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ARTICLE INFO ABSTRACT

Second order Sobolev spaces are important in applications to partial differential equations
Communicated by S. Carl and geometric analysis, in particular to equations such as the bi-Laplacian. The main pur-
pose of this paper is to establish some new characterizations of the second order Sobolev
spaces W2P (RN ) in Euclidean spaces. We will present here several types of characteriza-
tions: by second order differences, by the Taylor remainder of first order and by the dif-
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Taylor remainder of first order Bourgain et al. (2001) and Nguyen (2006, 2008) on characterizations of first order Sobolev
Hardy-Littlewood maximal functions spaces in the Euclidean space.

Mean-value formulas © 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The classical definition of Sobolev space W*P(£2) is as follows:
WkP(2) = {u e IP(R) : D*u € IP(2), V|a| < k}.

Here, « is a multi-index and D“u is the derivative in the weak sense, 2 is an open set in RN and 1 < p < co. Moreover,
in [28], the fractional Sobolev space is defined, here k is not a natural number. Since the theory of Sobolev spaces can be
applied in many branches of modern mathematics, such as harmonic analysis, complex analysis, differential geometry and
geometric analysis, partial differential equations, etc., there has been a substantial effort to characterize Sobolev spaces in
different settings in various ways (see e.g., [ 16,14,12,11,15,18], etc.). However, even in the Euclidean spaces, the difficulties
appear because the partial derivatives for the fractional Sobolev spaces are in a suitable weak sense. Gagliardo used the
semi-norm in his paper [13]

1/p

Ig(X) g(V)Ip
I8lwsr2) = |N+5p xdy ., p>1

to characterize functions in W*?. However, when s — 17, we have that |g|,ys»g) does not converge to

1/p

Iglwirey = /lVg ([P dx
2
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In order to study this situation, Bourgain, Brezis and Mironescu established a new characterization of Sobolev spaces in [5].
Indeed, they proved that

Theorem A (Bourgain, Brezis and Mironescu, [5]). Let g € I? (RN), 1 < p < co. Theng € WP (RV) iff

p
//lg(x) g(y)l pn(lx—yDdxdy <C, Vn=1,

RN RN
for some constant C > 0. Moreover,

/ lg(x) — g(y)l"

H*)OO

Pn (IX = y|) dxdy = KNp/IVg(X)I"dx

Here

Kyp = [ le-o|P do
1

forany e € SN~! and do is the surface measure on SN~ Here (0,),x IS @ sequence of nonnegative radial mollifiers satisfying

o0
lim / o (M "ldr=0, Vvr>o0,
n—oo

T

lim f oo (NN ldr = 1.
n—oo

0

Theorem A has been extended to high order case by Bojarski, Ihnatsyeva and Kinnunen [3] using the high order Taylor
remainder and by Borghol [4] using high order differences. We also mention related characterization of Sobolev spaces in
[2,6,7,17,23,26,27].

We note here that as a consequence of Theorem A, we can characterize the Sobolev space W P(RV) as follows: Let g €
I[P (RV), 1 <p < oo.Theng € WP (RV) iff

lgx) —g)IP
Os<1§1<)1 / dedy < 00. (1.1)
RN RN
x—yl <8

Recently, Nguyen [24] established some new characterizations of the Sobolev space W-P(RN) which are closely related
to Theorem A. More precisely, he used the dual form of (1.1) and proved the following results:

Theorem B (H.M. Nguyen, [24]). Let 1 < p < oc. Then the following hold:
(@) Let g € WP(RN). Then there exists a positive constant Cy, _p depending only on N and p such that

// |N+dedy<CNP/|Vg(X)|de Vé > 0, VgeWIP(RN)

Ig<><)—g(v)|>5
(b) If g € I? (RN) satisfies

sup ———dxdy < o0,
0<6<1 /./ |N+p

Ig(X>—g(y)|>5
theng € WP (RN).
(c) Moreover, forany g € WP (RN)

;51‘6 // |N+pd><dy fKNp/IVg(x)lpdx

\g(X) g(v)\>8

The works of Bourgain, Brezis and Mironescu [5] and H.M. Nguyen [24,25] on characterizations of first order Sobolev
spaces in the Euclidean space were also investigated on the Heisenberg groups and Carnot groups by Barbieri [1] and the
authors [10,9].
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Motivated by Theorem B, it is natural to ask if the characterizations of type of Theorem B of H.M. Nguyen can be given
for higher order Sobolev spaces. This is exactly the main purpose of this paper.

Inspired by the above two theorems (Theorems A and B), we will first establish in this paper characterizations of the
second order Sobolev spaces in Euclidean spaces in the spirit of the work by H.M. Nguyen [24] using the method of first
order differences. Here, we choose two different approaches to characterize the second order Sobolev spaces WP (RN): by
the second order differences and by the Taylor remainder of first order. Our methods and results are in the spirit of the work
of [24], namely using the mean value theorem, Hardy-Littlewood maximal functions, rotations in the Euclidean spaces, etc.
Nevertheless, the situation in second order case is more complicated than in the first order case. Therefore, additional care
is needed to handle our second order case.

We mention in passing that other type of characterizations of high order Sobolev spaces have been given using high
order Poincaré inequalities on Euclidean spaces and Carnot (stratified) groups by Liu, Lu and Wheeden [18]. Such high order
Poincaré inequalities have been extensively studied on stratified groups by the third author with his collaborators [8,19-22].
Nevertheless, those characterizations are in quite different nature than what we offer here.

The first purpose of this paper is to prove the following estimates for functions in the Sobolev spaces W2 (RV).

Theorem 1.1. Let g € W2? (RY), 1 < p < co. Then there exists a constant Cy , such that

(1)
5P
// md}(dy < CN,p/ |Ag|p dX, Vé > 0.

