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a b s t r a c t

Second order Sobolev spaces are important in applications to partial differential equations
and geometric analysis, in particular to equations such as the bi-Laplacian. The main pur-
pose of this paper is to establish some new characterizations of the second order Sobolev
spaces W 2,p


RN

in Euclidean spaces. We will present here several types of characteriza-

tions: by second order differences, by the Taylor remainder of first order and by the dif-
ferences of the first order gradient. Such characterizations are inspired by the works of
Bourgain et al. (2001) and Nguyen (2006, 2008) on characterizations of first order Sobolev
spaces in the Euclidean space.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The classical definition of Sobolev spaceW k,p(Ω) is as follows:

W k,p(Ω) = {u ∈ Lp(Ω) : Dαu ∈ Lp(Ω), ∀|α| ≤ k}.

Here, α is a multi-index and Dαu is the derivative in the weak sense, Ω is an open set in RN and 1 ≤ p ≤ ∞. Moreover,
in [28], the fractional Sobolev space is defined, here k is not a natural number. Since the theory of Sobolev spaces can be
applied in many branches of modern mathematics, such as harmonic analysis, complex analysis, differential geometry and
geometric analysis, partial differential equations, etc., there has been a substantial effort to characterize Sobolev spaces in
different settings in various ways (see e.g., [16,14,12,11,15,18], etc.). However, even in the Euclidean spaces, the difficulties
appear because the partial derivatives for the fractional Sobolev spaces are in a suitable weak sense. Gagliardo used the
semi-norm in his paper [13]

|g|W s,p(Ω) =


Ω


Ω

|g(x) − g(y)|p

|x − y|N+sp dxdy

1/p

, p > 1,

to characterize functions inW s,p. However, when s → 1−, we have that |g|W s,p(Ω) does not converge to

|g|W1,p(Ω) =


Ω

|∇g (x)|p dx

1/p

.
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In order to study this situation, Bourgain, Brezis and Mironescu established a new characterization of Sobolev spaces in [5].
Indeed, they proved that

Theorem A (Bourgain, Brezis and Mironescu, [5]). Let g ∈ Lp

RN

, 1 < p < ∞. Then g ∈ W 1,p


RN

iff

RN


RN

|g(x) − g(y)|p

|x − y|p
ρn (|x − y|) dxdy ≤ C, ∀n ≥ 1,

for some constant C > 0. Moreover,

lim
n→∞


RN


RN

|g(x) − g(y)|p

|x − y|p
ρn (|x − y|) dxdy = KN,p


RN

|∇g(x)|p dx.

Here

KN,p =


SN−1

|e · σ |
p dσ

for any e ∈ SN−1 and dσ is the surface measure on SN−1. Here (ρn)n∈N is a sequence of nonnegative radial mollifiers satisfying

lim
n→∞


τ

∞

ρn (r) rN−1dr = 0, ∀τ > 0,

lim
n→∞


0

∞

ρn (r) rN−1dr = 1.

Theorem A has been extended to high order case by Bojarski, Ihnatsyeva and Kinnunen [3] using the high order Taylor
remainder and by Borghol [4] using high order differences. We also mention related characterization of Sobolev spaces in
[2,6,7,17,23,26,27].

We note here that as a consequence of Theorem A, we can characterize the Sobolev space W 1,p(RN) as follows: Let g ∈

Lp

RN

, 1 < p < ∞. Then g ∈ W 1,p


RN

iff

sup
0<δ<1


RN


RN

|x−y|<δ

|g(x) − g(y)|p

δN+p
dxdy < ∞. (1.1)

Recently, Nguyen [24] established some new characterizations of the Sobolev space W 1,p(RN) which are closely related
to Theorem A. More precisely, he used the dual form of (1.1) and proved the following results:

Theorem B (H.M. Nguyen, [24]). Let 1 < p < ∞. Then the following hold:
(a) Let g ∈ W 1,p(RN). Then there exists a positive constant CN,p depending only on N and p such that

RN


RN

|g(x)−g(y)|>δ

δp

|x − y|N+p dxdy ≤ CN,p


RN

|∇g(x)|p dx, ∀δ > 0, ∀g ∈ W 1,p RN .
(b) If g ∈ Lp


RN

satisfies

sup
0<δ<1


RN


RN

|g(x)−g(y)|>δ

δp

|x − y|N+p dxdy < ∞,

then g ∈ W 1,p

RN

.

(c) Moreover, for any g ∈ W 1,p(RN),

lim
δ→0


RN


RN

|g(x)−g(y)|>δ

δp

|x − y|N+p dxdy =
1
p
KN,p


RN

|∇g(x)|p dx.

The works of Bourgain, Brezis and Mironescu [5] and H.M. Nguyen [24,25] on characterizations of first order Sobolev
spaces in the Euclidean space were also investigated on the Heisenberg groups and Carnot groups by Barbieri [1] and the
authors [10,9].
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Motivated by Theorem B, it is natural to ask if the characterizations of type of Theorem B of H.M. Nguyen can be given
for higher order Sobolev spaces. This is exactly the main purpose of this paper.

