X) into HZM(X) if2<p<oo, M>ng/d, and M > 1.

., extends to a bounded linear operator

PROOF. Let us first prove (a). For F € T3 .(X), we have that, for some § > 0
depending on the support of F,

1/5 ,
ma(P)a) = [ DY (P ) @)
1/5 ,
= Y[ et )@ e,

where we have used Proposition & I0to write F' = " \; A;, where the A; are T, (X)
atoms, with > [A;| ~ [|F'[|7;, and where we have used compactness of the interval
of integration in (0,00) to justify the interchange of the order of the sum and the
integral. It is therefore enough to show that for every Ty (X)-atom A associated
to B and satisfying fXX(Om) |A(x,t)]2dp(x)dt/t < V(B)~!, we have that, up to a
fixed multiplicative constant, 7, a/(F') is a (1,2, M, 1)-molecule associated to the
ball B. To this end, we may write

WL,M(A) = LMb,
where

b= / t2M =L (A, t))@
0 t
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Let {U;(B)};>0 be the annuli defined in (2.6]). Consider some g € L?(U;(B)) such
that ||gllz2(v,(B)) = 1. Then for every k =0, 1,..., M there holds

(9.10) ‘/TL (2)du(z )‘
d,u(as)dt’

‘ / t2M+2kLk€_t2L(A(-, t))(m)g(x)
X x(0,00) t
< ‘/AA(x’t)tzMHkLkeft?Lg(x)
B

42 2dp(x)dt\1/2
ST}QBM‘|A‘|T22(X)(/§|(t2L)ke t Lg(x)’ (t) )

du(x)dt ‘
t

< CrMV(B) V3| gll L2, (m))-

Note that the third inequality is obtained by using the fact that A is a Tj-atom
supported in B, hence, 0 < ¢t < rp, and that the last inequality follows from (B14)).
This gives for every j =0,1,2,

I BL) bl 2,5y < CriV(B)~V2

Fix j > 3, with the goal of estimating the L?-norm of (r4L)*b on U;(B). Arguing
as in ([@I0) and invoking condition (H2) gives

|| eBL be)gta)duta)
<3 Allzon [ 10D e g(o)

SCTQBMV( )" 1/2(/ H(t L)k 2L HL2 it)l/z
0

adp(x )dt)l/2
t

B TB  dist(U;(B),B)> dt\1/2
< Cr3Mv(B) 1/2(/0 e lgliaw (B))?)

< (7 (5,) ")
0

2irpg t

< Or2BMv(B)71/227j(no+1)
< C27rEMy (27 B) /2,

Hence, 7r p(F) is a constant multiple of a (1,2, M, 1)-molecule associated to the
ball B. This proves (a).

We note that (a) (resp. (b) and (c)) is equivalent to the statement that the
mapping @, ; 77 © 7L,m is bounded on TH(X) (resp. T5(X)). Of course, a similar
statement applies to T4 (X), given (0.8) and [B.I4). The case 1 < p < 2 (i.e., con-
clusion (b)) now follows by the interpolation result for tent spaces (Proposition ).
The statement in (c) is a consequence of the tent space duality (Proposition F7),
along with the observation that, viewed as a bounded mapping on 7%, the adjoint
of Qt L7 OTLM is Q¢,r,m © Ty, 3 88 the reader may readily verify. This completes
the proof of Proposition [0 O
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As a consequence of the previous Proposition, we have the following duality
result.

PROPOSITION 9.4. Suppose that 1 < p < oo, and that M(p) >1,1<p<2,

p p . p/ .
and M(p) > no/4, 2 < p < co. Then the dual of HL,M(p)(X) is HL,M(p/)(X)’ with

1/p+ 1/p' = 1. More precisely, the pairing {f, g) — fX f(x)g(z)du(x), realizes

p : P
HLyﬁ(p,)(X) as equivalent to the dual of HL,IT/T(p) (X).