RN RN RN
|g(X)+g(y)—2g(%) ‘ >8

: 8 2 p
;H)r(l) // |X_ywdxdy W / / |D g x) (o, cr)| dxdo .
RN RN SN—1 RN
lgo+e0)—2g (%2 )|~
(3)
elg® +g) —2g () 1
sup / / dxdy + / / —————dxdy
O<e<1 |X —yINH" |X —yIN“p
RN RN RN RN
Jgeo+em-2¢(*47)[ <1 lgo+e)-2¢ (452 )|>1
<Gy [ 08P b
R’RN
(4)
+&
. elg() +g@) —2g () 1 , ,
gl_r)l’(l) // Xy dxdy = St / / |D g (x) (a,a)| dxdo .
RN RN SN—1gN
lgo+g0)-2¢ (%5 ) |=1
Here we have used the notation
D’g ) (0, 0)|= Y oino,——X).
1 0x;, 0X;
<11 12<N 2

We will use this notation frequently throughout this paper.

Theorem 1.2. Let g € W2P(RV), 1 < p < oo. Then there exists a constant Cw,p such that

(1)
P )
/RN /RN x— vz X = G fR _lagPdx, v > 0.
lg()—g1)—Vgy) (x—y)|>8

&P 5
) p
(%11}) /RN /RN PR _ledexdy > / / |D*g(x) (o, 0)|Pdxdo .

lgX)—g()—Vey) (x=y)|>3
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sup

O<e<1

/ / elg(x) —g) —Vg(y)(X—y)l"“d
xdy
RN JRN

|x — y[N*t2p
1gX)—g()— Vg (x—y)I=1

1
————dxdy < ( AglPdx.
o ol <o [ lasre

1gx)—g()—VgWy) (x=y)[>1

— v/ — y)|pte 1
lim / / 8|g(X) g(y) g(y)(x y)' dxdy: 7/ / |D2g(X)(U,G)|dedU.
RN JRN |x — y[N+p 20%T Jon-1 Jgn

e—0
lg(x)—g()—Vey) (x—y)|=<1

Using Theorems 1.1 and 1.2, we can set up the new characterizations of the Sobolev space W%?(R") using the method
of second order differences and the Taylor remainder of first order which are our main aims of this paper. Indeed, we prove
the following two theorems:

Theorem 1.3. Let g € AP(RY), 1 < p < oo where AP(RY) is the set of all g € L (RV) such that 3{g,} and A(g) > O:
| = A

lgnll, < A©): |8 + &) — 28 ()| < A@); |82 (0 + 8a(y) — 28n (15Y) @) |g®) + g — 22 ()] ae.
x,y € RN and g, — g a.e. Then the following are equivalent:

(1) g € W2P (RN).

(2)

5P
po [ e
RN RN
lg+gm)—2g (152 ) |6
(3)
elg( +g) —2g ()" 1
dxd ————dxd .
oeron /f X — N2 e /f =y Y=
RN RN RN RN
lew+gm)—2g (12 )| =1 g+ —2(452)[>1

Theorem 1.4. Let g € BP(R"), 1 < p < oo where B*(R") is the set of all g € LP (R") such that 3{g,} and B (g) > 0: l|g,|l, <
B(g); 1gn(x) — gn(¥) — V& (¥) (x = ¥)| < B(g); 18a(x) — &n(¥) — V& (¥) (x —¥)| < B(g) Ig(x) —g(¥) — Vg () (x — )|
ae.x,y € RN and g, — g a.e. RY. Then the following are equivalent:

(1) g € W»P(RY)

(2)

5P
sup / / ————dxdy < o0
0<é<1 RN JRN |X_y|N+2p
lg(x)—g()—Vey) (x—y)|>3
(3)
elg(x) — -V X —y)|Pte 1
sup / / Ig(x) —g() — Ve (x —y)| dxdy + / / dxdy
0<e<1 RN JRN |X_y|N+2p RN JRN |X__V|N+2p
g —g()—VeW) x—y)|>1 lg(x)—g()—VeW) x=y)[>1
< 00.

Next, we will also study the characterizations of W?? (]RN ) by the differences of the first order gradient in the spirit of
Bourgain, Brezis and Mironescu [5] and H.M. Nguyen [24,25]. More precisely, we will prove that

Theorem 1.5. Let g € W' (RV), 1 < p < co. Theng € W*P (RV) iff
// I(Vgx) — Vg) - x—yI°

lx — y|*

oo (X =y dxdy <C, Vn=>1,
RN RN

for some constant C > 0. Moreover,
lim // |(Vg(x) — Vg)) - (x = y)IP
n—00

2,
[x —y|*
RN RN RN gN—1

pn(|x—y|)dxdy:/ / }ng(x)(cr,o)|pdcrdx.
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Here (pn)nen i @ sequence of nonnegative radial mollifiers satisfying

o
lim / pn (M ldr=0, V>0,
n—oo

o
lim on (N TV ldr = 1.
n—oo

0

Theorem 1.6. Let g € CP(RN), 1 < p < cowhere CP(R) is the set of all g € I (R") such that 3 {g,} and C (g) > O: [|gx[l, <
C©;1(Ven () = Vg () - x—=y)| = C@) I(Ven () = Vg () - &x—y| = C@I(Veg®) —VegW) - x—y)lae
x,y € RN and g, — g a.e. RN. Then the following are equivalent:

(1) g € W»P(RY)

(2)

5P
sup ————dxdy < o0
0<6<1 /1;” \/]R;N |X - .V|N+2p
[(Vgx)—VgW))-(x—y)|>3
(3)
| (Vg (x) =V - (x —y)Pte 1
sup / / [ (Ve %) g()lfv)jz x =yl dxdy + / / — dxdy < oo.
0<e<1 BN JRN |x — y|N+ep &N JRN |x — y|N+ep
[(Vgx)—Vey)-(x—y)|>1 [(Vg(x)—Vegy)-(x=y)|>1

It is worthy noting that if we use the term |Vg (x) — Vg (y) | instead of | (Vg (x) — Vg (¥)) - (x — y)|, then Theorem 1.5
is just a easy consequence of Theorem A. Indeed, if

/fl(Vg(X) Vey)IP
ylP

Pn(x =y dxdy <C, Vn=>1,
RN RN
then

(3 <)—dx,(y))\ |
// on(x—yDdxdy <C, Vvn>1,Vi=1,...,N.

