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DUALITY OF MULTI-PARAMETER TRIEBEL-LIZORKIN
SPACES ASSOCIATED WITH THE COMPOSITION
OF TWO SINGULAR INTEGRAL OPERATORS

WEI DING AND GUOZHEN LU

ABSTRACT. In this paper, we study the duality theory of the multi-parameter
Triebel-Lizorkin spaces E59(R™) associated with the composition of two sin-
gular integral operators on R™ of different homogeneities. Such composition
of two singular operators was considered by Phong and Stein in 1982. For
1 < p < oo, we establish the dual spaces of such spaces as (E39(R™))* =
£ (R™), and for 0 < p < 1 we prove (Fg(R™))* = CMO, 7 (R™). We
then prove the boundedness of the composition of two Calderén-Zygmund sin-
gular integral operators with different homogeneities on the spaces CM O, a’q/.
Surprisingly, such dual spaces are substantially different from those for the
classical one-parameter Triebel-Lizorkin spaces Fp'9(R™). Our work requires
more complicated analysis associated with the underlying geometry generated
by the multi-parameter structures of the composition of two singular integral
operators with different homogeneities. Therefore, it is more difficult to deal
with than the duality result of the Triebel-Lizorkin spaces in the one-paramter
settings. We note that for 0 < p <1, ¢ = 2 and o = 0, F5"?(R™) is the Hardy
space associated with the composition of two singular operators considered in
Rev. Mat. Iberoam. 29 (2013), 1127-1157. Our work appears to be the first
effort on duality for Triebel-Lizorkin spaces in the multi-parameter setting.

1. INTRODUCTION

The classical theory of one-parameter harmonic analysis may be considered as
centering around the Hardy-Littlewood maximal operator and its relationship with
certain singular integral operators which commute with the usual one-parameter
dilations on R™, given by §(z) = (dx1, - ,d0xy,),d > 0. If this isotropic dila-
tion is replaced by more general non-isotropic groups of dilations, then many non-
isotropic variants of the classical theories can be produced, such as the strong
maximal functions, multi-parameter singular integral operators, corresponding to
the multi-parameter dilations § : & — (6121, d222),2 = (z1,22) € R x R™,§ =
(01,02), 01,01 > 0. Such a multi-parameter theory has been developed extensively
over the past decades. We refer the reader to the work in [2H41LRl[15]17H2T127,[32]
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33L37H39,[42, 52,54, 56). Multi-parameter flag singular integrals and their bound-
edness on LP and H?P spaces have been studied in [16]311[34}[45H48]50,55], multi-
parameter and multi-linear Coifman-Meyer Fourier multipliers have been investi-
gated in [GLOLT0LB5[431[44], and a theory of multi-parameter singular Radon trans-
forms have been developed in [58H60].

Recently, the authors of [30] developed a theory of new multi-parameter Hardy
space associated with the composition of two singular integral operators with dif-
ferent homogeneities and established the boundedness of the composition of such
singular integrals on this space. To be more precise, for R™ = R™~! x R with
r = (2/,x,,) where 2/ € R™™! and z,, € R, they consider two kinds of homo-
geneities:

§: (2 ) — (62", 6xpm),6 > 0,
and

§: (2, ) = (02, 0%,,),6 > 0.
The first is the classical isotropic dilations occurring in the classical Calderén-
Zygmund singular integrals, while the second is non-isotropic and related to the
heat equations (also Heisenberg groups). For z = (2/,2,,) € R™~! x R, denote
z|le = (|2' |2+ |zm|?) 2 and |z], = (|#/|2 + |zm|)2. The singular integrals considered
in [30] are defined in the following.

Definition 1.1. A locally integrable function Ky on R™\{0} is said to be a
Calder6on-Zygmund kernel associated with the isotropic homogeneity if

(1.1)

(03

a—Kl(.T)

5 < Alz|zmlel for all |a] > 0,

ri<|z]|e<ra

forall 0 < r; < re < 0.

An operator 77 is said to be a Calderén-Zygmund singular integral operator
associated with the isotropic homogeneity if 71 (f)(x) = p.v.(K1 * f)(x), where Ky
satisfies conditions in (1)) and (T2).

Definition 1.2. Suppose Ky € Li . (R™\{0}). K is said to be a Calderén-

loc
Zygmund kernel associated with the non-isotropic homogeneity if
o 98 , —m—1—|a|-28
(1.3) WW’CQ(I ,Tm)| < Bl|, Vo |al =0, 8>0,

ri<|z|p<r2

forall 0 < r; <re < 0.

An operator T5 is said to be a Calderén-Zygmund singular integral operator
associated with the non-isotropic homogeneity if T5(f)(z) = p.v.(Kq * f)(z), where
Ko satisfies the conditions in ([3) and (4.

Both the classical Calderén-Zygmund theory and theory of singular integral op-
erators associated with the non-isotropic dilations indicate that both the operators
T) and Ty are bounded on LP for 1 < p < co and of weak-type (1,1). Nevertheless,
it is shown by Phong and Stein in [51] that in general the composition operator
Ty 0T, is not of weak-type (1,1). Moreover, the authors of [51] gave a necessary and
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sufficient condition such that the composition operator T; o T5 is of weak-type (1,1).
This answers the question raised by Rivieré in [64]. In fact, the operators stud-
ied in [51I] are compositions with different homogeneities, and such a composition
operator arises naturally in the study of the 9-Neumann problem.

It is also well-known that any Calderén-Zygmund singular integral operator as-
sociated with the isotropic homogeneity is bounded on the classical Hardy space
HP(R™) with 0 < p < 1. A Calderén-Zygmund singular integral operator asso-
ciated with the non-isotropic homogeneity is not bounded on the classical Hardy
space but bounded on the non-isotropic Hardy space (see e.g. [23]). However, the
composition operator T o Ts is bounded on neither the classical Hardy space nor
the non-isotropic Hardy space. Thus, the natural question is to ask on what Hardy
space can the composition operator 177 o T5 be bounded? To this end, the authors
of [30] introduced a new Hardy space H}  (R™) associated with the composition of
these two different homogeneities and proved that T3 oT5 is indeed bounded on such
spaces. Recently, the first author developed in [I1] the theory of the Triebel-Lizorkin
spaces Fl‘f‘*q (R™) associated with the composition of these different homogeneities.
Such Triebel-Lizorkin spaces for 0 < p < 1, a3 = ag = 0 and ¢ = 2 are the Hardy
spaces Hy (R™) considered in [30]. Triebel-Lizorkin spaces form a unifying class
of function spaces encompassing many well studied classical function spaces such as
Lebesgue spaces, Hardy spaces, the Lipschitz spaces, and the space BMO [22][62].
Boundedness of singular integrals and pseudo-differential operators on the Triebel-
Lizorkin spaces have also been extensively studied; see, for example, Frazier and
Jawerth [22] and Torres [61].

The main goals of this paper are to identify the dual spaces CM O, @d" of the
new Triebel-Lizorkin spaces Fl?’q(Rm).

We now introduce the new Triebel-Lizorkin spaces associated with different ho-
mogeneltles Denote So(R™) = {f € S(R™) : [o f(x)x*dx =0, ¥ | > 0}. Let
p(M € S(R™) with

(1.5 suppy D € {(€',6n) € R™ x R: 3 < [el. < 2}

and

(1.6) S [0, 2796, =1 for all (£,6,) € R™\ {0},
pr

Let v € S(R™) with

(17) suppy® C {(€)6m) € R™ xR : 3 < ey < 2/2)

and

(1.8) S @2k, 27, =1 for all (¢,&,) € R™\ {0}
=

Denote t;(z) = 1/;5” * 1/;,&2) (x), where wj(l)(x’,xm) = 2myp(D (20! 2g,,),
WP (2!, 2,) = 2K DY) (ka7 9% ,) and j A k = minj, k}, j V k = max{j, k}.
The following discrete Calderén reproducing formula is from [30].
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Theorem A. Suppose that () and 3 are functions satisfying conditions in

CA)-@C8) and [T1)-(L8), respectively. Then
(1.9)
f@' om)
= Z Z 9= (M=DGAR)Q=(AR) (). e £)(27UARI g 2= (0N2R)g,
JKEZL (L' Ly )EL™ L XT
X i (a — 270N g 0= NZR) g
where the series converges in L*(R™), So(R™) and S{(R™).

Remark 1.3. Actually, in the proof of Theorem A, the authors of [30] have used the
additional assumptions that () and ¥(® are real and radial Schwartz functions.
Dispensing with these assumptions, (L9]) should be

f(xlv xm)
= Z Z 9—(m=1)(§Ak)9—(jA2k) (ijj,kr % f)(g—(jAk)g/72—(jA2k)gm)
JkEZL (£ Ly ) EL™ L XL

X k(e — 27U gy — 270N
where 1; () = 1; (—z), which is a generalization of Lemma 2.1 in [22].