Inspired by the above two theorems (Theorems A and B), we will first establish in this paper characterizations of the
second order Sobolev spaces in Euclidean spaces in the spirit of the work by H.M. Nguyen [24] using the method of first
order differences. Here, we choose two different approaches to characterize the second order Sobolev spacesW 2,p(RN): by
the second order differences and by the Taylor remainder of first order. Our methods and results are in the spirit of the work
of [24], namely using the mean value theorem, Hardy–Littlewood maximal functions, rotations in the Euclidean spaces, etc.
Nevertheless, the situation in second order case is more complicated than in the first order case. Therefore, additional care
is needed to handle our second order case.

We mention in passing that other type of characterizations of high order Sobolev spaces have been given using high
order Poincaré inequalities on Euclidean spaces and Carnot (stratified) groups by Liu, Lu andWheeden [18]. Such high order
Poincaré inequalities have been extensively studied on stratified groups by the third authorwith his collaborators [8,19–22].
Nevertheless, those characterizations are in quite different nature than what we offer here.

The first purpose of this paper is to prove the following estimates for functions in the Sobolev spacesW 2,p(RN).

Theorem 1.1. Let g ∈ W 2,p

RN

, 1 < p < ∞. Then there exists a constant CN,p such that

(1) 
RN


RNg(x)+g(y)−2g

x+y
2

>δ

δp

|x − y|N+2p dxdy ≤ CN,p


RN

|1g|p dx, ∀δ > 0.

(2)

lim
δ→0


RN


RNg(x)+g(y)−2g

x+y
2

>δ

δp

|x − y|N+2p dxdy =
1

22p+1p


SN−1


RN

D2g (x) (σ , σ )
p dxdσ .

(3)

sup
0<ε<1


RN


RNg(x)+g(y)−2g

x+y
2

≤1

ε
g(x) + g(y) − 2g

 x+y
2

p+ε

|x − y|N+2p dxdy +


RN


RNg(x)+g(y)−2g

x+y
2

>1

1
|x − y|N+2p dxdy

≤ CN,p


RN

|1g|p dx.

(4)

lim
ε→0


RN


RNg(x)+g(y)−2g

x+y
2

≤1

ε
g(x) + g(y) − 2g

 x+y
2

p+ε

|x − y|N+2p dxdy =
1

22p+1


SN−1


RN

D2g (x) (σ , σ )
p dxdσ .

Here we have used the notationD2g (x) (σ , σ )
 =


1≤i1,i2≤N

σi1σi2
∂2g

∂xi1∂xi2
(x) .

We will use this notation frequently throughout this paper.

Theorem 1.2. Let g ∈ W 2,p(RN), 1 < p < ∞. Then there exists a constant CN,p such that
(1) 

RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>δ

δp

|x − y|N+2p
dxdy ≤ CN,p


RN

|△g|pdx, ∀δ > 0.

(2)

lim
δ→0


RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>δ

δp

|x − y|N+2p
dxdy =

1
2p+1p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ .
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(3)

sup
0<ε<1


RN


RN

|g(x)−g(y)−∇g(y)(x−y)|≤1

ε|g(x) − g(y) − ∇g(y)(x − y)|p+ε

|x − y|N+2p
dxdy

+


RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>1

1
|x − y|N+2p

dxdy ≤ CN,p


RN

|△g|pdx.

(4)

lim
ε→0


RN


RN

|g(x)−g(y)−∇g(y)(x−y)|≤1

ε|g(x) − g(y) − ∇g(y)(x − y)|p+ε

|x − y|N+2p
dxdy =

1
2p+1


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ .

Using Theorems 1.1 and 1.2, we can set up the new characterizations of the Sobolev space W 2,p(RN) using the method
of second order differences and the Taylor remainder of first order which are our main aims of this paper. Indeed, we prove
the following two theorems:

Theorem 1.3. Let g ∈ Ap(RN), 1 < p < ∞ where Ap(RN) is the set of all g ∈ Lp

RN

such that ∃ {gn} and A (g) > 0:

∥gn∥p ≤ A (g);
gn(x) + gn(y) − 2gn

 x+y
2

 ≤ A (g);
gn(x) + gn(y) − 2gn

 x+y
2

 ≤ A (g)
g(x) + g(y) − 2g

 x+y
2

 a.e.
x, y ∈ RN and gn → g a.e. Then the following are equivalent:
(1) g ∈ W 2,p


RN

.

(2)

sup
0<δ<1


RN


RNg(x)+g(y)−2g

x+y
2

>δ

δp

|x − y|N+2p dxdy < ∞.

(3)

sup
0<ε<1


RN


RNg(x)+g(y)−2g

x+y
2

≤1

ε
g(x) + g(y) − 2g

 x+y
2

p+ε

|x − y|N+2p dxdy +


RN


RNg(x)+g(y)−2g

x+y
2

>1

1
|x − y|N+2p dxdy < ∞.