P
RN RN
Hence, by Theorem A, - dg € WP (RV) Vi=1,..., N which means that g € WP (R"). However, in our case, we have
[(Vg(x) — Vg(y)) x—=yP |(Vg(x) Vey)lP
/] e pn (1x— ) dxdy = —F o 131 iy
RN RN RN RN

The plan of this paper is as follows: In Section 2, we will study some helpful lemmas and use them to prove Theorems 1.1
and 1.3 which will give characterizations of second order Sobolev spaces by the second order difference. In Section 3,
we establish Theorems 1.2 and 1.4 which will give characterizations of the second order Sobolev spaces using the Taylor
reminder of first order. In Section 4, we characterize the second order Sobolev spaces using the first order differences of the
first order gradients of the functions.

2. Characterizations using second order differences

In this section, we will investigate the characterizations of second order Sobolev spaces W2? (RN ) in terms of the second
order differences, namely Theorems 1.1 and 1.3.

In order to prove the above two theorems, we will study the following useful lemmas. First of all, we will need to use the
following basic lemma from Fourier analysis.

Lemma 2.1. Let 1 < p < oo. Then there exists a constant Cy , > 0 such that for every 1 < i < N we have for every g € IP(RM)
82
H ale‘g

< CN,p”Ag”LP(RN)'
IP(RN)

Proof. It suffices to prove that the operator T = % - A~'is bounded on LP(RM). It is easy to see that the operator T is a

multiplier operator with the symbol \5\2 which is a Marcinkiewicz multiplier which is known to be bounded on I” (RN). The

operator T can also be viewed as a composition of two Riesz transforms and is known to be bounded on I” (RV). We refer to
Stein’s book [28]. O
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Lemma 2.2. There exists a constant Cy , > 0 such that forall§ > 0,allg € w2p (RN):

SP
/ f mdxdy <Cnp / |AglP dx. (2.1)
RN

RN RN
leco+e)—28(4¥)|>5

Proof. First, using the polar coordinates, we get

8P o 8P
/ / md}(dy = / / / pap ——dhdxdo .
RN RN

SN—1RN 0
‘g(x)+g(y)—2g(%)|>8 ‘g(x)+g(x+ha}—2g<x+%a) ‘ >8

Hence, to prove (2.1), it is enough to prove that for every o € S¥~!, we can obtain

8P
// apr dhde < CNP/ |Ag|P dx. (2.2)

RN 0 RN
|g(X)+g(X+hcr)—2g(x+%a) ‘ >5

Because of the rotation, we now can assume without loss of generality that o = ey = (0, ..., 0, 1). By the mean value
theorem, one has

h h h
g(x) +g(x + hey) —2g (X+ 29N>’ = [g(XJrheN) - (X+ 28”)} - [g (X+ EEN) —g(x)]’

aXN aXN
XN+’2l XN
wta [ ag ( h g
= — X, s+ =) ——(x,s)|ds
/ [axN ( + 2) 8xN ( ):I
XN

xN+% s+g 82
:/ / —'Zg(x’,t)dt ds
oxy
XN N
xy+h pxy+h 82
S
0xy
XN XN
xy+h 9
5/ hMy (8 g)(x)ds

AN

82
< WMy (ﬁ) ®).
N

Thus,
o &P o &P
// perEE] ——dhdx < // th+1dhdx
RN 0 RN O
[s0+g0etho)—25(x+ 4o ) [0 hZMN<8 g)(x)>5

= / / thﬁ —— dhdx
"””(mﬁ)‘*’
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=5 o (5g) ol o

< Cnp f |AglP dx.

RN

The proof of Lemma 2.2 is now completed. O

Lemma 2.3. There holds

: 8P 2 p
(gLIR) [ / md?{dy 22P+1 f / |D g (X) (U O')| dxdo
RN RN

sN-1 RN
lgco+ew)—28 (25 ) |-

forallg € W2P (RV), 1 <p < oc.
Proof. Again, by changing of variables, we obtain

5 o0
/ / md}(dy = / / / h2P+1 ——dhdxdo .

RN RN SN—1RN 0
’g(x)+g(y>—2g(%)‘>a £00+g0c+v/3ho) 2 (x-+ 1§ V5o )

vE h2>1
Define g : SN~! — R by
o0
g (0) = /] b
RN 0
X, X- 0)— X- H o
800+ ( +fahh;52g( +1.50) e
We first prove that forallo € SN~1, V8§ > 0:
g(0) < CN,p/ |Agl|P dx. (2.3)
RN
Indeed, again, without loss of generality, we assume that o = ey = (0, ..., 0, 1). Hence, we need to verify that
o0
// th“dhdx CNP/ |Agl|P dx. (2.4)
RN 0
g(X’,xN)+g(X’,xN+«/3h0)—2g(x’,xN+12—1«/30) 21
h2s s

Similar to what is done in Lemma 2.2, we have

g0, x0) + 8¢,y + /o) — 2g (X xw + §v/60 ) » (azg>()
N

h2s pes

/ / thﬂ dhdx < / / h2P+1 dhdx

RN O RN O
7 7 _ 7 h
(X xN)+E( xy++/8ho) 2g(x ,xN+2\/§a) 21 thN( )(X>>1
W

Thus,

h2s

<, f |AgP dx.

RN
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Next, we will show that

g (0) —> /| D’g (x) (0,0)["dx as§ — Oforeveryo e S"~' (2.5)

22p+l

where

2
|D2g *x) (o, o)’ = Z 0110'23 aag (x) .