SKETCH OF PROOF. We follow [CMS]. To show that H” _

’

C P *
) ~ (HL,M(p)) ’
we take g in the dense class HIZZ)JW(p') NH?, and f € HZM(I)) N H?, and use the
Calder6n reproducing formula (@.9), then Cauchy-Schwarz’s inequality in ¢ and
Hélder’s inequality in  to bound |(f, )| by the product of the L? and LP" norms
of the square functions of f and g. We omit the routine details.

Consider now the other direction, i.e. (H? Suppose that

_ Yy cH
, . . , . LﬁM(p)) LM '
Ae (HL,M(p)) . We identify HL,M(p) with a subspace of T3 (X) via the mapping

f— (t2L)M(p)e*t2Lf. Then by the Hahn-Banach Theorem, we may extend A to
A € (TP(X))* = TP (X) so that

R(@n)M@e L) = A().
Thus, there exists G € T? such that for F € TP,
i) = [ [ GoP e
0o Jx

In particular, for F(x,t) := (tQL)]’VY(p)e_tQLf7 we have

dt
ot

A(f) = / h /X Gl ) (P TP f () &

- /X 71 170y (@) (@) f (@) dp(a) = /X 9(@)f ()du(x).

/

But g € H?

LTy 2 desired, by Proposition O

Turning to the theory of complex interpolation of Hardy spaces, recall that
[, -]o stands for the complex interpolation bracket.

PROPOSITION 9.5. Let L be an operator satisfying (H1)-(H2). Suppose M>1,
1<py<pr <o0,0<0<1,and1l/p=(1-6)/po+0/p1. Then

[HZ?M(X% HZM(X)}G = HZM(X)

(provided in addition that M > no/4 if p1 > 2).

PROOF. This follows from the following general principle (see Theorem 1.2.4,
[Tx]): Let Xo,X; and Y, Y7 be two interpolation couples such that there exist
operators S € L(Y;, X;) and Q € L(X,,Y;) with SQz = z for all z € X; and
i = 0,1. Then [Xo, X1]9 = S[Y0,Y1]s. Here we take S = Crr AFTLM M > ny/4
and @ = @, ; 37, in combination with (@3) and Proposition O
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Remark: Since for every M > 1, we have that H1 (X) = Hi (X)) and H? M(X)

= H?*(X), it follows from Proposition [0.5] that for every M > 1, H? M(X) =
HY ((X) for all 1 < p <2, and, by Proposition [J.4] that Hp (X) HfM (X) for

all 2 < p < oo and My =[] + 1. We are now able to give the following definition
of the HY (X)) for all 1 < p < oo (see also Section 5, [AMR]).

DEFINITION 9.6. Let L be an operator satisfying (H1)-(H2).
(i) For each 1 < p < 2, the Hardy space HY(X) associated with L is the
completion of the space D1, in the norm

£l a2 (xy = 1Snfllze(x)-
(is) For each 2 < p < oo, the Hardy space H7(X) associated with L is the
completion of the space Dyy, p, in the norm

no
Hf”Hg(X) = ||Sh,MofHLP(X)a My = [Z

Remark: Recall that H? (X) = H?(X) C L?(X). On the other hand, it remains an
open problem, in this general context, to determine whether H7 (X) C LP(X) for
1 < p < 2. Of course, H2(X) embeds continuously into L?(X), and moreover, we
know that H2(X)N H}(X) embeds continuously into L. Indeed, by Theorem [Z1]
and its proof (and the definition of H} ,; 1,(X)), we have

[fllr ) < Cllf e x) f € HE(X)NHL(X).

Thus, extending by continuity, we may deduce the existence of a continuous map
J : H} (X) — LY(X), which equals the identity on HZ(X)NH}(X), but in general
it remains an open problem to determine whether this map J is 1-1. At present,
one can at least say that this embedding is 1-1 in the special case of the Laplace-
Beltrami operator on a Riemannian manifold with a doubling measure [AMc], and
also in general under the stronger pointwise Gaussian heat kernel bound condition
(H3) (cf. [1])). We sketch now an argument to establish this fact in the latter case.
Interpolating the inclusion map will then yield more generally that H? (X)) C LP(X)
for 1 < p < 2, in the presence of a pointwise Gaussian heat kernel bound.