Theorem 1.4. Let g ∈ Bp(RN), 1 < p < ∞ where Bp(RN) is the set of all g ∈ Lp

RN

such that ∃ {gn} and B (g) > 0: ∥gn∥p ≤

B (g); |gn(x) − gn(y) − ∇gn (y) (x − y)| ≤ B (g); |gn(x) − gn(y) − ∇gn (y) (x − y)| ≤ B (g) |g(x) − g(y) − ∇g (y) (x − y)|
a.e. x, y ∈ RN and gn → g a.e. RN . Then the following are equivalent:
(1) g ∈ W 2,p(RN)
(2)

sup
0<δ<1


RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>δ

δp

|x − y|N+2p
dxdy < ∞

(3)

sup
0<ε<1


RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>1

ε|g(x) − g(y) − ∇g(y)(x − y)|p+ε

|x − y|N+2p
dxdy +


RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>1

1
|x − y|N+2p

dxdy

< ∞.

Next, we will also study the characterizations of W 2,p

RN

by the differences of the first order gradient in the spirit of

Bourgain, Brezis and Mironescu [5] and H.M. Nguyen [24,25]. More precisely, we will prove that

Theorem 1.5. Let g ∈ W 1,p

RN

, 1 < p < ∞. Then g ∈ W 2,p


RN

iff

RN


RN

|(∇g(x) − ∇g(y)) · (x − y)|p

|x − y|2p
ρn (|x − y|) dxdy ≤ C, ∀n ≥ 1,

for some constant C > 0. Moreover,

lim
n→∞


RN


RN

|(∇g(x) − ∇g(y)) · (x − y)|p

|x − y|2p
ρn (|x − y|) dxdy =


RN


SN−1

D2g (x) (σ , σ )
p dσdx.
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Here (ρn)n∈N is a sequence of nonnegative radial mollifiers satisfying

lim
n→∞


τ

∞

ρn (r) rN−1dr = 0, ∀τ > 0,

lim
n→∞


0

∞

ρn (r) rN−1dr = 1.

Theorem 1.6. Let g ∈ Cp(RN), 1 < p < ∞where Cp(RN) is the set of all g ∈ Lp

RN

such that ∃ {gn} and C (g) > 0: ∥gn∥p ≤

C (g); |(∇gn (x) − ∇gn (y)) · (x − y)| ≤ C (g); |(∇gn (x) − ∇gn (y)) · (x − y)| ≤ C (g) |(∇g (x) − ∇g (y)) · (x − y)| a.e.
x, y ∈ RN and gn → g a.e. RN . Then the following are equivalent:
(1) g ∈ W 2,p(RN)
(2)

sup
0<δ<1


RN


RN

|(∇g(x)−∇g(y))·(x−y)|>δ

δp

|x − y|N+2p
dxdy < ∞

(3)

sup
0<ε<1


RN


RN

|(∇g(x)−∇g(y))·(x−y)|>1

ε| (∇g (x) − ∇g (y)) · (x − y)|p+ε

|x − y|N+2p
dxdy +


RN


RN

|(∇g(x)−∇g(y))·(x−y)|>1

1
|x − y|N+2p

dxdy < ∞.

It is worthy noting that if we use the term |∇g (x) − ∇g (y) | instead of | (∇g (x) − ∇g (y)) · (x − y)|, then Theorem 1.5
is just a easy consequence of Theorem A. Indeed, if

RN


RN

|(∇g(x) − ∇g(y))|p

|x − y|p
ρn (|x − y|) dxdy ≤ C, ∀n ≥ 1,

then 
RN


RN

 ∂g
∂xi

(x) −
∂g
∂xi

(y)
p

|x − y|p
ρn (|x − y|) dxdy ≤ C, ∀n ≥ 1, ∀i = 1, . . . ,N.

Hence, by Theorem A, ∂g
∂xi

∈ W 1,p

RN


∀i = 1, . . . ,N which means that g ∈ W 2,p

RN

. However, in our case, we have

RN


RN

|(∇g(x) − ∇g(y)) · (x − y)|p

|x − y|2p
ρn (|x − y|) dxdy ≤


RN


RN

|(∇g(x) − ∇g(y))|p

|x − y|p
ρn (|x − y|) dxdy.

The plan of this paper is as follows: In Section 2, wewill study some helpful lemmas and use them to prove Theorems 1.1
and 1.3 which will give characterizations of second order Sobolev spaces by the second order difference. In Section 3,
we establish Theorems 1.2 and 1.4 which will give characterizations of the second order Sobolev spaces using the Taylor
reminder of first order. In Section 4, we characterize the second order Sobolev spaces using the first order differences of the
first order gradients of the functions.

2. Characterizations using second order differences

In this section, wewill investigate the characterizations of second order Sobolev spacesW 2,p

RN

in terms of the second

order differences, namely Theorems 1.1 and 1.3.
In order to prove the above two theorems, we will study the following useful lemmas. First of all, we will need to use the

following basic lemma from Fourier analysis.