1<iy,ip<N
Again, without loss of generality, we suppose thatc = ey = (0, ..., 0, 1). We write
o0
g (o) = // Gs (x, h) dhdx
RN 0
where
1
Gs (x, h) = WX{ gW-+g(x+v/5ho)—2g (x+ £ V50 ) . 1} (. h).
h2s =

Noting that forallo € SN~ 1:
1
Gs (x, h) — 37T X{|D2800(0 ) |124) (x,h) as8 — Oforae. (x,h) € RY x [0, 00),
and

G(xh)<; (x,h) € L' (R x [0, 00))
o - h211+1X hZMN<£>(X)>1} ’ ’ ’

Hence, by Lebesgue’s dominated convergence theorem, we get (2.5).
Using (2.3) and (2.5) and the Lebesgue dominated convergence theorem again, we can conclude that

. 5P ,
;l_l;r(l) // mdxdy 22p+1 f / |D g (X) (U (7)| dxdo. O

SN—1 gN

|g<x>+g(y>72g(%)\>a
The following elementary lemma was proved and used in [24]. For the sake of completeness, we include a proof.

Lemma 2.4. Let §2 be a measurable set in R™, ® and ¥ be two measurable nonnegative functions on §2, and « > —1. Then

1
'3 — 1 a+1 / 1
/ / 8YW (x) dxds = / 7{14—1@ x) ¥ (x)dx + 7a+1l1/(x)dx.

0 ®x)>8 @ (x)<1 D(x)>1

Proof. Using Fubini’s theorem, we get

1 1 @ (x)
/ / %W (x) dxds / / 8w (x) dddx + / / 8% (x) dddx

0 dX>6 dx>1 0 P(x)<1 0
= / ;lll(x)dx—i— f ;q)‘”] W @dx. O
a+1 o+ 1 '
D (x)>1 P(x)=<1

Proof of Theorem 1.1. (1) and (2) are consequences of Lemmas 2.2 and 2.3.
Now we will prove (3). By (1), we get

817
/ [ md"dy =Chp / |AglP dx, V& > 0. (2.6)
RN

RN RN
leeo+g0-2¢ (%5 ) |5
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1
// |X_ywdxdy < CN’p/ |Ag|P dx. (2.7)

RN RN RN
‘g(X)+g(y)—2g(¥)|>1

In particular,

Now, from (2.6), one has

85p+571
/ f/ mdxdyd(s < CN’p/ |Ag|p dx.
RrRN

|g(X)+g(y)—2g(%)‘>5

Using Lemma 2.4, we deduce

+
elg® +gw) —28 ()" e
x =y Byt / oy Y
RN RN RN RN
[seortsm-2s(3 ) =1 leeo+g-2¢ (X5 ) |1
< CN,pf |AglP dx. (2.8)
RN
From (2.7) and (2.8), we get the assertion (3).
Now, set
SP

RN RN
lgeo+g0)-2¢ (%5 ) |5

So by the previous results, we have
G@©) = CN,p/ |AglPdx, V& >0
]RN
and
lim G (§) = # |D2 *) ( )|1’ dxd
§—0 - 22p+1p g 0,0 o.
§N71 ]RN

Now, we claim that

l1m/ (p+¢e)es7IG(8) ds = 2zp+1 / /|ng ®) (0, 0)| dxdo. (2.9)

sN—1 gN

Indeed, for every € > 0, we can find a number X (¢) € (0, 1) such that

c(a)—ﬁ / /|D2g(x)(a,a)|pdxdo <€ forall§ € (0,X (€)).

SN—1 N

Now, we have:

1
. -1 2 p
b}gr(l) / (p+¢e)ed® G(S)—W / /|D g (x) (o, 0)| dxdo | dé§

X(€) SN-1 RN

1 1
. e—1 2 p
55151(1)/ (p+e)ed G(a)—m / /\Dg(x)(o,a)| dxdo | ds

X(€) SN=1 RN



250 X. Cui et al. / Nonlinear Analysis 121 (2015) 241-261

<11m/ (P +e)eX (e)*! ch/|Ag|de s

X(e)
=0.
Moreover,
X(€)
ggn (p+e)est 1| G®) — 22p+1 / /|D2g ®) (0, 0)| dxdo | ds
0 sN—1 gN
X(e)
sslig(l) (p+¢e)es 1|G(6) — W f /|ng ®) (0, 0)[" dxdo | ds
0 gN—1 RN

X(e)
< lirr(l)/ (p+e)esleds
£—>

< pe.

Thus,

1 1
: e—1 2 p
ggréf (p+e)ed G — 1y / f|D g () (0,0)| dxdo | d§| <pe, Ve > 0.

0 sN—1 gN

Hence we can get

1
lim/ (p+¢)es*71G (8) ds llm/ (p+e)est! //ng(x)(a o) dxdo | ds
e—0 22p+1
0

sN—1 gN
= 22p+1 / / D% (x) (0, o) dxdo.
SN 1 RN
Consequently, we have
1 o—1
) (p + &) e8P** 1 2 p
RN RN sN—1 gN

leeo+g0-2¢ (25 ) |5

Now, using Lemma 24 withe =p+6— 1, @ (x,y) = |[g(x) +8() — 28 (3|, ¥ x,y) = W we obtain
elg®) +g) —2g(%)lp+gd o]
|X _ y|N+2p xay
_2g (X)) | < 1
i | B re0-2 () <1 = / / D% (%) (0, 0)|" dxdo.
£—0 & 220+
+ // mdqu SN-1 N
| leco+e)—2(4¥)|>1 i
Noting that
€
lim ————dxdy =0
e—0 // |X_y|N+2P Yy
(g(ng(y) 2g >1
we have
_ elg +20) — 28 () )
ggr%) /f Xy dxdy = 22p+1 / f ID%g (%) (0, 0)|" dxdo.