For j,k € Z, we denote I; , = {R =1 x J : I are dyadic cubes in R™~!, .J are
dyadic intervals in R, with the side lengths I(I) = 27U and I(J) = 27 0AZk),
and the left lower corners of I and the left end points of J are z; = 2-U")¢" and
xy = 2"UNR0, respectively, (¢, 4y,) € Z™™ x Z}. We also set D = Uj. Tk

One should note that, for any u € Z, there exist j,k € Z and j', k' € Z such
that 270K = 2=n 9=U'A2K) — 9=k respectively. But, for some (u,v) € Z2, there
may not exist j, k such that 2=UNE) = 2=# 2=0AZK) — 9=V gince j Ak < j A2k if
J,k>0.S0D G {R=1IxJ:I are dyadic cubes in R™™!, J are dyadic intervals
in R}.

With the discrete Calderén reproducing formula, the multi-parameter Triebel-
Lizorkin spaces with different homogeneities were introduced in [I1] as follows.

Definition 1.4. Let 0 < p,q < oo,a = (aj,az) € R%  The multi-parameter
Triebel-Lizorkin type space with different homogeneities F;"¢(R™) is defined by

E39R™) = {f € SH(R™) : 1S 1l oo memy < 0%,
where
1 e (e
_ ||( Z 9—[(iAk)ar+(jAZk)as]g
7,kEL
1
<Y s U200 (@) () e,
(0 ) )EZ™ =L XL

where I are dyadic cubes in R™~! and J are dyadic intervals in R with the side
lengths 1(I) = 2=UM) and I(J) = 2=UA%%) " and the left lower corners of I and the
left end points of J are 2-U/K) ¢/ and 2= k)¢ respectively.
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DUALITY OF MULTI-PARAMETER TRIEBEL-LIZORKIN SPACES 7123

This multi-parameter Triebel-Lizorkin space is well defined, since it has been
proved in [11] that F¢(R™) is independent of the choice of the functions ' and
2. This space can also be characterized by its continuous form, that is,

||( S g lGARa Az a)g

J,.kEZ
1

% Z W’j,k * f(2*(j/\k)£/’ 27(j/\2k)£m)|qXI(x/)X,](l'm)> q HLP(RW)
(0 ) EZM =1 X

(1.10) ~ ||( S orlGrkentGrmeslafy,, | f\q) Il Lo @emy;
k€T

for a rigorous proof, see [14].

In Definition[[4] setting a3 = as =0, ¢ = 2,0 < p < 1, one obtains Hardy spaces
associated with different homogeneities H?, (R™), which was introduced in [30] to
study the boundedness of composition operators with different homogeneities.

Note that the multi-parameter structure with different homogeneities is involved
in (LIO). If ¢jx(z,y) in [LIO) is the form vj(z) - ¥ (y), then we obtain the
Triebel-Lizorkin space of multi-parameter pure product FS’Q(R" x R™) with the
norm

1
H( Y 2T Uetkaadly, f|q) |l Lo e xRy
J,k€EL
for f € Fz’q(R” x R™), 0 < p,q < oo,a = (ar,az) € R2. It has been introduced in
[42).
Let ¢’ denote the conjugate of ¢, so that 1/¢ +1/¢' =1 when 1 < g < co. If
0 < ¢ <1, it is also convenient to let ¢’ = oo. The first main theorem of this paper
concerns the duality of the spaces F;»¢ when p > 1.

Theorem 1.1. Suppose 1 < p < o0, 0 < ¢ < 00, a = (a1, ) € R?; then

(Fpa’q)* = Fp_,avq/.
Namely, if g € pra’q,, then the map ly, given by l,(f) = (f,g), defined initially for

f € So, extends to a continuous linear functional on F"If"q with ||lg4]] < HQHF—/a,q"
P

Conversely, every | € (F;"q)* satisfies | = 1, for some g € F;,O"q/ with ||ly|| =

s
P

Though there have been extensive works on dual spaces of multi-parameter
Hardy spaces (see [2], [21], [31], [28], [29], [30], etc.), the duality of Triebel-Lizorkin
spaces has only been studied in the one-parameter settings started in [22][62];
see also [I] for anisotropic Triebel-Lizorkin spaces, [36] for weighted anisotropic
Triebel-Lizorkin spaces. For 0 < p,q < oo, € R, the Triebel-Lizorkin space of
one-parameter f;‘*q(Rm) with the norm

1

|| ( Z 2_jq|¢j * f|q) ‘ ||LP(]R71L)

JEZ
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7124 WEI DING AND GUOZHEN LU

was investigated in [22[62]. There it was shown that the dual space of ]:'Z‘f"q (R™) is

. Foed (R™), 1< p< oo
1.11 FoOUR™)* = . p ’ - k
( ) ( P ( )) { ]_-;Daer(l/iD*l)»OO(Rm)’ 0<p<l,

where F%9(R™) is defined to be the set of all f € S)(R™) such that

. 1/q
||fo‘go~Q(Rm) = sup |Q| 277 oh; f|qu) < 0.

Q dyadic cubes Q ——]og Q)

It is well known that fS*Q(Rm) is the classical Hardy space H,,0 < p < 1. From

(11D, one has
(Hp)* _ j_—;g(l/p—l),oo(RM).

The method to obtain ([II)) no longer works in multi-parameter cases when 0 <
p < 1. By using techniques of discrete Littlewood-Paley theory developed in [311[34]
for flag Hardy spaces, the authors established the dual spaces for flag Hardy spaces.
Using similar ideas of discrete Littlewood-Paley theory, the dual spaces for Hardy
spaces on product spaces of homogeneous type and on weighted multi-parameter
Hardy spaces have been obtained in [28,[29] and [41]. To give an idea of such
dual spaces in the simplest form, we state the dual space of multi-parameter pure

product Hardy space H, = Fg’Q(R” x R™) by another form, for 0 < p <1,
(Hp)* = CMO,,
where f € CMO, is defined by

fllesio, =sw (= [ 3 ST (sax floron)Prata)ds)

1012-1
|2 §,k€Z RET; 1, RCO

for all open sets 2 C R™ x R™ with finite measure (see [41]). Combining the
techniques developed in [221[62] for one-parameter Triebel-Lizorkin spaces and [34]
for multi-parameter Hardy spaces, we investigate the dual spaces of the multi-
parameter Triebel-Lizorkin spaces associated with different homogeneities when
0 < p < 1. Before we state the duality result, we first give the definition of
CMOy(R™).

Definition 1.5. For 0 < p < 1,1 < ¢ < 00, a = (ay,a2) € R? and with I, J and
xy,7; being the same as before, the space CMO,(R™) is defined by

CMOZI(R™) = {f € S§R™) : || fllesogamm) < oo},

where
1
Hf||czwog=q(Rm) = su (7/ Z 9—[(GAk)a1+(iA2k)az]q
Q7 Ja i
1/q
(1.12) x Z (|1/Jj,k*f(xf,x,])\qxpz(x))dx) .
ReIl; ,,RCQ

Remark 1.6. f0<p<1,1<¢q < oo, (LI2) is

||fHCMo;:’q = Slép

a3 e Sl IR)

1_
Qlpa RCQ,RED
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and naturally, if ¢ = oo, (LI2) is interpreted as

1 _
Ifllcmog= =sup ——  sup ||/ =D J102| 4y g% f(ar,2)].
Q |Q|»”" RCQ,ReD
To see that the space CMOy? is well defined, one needs to show the following
theorem, which is actually also one of the main theorems of the paper.

Theorem 1.2. Suppose that 1, and @, pr satisfy the same conditions in (LH)-
@CR). Thenif 0<p<1,1<g<00, a=(a;,as) € R%, one has

Sup( ! q/ 9-[(iAk) o +(jAZk)as]g
Q MQPTd

Qjkez
1/q
xS0 (s S e xn(e))de)
REI; , ,RCQ
1 . )
zsup( Ll/ S a-lunvar+namasls
Q NMQP Qi kez
1/q
x>0 (s flene)|n(x)de)
REI; , ,RCQ

for f € 8.

The proof of this theorem can follow from the i-transforms that correspond
between the multi-parameter Triebel-Lizorkin spaces F;»? and the discrete multi-

parameter Triebel-Lizorkin sequence spaces fz‘)’ 4 indexed by the multi-parameter
dyadic rectangles in R™ associated with the underlying structures of the composi-
tion of two singular integrals. Since the definition of FI‘;"‘?(Rm) is independent of
the choice of the functions ¢! and 2, this theorem is immediate once we prove
the following duality theorem (Theorem [[3]). Nevertheless, we offer another proof
following the proof of Theorem 2.3

The dual spaces for Fl?’q when 0 < p <1 are considerably different from those for
1 < p < oo and more difficult to get, in particular in the multi-parameter settings.
Therefore, the following duality result is the third main theorem of this paper.

Theorem 1.3. Suppose 0 <p<1,0<q< oo, a=(a1,az) € R%. Then
(F;uq)* _ CMO;OMJ/
where ¢’ is defined to be oo when 0 < g < 1.

By duality, one can obtain the boundedness of 71 o T» on CMO,; @4’ which is
the last main theorem in this paper.