Lemma 2.1. Let 1 < p < ∞. Then there exists a constant CN,p > 0 such that for every 1 ≤ i ≤ N we have for every g ∈ Lp(RN) ∂2

∂2xi
g

Lp(RN )

≤ CN,p∥1g∥Lp(RN ).

Proof. It suffices to prove that the operator T =
∂2

∂2xi
· 1−1 is bounded on Lp(RN). It is easy to see that the operator T is a

multiplier operator with the symbol ξ2i
|ξ |2

which is a Marcinkiewicz multiplier which is known to be bounded on Lp(RN). The
operator T can also be viewed as a composition of two Riesz transforms and is known to be bounded on Lp(RN). We refer to
Stein’s book [28]. �
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Lemma 2.2. There exists a constant CN,p > 0 such that for all δ > 0, all g ∈ W 2,p

RN

:

RN


RNg(x)+g(y)−2g

x+y
2

>δ

δp

|x − y|N+2p dxdy ≤ CN,p


RN

|1g|p dx. (2.1)

Proof. First, using the polar coordinates, we get
RN


RNg(x)+g(y)−2g

x+y
2

>δ

δp

|x − y|N+2p dxdy =


SN−1


RN


0

∞

g(x)+g(x+hσ)−2g

x+ h

2 σ
>δ

δp

h2p+1
dhdxdσ .

Hence, to prove (2.1), it is enough to prove that for every σ ∈ SN−1, we can obtain
RN


0

∞

g(x)+g(x+hσ)−2g

x+ h

2 σ
>δ

δp

h2p+1
dhdx ≤ CN,p


RN

|1g|p dx. (2.2)

Because of the rotation, we now can assume without loss of generality that σ = eN = (0, . . . , 0, 1). By the mean value
theorem, one hasg(x) + g(x + heN) − 2g


x +

h
2
eN

 =

g(x + heN) − g

x +

h
2
eN


−


g

x +

h
2
eN


− g(x)


=




xN+
h
2

xN+h ∂g
∂xN


x′, s


ds −


xN

xN+
h
2 ∂g
∂xN


x′, s


ds


=



xN

xN+
h
2


∂g
∂xN


x′, s +

h
2


−

∂g
∂xN


x′, s


ds


=



xN

xN+
h
2


s

s+ h
2 ∂2g
∂x2N


x′, t


dt

 ds


≤


xN

xN+h
xN

xN+h  ∂2g
∂x2N


x′, t

 dtds
≤


xN

xN+h

hMN


∂2g
∂x2N


(x) ds

≤ h2MN


∂2g
∂x2N


(x) .

Thus, 
RN


0

∞

g(x)+g(x+hσ)−2g

x+ h

2 σ
>δ

δp

h2p+1
dhdx ≤


RN


0

∞

h2MN


∂2g
∂x2N


(x)>δ

δp

h2p+1
dhdx

=


RN


∞

 δ

MN


∂2g
∂x2N


(x)

δp

h2p+1
dhdx
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=
1
2p


RN

MN


∂2g
∂x2N


(x)
p dx

≤ CN,p


RN

|1g|p dx.

The proof of Lemma 2.2 is now completed. �

Lemma 2.3. There holds

lim
δ→0


RN


RNg(x)+g(y)−2g

x+y
2

>δ

δp

|x − y|N+2p dxdy =
1

22p+1p


SN−1


RN

D2g (x) (σ , σ )
p dxdσ

for all g ∈ W 2,p

RN

, 1 < p < ∞.

Proof. Again, by changing of variables, we obtain
RN


RNg(x)+g(y)−2g

x+y
2

>δ

δp

|x − y|N+2p dxdy =


SN−1


RN


0

∞

 g(x)+g(x+
√

δhσ)−2g

x+ h

2
√

δσ


h2δ

h2>1

1
h2p+1

dhdxdσ .

Define gδ : SN−1
→ R by

gδ (σ ) =


RN


0

∞

 g(x)+g(x+
√

δhσ)−2g

x+ h

2
√

δσ


h2δ

h2>1

1
h2p+1

dhdx.

We first prove that for all σ ∈ SN−1, ∀δ > 0:

gδ (σ ) ≤ CN,p


RN

|1g|p dx. (2.3)

Indeed, again, without loss of generality, we assume that σ = eN = (0, . . . , 0, 1). Hence, we need to verify that
RN


0

∞

 g(x′,xN )+g(x′,xN+
√

δhσ)−2g

x′,xN+

h
2

√
δσ


h2δ

h2>1

1
h2p+1

dhdx ≤ CN,p


RN

|1g|p dx. (2.4)

Similar to what is done in Lemma 2.2, we have
g(x′, xN) + g(x′, xN +

√
δhσ) − 2g


x′, xN +

h
2

√
δσ


h2δ

 ≤ MN


∂2g
∂x2N


(x) .