N—1 pN
lseo+g0)-2¢ (%5 ) |=1 sN-TR

We have the statement (4).
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Proof of Theorem 1.3. First, it is clear that statements (1) = (2) and (1) = (3) are consequences of Theorem 1.1. Now,
we will prove (3) = (1):
First, we assume further that ‘g(x) +g@y) — Zg(%)| is bounded by M (g) on RN x RN. Then since

elg +gy) —2g ()" // 1
dxd 4
S o+ oy <
RN RN RN RN
[00+50)—28 (%52 ) =1 leeo+g-2g (X5 ) |1
we get

sup
O<y<1

_ xty\ [Py
//V\WHW) 28 () gy = c (g M () < oo
RN JRN

|N+2p

Let i, be any sequence of smooth mollifiers and set g° = g * 1,. Then we can get g° € [P(RY) N C>®°(RN) € W2P(RN).
Using (4) of Theorem 1.1, we can have

dxdy

/ / v g0 +2° ) — 28° ()"
RN JRN

x — y|N*+2P

CN,p/ / |D?g® (x)(o, o) |Pdxdo < sup
N—1 ]RN

O<y<1
le 0+ 287 (44 |1

& & — gt (XY pty
- Sup/ / y gt () +g° () — 2g° (*22)| dxdly
=N JRN

x — y|N*2P

O<y<1
v | fon {gx—2) + 8y —2) — 2g (¥ — 2)} ns(z)dz|p+y
= sup dxdy.
0<y<1JRN JRN |x_y|N+2p
Since the function x’*¢ is convex on [0, 0o), by Jensen’s inequality, we can deduce
v |f fex -2 +80—2) — 22 (B —2)} wr @z
Sub > dxdy
O<y<1JRN JRN |X _y|N+ p
v]gx—2) + g —2) —2g (2 —2)["7 fon n° (2)dz
= Sup N+2 dxdy
0<y<1JRN JRN |x — y|N+2p
+y
y g0 +gw) —2g (42
= S“p/ / | N2(2)| dxdy < C(g.M(g)).
O<y<1JRN JRN |X —y| +2p

S0 [|g°|lw2.pwn) is bounded. Since g° — g a.e., we get g € WP (RV).

In the general case, since g € A? (RV), we can find a sequence {g,} and A (g) > 0 such that |g,(x) + gx(¥) — 28n (53¥)] is
bounded by A (g) and |g,(x) + & (¥) — 28, (*3¥)| < A(g) [g®) +g(¥) — 28 (*}2)| a.e.x,y € RN. Then it is clear that g, €
W?2P(RN) since

pte
x+y
'A(g)(")”L s ) — 258 (5 )‘ i
sup — xdy
O<e<1 |X .V|
RN RN
| 5 00+ s )28 (4 )| =1
+ —————dxdy
N+2,
Ix —y|" 2P
RN RN
|5 0+ 5 )25 (52 ) 1
pte
Xty
— sup / / ‘A(g) (0 + 35 ) — 2585 (5 )‘ dxdy
O<e<1 |X — y|N+2"
RN RN
| Aty o Ay 01285 ()| =1
(g(xwg(y) Zg("”)(sl
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+ 7|x — y|N+2p dxdy
RN RN
| Ay 0+ Al 024 (3 )| =1
leo+gw)—2g (52 )[>1
elg() +g@) —2g ()" f / 1
< su dxdy + 2 ————dxd
= ey /[ x — y|N+2p Y e — yp
RN RN
lg+gm)—2g (12 ) |=1 \g<x>+g<y)—2g(7y)|>1
< 00.
Moreover, by (4) in Theorem 1.1, we have
£ g (0) + g (y) — 28 e
22p+1 / /|D2gn *) (o, a)| dxdo = llm // ¢ lgn In— |N+2p"( 2)| dxdy
SN 1 IRN RN RN
len(0-+gn ) 280 (41 ) | <1
. elg() +g) — 28 ()"
< sllgg)C (A®) / / Xy dxdy
RN RN
lgo+e00-2¢ (%5 ) |=1
<C(g,A®).

Hence, [|gnllw2.p(gn) is bounded. Since g, — g a.e. RV, we get g € W?P(RV).

3. Characterizations of the second type: the Taylor remainder

The man purpose of this section is to establish Theorems 1.2 and 1.4, namely, characterizing the second order Sobolev
spaces W2P(RN) using the method of the Taylor remainder of first order.
In order to prove these two theorems, we will need to adapt the following useful lemmas:

Lemma 3.1. There exists a constant Cy , > 0 such that forall § > 0,allg € w2p (RN):

5P

RN RN RN
lg(x)—g()—Vey) (x=y)|>3

Proof. Again, using the polar coordinates, we get

8P o 8P
f f 7|x L dxdy = / f f peTEs) ———dhdxdo .

RN RN SN-1RN 0
lg(X)—g()—Vey) (x—y)|>3 |g(x+ho)—g(x)—hVg(X)o|>$

Thus, again, to prove (3.1), it is enough to prove that for every o € SV~!, we get

o0 P
// oy dhdx < chf |Ag P dx. (3.2)

RN 0 RN
|g(x+ho)—g(x)—hVg(x)o|>6

Because of the rotation, we assume without loss of generality thato = ey = (0, ..., 0, 1).
Now, by the mean value theorem, one has

|g(x + hey) — g(x) — hVg(x)ey]

1
a
/ 8g (x', xy +sh)hds—h—(x)
XN

0

ra )
= h/ o8 (X', xn + sh) hds — —g(x/,xN) ds
aXN aXN

0
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xN+sh 2
= // (¥, t) deds

0 XN

1 aZg
h/ shMy (E)x,z\,) (x)ds
0
82
< *thN ( ) (x) .
o 8P
peTEs] ——dhdx < thﬂ ——dhdx

RN 0 RN 0
|g(x+ho)—g(x)—hVg(x)o|>6
My Z£ ) (0>6

= / h2p+]dhdx
e ’ (a)(")

g
Xy

IA

Thus,

IA

CN, p dx

IA

Cnp / |aglPdx. O

RN

Lemma 3.2. There holds

313
li _
320 /R /R x =y

g —gy)—Vgy)x—=y)|>4
forallg € W*P(RN), 1 <p < o0.
Proof. Again, by changing of variables, we obtain

8P
——dxdy =
/RN /R e — iz Y

lg(x)—g(y)—Vey) (x—y)|>3

NN

g(x++/8ho) g(x) V8hvVg(x)o
h2s

h2>

Definegs : S~ — R by

g5(o) = /D;N / h2P+1 dhdx.

g(x+/sho) g(x) V8hVga |2

We first prove that forallo € SN~1, V8§ > 0:

8(0) < Crp / | AglPdx.
]RN

Indeed, again, without loss of generality, we assume thato = ey = (0, ...

h2p+]dhdx < CNp/ |Ag|Pdx.

h2>1

[

g xy++/8h)—g (¥ . xN)— Vg xn)/Shey
h2s

1 5 ,
V= m/SN /RN ID°g(x) (0, 0)["dxdo

dhdxdo .