Theorem 1.4. Suppose 0 < p < 1,1 < q < o0, a = (a1,a9) € R2. Then the
composition operator T' =Ty o Ty is bounded on CMO.

Remark 1.7. In this paper, we only carry out the duality theory in the multi-
parameter setting associated with the dilations of the composition of two singu-
lar integral operators. This is essentially within the framework concerning the
translation-invariant environment in the Euclidean spaces. The more general case
involving more families of dilations and more parameters has been outlined in Sec-
tion 6, Appendix. An interested reader can carry out the details following the same
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7126 WEI DING AND GUOZHEN LU

scheme in this paper without essential difficulty but with more technicalities. The
perhaps more interesting but more complicated case of considering the translation
non-invariant dilations which are more related to the d-problem studied by, e.g.,
Greiner and Stein [26], Nagel and Stein [49,[50] will be carefully investigated in a
future project. We thank the referee for pointing out this more relevant situation to
us. In fact, multi-parameter local Hardy space theory parallel to the one-parameter
local Hardy space theory of Goldberg [24] has been recently developed by the au-
thors [12] in which the atomic decomposition and duality theory has been estab-
lished. Applications of proving boundedness of certain classes of operators on such
spaces are also given in [I2]. With similar ideas, one can also establish that the
composition of two translation non-invariant singular integral operators of different
homogeneities are bounded on such multi-parameter local Hardy spaces [13]. Fur-
thermore, we have proved the boundedness of multi-parameter pseudo-differential
operators and Fourier integral operators on such spaces. Multi-parameter local
Hardy space theory can be extended to the setting of multi-parameter local Triebel-
Lizorkin and Besov spaces as done in the classical multi-parameter Hardy spaces
[11114][T6L42).

The organization of this paper is as follows. Section 2 introduces the multi-
parameter -transform S, and its inverse i-transform T7,. These transforms cor-
respond between the multi-parameter Triebel-Lizorkin spaces Fj*? and the dis-

crete multi-parameter Triebel-Lizorkin sequence spaces fz‘j"q indexed by the multi-
parameter dyadic rectangles in R™ associated with the underlying structures of the
composition of two singular integrals. We also introduce the discrete sequence form
Cp? of the space CMO;1. Thus, we prove in Theorem 2.1 that the operators
Sy F;f“q — fﬁ“q and Ty : f;"q — F;f“q are bounded, and T}, o Sy is the identity on
Fp“’q. Then we establish in Theorem 2.3 that the operators Sy, : CMOp? — C71
and Ty, : Cp#? — CMOy? are bounded, and Ty, o Sy is the identity on CMOp.
The proof of Theorem 2.3 is rather involved, and the underlying geometry of the
multi-paramter structures is extensively used. Section 3 concerns the imbedding
theorems and gives a characterization of imbedding of £” spaces into fpa’q and imbed-
ding of f';’q into ¢" spaces. In Section 4, we establish the duality of the sequence
space fg"q . Section 5 gives the proof of the duality of the space F;‘*q and establishes

the boundedness of the composition of two singular integral operators on the dual
spaces CM Oy

2. MULTI-PARAMETER %-TRANSFORM

In order to prove the duality theorems, following Frazier and Jawerth in the
one-parameter case [22] (see also [61]), we should first do these in the correspond-
ing discrete multi-parameter Triebel-Lizorkin sequence spaces. For any R € II; ,
setting ¥g(z) = |R|Y?; (2" — 21, 2m — 25), then by ([LJ), it’s easy to have

(2.1) f@) =Y (. vr)¢r().

ReD

Definition 2.1. Suppose that ") and () are functions satisfying conditions in
([CH)-(@6) and ([T7)-([CH), respectively. Define the multi-parameter i-transform
Sy as the map taking f € Sy(R™) to the sequence Syf = {(Syf)r}r, Where
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(Syf)r = (f,¥r). Define the inverse multi-parameter i-transform T, as the map
taking a sequence s = {sg}r to Tys =) p srURr(T).

By @10, for f € Sp,g € S} one has
(2:2) (£.9) = (D (Suf)rvr().9) = (Suf. Sug).
RED
For a sequence s = s, one also has the following identity:
(2.3) (Spf,s) =Y (fvr)se = (£, Y srtr) = (£, Tys).
ReD RED
The discrete Triebel-Lizorkin sequence space fz‘j"q is defined as follows.

Definition 2.2. For 0 < p < 00, 0 < ¢ < o0, a = (a1, az) € R?, define f;‘f’q to be
the collection of all complex-valued sequences s = {sg}r such that

_ o _ 1/q
@4)  lsllgga = 1( D2 (21 D112 3Rl Ra(@)) e < 00

RED
where Xg(z) = |R|~Y?xgr(z).
Remark 2.3. If ¢ = oo, ([24) is interpreted as

Isll = = 1l sup (1117/7 =D} s ) 2 < o0,

We also need the discrete sequence form of CM Oy

Definition 2.4. For 0 < p<1,1<¢q < o0, a = (a1, as) € R?, define Cp? to be
the collection of all complex-valued sequences t = {tg}r such that

1/q

(2:5)  ltllegs = Sup ‘I‘al/(m_l)|<}|a2|tRb~(R($))qu>

|Q|___ /Q RCQ,RED
where Yr(z) is the same as the form defined in Definition
Remark 2.5. Naturally, if 0 < p <1, 1< g < oo, 23] is
1 _ o _ 1/q
[tl|cgwa = sup ﬁ( > (/D) g|e2 R 1/2)Q\R|> ;
@ QP rcarep

and if 0 < p < 1, ¢ = oo, (23] is interpreted as

1
[t oo =sup —— sup |[I|*/ "D | o2 |tg || R| T2
? Q |Q]» ! RCO.ReD

Then the following generalization of the fundamental result of Theorem 2.2 in
[22] holds.

Theorem 2.1. Suppose 0 < p < 00, 0 < q < 00, a = (a1, 2) € R?, and D and

Y@ are functions satisfying conditions in (L5)-(L6) and 0)-L8), respectively.
The operators Sy : Fyv9 — f% and Ty : [0 — F»9 are bounded, and Ty o Sy is

the identity on F;j“q.
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7128 WEI DING AND GUOZHEN LU

Proof. The boundedness of Sy is immediate since

1S6(P e = 1] e

from the definition.

We now outline the proof of T,’s boundedness. For a sequence s = {sr}rep,
let f(x) = Tys = > srr(x). Then by almost orthogonality estimates (e.g. see
Lemma 3.1 in [30]), one has

[V i * Vjk(r — 1,25 —27)]

2(j/\j'/\k/\k')(m71)
(1 + 2jAj’AkAk'|x1, _ x1|)(M+m—1)
93N’ A2(kAK')

x (14 207N N2(BAK |y, — g, )(MHD)

~1§—4'|Lo—Ik—k'|L
<2 2

Hence for any v" € xp,v), € xy,

|f*¢j’7k’(xl’7$J’)|
5 1/6
522‘j‘j"L2"“"“'LCI{Ms( > |R|-1/2|sR|xIxJ) <v”,v:n>}
7,k ReIT; g

for a 6 > 0 which can be sufficiently small if one chooses M big enough by Lemma
3.2 in [30]. Summing over j', k" and (¢”,¢,.), one has

1
D7 o AR et (AR asla R W’j’,k/*f(II'v33J’)|qXI/(IH)XJ’(«T;n))q
jl,k/eZ (ellyein)
< C( 3 2—[(j//\k’)a1+(j’/\2k')0t2]q[Z2—|j—j/\L2—|k—k/|L
j' k€L J.k
5 1/6 g\ 1
<ot (3 IR smhon ) o))
RGHj,k

Then by the inequality (3, a;)? < >, af, if 0 < ¢ < 1, or Cauchy’s inequality with
exponents q, ¢, % + % =1, if ¢ > 1, we obtain

Q=

Z 27[(‘7.//\]6,)0‘1+(j,/\2k/)0‘2]q Z |'(/)j',k7/ % f(,’]j‘]/7 a’,‘J/)quI/ (,’L‘N)XJ/ (J"'Im,))

j/,k/eZ (EII’E’I”L)
4 q/d 1
¢ (5 rommesmmelan( ¥ ) i) )
3, kEZ RETT,

Applying Fefferman-Stein’s vector-valued strong maximal inequality on LP/®(£4/9)
provided 6 < min{p, g, 1}, we complete the proof. O

Next, we will obtain a similar correspondence between CMO,? and Cp?. Fol-
lowing the proof of Lemma 3.1 in [30], one can obtain the following almost orthog-
onality estimates.
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DUALITY OF MULTI-PARAMETER TRIEBEL-LIZORKIN SPACES 7129

Lemma 2.2. Suppose that ¥, and @j i satisfy the same conditions in (LEH)-(LS).
Then for any given integers Ly, Lo and M, there exists a constant C = C(L, M) >0
such that