Thus, 
RN


0

∞

 g(x′,xN )+g(x′,xN+
√

δhσ)−2g

x′,xN+

h
2

√
δσ


h2δ

h2>1

1
h2p+1

dhdx ≤


RN


0

∞

h2MN


∂2g
∂x2N


(x)>1

1
h2p+1

dhdx

≤ CN,p


RN

|1g|p dx.
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Next, we will show that

gδ (σ ) →
1

22p+1p


RN

D2g (x) (σ , σ )
p dx as δ → 0 for every σ ∈ SN−1 (2.5)

whereD2g (x) (σ , σ )
 =


1≤i1,i2≤N

σi1σi2
∂2g

∂xi1∂xi2
(x) .

Again, without loss of generality, we suppose that σ = eN = (0, . . . , 0, 1). We write

gδ (σ ) =


RN


0

∞

Gδ (x, h) dhdx

where

Gδ (x, h) =
1

h2p+1
χ g(x)+g(x+

√
δhσ)−2g


x+ h

2
√

δσ


h2δ

h2>1

 (x, h) .

Noting that for all σ ∈ SN−1:

Gδ (x, h) →
1

h2p+1
χ{|D2g(x)(σ ,σ )|h2>4} (x, h) as δ → 0 for a.e. (x, h) ∈ RN

× [0, ∞) ,

and

Gδ (x, h) ≤
1

h2p+1
χ

h2MN


∂2g
∂x2N


(x)>1

 (x, h) ∈ L1

RN

× [0, ∞)

.

Hence, by Lebesgue’s dominated convergence theorem, we get (2.5).
Using (2.3) and (2.5) and the Lebesgue dominated convergence theorem again, we can conclude that

lim
δ→0


RN


RNg(x)+g(y)−2g

x+y
2

>δ

δp

|x − y|N+2p dxdy =
1

22p+1p


SN−1


RN

D2g (x) (σ , σ )
p dxdσ . �

The following elementary lemma was proved and used in [24]. For the sake of completeness, we include a proof.

Lemma 2.4. Let Ω be a measurable set in Rm, Φ and Ψ be two measurable nonnegative functions on Ω , and α > −1. Then
0

1 
Φ(x)>δ

δαΨ (x) dxdδ =


Φ(x)≤1

1
α + 1

Φα+1 (x) Ψ (x) dx +


Φ(x)>1

1
α + 1

Ψ (x) dx.

Proof. Using Fubini’s theorem, we get
0

1 
Φ(x)>δ

δαΨ (x) dxdδ =


Φ(x)>1


0

1

δαΨ (x) dδdx +


Φ(x)≤1


0

Φ(x)

δαΨ (x) dδdx

=


Φ(x)>1

1
α + 1

Ψ (x) dx +


Φ(x)≤1

1
α + 1

Φα+1 (x) Ψ (x) dx. �

Proof of Theorem 1.1. (1) and (2) are consequences of Lemmas 2.2 and 2.3.
Now we will prove (3). By (1), we get

RN


RNg(x)+g(y)−2g

x+y
2

>δ

δp

|x − y|N+2p dxdy ≤ CN,p


RN

|1g|p dx, ∀δ > 0. (2.6)
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In particular, 
RN


RNg(x)+g(y)−2g

x+y
2

>1

1
|x − y|N+2p dxdy ≤ CN,p


RN

|1g|p dx. (2.7)

Now, from (2.6), one has
0

1 
RN


RNg(x)+g(y)−2g

x+y
2

>δ

εδp+ε−1

|x − y|N+2p dxdydδ ≤ CN,p


RN

|1g|p dx.

Using Lemma 2.4, we deduce
RN


RNg(x)+g(y)−2g

x+y
2

≤1

ε
g(x) + g(y) − 2g

 x+y
2

p+ε

|x − y|N+2p dxdy +


RN


RNg(x)+g(y)−2g

x+y
2

>1

ε

|x − y|N+2p dxdy

≤ CN,p


RN

|1g|p dx. (2.8)

From (2.7) and (2.8), we get the assertion (3).
Now, set

G (δ) =


RN


RNg(x)+g(y)−2g

x+y
2

>δ

δp

|x − y|N+2p dxdy.

So by the previous results, we have

G (δ) ≤ CN,p


RN

|1g|p dx, ∀δ > 0

and

lim
δ→0

G (δ) =
1

22p+1p


SN−1


RN

D2g (x) (σ , σ )
p dxdσ .

Now, we claim that

lim
ε→0


0

1

(p + ε) εδε−1G (δ) dδ =
1

22p+1


SN−1


RN

D2g (x) (σ , σ )
p dxdσ . (2.9)

Indeed, for every ϵ > 0, we can find a number X (ϵ) ∈ (0, 1) such thatG (δ) −
1

22p+1p


SN−1


RN

D2g (x) (σ , σ )
p dxdσ

 < ϵ for all δ ∈ (0, X (ϵ)) .