, 0, 1). Hence, we need to verify that

(3.4)
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Similar to the proof of Lemma 2.2, we have

(X, xy + /8h) — g(¥, xn) — Vg (X, xy)~/Shey
h2§

1 0%g
< -My|— .
=5 N <8X12v) ()

oo
./RN /0 th“ dhdx < /IRN / thﬂ dhdx.

g xN+fh) —g( xN) Vg xN)fheN K21 thN<d—g>(x)>2
ax2
N

Thus,

h2s

p
/RN/ thHdhdx Cnp /D;{N |Ag|Pdx.

g xy+VEh) —g (K, XN) Vg (' ,xN)+/Shey h21

So we can get

Next we will show that

1
g5(0) > 7/ |D*g(x)(0, 0)[Pdx asé — Oforeveryo € SV~! (3.5)
2p+1p &N
where
d%g
ID’g(x) (0, 0)| = 01, Oy 7= -
1§§5N T2 9%, 0%, (%)
Again, with loss of generality, we suppose that o = ey = (0, ..., 0, 1). We write
o0
g,g(O’) = / / Gg(x, h)dhdx
RN Jo
where
1
Gs(x, h) = h2p+1 X{ te+/Sho) (0= Vg0V o |2 1}("’ h).
h2s

Noting that forallo € SV
1
G, M) = T Koo 358 — Oforae. (x h) RN x [0, 00),
and

1
Gs(x, h) < WX{ . ( )(x)>2}(x, h) e LIRY x [0, 00)).
N

Hence, by the Lebesgue dominated convergence theorem, we get (3.5). Using (3.3), (3.5) and the Lebesgue dominated con-
vergence theorem again, we can conclude that

8P 1
li dxdy = D? Pdxdo. O
lim /R /R o = /S /RN| £ (@, o) Pdxdo

lg(x)—g()—Vey) (x=y)|>3

Proof of Theorem 1.2. (1) and (2) are consequences of Lemmas 3.1 and 3.2. Now we will prove (3). By (1), we get

5P
/]RN /RN x—yprm P = G /RN |AglPdx, V8 > 0. (3.6)
lg(x)—g(¥)—Vg W) (x—y)|>8

In particular,

1
- p
/RN /1;<N Xy dxdy < Cnp /RN |Ag|Pdx, V3§ > 0. (3.7)
lg(x)—g()—VegW) x—y)|>1
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Now, from (3.6), one has

edpte— 1
p
/ /RN AN |N+2dedyd8 =Gy /RN [AglPdx.

lg()—g¥)—VgW) (x=y)| >5

Using Lemma 2.4, we deduce

£lg(0) — g) — VE) (x — y) [P+ / /
dxdy +
/RN /R I — y[N+2 i v S x

1gX)—g¥)—VegWx—y)I=1 1g(x)—g(y¥)—Vg¥) x—y)|>1
<Gy / |AglPds.
N

Hence, we get the assertion (3). Now set

3P
H@) = .
©®) /RN /RN |x — y|N+2p

lg(x)—g(y)—Vey) (x—y)|>3

So from what we have proved, we have
H(S) < CN,p/ |AglPdx, V& >0
RrRN
and
limH(8) = L/ / |D’g(x) (o, o) |Pdxdo
5§—0 2Pt1p Jon—1 Jgn ’ ’
Indeed, for every & > 0, we can find a number X () € (0, 1) such that

1 2 »
o) - i [ [ P00 i

Now, we have

<6 forall§ € (0,X(9)).

1

lim

e—0

(p+ e)es®™! [H(a) pr/ / |D?g(x)(o, a)|”dxda] d(S’

1
< lim (p + e)est™!

X(0)

H@) — Zpﬂ / / ID’g(x)(c, o) |Pdxdo | d

e—0 X(0)
1
< lim (p + &)es®™! |:CNp/ |Ag|"dx] ds
T e—0 X(0)
= lim(p + &)(1 — X(0)*) |:CN,p/ IAglpdx]
e—0 RN
=0.
Moreover,
X(0)
3 e—1 2 p
lim i (p + ©)&d [H(a) 2p+1 / / ID*g(x)(c, o) dxdo} d(s‘
X(0)
< lim (p+e)ed* 1 |HEG) — —/ / |D’g(x) (0, o) |Pdxdo | d8
¢=>0Jo 2P+1p Jon—1 JgN
X(6)
< 1inf3J (p + €)e8°710ds
E—>

0
<pf.

Thus, V sufficiently small 6 > 0:

f(p+s)ssg ‘[H(a) >y / / |D?g (x) (o, a)|deda]d5 < pb.

11m

— y[N+2p

dxdy

(3.8)
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Hence we can get
1 1

lim (p+£)885 'H(8)ds = lim (p—l—e)sSg 1[2p+1 / / ID’g(x) (o, a)|pdxda:| ds

e—0 e—0

2p+1f / ID*g(x)(o, o) |Pdxdo .

Consequently, we have

8p+s 1
lim / / / EP+ O yds = —/ / ID’g(x)(c, o) |Pdxdo.
60 &N JRN |X— |N+2p 2p+l

1gX)—g(y)—VgW) (x—y)|>$

Now, using Lemma 2.4 with

1
a=p+e—1, P(x,y)=18(x) —g¥) — Ve x —yl, U(xy) = ———>-,
x — y|N*2P
we obtain
elg(x) —g@) — Vg (x —y)|P** i
xdy
|X _ y|N+2p
g% lg()—g»)—Vey) x-y)I<1 . 2p+1 f / |ng ) (o, 0)| dxdo .
+ // 7|x T dxdy SN—1 gN
IgX)—g¥)—VeaW x—y)[>1
Noting that
lim / / f __dxdy=0
=0 RN JRN [x — y|N+2p V=
gX®)—g(¥)—Vgy) (x—y)|>1
we have
X) — -V x—y)Pte
lim cl8®) —8W) = Ve = NITT | 0 [ 105000 o) P
e—>0 RN JRN |X — y|N+2p 2p+1

g —gy—VgW) x=y)I=1
Proof of Theorem 1.4. is similar to the proof of Theorem 1.3 and will be omitted.
4. More characterizations of second order Sobolev spaces: combinations of first order difference and Taylor remainder

In this section, we will study some other characterizations of the second order Sobolev spaces. Namely, we will give
characterizations motivated by the observation that g € WP (RV) is essentially equivalent to Vg € W'P(RN).