Vs * @ (@ 2m) |
2(j/\k)(m71)2j/\2k

< 09 li—i'1Lig—k—F'|L2 .
<02 2 (1+2j/\k|x/|)(M+m—1)(1+2j/\2k|xm|)(M+1)

Proof. One can write
(ke * i) (2, 2m)
= / W@ o = ) (7 o)W Y )y .
R™~—1xR

Then by classical almost orthogonality estimates, one has

9N Ym 9—1j—3'IL1

(1) W),
(2.6) W)J *QOj/ (u 7um)| S C(1+2(j/\j')‘u")(M+m_1) (1+2(j/\j/)|um|)(M+1)

and
9(kAK")(m+1) o—|k—k'|L2

2, @ <
(7)o * o (V' ym)| < C(1 T 2(6AR) |y [y M Fm=1) (1  22(kAK") |y 1) (MF1)
for any positive integer L1, Ly and M. With the same process as in the proof of

Lemma 3.1 in [30], we have

, , (GAG' AEAK) (m—1)
Vs % Qi (& )| < €271 Ilrgm k=KL 2

(1 + 2j/\j’/\k/\k/|$/|)(M+mfl)
2j/\j//\2(k/\k’)

1+ 201" A2(EAK) |z [) (M A1)

T
which gives
(j/\k:)Mf(j/\j’/\k/\k')]V[2(jAk)(mfl)

(1 + Qj/\k‘x/‘)(Mer—l)
2(j/\2k)M—(j/\j’A2(kAk’))M2jAj’A2(kAk’)

(1 + 2072z, [)MT+1)

ik * pjp (@ 2m)] S 9137 |L1g—Ik—k'|L> 2

X

After observing that
GANk =GN NENE <=7 |+ |k—FK|
and
A2k =GN AN2kNEK) <1 — ' +2[k =K,
we obtain the desired result. |

The next theorem concerns the actions of the multi-parameter -transform Sy
and its inverse -transform T, on the space CM 07 and its discrete sequence form
Cp%. We prove that operators Sy, : CMO? — Cp? and Ty, : Cp#? — CMOp1
are bounded, and T, o Sy is the identity on CMO;9. The proof of this theorem
is rather involved, and the underlying geometry of the multi-parameter structures
of the dyadic rectangles associated with the composition of two operators with
different homogeneities plays an important role. These sorts of ideas have been
initially used in [31] and then [30] for duality of flag Hardy spaces, and similar
ideas have been used subsequently for Hardy spaces in different multi-parameter
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7130 WEI DING AND GUOZHEN LU

settings (see [28], [29], [41], etc.). Nevertheless, it is more difficult and complicated
to carry out our multi-parameter Triebel-Lizorkin spaces.

Theorem 2.3. Suppose 0 < p < 1< ¢ < 00, a = (a1, a0) € R?, and vV and
Y2 are functions satisfying conditions in (LH)-(L6) and (1)-(LR), respectively.
Then the operators Sy : CMOy? — Cp? and Ty : Cp% — CMO? are bounded,
and Ty, 0 Sy 1is the identity on CMO1.

Proof. We only prove Ty, is bounded since the rest is obvious. Let ¢t = {tp/ }r €
Cydand f =) trr. When 1 < ¢ < oo, we are going to prove

1/q
sp——( > (IO g flan )R]
Q@ |QP T N gy ICo.ReD

1/q
(28) gsupi_< Z (|I/‘a1/(m_1)|Jl|a2|tR/||R/|_1/2)q|RI|) )
Q QP 7 N p_pxrcareD

—_

S
=

For any R’ € I/, by Lemma [22] one has

lojk % Vr(xr,25)| < C|R/|}/2271i =3 |(La+L2) 9= |k—k'|(L1+2L2)
(3" AK) (m—1)
(1+ 2" |y — g ) (MAm—1)
2j’/\2k/

1+ 20"A2K |y — gy [)(MHD)

X

T

Since |7/ AK —JANK| <|j—7|+ k=K |j N2k —F A2k <|7—7|+2|k—-F|
one has
2—L1‘j/Ak/—j/\k|
(1 i 2j//\kl‘.’£1 — $I,D(Mer—l)
9—La|j' A2k'—j A2k

1+ 20"72K | — g5 ) (M)

i *Yr(er,zs)| < CIR|™Y?

X
(
for any sufficiently larger L1, L1. Using conditions (H), (7), it is easy to see that

(gaj)k * z/)j,),c,(. _ 2—(1”Ak’)g/7 L 2—(j’A2k’)gm))A(§/7§m)
= Gy )y (€, Em) exp(—2mi[2~ UMD pg! 4 2= A g e Ty
=0if[j' —j|>1or |k -kl >1,

from which follows

ik * f@rx)|T S tr |+ Yrr (@, 20)|".
R/
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DUALITY OF MULTI-PARAMETER TRIEBEL-LIZORKIN SPACES 7131

Hence

Yo (PO far,2)])? B

R=IxJCSQ,RED

SNy Z [1jee/ DL R R
R=IxJCQ,RED R'=I'xJ'€D

/(m—
NN 1 g\ 1
“\ N — i\ AT | T eI
S L+ S HM AT V) Sy
qay /(m—1) qog
_ Y % (ﬂ) (ﬂ) Ll
R=IxJCQ,ReED R'=1'"xJ'€D |I/‘ |J/| ‘R/‘

qL1/(m— qLo
X ﬂ A m ﬂ A ﬂ 1 1
i EAR (1 + SLOwr (1 4 S0 )M

0(J")
(1| DL o || R 2)1 R
qlaz]/(m—1)+ az|+1
I 1
< Ly v
Sy 2 <|1/ 1] AR
R=IxJCQ,RED R'=I'"xJ' €D

qL1/(m=1) L
LN [N 1 !
‘I/| |I| |J/| ‘J| (1 + diset((ll,,)I')) (1 + dist(J,J’ ))]\/[

)
X ([T /DL e || R Y2) R

= > S (O | [R V29| R|
R=IxJCQ,RED R'=I'"xJ' €D

L
1] ﬂ 11 1 1 1
X TR A dst(1,1) st (1,77
') |1 ') 1+ M (L+ S M

by setting ¢L1/(m — 1) — glan|/(m —1) =1 = L = qLy — q|azs| — 1. Thus

1 _ o 1/q
sp—— (3 I s o) )R)

|77 Y 1w JCO,RED

> Y. r(RER)pRER)

|Q|p 7 R=IxJCQ,RED R'=I'x J'€D

1/q
X ([T DL g | R V29 R )

(2.9) < sup

where
ALY
r(R,R') = A A
(m f) (J’I |J|>
and
1 1
p(R,R') = = =
(1+d t(([)[)) (1+d t((JS]))
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7132 WEI DING AND GUOZHEN LU

In order to prove inequality (2.8]), using (2.9), we only need to prove

su r(R,R)p(R, R')

L —
Q QP9 N g1 JCORED RI=I' < J'€D

1/q
(L3 DL | | R )0 R

1 1/q
e1) S —r— (Y (e R
Q QP 7 N p_pyrcaRreD

To do this, define

Q0= |J 3(Ix.J).
R=IxJCQ

For any R C Q, let A, ;(R) be the collection of dyadic rectangles R’ so that
Aoo(R)={R' =1 xJ CQ:dist(I,I") < 4(I) v L(I'),dist(J, J') < (J) Vv LJ)},
and for i > 1,

Aio(R)={R'=TxJ CQ: 27 I") vI) < dist(I,I') < (2%(I")) v £(I),
dist(J, J') < £(J) Vv ()},

and for [ > 1,
Ag)(R)={R' =T'xJ CQ:dist(I,I') <¢I) VI,
2RI v () < dist(J, J) < (24(J")) v 4(J)},
and for 7,1 > 1,
Aif(R)={R'=TxJ CQ: 27 ) vI) < dist(I,I') < (2%(I")) v £(I),
QL) v () < dist(J, J') < (24(J)) v ()},
and i,1 >0,
Aij={R =1xJ €D: 302'T x2'J)n Q%0 £ (}.

It is easy to see that for any R C Q, U, ;50 Aii(R) = D, A;1(R) N Ay p(R)=10
if (4,1) # (¢/,1') and A;;(R) C A;,;. Note that for R’ € A; ;(R), i,1 >0,

: ’
1+ dist(J, J") o ol

dist(I, I')
1 __ N’ 7
+ gy~

> 9t
ory  ~ o

from which follows

p(R,R) S 270N,
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DUALITY OF MULTI-PARAMETER TRIEBEL-LIZORKIN SPACES 7133

—( = S ARRERR)

‘QF_“ R=IxJCQ,RED R'=I'xJ'€D
1/q
X (|1 DL g || R V2 R )

:;_( S S Y rRR)RR)

277" Y R_1xTCQ,RED 20 Ri€ AL (R)

1/q
X (|11 || R V29 R

:%( Z Z Z XR/eAi,L(R)T(RaR/)P(RaR/)

|77 9" N g% JCORED 150 RI€As,

1/q
X (|1 DL g || R V2 R )

=MD D DD DD M DI DB Eal

1_ 1
|Q| ’ R/EAo)() i>1 R’EA,‘,YO 1>1 R/GAOJ i,0>1 R’GALZ

1/q
Y leeAi,xR)r(R,R’><|I'|al/<m1>J/a2|tR/|R'WVR’I)
RCQ,ReD

= (L + L+ I3+ 1)
We only estimate I since estimates of estimate I;, I and I3 can be concluded
by applying the same techniques.
For each integer h > 1, let ]-',ll’l ={R' =1xJ € A;;: 32 x2L.J)N Q"0 >
57277 x 21J'[}. Let

Dyl =FN\FL and = ) R.