Now, we have:

lim
ε→0



X(ϵ)

1

(p + ε) εδε−1

G (δ) −
1

22p+1p


SN−1


RN

D2g (x) (σ , σ )
p dxdσ

 dδ


≤ lim

ε→0


X(ϵ)

1

(p + ε) εδε−1

G (δ) −
1

22p+1p


SN−1


RN

D2g (x) (σ , σ )
p dxdσ

 dδ
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≤ lim
ε→0


X(ϵ)

1

(p + ε) εX (ϵ)ε−1

CN,p


RN

|1g|p dx

 dδ

= 0.

Moreover,

lim
ε→0



0

X(ϵ)

(p + ε) εδε−1

G (δ) −
1

22p+1p


SN−1


RN

D2g (x) (σ , σ )
p dxdσ

 dδ


≤ lim

ε→0


0

X(ϵ)

(p + ε) εδε−1

G (δ) −
1

22p+1p


SN−1


RN

D2g (x) (σ , σ )
p dxdσ

 dδ
≤ lim

ε→0


0

X(ϵ)

(p + ε) εδε−1ϵdδ

≤ pϵ.

Thus,

lim
ε→0



0

1

(p + ε) εδε−1

G (δ) −
1

22p+1p


SN−1


RN

D2g (x) (σ , σ )
p dxdσ

 dδ

 ≤ pϵ, ∀ϵ > 0.

Hence we can get

lim
ε→0


0

1

(p + ε) εδε−1G (δ) dδ = lim
ε→0


0

1

(p + ε) εδε−1

 1
22p+1p


SN−1


RN

D2g (x) (σ , σ )
p dxdσ

 dδ

=
1

22p+1


SN−1


RN

D2g (x) (σ , σ )
p dxdσ .

Consequently, we have

lim
ε→0


0

1 
RN


RNg(x)+g(y)−2g

x+y
2

>δ

(p + ε) εδp+ε−1

|x − y|N+2p dxdydδ =
1

22p+1


SN−1


RN

D2g (x) (σ , σ )
p dxdσ .

Now, using Lemma 2.4 with α = p + ε − 1, Φ (x, y) =
g(x) + g(y) − 2g

 x+y
2

 , Ψ (x, y) =
1

|x−y|N+2p , we obtain

lim
ε→0




g(x)+g(y)−2g


x+y
2

≤1

ε
g(x) + g(y) − 2g

 x+y
2

p+ε

|x − y|N+2p dxdy

+


g(x)+g(y)−2g


x+y
2

>1

ε

|x − y|N+2p dxdy


=

1
22p+1


SN−1


RN

D2g (x) (σ , σ )
p dxdσ .

Noting that

lim
ε→0


g(x)+g(y)−2g


x+y
2

>1

ε

|x − y|N+2p dxdy = 0,

we have

lim
ε→0


g(x)+g(y)−2g


x+y
2

≤1

ε
g(x) + g(y) − 2g

 x+y
2

p+ε

|x − y|N+2p dxdy =
1

22p+1


SN−1


RN

D2g (x) (σ , σ )
p dxdσ .

We have the statement (4).
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Proof of Theorem 1.3. First, it is clear that statements (1) =⇒ (2) and (1) =⇒ (3) are consequences of Theorem 1.1. Now,
we will prove (3) =⇒ (1):

First, we assume further that
g(x) + g(y) − 2g( x+y

2 )
 is bounded byM (g) on RN

× RN . Then since

sup
0<ε<1


RN


RNg(x)+g(y)−2g

x+y
2

≤1

ε
g(x) + g(y) − 2g

 x+y
2

p+ε

|x − y|N+2p dxdy +


RN


RNg(x)+g(y)−2g

x+y
2

>1

1
|x − y|N+2p dxdy < ∞

we get

sup
0<γ<1


RN


RN

γ
g(x) + g(y) − 2g

 x+y
2

p+γ

|x − y|N+2p
dxdy = C (g,M (g)) < ∞.

Let ηε be any sequence of smooth mollifiers and set gε
= g ∗ ηε . Then we can get gε

∈ Lp(RN) ∩ C∞(RN) ⊆ W 2,p(RN).
Using (4) of Theorem 1.1, we can have

CN,p


SN−1


RN

|D2gε(x)(σ , σ )|pdxdσ ≤ sup
0<γ<1


RN


RNgε(x)+gε(y)−2gε

x+y
2

≤1

γ
gε(x) + gε(y) − 2gε

 x+y
2

p+γ

|x − y|N+2p
dxdy

≤ sup
0<γ<1


RN


RN

γ
gε(x) + gε(y) − 2gε

 x+y
2

p+γ

|x − y|N+2p
dxdy

= sup
0<γ<1


RN


RN

γ


RN


g(x − z) + g(y − z) − 2g

 x+y
2 − z


ηε(z)dz

p+γ

|x − y|N+2p
dxdy.