4.1. Characterization of Bourgain—-Brezis—Mironescu type

Lemma4.1. Let g € WP (RY). Then

f/l(Vg(X) ve) - x—yP

N pn (X —yDdxdy <C, Vn=>1, (4.1)

RN RN

for some constant C > 0. Moreover,

nlil?o// [(Vg(x) —|Vg(;|)2)p. (x—y)|"pn(|x_y|)dxdy=/ / D% () (a,o)\"dadx. (42)

RN RN RN gN—1

Proof. Since g € WP (RV), g—i € WP (RN). Using Theorem A (noting Theorem A still holds when £2 = RY), we get

o - dx,cw\
// P ———— P (x—yDhdxdy < C.

RN RN
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Hence,

// I(Vg(X)—Vg(V))~(X—y)|”pn(|x_y|)dxdy5f/' I(Vg(x)—Vg(y))l”pn(lx_yl)dxdyfc

|x —y|* Ix —yIP
RN RN RN RN

for some constant C > 0.
Now, suppose that g € C5° (RV). Then by Taylor’s formula, we have

0 J
[(Vg(x+h) — Vg(x) - hl = ‘Z (a—g(x +h) — —g<x>) h,-'
Xij aXi
< |D’g %) (h, )| +c|hP.
Hence, for every 6 > 0:

|(Vg(x + h) — Vg(x)) - hiP < (1+6)|D*g (x) (h, b)|" +cq |h*P.

Thus,
V _V . _ p V h —V 'hp
// |(Vg(x) g(y)z) x =yl pn(|x—y|)dxdy:/ |(Vg(x+h) ! g(x)) - hl pn (1) dhdx
X — y? |h|?
N N RN RN
pn (IRD | P p
<(146) e |D*g (x) (h, )|" dhdx + ¢, |supp ()| | pn (Ih]) hIP dh.
RN RN EN

Also,

/ pTh(||2in|) D% (x) (h, )|" dh = / Oopn (ryr"dr / ID’g () (0, 0)[" do.

RN 0 sN-1

Now, let n — oo and then 8 — 0, we get

// [(Vg(x) _Jf(;’l)z)p'(X_y)lppn(lx—yl)dxdyi/ / D% (%) (0, o) dordx.

RN RN RN gN—1

Now, for any A > 0, then again by Taylor’s formula:
|(Vg(x+h) — Vg(x)) - h — D*¢ (x) (h,h)| < Ca|h]> ae.x€B(0,A); heB(0,1).
Then
D’ () (h, h)[” < (146) [(Veg(x+h) — Vg®)) - hI” + Cap [n” ae.x €B(0,A); h€B(0,1).

Hence

/ / pThﬁ';') D% (%) (h, h)|” dhdx

B(0,A) B(0,1)

\Y h) -V - h|P
5(1+9)f (vetr Tmzp SO (Jhfy dhdx + oo B0, A) / pr (1)) IR dh.

RN RN B(0,1)

Letn — ooand 6§ — 0:

_ . hIP
/ /|D2g(x)(o,a)|pdadx§liﬂ)(i)gf/f|(Vg(x+h) Ve hI% 1hi) dhx

h|?
B(0,A) sN—1 RN RN .
\Y% -V, cx=yF
= liminf// (Ve(x) g(y)z)p =)l Pn (IX — y) dxdy.
n—o00 s |x —y|
RN R

Since A > 0 is arbitrary, we get (4.2) for C5° (RV)-functions.
By density argument, we also have (4.2) for W2 (RN )—functions. O
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Proof of Theorem 1.5. Assume that
/ [(Vg(x) — Vg) - (x =y

x — y|*

pn(x—yldxdy <C(g), Vn=>1.
RN RN

Let g, = g * n, where 7y is a sequence of smooth mollifiers. Noting that D* (gx) = D“ (g) * 1y, we have from the convexity
of the function t? on [0, co) that

— (x =P — S (x =P
//I(ng(X) Vg(y) - x =yl pn(|x_y|)dxdy5//|(Vg(X) Vew) - x — )| o (1% — y1) ddy

2, 2,
s |x —y|?? s Ix —y|
RN R RN R

<C(g).

Moreover, since g is smooth, by Lemma 4.1, we get
D% (%) (0, 0)|" dodx < C (g)
RN sN—1
which means that
[1sgcorix=ci@.
RN

Since g, — g a.e. RY, we can conclude that g € W27 (R).
4.2. Characterization of H.-M. Nguyen type

Lemma 4.2. There exists a constant Cy , > 0 such that forall § > 0,allg € w2p (RN):

8[’
// mdxdy < CN,p/ |Ag|P dx.
N RN

RN R
[(Vg(x)—VgW) (x—y)|>$

Proof. By Lemma 3.1, we have

// 5P SP
—————dxdy < // + // ——————dxdy
|X _ y|N+2p s |X _ y|N+2p

RN R

RN RN RN RN
I(Ve®)=Ve))-x=y)I>3 g -8 -VENE-NI>5 g —g)—Ve®-—x)I>3
< CN.p/ |AglPdx. O
]RN

Lemma 4.3. There holds

&P 1
li ————dxdy = — D? Pdxd
30 /m fR = o /S /RN| g(0, 0)Pdxdo

[(Ve(x)—Vg) (x—y)|>3
forallg € W2P(RN), 1 <p < oo.