Rep)!
Then
1 (3
L= —==> > > 2" 5 xwe.wr®R)
|Q| i,l>1h>1 Ry D” RCQ,RED

(|1 /DT 22t || R Y2 R
To estimate the right-hand side of the above inequality, we only need to estimate

> Xweamr(RR).
RCQ,RED
Firstly, because R’ € A; ;(R), one has 3R N 3(2'1" x 27.J") # (). For R C Q, there
are four cases:
Case 1: [21'| > |I|, [2'J'| > |J|; Case 2: |2LI"| > |I], |2Y0"| < |J|;
Case 3: [21'| < |I|, |2'J'] > |J|; Case 4: |2iI'| < |11, |2Y0"] < |J|.
From the definition of A;;(R), one can see that if R’ € Case 2, then

) = 21T v eT) < dist(J, J') < (2(J) v L(T) = £(]),
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7134 WEI DING AND GUOZHEN LU

which implies Case 2 is an empty set. For the same reason, Case 3 is also an empty
set. We split I4 into two terms:

I = —5— ZZ S 27 MO N 4N Ixrea (R R)

|Q‘ 3,0>1h>1 R’ED’ l RECase 1  ReCase4d
X(‘I/|(y1/(m_1)‘J/laz|tR/HR/‘_1/2)q|R/|
= I{+1j.
In Case 1, since R’ € 4;;(R) and R’ € 'D:L’l, one has

i i 1 i
(2.11) |R| < |3RN3(2°I" x 2'0")| < |3(2°I" x 2'0") nQ*0| < F|3(2 I' < 2L.0").

In r(R, R'), we should compare the side-length of R with the side-length of R'. We
divide R C € into four categories:

Category 1.1 |I| < |I'|, |J| < |J'|; Category 1.2 [I| < |I'|, |J| > |J'|;

Category 1.3 |I| > |I'], |J]| < |J'|; Category 1.4 |I| > |I'|, |J| > |.]'|.
For Category 1.1, (ZI0)) gives 2!(m~D+!|R/| = 2h=1=2m41| R| for some integer n > 0
since I,I' are all dyadic, where 272™ is used to offset 3™. For each fixed n > 0,
the number of such R’s must be less than 772"~1=2m+1 gince R C 7(2'1" x 2L.J").
Therefore

(2i(m71)+l)L

/
> xreaumr(RR) < T Gy
ReGasel ||</1'],|J]<|7 =0

< 9iLm—h(L—1)+IL

For Category 1.2, |I| < ||, |J| > |J'|. From (ZIJ), one has

[I]]J'| < |R| < |3RN3(2°T" x 2LJ")| < [3(2°T' x 2'J") N

2h -[3(2°1" x 21J")].

It follows that

i(m—1)+1
32
g —}
hence 2°" VM| I'| = 2h=1=2m+0| | for some integer § > 0. For each fixed 6 > 0,

the number of such I's must be less than 7m~12h=1=2m=I+0 gince | C 7(21").
Moreover from |J'| < |J| < |2!J’| we have |2°.J'| = |J| for some positive integer
with 1 < 8 < [. For each fixed 8 > 0, the number of such J’s must be less than
720=P) since J C 7(2'J"). Hence

, . 2z(m—1))L ol—8
Z Xrea,(mT(B,R) < 7 ZZ (2h—1-2m—1+0)L—1 9LB

ReCasel,|I|<|I'],|J]> || 6>0 5= 7 (
< l22Lm7h(L71)+3lL

With a similar argument to Category 1.2, for Category 1.3 one can obtain the

following estimates:
/ 52i Lm—h(L—1)42IL
XR/EA,‘,J(R)T(R) R) 5 i2 e ( i .
ReCasel,|I|>|I'|,|J|<|J’|

For Category 1.4, from (ZI1]) one has

|R'| < ST 13(2¢1" x 210",
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DUALITY OF MULTI-PARAMETER TRIEBEL-LIZORKIN SPACES 7135

from which follows that 27~ < 3m2{(m=1+lOn the other hand, with |R'| < |R| <
121" x 2L.J'|, one has 2/(m~V+!|R/| = 2*|R| for some integer 0 < A < i(m — 1) + 1.
For each fixed A > 0, the number of such R’s must be less than 72X since R C
7(21' x 2L.J"). So

i(m—1)+1 2/\ I
> wweamr(BR) = Y T () S2m
ReCasel,|I|>|1"],|J|>|J'] A=0
Therefore
1 )
L= === 2.2, 2 2" ) wea,mr(RR)
|Q| i>1h>1 R’ED;’Z ReCasel

< (|| DL e e | R )R

1
S P Z (Z 22Lm ML=1)HL | j9ilm—h(L—1)+3LL
Q" I3 Vs
. rLm— —_ im —(3 ,7l i_i/
4 goXilm=h(L-1)+2Ly 4 > 9 +z>2 ()M i £
h:2h—1<3mQi(m—1)+1
g 2 (11O R R)
|Qh |P q’ mca
S D (224’Lm‘h‘L‘”+4lL+ S )
,I>1 h>1 hi2h—1<3mai(m—1)+1
O 1 - o _
X 27 (z+l)M(22h)p /sgpﬁ Z (|I/‘o¢1/(m 1)|J/| 2|tR/||R/| 1/2)q|R’|
Q |Q|p q e
1
S swp— 3 (1IN e R R]
A e

since [0 < 227000 < 220(Q)], 0 < p < 1 < ¢ < o0 and choosing M > 4mL with
L large enough. ‘
In Case 4, firstly, since R’ € A;;(R) and R’ € D;’l, one has

1201 x 210 < [BRN 32T x 2L.7')| < |3(2°1 x 2'.T) (21 x 210",

Qh 1|3

which follows h < 2*m*1. Moreover, from |2°I'| < |I|, [2'J'| < |J|, one has
2i(m=1)+l+o|R/| = |R| for some integer ¢ > 0. For each fixed ¢ > 0 and any
R’, the number of such R’s must be less than 7. In this situation, we have the
following estimates:
AN m 1 L im—+l1
Z Xrrea, ()R, R) = Z 7 (m) S2 .
ReCased a>0

Then with the same process, one has
1
S Sup i (DL e e || R TH2) R
“ RICO

We then complete the proof of ([2.8).

I
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7136 WEI DING AND GUOZHEN LU
When g = oo, for t = {tg/}r € Cp? and f = tr¢r/, we are going to prove

1 - @
SUP T sup T[>/ =D 7192 ) o # f(mr,20)]
Q |Q|p 7" R=IxJCQ,ReD

<s

~

|I/‘O‘1/(m71)|,]/|a2‘tR/HR/|71/2

s
1
|Q|» ! r=1'xJCRED

Its proof is similar to the case of 0 < ¢ < co; hence we only give an outline.
For convenience, we use the same symbols as above. With the same process, one
has

1 - «
|Q|__1 R=I 3%% ReD‘I‘al/(m DIJI |jn = f(wr,2))|
=1 X C 5

1
—1y  sup > I g | [R|?
|Q|p R=IxJCQ,RED R'=I'"xJ €D

Li/(m—1) Lo
(i L, 1
nhm) e\ ) g
a1/(m—1) ag
. > Hl 11
|Q|%_1 R=IxJCQRED p, [ 1 rg |J']

L1/(m—1) L
x(ﬂu_")l R (LIA£>2 1
dist(1,1") dist(J,J’
FAR (1+ S \ [ ] ) (14 S0 )0

|I/|a1/(m71)|J/‘a2|tR/||R/|71/2

1
T S I | R
|7 ™" R=IXJCQRED p,_ (7 1ep

L
x(ﬂAﬂ><uAMg ! !
|I'| |I| |J/‘ |J| (1 + dlszt((lfl,)l/))M (1 + d1s£((j,{’))M

1
T R DI G T
SIS REY pi=x JeD

=S N (I DI DI SIS DS

QP77 R=IXJCQRED N o, 4 () 31 ReAio(R) 151 R€Agy(R)
YY) MR R D g | R 2
il>1 R'€A; ,(R)
— By + By + Bs + By,

N

N

We only estimate B, since estimates of By, By and Bs can be concluded by
applying the same techniques.