Since the function xp+ε is convex on [0, ∞), by Jensen’s inequality, we can deduce

sup
0<γ<1


RN


RN

γ


RN


g(x − z) + g(y − z) − 2g

 x+y
2 − z


ηε(z)dz

p+γ

|x − y|N+2p
dxdy

≤ sup
0<γ<1


RN


RN

γ
g(x − z) + g(y − z) − 2g

 x+y
2 − z

p+γ 
RN ηε(z)dz

|x − y|N+2p
dxdy

= sup
0<γ<1


RN


RN

γ
g(x) + g(y) − 2g

 x+y
2

p+γ

|x − y|N+2p
dxdy ≤ C (g,M (g)) .

So ∥gε
∥W2,p(RN ) is bounded. Since gε

→ g a.e., we get g ∈ W 2,p(RN).
In the general case, since g ∈ Ap


RN

, we can find a sequence {gn} and A (g) > 0 such that

gn(x) + gn(y) − 2gn
 x+y

2

 is
bounded by A (g) and

gn(x) + gn(y) − 2gn
 x+y

2

 ≤ A (g)
g(x) + g(y) − 2g

 x+y
2

 a.e. x, y ∈ RN . Then it is clear that gn ∈

W 2,p(RN) since

sup
0<ε<1


RN


RN gn

A(g) (x)+ gn
A(g) (y)−2 gn

A(g)


x+y
2

≤1

ε

 gn
A(g) (x) +

gn
A(g) (y) − 2 gn

A(g)

 x+y
2

p+ε

|x − y|N+2p dxdy

+


RN


RN gn

A(g) (x)+ gn
A(g) (y)−2 gn

A(g)


x+y
2

>1

1
|x − y|N+2p dxdy

= sup
0<ε<1


RN


RN gn

A(g) (x)+ gn
A(g) (y)−2 gn

A(g)


x+y
2

≤1g(x)+g(y)−2g

x+y
2

≤1

ε

 gn
A(g) (x) +

gn
A(g) (y) − 2 gn

A(g)

 x+y
2

p+ε

|x − y|N+2p dxdy
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+


RN


RN gn

A(g) (x)+ gn
A(g) (y)−2 gn

A(g)


x+y
2

≤1g(x)+g(y)−2g

x+y
2

>1

1
|x − y|N+2p dxdy

≤ sup
0<ε<1


RN


RNg(x)+g(y)−2g

x+y
2

≤1

ε
g(x) + g(y) − 2g

 x+y
2

p+ε

|x − y|N+2p dxdy + 2


RN


RNg(x)+g(y)−2g

x+y
2

>1

1
|x − y|N+2p dxdy

< ∞.

Moreover, by (4) in Theorem 1.1, we have

1
22p+1


SN−1


RN

D2gn (x) (σ , σ )
p dxdσ = lim

ε→0


RN


RNgn(x)+gn(y)−2gn


x+y
2

≤1

ε
gn(x) + gn(y) − 2gn

 x+y
2

p+ε

|x − y|N+2p dxdy

≤ lim
ε→0

C (A (g))

RN


RNg(x)+g(y)−2g

x+y
2

≤1

ε
g(x) + g(y) − 2g

 x+y
2

p+ε

|x − y|N+2p dxdy

≤ C (g, A (g)) .

Hence, ∥gn∥W2,p(RN ) is bounded. Since gn → g a.e. RN , we get g ∈ W 2,p(RN).

3. Characterizations of the second type: the Taylor remainder

The man purpose of this section is to establish Theorems 1.2 and 1.4, namely, characterizing the second order Sobolev
spaces W 2,p(RN) using the method of the Taylor remainder of first order.

In order to prove these two theorems, we will need to adapt the following useful lemmas:

Lemma 3.1. There exists a constant CN,p > 0 such that for all δ > 0, all g ∈ W 2,p

RN

:

RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>δ

δp

|x − y|N+2p dxdy ≤ CN,p


RN

|1g|p dx. (3.1)

Proof. Again, using the polar coordinates, we get
RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>δ

δp

|x − y|N+2p dxdy =


SN−1


RN


0

∞

|g(x+hσ)−g(x)−h∇g(x)σ |>δ

δp

h2p+1
dhdxdσ .

Thus, again, to prove (3.1), it is enough to prove that for every σ ∈ SN−1, we get
RN


0

∞

|g(x+hσ)−g(x)−h∇g(x)σ |>δ

δp

h2p+1
dhdx ≤ CN,p


RN

|1g|p dx. (3.2)

Because of the rotation, we assume without loss of generality that σ = eN = (0, . . . , 0, 1).
Now, by the mean value theorem, one has

|g(x + heN) − g(x) − h∇g(x)eN | =



0

1 ∂g
∂xN


x′, xN + sh


hds − h

∂g
∂xN

(x)


=

h

0

1  ∂g
∂xN


x′, xN + sh


hds −

∂g
∂xN

(x′, xN)


ds


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=

h

0

1
xN

xN+sh ∂2g
∂x2N


x′, t


dtds


≤ h


0

1

shMN


∂2g
∂x2N


(x) ds

≤
1
2
h2MN


∂2g
∂x2N


(x) .