Let f € H}(X). Then there is an atomic decomposition f = Y \;a; con-
verging to f in Hi(X), with Y |\] = [ fll L (x)- Moreover, the partial sums
I o= ZZJ\LI Aia; belong to H?(X) N H}(X), and by Theorem [5.4] we have

1Nl < Clfnlla x)

Since fxy — f in H}(X), we may make an extension by continuity to obtain
Jf € L' such that |7 f||r:(x) < [fll e (x), with fxy — Jf in L'(X). On the
other hand, the atomic sum clearly converges in L!(X), so that Jf = > ;~; \ia; in
L'(X). But by a vector -valued version of the weak-type (1,1) estimates of Duong
[DM], the square function S}, is of weak-type (1,1) (here we are using the pointwise
heat kernel bounds), so that S, (J f — fx) — 0 in the weak-L' space L1*°(X). On
the other hand, S,(fy — f) — 0 in L'(X), as this is equivalent to the fact that
fv — fin H}(X). Thus, if 7f = 0 in L}(X), then f = 0 in H}(X), i.e., the
embedding map J is 1-1.

The obstacle to extending this argument to the general case in which pointwise
kernel bounds may be lacking is the absence of weak-type (1,1) estimates for the
square function.

] +1.
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9.2.2. An interpolation theorem. Let L be an operator satisfying (H1)-(H2).
We shall now discuss a Marcinkiewicz-type interpolation theorem. Other interpola-
tion theorems for generalized Hardy spaces have been obtained in [BeZ] and [Be].
In order to state the next result, we first need to recall the concept of weak-type
operators. If T is defined on HY (X), for some p > 1, we say that it is of weak-type
(HY,p) provided

pla € X [TF(@)] > A} < O fl )

for all f € HY(X). The best constant C' will be referred to as being the weak-type
norm of T. We can now state the following

THEOREM 9.7. Let L be an operator satisfying (H1)-(H2). Suppose 1 < p; <
p2 < 00, p1 < p2, and let T be a sublinear operator from HY'(X) + HP?(X) into
measurable functions on X, which is of weak-type (HY',p1) and (H7?,p2) with
weak-type norms Cy and Co, respectively. If p1 < p < pa, then T is bounded from
H?(X) into LP(X) and

(9.11) ITfllLexy < Clfllme x)
where C' depends only on C1,Cs,p1,p2, and p.

PRrOOF. Fix p € (p1,p2). It is enough to establish (@.I1) for f in the dense
class H%(X) N HY(X). By the remark preceding Definition 0.6, Sy ar, f € LP(X)
so that

Fla,t) = (PL)Pe "L f € THX),  where My = ["2] +1.

Following the proof of Theorem 4’ of [CMS], for every A > 0 we let Oy = {z € X :
A3F(z) > A} (here, the superscript “3” refers to the aperture of the cone defining
the square function; see (I0)), and write F' = F* + F), where

A
(9.12) F* =X, F and  Fx = Xxy (0,000, F

(recall the tent spaces defined in ([@J)). Observe that AF*(z) < AF(x) < A*F(z)
for all # € X and AF” is supported only in Oy, i.e., where A3F(x) > \. We also
have AF\(z) < AF(z) < A*F(z), * € X, so that AF)\(z) < A for z € (0,)¢. We
now claim that the same bound holds for AF) in Oy, hence that

(9.13) AFy\(z) <\, z€ X.

Indeed, a simple geometric argument shows that if x € Oy, and Z is a point in
(O))¢ of minimum distance from x, then I'(z) N (O))¢ C I'*(z). Thus AF)(z) <
A3F(Z) < A. Let mp s be as in (@I6) and cpz o, is the constant in (@9). Fix
M > ng/4. For every A > 0 define

f)\ = CM’MOTFL’M(FX) and f)\ = CM,MOWL,M(F)\)~

It follows from (@.9) and the definition of F that f = f*+ fy. Let us look separately
at the two terms of this decomposition.