For each integer h > 1, let Fj' = {R' = I' x J' € Ai (R) : |3(2'T' x 2'.J') N R| >
‘T x 2LJ'|}. Let

Dyl = N\FL and = ) R
R'eD}!
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DUALITY OF MULTI-PARAMETER TRIEBEL-LIZORKIN SPACES 7137

Then

By = 1 YN N o tHMy(R R

)
Q7" Rr= IXJCQ RED; 1>1h>1 pie Dit

~ |I/‘Oé1/(m71)|¢]/|a2‘tR/||R/|71/2.

To estimate the right-hand side of the above inequality, we only need to estimate

> r(RR).

”
R'eD}

Firstly, because R’ € A;;(R), one has 3RN 3(2'1" x 27.J') # 0. For R’ € D', there
are also four cases:

Case 1: 21| > |I], [2tJ'| > |J|; Case 2: [2¢1'| > |I], [2LJ] < |J|;

Case 3: |2°1'| < |1, |2Y0'| > |J|; Case 4: |2¢1'| < |I], [2"| < |J|.
It is easy to see that Case 2, Case 3 are none. Then By = B} + Bj.

For R’ € Case 1, one has

|R| < |3RN 32T x 2L0")| < [3(2°1 x 2T n

(2°1 x 2L.J")).

We divide R’ € Case 1 into four categories:

Category 1.1 |I| < |I'|, |J| < |J']; Category 1.2 |I| < |I'|, |J| > |J'[;

Category 1.3 |I| > |I'|, |J| < |J'|; Category 1.4 |I| > |I'|, |J| > |J'|.
In Category 1.1, we have 2/m~UH|R/| = 2h=1=2m+n|R| for some integer n >
0. Moreover, for any fixed n > 0 and R, the number of such R"’s is less than
721 m=D+ gince 3R N 3(2'1 x 27.J') # () and |2°1'| > |I|, |2'J'| > |J|. Hence

) i(m—1)+1 (L
Z ’I"(R, R/) _ Z7m21(m—1)+l(;_1_72m+n)

R’e€Category 1.1 n>0

< 92imL+21L—hL

~

In Category 1.2, one has Zi(m'_1)+l’|I’| = 2h=1=2m+9| ]| for some integer 6 > 0.

For each fixed # > 0 and R, the number of such I”’s must be less than 77~12i(m—1)
Moreover, from |J'| < |J| < |2!J'|, we have |27.J'| = |J| for some positive integer 3
with 1 < 8 <. For each fixed 8 > 0 and J, the number of such J’’s must be less
than 72(=#) Hence

> r(R,R) < 7’”22

ReCategory 1.2 n>0 /=1
< 1221Lm hL+2lL

9i(m—1) Qz(m 1)+l) ol—p
(25— 1 2mt0)L LB

With a similar argument, one has

Z ’I"(R R/) < i22iLm7hL+2lL.
ReCategory 1.3
In Category 1.4, one has 2"~1 < 3m2i(m=1+ and with |R'| < |R| < [2°1' x 21|,
one has 2"~ D+| R'| = 2}|R| for some integer 0 < A < i(m — 1) +1. For each fixed
A > 0, the number of such R"’s must be less than gmoilm=1)+1 g,

i(m—1)+1 oA I
> rRE)= Y T V() sam
ReCategory 1.4 A=0
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7138 WEI DING AND GUOZHEN LU

Therefore
1

Bi = - sup Z Z Z z+l)M R R/)|I/|a1/(m 1)

=—1
QP 7" R=IxJCQRED T 137 pidCase1

|02 |t || R 72

1
(z+l)M ’ 4,1
= Ql_lRIJCQRDZZ Z 2 (B, )|,
1Q|> x €D 1>1h>1 R’€Case 1
X —r—p sup [0/ D T2t || R T2
192,177 Reqit
1
< s swp (D R,

|Q\_—1 =I'xJ'CQ,R'€ED
With a similar argument for the rest, we can obtain the desired result. We then
have completed the proof. O

Proof of Theorem [L2. Suppose that 1) and ¢(?) are functions satisfying condi-
tions in (L5)-(LE) and (L1)-(LY), respectively. For f € CMO;9, setting pr(z) =
|R['20; k(' — 21, 2m — x5) with R € I, and tg = (f, or) = ¢k * f(x1,2), by
Theorem 23] we have f =) ptrpr and t = {tg}r € Cp"9. Then () gives

1 o o N 1/q
s (I ¢ S R)

Q79" N perxICO,RED
< 1 a1/(m—1) Qo —1/2\q 1/a
ssip——( > (1 71 el RI %) R
Q QP N g ICO.ReD

The conclusion of Theorem follows immediately. O

3. IMBEDDING THEOREMS

In this section, we give a characterization of imbedding of ¢" spaces into f;’q
and imbedding of fz‘;‘*q into " spaces. This result was first established by Verbitsky
[63] in the dyadic cubes with respect to an arbitrary positive locally finite measure
on the Euclidean space and was generalized by Bownik [I] to discrete anisotropic
Triebel-Lizorkin sequence spaces.

Theorem 3.1. Assume that 11 is any subfamily D and {cr}ren is any positive
sequence.
(i) Suppose 0 < p <r < q < oo. Then the inequality

(31) 1( 3 Isal(en)n)

Rell

holds for all scalar sequences s = {sr}tren if and only if
- p/(r—p)
(3.2) /sup ((CR) |R|) Xr(z)dr < co.
Rell
(ii) Suppose 0 < q <1 < p < co. Then the inequality

(33 1( 3 Isal(en)xr) s >

Rell

holds for all scalar sequences s = {sr}ren if and only if B2) holds.
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DUALITY OF MULTI-PARAMETER TRIEBEL-LIZORKIN SPACES 7139

To establish Theorem Bl we will follow the original approach of Verbitsky [63].
Thus, we recall the following known results.

Lemma 3.2 (Theorem 1 (i)(ii) of [63]). Let 0 <p <r < g <oo. Then

1/q
19,1
| (Zasirer) ™|, < Clisler
iel
holds if
r— p/(r—p)
/S@P K¢z p@)“@”ﬂ)} dx < oo.
Suppose 0 < q <r <p <oo. Then
1/a
|(Sdsileet) ™. = Clsher
holds if
- p/(p—r)
[ (e @oa, )" e < .

Lemma 3.3 (Theorem 1.1 of [53]). Let 0 < p < r < oo, I be any index set, and
{@iticr be a family in LP. Then, the inequality

<C|s
Lp

sup(|si|i) o
iel

holds for all scalar sequences s = {s;}icr € € if and only if there exists a non-
negative measurable function F > 0 with fF(x)dz <1, such that
sup [|[F =17
iel
where L™ () is a weak-L" with respect to the measure du(xz) = F(x)dx defined by

I1/1

Jor € L (u).
Lemma 3.4 (Remark 3 of [63]). If0 < g =1 < p < oo, then
1/q
(D Isit#0f) e = Cllsler
iel
holds if and only if there exists F > 0 such that

Lo (p) < 00,

1/r
v = (suptu({z € R™ 2 f(@)] > 1)) < oo

/F(w)dw <1 and inf HF_l/p(biHU(#) >0,
where du(z) = F(z)dx.

Proof of Theorem Bl We begin with the proof of part (i). Firstly B2)= B is
a direct consequence of Lemma B2 since [(crxr(z))Pdz = (cr)?|R|.

Now suppose that ([B.1]) holds for p < r. By imbedding ¢? < (> and Lemma[3.3]
there exists a non-negative measurable function F' > 0 with f F(z)dx < 1, such
that

(3.4) sup [|F~Pepxrllproe (u) = sup crl|F P xR pros ) < 00,
Rell Rell
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7140 WEI DING AND GUOZHEN LU

where dy = Fdx. Let f = F~'/Pyp: then I fllLe ) = |R|*P. Suppose p < 5 < r
and 1/s =t/p+ (1 —t)/r with 0 < ¢t < 1. Applying the well-known interpolation
inequality (e.g. Proposition 1.1.14 of [25])

112y < Ol o1y

one has for any R € 11,

1-t
Lo ()’

( / Fs/7 gV < CIRIMP|| F-YPx g
R

Letting 6 = s/p — 1 and combining the above inequality with ([B4]), we obtain

(cR\R|1/T>pT/(T_p) (ﬁ/ F_‘sd:c) v < C < o0.
R

On the other hand, by Holder’s inequality with exponents ‘5?, % one has

(ﬁ/ F“;dm)l/g(ﬁ/ Fadfc)l/e > 1,
R R

for all §,e > 0. Hence

)pr/ (r—p 1
|R|

for x € R, where M, denotes the strong maximal operator. Since M is bounded

on L'/¢ for 0 < e < 1, we have

[ s (teny1m)”" " vadr < JonE @) i £ [ Py <.

Rell

We then have completed the proof of part (i) of Theorem Bl

We now give the proof of part (ii). The second part of Lemma gives the
proof of B2)= B3). Now suppose that [B3) holds. We first prove (B2) for
q = r following the original argument of Verbitsky [63]. By Lemma[34] there exists
Fe L', F>0,such that

: 1-r/p r _ r 1-r/p
inf /F (crxr) dx = éIé%(CR) /RF dx > 0.