Proof. By changing of variables, we obtain

5!’
——dxdy = ——dhdxd
/RN /R e — ez Y /s fR/ hZPH e

[(Vg(x)—VgW) (x—y)[>$ (Vg(x+fhc) Vg(x)) Voho |24

Define gs : SN — R by

g(0) = /}R ) f th+1 — —dhdx.

‘(Vg(wf o) —Vg(9)-/6ho |5
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Then by the same argument as in Lemma 4.2 and by Lemma 3.2, we can prove that forallo € SN, V§ > 0:

8(0) < Cup / |AgPx.
RN

Now we will show that

1

gs(o) = 2—/ ID?g(x)(0, 0)[Pdx as8 — Oforeveryo e SN1. (4.4)
D JrN

Indeed, again, with loss of generality, we suppose thatoc = ey = (0, ..., 0, 1). We write
o0

g&(0) = / f Gs(x, h)dhdx

RN Jo
where

. h).

1
Gs (X’ h) = WXH (Vg(x+\/5hﬂ)fvg(x))-ﬁha
n2s

h2>1}
Noting that forallo € SN~ 1:
1
Gs(x, h) — a1 X028 (0.0 [2>1) as 8§ — Oforae. (x, h) € RN x [0, 00),

and

1 1/mN
Gs(x, h) = WX{hZMN<32—§>(x)>1}(X’ h) € L'(R™ x [0, 00)).
X

Hence, by the Lebesgue dominated convergence theorem, we get (4.4). Using the Lebesgue dominated convergence theorem
again, we can conclude that

, 5 1 , ,
(!1_1;1‘(1) /I;N\/]R;N mdxdy—i/;h]\/l;lv |Dg(x)(0',0')| dxdo. O

[(VE()—VgW)-(x=y)[>4

Theorem 4.1. Let g € W?P(RN), 1 < p < oo. Then there exists a constant Cy , such that

(1)

SP
———dxdy < C AglPdx, V§ > 0.
/}RN/RN Xy ly < N,p/]RN| gl >
[(Vg(x)—Vg¥) (x—y)|>$
(2)
li // & dxd 1/ /|D2()( )|Pdxd
im —————dxdy = — X)(o, o)Pdxdo.
5—0 &N JrN |x — y|N+2p Y 2p Jsn—1 Jpn &
[(Vg(x)—VgW) (x—y)[>$
(3)
el(Vg(x) — Vg)) - (x —y)[P*e
sup N2 dxdy
O0<e<1 RN JRN |x — y|N+2p
[(Vg(x)—VgW)-x—y)I=1
1
———dxdy < C Ag|Pdx.
+ /RN/RN iy ly < N,p/RNI gl

[(VEX)—VEg®)-(x=y)|>1

lim

e—>0

/ / el(Vg(x) — Vg(y) - (x — y)[P**
RN JRN

x — y|N*2P

1
dxdy = / f IDg(x) (0, o) Pdxdor.
2 Jon-1 JgN

[(Ve®)—Ve®))-(x—y)|=<1

Proof. (3)is just a consequence of (1), the Fatou lemma and Lemma 2.4. So we just have to prove (4). Set

(SP
H(S) = S —
©®) -/IRN /RN |x — y|N+2p

[(VE(x)—Veg®)-x—y)|>4
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So from what we have proved, we get

H@) < CN,p/ |Agl|Pdx, V8§ >0

RN
and
. 1 2

limH() = — |D*g(x)(o, o)|Pdxdo.

§—0 2p Jsn-1 Jrn
Thus, for every 6 > 0, we can find a number X (6) € (0, 1) such that

<@ foralls € (0,X(0)).

’H(é)—;p/ /|D2g(x)(a,o)|”dxdo
N—1 JRrN

Now, we have

1

(p + e)ess™! [H(S) - —/ / ID’g(x) (o, o)lpdxda:| da‘
X(0) -

1
< lim (p+ e)ess™!
X(0)

e—>0

lim

e—0

H() — —/ / ID?g(x) (0, o) |Pdxdo | d

1

< lim (p + &)ess™! |:CN¢,, f |Ag|"dx] ds
RN

e—>0 X(0)

= lim(p + &)(1 — X(0)%) |:CN,,,/ |Ag|pdx}
e—=0 RN

=0.

Moreover,

X(0)
/ (p+&)ed*™ ]|:H(8) — —/ / |D’g(x) (o, a)|pdxdo:|d8‘
o _

X(0)
H(®) — —/ / ID’g(x) (o, o) |Pdxdo

lim
e—0

< lim (p + &)es! ds

e—=>0 Jo

X(0)
< lim/ (p + €)es*710ds
e—0 0
< pf.
Thus,

< p6, Vsufficiently smallf > 0.

+e)est! |:H(8) - i[ / ID’g(x) (o, a)|pdxdcri| ds
N-1 JgN

lim
e—0

Hence we can get

1 1 1
lim/ (p+ &)ed TH(8)ds = lim/ (p+ e)es*™! [/ / |D2g(x)(o,a)|"dxda] ds
=0 Jo e—0 Jo 2p Jsn-1 JpN

1 2
3 [ [ wetoe. opdd.
2 Jsn—1 JgN

Consequently, we have

8p+s 1 1
lim / / / e+ O dyds = f/ / ID’g(x) (5, o) [Pdxdo .
e—0 &N JRN |x — y|N+2p 2 Jsn-1 JgN

[(VEx)—Veg¥)-(x—y)|>5

Now, using Lemma 2.4 with

1
a=pte—1 &y =I[Vegk) —VgQy) - x-yl lIf(x,y)zm,
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we obtain
el(Vg(x) — Vg() - (x —y)[P**
N dxdy
Ix — y|N*2P ’
lim [(Vg()—VgW)-(x—y)|<1 =2 / / D% (%) (0, o) dxdo.
£—>

e
+ // —|X i dxdy

[(Vg(x)—Vegy)-(x—y)|>1

SN—1 gN

We have the statement (4) by noting that

&
lim ———dxdy=0. O
e0 fR/R x—ye Y
[(Vg(x)—Vg)-(x=y)|>1

Proof of Theorem 1.6. is similar to the proof of Theorem 1.3; Theorem 1.4 and will be omitted.
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