(a) f* € HP'(X). Indeed, it follows from the properties of AF* and Lemma 0]
that

JAFM [, ) < X HATFIL, o) < ON P AF I ) < O£
which gives FA € T3 (X). This, together with Proposition [1.3] implies that
1F N Ez ) < CAXPNf N -
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(b) fx € HY*(X). This is seen by first using (9.13) to deduce that
||AFA||LP2(X) < P2 p”-AFHLp(X) = C)‘miprH;;{f(x)
whence by Proposition it follows that
£l ) € O P e

Since T is sublinear, we have that |T'f| < |Tf*| + |T fx| for every A > 0. Then
the weak-type hypothesis implies

(9.14) p—1||Tf\|§p(X)=/0 N yle e X0 Tf(z) > A} dA
S/ N {re X T z) > A2} dA
0

+ /00 N u{e e X0 Thi(z) > A2} dA
0

A

N C(/oo )\p_l(202’|f)\>|\|sz(X)>P2 d\

0 A
gO/ AP1(2CIHf HHT(X_))pld/\
0

<oop [T P i+ 08 [ o

To estimate the first integral in the last line of ([@I4]), we make use of Propo-
sition and the fact that f*» = CMVMOTFL7M(F>‘) in order to majorize it by

(9.15) / X g (FY) [ ) dA < © / NI F B A

:c/ AP*H’I{/ |AF ()" du(x)}dA,
0 {z: ASF(z)>\}

since AF? is supported in Oy = {x € X : A3F(x) > A\}. Using the fact that
AF*(r) < A*F(z) and Fubini’s theorem, the last integral above is further bounded
by

A2F(x)
/X]A?’F(x)] {/O AP pld)\}d,u(;v)
(9.16) < ¢

C
3 p _ P
< A F Wy € APy = g ey

where the second inequality uses Lemma
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In order to estimate the second integral in the last line of ([O.14]), we make use
of Proposition 03 and the fact that fi = ey 7o, v (Fa) to write

/ A szfAHHm(X)d)\ = C/ AP | aa (F) HH”(X) dX
0

< ¢ [T AR 2

As observed before, we have that AF)(z) < A for all z € X. Also, trivially from
@I2), AF\(x) < A3F(z) for x € X. Using these observations, ([@.16) and Fubini’s
theorem once again, we can dominate the last integral above by

/ Ap-l—m{ / |A3F(x)|p1du(x)}d>\
0 {z: A3 F(z)>A}

+/ Ap—l—M{/ \A3F(x)|p2du(a:)}d)\
0 {: A3 F(2) <A}

< Wl + / AP F ()P / V1200 dp(a)
ASF ()
C
< —— +—A3F .
— pllfll o A FI2,
C
< =
< (Gt ) I ey

Collecting all these estimates we obtain the desired inequality |T'f H]ZP(X) <
C’||f|\’;j[p(X)7 where the constant C' depends only on C1, Cs, p1, p2 and p. O
L

Remarks. Assume that L is an operator satisfying (H1) and (H2). As consequences
of Theorem [0.7] we have the following results of intrinsic importance.

(i) Based on the computations from § 4.5, one can see that the operator NV, from
@II) maps LP(X) into LP(X) for p > 2 and L?(X) into weak-L?(X). Furthermore,
by ([A26)), it maps H} (X) into L*(X). Thus, by Theorem 0.7, A}, also maps HY (X)
into LP(X) for p € (1,2).

(i) Given a function f € L?(X), consider the following vertical version of the
square function associated with the heat semigroup generated by L:

011 afw= ([ Pretir@pt) " aex.

It follows from (B.I4) that the operator gj, is bounded on L?(X). Arguing as in
Proposition 4] one can prove that the operator g is bounded from H}(X) into
L'(X) and, hence, maps H? (X) into LP(X) whenever 1 < p < 2.
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