(cnlr” <o /RF car)' ' < 001,(F) )2

Rell

It follows from the above inequality that

p/(r—p) 1 p/(p—r)
/sup ((CR)T|R|) Xr(z)de < /sup (—/ Flfr/pdy) xr(z)dx
Rell ren \MR| Jr
/(p—7)
S /(MS(Flf’r‘/p)(x))p P dl.
<

C/F(x)dx < 00.

When ¢ < r, we use the argument of Bownik [I] by taking advantage of the
already established duality of fg"l, p > 1. Note that by duality

srlitg|9)Y/4

ol sy (S lsnlltal)
t={tr} ”t

Hence [B3) is equivalent to the inequality

1/q
35) (3 lsaltents < CI( X sl (enyxn)  Nerlthruo.

ReIl Rell

gra/(r—a)
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DUALITY OF MULTI-PARAMETER TRIEBEL-LIZORKIN SPACES 7141

On the other hand, since 1 < p/q < oo, by the already established duality ( f;/;)* =

fp/?{;—q)’ one has for a = (3(m — 1), 3),

(36) sup —dzemorl g Jwnl
u=fur} | 22 URXRlLrra u=funy [ull o v/ (=)
= || sup |vrl|RI" x&llLo/w-o -
ReD
Let
I ‘tR|q(CR)_q,R€H;
770, R e D\II,
and
oy — ) IsRl(cr)?, R €1
E=7 o0, R e D\IL
Then (B8] may be rewritten in the following form by taking the gth roots:
(3.7)

1/q
| S ren lsal?talr]

sup
= (o) || (5 et sl (em)rxm) |

Let p1 = pg/(p — q), m1 = rq/(r — q) and &g = (cg)~'|R|""/9. Combining (Z3)
with B7) yields

= | sup trlen) MBI xR
ReIl Lra/(p—aq)

| sup ItrlCr)xel | < Clitlen
Rell Lr

for all t = {tg}r. Using the facts that pir1/(r1 — p1) = pr/(p — ), p1 < 71, and
applying (i) of Theorem Bl we get from the preceding inequality

p1/(r1—p1) p/(r—p)
/sup ((6R)T1|R|) Xr(x)dx = / sup <(cR)T\R|) xr(z)dr < co.
Rell Rell

Hence [B2) holds for ¢ < r. We thus have completed the proof. |

4. DuALITY OF fi?
Theorem 4.1. Suppose 1 <p < o0, 0 < q < 00, a = (ai,az) € R%. Then
(o) = fo
Proof. For any s € f;"‘% te f.;ﬁ’q/ we have

| Z SRUR|

ReD
< [ U sl Ra@) DL e (o) de

ReD

1/q
< [ (@1 salgalo))?)
ReD
’ 1/‘1/
x (2 (I g gl (@) ) de
ReD

<

sl ggoalltl e
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7142 WEI DING AND GUOZHEN LU

by duality if 1 < ¢ < oo or by imbedding /¢ — £ if 0 < ¢ < 1. This yields that t
is a continuous linear functional on f;9 and

¥ gy < 18] o

For the converse direction, we split its proof into 2 cases: (p,q) € (1,00) X [1,00)
and (1,00) x (0,1).

Case 1: (p,q) € (1,00) x [1,00). This case is elementary. Take any | € (f;f"q)*.
Then there exists some sequence t = tgr such that I(s) = ), sgrtr for any s =
{sr}r € f;"q. Now we need a well-known result that

(4.1) (LP(19)" = LY (1)
if 1 <p<oo,1<q< oo, where
L2017 = { £ = {£o} : Wfllzony = I 1£l) ¥l < oo},
with the pairing (f,g) = [, fugw for f € LP(19), g € LP' (1) (see e.g. [62]). Let
I: fo4 — LP(19) be defined by

I(s) ={fintiren,  where f= > [I|"/" DT spxp(w).
Rell; i

Clearly, the map I is a linear isometry onto a subspa(ie of LP(19). B~y the Hahn-
Banach Theorem, there exists [ € (LP(19))* such that oI =1 and ||!|| = ||I||. By
@), i(f) = (£, g) for some g € L (') with ||gl| o (ary < 1]l Hence

I(I(s)) = /Z Jikgjn
7,k

SO DT s g () g (@) da

I(s)

j,k REIL; k
= 33 sa(i e R [ gue))
j.k RE; R
= 2 > srtr= (L)
J,.k Rell; i

for all s € f;"q, where t = {tr}r with tg = |I|**/(m=D|J|e2|R|~1/2 Jr Gik(x)dx
for R € 11 . Then

e = 12 3 (o [ assien@l

j.k REIL;
”{MS(gj,k)}HLP’(lq’) S ||9||LP'(Z<1’) < ill-

This completes the proof of Case 1.

IN

Case 2: (p,q) € (1,00) x (0,1). In this case, LP(I?) is not a normed space; hence
we can’t use the Hahn-Banach theorem.
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DUALITY OF MULTI-PARAMETER TRIEBEL-LIZORKIN SPACES 7143

Take | € ( fg"q )*. Then there exists some sequence ¢t = tr such that for any

s={sr}r € f;"q,

(4.2)
_ 5 1/q
U) =13 safrl < Cllslzga = CH( X (11D LT[ sla(@)?) v
R ReD
If we prove the estimates
[l e = 1 sup (1172112 R R (@) | < o0,

we then complete the proof.
_ a1 /(m—1)| 7jo
Define Il = {R € D,tr # 0}, and let ug = sgtr,cr = w for R € II.
We may assume that sgtr > 0 for all R € D by choosing proper sg. Moreover we
can assume sg = 0 if R ¢ II. Then ([£2]) can be rewritten as

1/q
lulles < ell (Y lurl(er)xr) " les

Rell
for all u = {ugr}ren. Then (ii) of Theorem Bl with 0 < ¢ < r =1 < p < oo yields

p/(1-p)
/sup ((CRXR)\RD dx < o0,
Rell

that is,
p/(p—1)
/SUP ((|I|_a1/(m_1)|J\_a2|tRHR|_1/2XR)) dr < 0.
Rell
We thus have completed the proof. O

Theorem 4.2. Suppose 0 <p <1,0< q< o0, a = (ar,az) € R%. Then
(f;v,q)* — -

P
Proof. We first assume 1 < ¢ < co. Suppose t € Cp’o"q,. For any s € f;"q, set

() = (3 (1D gl ga())

ReD
and for k € Z,

Q. = {z € R™: h(z) > 2%},
1 1
By, = {R eD: |RﬂQk| > §|R‘, ‘RﬁQkJrll < §|R‘}

One can obtain

1
> satel = D> (TR ][RI 2 |R|T)

ReD k ReBy

X (|Te3/0m=D | 7|°2 s | |R| 2 |R| ")

1 p/d
< {3 qare e gl R BRI
k ReBy
_1_p/ay1/p
(4.3) x [0 (re /g e s BRI R
ReEBy,

Licensed to Univ of Conn, Storrs. Prepared on Tue Dec 26 17:50:32 EST 2017 for download from IP 137.99.37.73.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



7144 WEI DING AND GUOZHEN LU

Let O = {z € R™, M,(xa,)(z) > 1}; then |Q] < || One sees that if R € By,
then one has R C Qk So

7 1/ !

[ 3 (/g me g B3 R )]
ReBy
1

oy [ (m— —a [ G A g 1 1
ST [ e e ] g
P ReEBy

1_1
< el 215

Q=

On the other hand, using the fact that if R € By, R C €, one also obtains
1 .
1Bl < [B\Qpa] = [R O 2\ Q|-

Hence

1/q
[ > qre Do sl R R )1
ReEBy

111 1/q
= [ /el R) q)qu\]

= ay/(m=1)| 7]as _ . 1/q
( /WW R%(m 71 sl n(e)de)

/ aydn) " S 2.
Qp \Qk+1

Combining (43]) with the above inequality, one obtains

| > satal S It

ReD

oo’ 22’“”|Qk|)1/” S el gz 18]l oo

Next, we will prove C’;O"ql 2 (f;"q)*. Let ¢ € (f;’q)*. Then there exists some
t = {tr}r such that for every s = {sp}r € f;j"q, l(s) =) psrtr and

|ZthR\ < 1ll o0y

0“1

Once having shown ¢ € C; @4 we will then complete the proof. For any open set
) C R™ with finite measure, let X = {R € D : R C Q}, and let u be a measure on
X such that the p-measure of R is |R|if 1 < g < oo or u(R) =1if ¢ =1. Then by
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DUALITY OF MULTI-PARAMETER TRIEBEL-LIZORKIN SPACES 7145

the above inequality, one has

’

_a m— _a _ ’ 1/q
> (IO g RV R|)

RCQ,RED
= D B 2
= s | e e R sl

lIslha(x.am <1 pcq, ReD
< |lell o) e 7=/ =D L= | R 2 5| R | oo

sllia(x,au) <1

On the other hand,

|||I|fa1/(m71)‘J|*a2|R‘71/28R|R|Hﬁ)¥7q

1/q
=1 X (e DL r] e D R sl Rl ga(e)?) s
RCQ,RED

(Y Useber(@)?) s

RCQ,ReD

(.

q YVa 1 1
(Islxr(@)de} |07~
! RCQ,ReD

by Holder’s inequality since 0 < p <1 < ¢ < 0c0. So

’

’ 1/q
> (I g R R

RCQ,ReD

. YVa 1 1
< e oy (sabyate)de } 103~
Ils ||LL1(X du)<1 Q RCQ RED

< HéH(f';,«)* |Q|5_5a

that is, t € C’p—a’q/.

When 0 < ¢ < 1, by the trivial imbedding f;«q — fg“l, one has

oy 2ty = Gy

To show the other direction, as above, let ¢ € (f;j"q)*.

Then there exists some
t = {tg}r such that for every s = {sr}r € f;’q, £(s)

=) psrtr and

P

1> srtrl < [0 e
R
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7146 WEI DING AND GUOZHEN LU

sup  |I|7ev/(m=D| =2 |tg||R|71/2? < 0.
|Q\ ' RCQ,ReD
For any fixed R=1 x J € D, let (5Q,R = 1if @) = R; otherwise dg,r = 0. So

sup |7| /DL ftg| R

We now prove ||tHC—a o = Sup

RCQ,ReD
= sup > SoualllT L2 |QI T 2 g
RCQ,ReD = =

= Q=IxJCQ
< su 4| so [|=or/tm=D ] J|722 Q72| e,
ST | 17 1Q1 ™l g

e

sup ||£||(f';"1)*

1_9q ——1
< sup €]yl
RCQ,RED RCQ,RED

since 0 < p < 1, which implies our desired results, and we thus have completed the
proof of Theorem O

5. DUALITY OF Fd

In this section we derive the duality of Theorem [[I] and Theorem [[3 from
Theorem . Tland Theorem .2 respectively, in the sequence space cases. It is known
from Proposition 3.1 in [T1] that So(R™) is dense in F;»9(R™) for 0 < p,q < oco.

Proof of Theorem [l Let g€ Fp_,a’q/ (R™), f€So(R™) and 1 <p<00,0< g < 00.
Then by the identity (Z2)) one has (f, g) = (Sy f, Syg). Hence

(F D < N1Sufl jgoa@omy
by Theorem F1l and Theorem 211 This proves that ||| < HgHFfa,q/(Rm).

Conversely, suppose [ € (F;’Q(Rm))*. Then ly =1oTy € (fﬁ“q)*, so by Theorem
[T, there exists t = {tg}r € fz;a’q' such that

ll(s) = <5,f,> = ZSRER

foralls = {sr}r € fa’q(]Rm) Moreover ||t||f_a o = ||l1]] < ||| for the boundedness

of Tyy. Note that [ 0 Sy =10Ty oS, =l since Ty o Sy is an identity by Theorem
21l Then letting g = Ty (t) and f € So(R™), one has

1) =1(Sy(f) = (Sy(f). 1) = ([, Ty(t)) = ([, 9)
by 23], which implies that [ = [ 4, and by Theorem [ZI] again, one has

9l e = 1T Ol pocr S 1l e S -
P P P

We have then completed the proof of Theorem [L1] O

S8l ot my S W paamllol oo o

Proof of Theorem [L3l One can go through the same process as above to finish the
proof of Theorem [[.3] We shall omit the details. a

Proof of Theorem [L4. We assume that K; is the kernel of the convolution operator
T;, i = 1,2, and T* is the conjugate operator of T" with the kernel K*. One may
check that

K*# f(x) = Ko # Ky x f(x) = Ky % Ko * f(2)
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c
all 0 < p,q < o0, @ € R? by Theorem 1.5 in [I1] since K; satisfy Definition [T}
Definition [[.2] respectively.
For V 1 < ¢ < oo, there exists a 0 < ¢ < co such that ¢ = q. Then by Theorem

for f € C°, where K;(z) = Ki(—x), i = 1,2. Hence T* is bounded on Fz?’q for

L3
IT(lerogs = sup  [(T(f),9)|
Hg\nga,qfﬁl
= sup  [(f,T"(9))]
loll,—a g <1
P
< sup | fllesmog IT* (9 o
|\9\|Fp_a,q'Sl »
S sup | fllemogallgll p-oa
Hg\nga,q/S P
< Hf”CMOg’q/'
We thus have completed the proof of Theorem [I.41 |

6. APPENDIX

The multi-parameter Triebel-Lizorkin spaces we study here are associated with
the composition of two singular integral operators with the specific dilations

§: (2 ) = (62, 62,,),0 >0

and
§: (2 zm) = (02,8%2,,),6 > 0.

The first is the classical isotropic dilations occurring in the classical Calderén-
Zygmund singular integrals, while the second is non-isotropic and related to the
heat equations (also Heisenberg groups).

As we explained in the introduction, these two dilations are motivated by the
study of weak-(1,1) boundedness of the composition of two singular integrals by
Phong and Stein [51]. This composition of such two singular integral operators
is particularly interesting because they essentially arise naturally in the study of
the 0-Neumann problem (see [26], [49], [50], [51]). This motivates us to study the
function spaces associated with the composition of two such dilations and then the
boundedness of relevant operators. It is worthwhile to note that the underlying
multi-parameter structure we study is intrinsic to the composition of these two
dilations. Nevertheless, the multi-parameter structures we consider are still in
the framework of the translation-invariant environment. The more general case of
translation non-invariant dilations will be studied in a forthcoming project.

Though we restrict our attention to the above two very specific dilations in this
paper, all results in this paper can be carried out to the composition with more sin-
gular integral operators associated with more general non-isotropic homogeneities.
To see this, let
A

; i iy
il,lxl,ai L,2$27 . ,6 L,mxm)

i

6z’ : (1‘1,172,"' ,xm) — (5

for §; > 0,X;+>0,1<i<nand 1<t <m.
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= 2 = ,
For z € R™ we denote |z|; = \/|:c1|*'i=1 + || X2 4 || Yo Let ) €

S(R™) with
supp ) C {(&1, 62,7+, &m) ER™ 1 5 < [l <2}

and

D (IR 27Ny 9INPT (6, 6, 6m) € RT/{O)

Ji€L

1 2
Set iy oo jn (z) = ¢§1) * 1/’5‘2) ke 1/1](?) (z), where
’lb(-i) (J)) = 2”(>‘iv1+>‘iv2+"'+>\i,m)w(i)(eri&,lxl 2”}”\21‘2 cee QJi A m g )
Ji ’ ’ ’ m)-
Then we can obtain the following general discrete Calderén reproducing formula:

Theorem B. Suppose that ", i = 1,--- ,n, are functions satisfying the above
conditions, respectively. Then

f(I1,$27 e ,Im)
m
E E H2—(jl>\1,t/\j2>\2,t/\"'/\jn>\n,t)
1> dn€Z Ly, L) EZ™ t=1

X (1/13‘1 Jo,dn ¥ f)(2*(]&>\1,1/\j2>\2,1/\~-/\jn)\n,1)€1, R
2 b WJn

2_(jl)\l,m/\jZ)\Zm/\"'/\jn>\n,nl)€m)

X gy gy eegn (371 — 2—(j1/\1,1Aj2>\2,1/\"'/\jn>\71,1)gl7 e
(1A mAG2 A2, m A Adin Anm
Ty — 2 (J1A1,mAJ2 A2, J ) )gm%
where the series converges in L*(R™), So(R™) and S{(R™).

With the above discrete Calderén reproducing formula, the multi-parameter
Triebel-Lizorkin spaces with different homogeneities can be introduced as follows:

Definition. Let 0 < p,¢ < 00, = (1,2, -+ , ) € R™. The multi-parameter
Triebel-Lizorkin type spaces with different homogeneities Fl‘f"q(Rm) are defined by
FAR™) ={f € Su(R™) : [[fllza(gmy < 00},

where

||fHF;’4(Rm)

m
_ || ( E H2_(j1)\l,t/\jZ)\Z,t/\"'/\jn/\n,t)atp

Ji,jn€Lt=1

X Z (W) g oerg * f) (27 G ATANTRA2AAT AT AR ) gy

(L1, L )EZ™
1

Qf(lel,mA--.Ajn/\n,m)gm)‘qxh (x1)x1, (z2) - -~ X1, (xm)) ‘ HLp(Rm),

where {I;};=1,..m are dyadic intervals in R with the side length I(I;) =
2= U1AeA=AjnAnt) - and the left end points of I, are 27 (1AneAd2Az,eAAjndne)p,

respectively.
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Applying the same techniques as in this paper, one can establish the duality
theory (Theorem 1.1) of the multi-parameter Triebel-Lizorkin spaces associated
with these more general non-isotropic dilations. The details of the proofs appear to
be very lengthy and complicated to present in the more general situation. Therefore,
we shall not discuss these in more detail in this paper.
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