Thus, 
RN


0

∞

|g(x+hσ)−g(x)−h∇g(x)σ |>δ

δp

h2p+1
dhdx ≤


RN


0

∞

h2MN


∂2g
∂x2N


(x)>δ

δp

h2p+1
dhdx

=


RN


∞

 δ

MN


∂2g
∂x2N


(x)

δp

h2p+1
dhdx

=
1
2p


RN

MN


∂2g
∂x2N


(x)
p dx

≤ CN,p


RN

 ∂2g
∂x2N

p dx
≤ CN,p


RN

|1g|p dx. �

Lemma 3.2. There holds

lim
δ→0


RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>δ

δp

|x − y|N+2p
dxdy =

1
2p+1p


SN


RN

|D2g(x)(σ , σ )|pdxdσ

for all g ∈ W 2,p(RN), 1 < p < ∞.
Proof. Again, by changing of variables, we obtain

RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>δ

δp

|x − y|N+2p
dxdy =


SN


RN


∞

0 g(x+√
δhσ)−g(x)−

√
δh∇g(x)σ

h2δ

h2>1

1
h2p+1

dhdxdσ .

Define gδ : SN−1
→ R by

gδ(σ ) =


RN


∞

0 g(x+√
δhσ)−g(x)−

√
δh∇g(x)σ

h2δ

h2>1

1
h2p+1

dhdx.

We first prove that for all σ ∈ SN−1, ∀δ > 0:

gδ(σ ) ≤ CN,p


RN

|△g|pdx. (3.3)

Indeed, again, without loss of generality, we assume that σ = eN = (0, . . . , 0, 1). Hence, we need to verify that
RN


∞

0 g(x′,xN+
√

δh)−g(x′,xN )−∇g(x′,xN )
√

δheN
h2δ

h2>1

1
h2p+1

dhdx ≤ CN,p


RN

|△g|pdx. (3.4)
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Similar to the proof of Lemma 2.2, we haveg(x′, xN +
√

δh) − g(x′, xN) − ∇g(x′, xN)
√

δheN
h2δ

 ≤
1
2
MN


∂2g
∂x2N


(x).

Thus, 
RN


∞

0 g(x′,xN+
√

δh)−g(x′,xN )−∇g(x′,xN )
√

δheN
h2δ

h2>1

1
h2p+1

dhdx ≤


RN


∞

0

h2MN


∂2g
∂x2N


(x)>2

1
h2p+1

dhdx.

So we can get 
RN


∞

0 g(x′,xN+
√

δh)−g(x′,xN )−∇g(x′,xN )
√

δheN
h2δ

h2>1

1
h2p+1

dhdx ≤ CN,p


RN

|△g|pdx.

Next we will show that

gδ(σ ) →
1

2p+1p


RN

|D2g(x)(σ , σ )|pdx as δ → 0 for every σ ∈ SN−1 (3.5)

where

|D2g(x)(σ , σ )| =


1≤i1,i2≤N

σi1σi2
∂2g

∂xi1∂xi2(x)
.

Again, with loss of generality, we suppose that σ = eN = (0, . . . , 0, 1). We write

gδ(σ ) =


RN


∞

0
Gδ(x, h)dhdx

where

Gδ(x, h) =
1

h2p+1
χ g(x+√

δhσ)−g(x)−∇g(x)
√

δhσ
h2δ

h2>1
(x, h).

Noting that for all σ ∈ SN−1:

Gδ(x, h) →
1

h2p+1
χ{|D2g(x)(σ ,σ )|h2>2} as δ → 0 for a.e. (x, h) ∈ RN

× [0, ∞),

and

Gδ(x, h) ≤
1

h2p+1
χ

h2MN


∂2g
∂x2N


(x)>2

(x, h) ∈ L1(RN
× [0, ∞)).

Hence, by the Lebesgue dominated convergence theorem, we get (3.5). Using (3.3), (3.5) and the Lebesgue dominated con-
vergence theorem again, we can conclude that

lim
δ→0


RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>δ

δp

|x − y|N+2p
dxdy =

1
2p+1p


SN


RN

|D2g(x)(σ , σ )|pdxdσ . �

Proof of Theorem 1.2. (1) and (2) are consequences of Lemmas 3.1 and 3.2. Now we will prove (3). By (1), we get
RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>δ

δp

|x − y|N+2p
dxdy ≤ CN,p


RN

|△g|pdx, ∀δ > 0. (3.6)

In particular,
RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>1

1
|x − y|N+2p

dxdy ≤ CN,p


RN

|△g|pdx, ∀δ > 0. (3.7)



X. Cui et al. / Nonlinear Analysis 121 (2015) 241–261 255

Now, from (3.6), one has 1

0


RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>δ

εδp+ε−1

|x − y|N+2p
dxdydδ ≤ CN,p


RN

|△g|pdx. (3.8)

Using Lemma 2.4, we deduce
RN


RN

|g(x)−g(y)−∇g(y)(x−y)|≤1

ε|g(x) − g(y) − ∇g(y)(x − y)|p+ε

|x − y|N+2p
dxdy +


RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>1

1
|x − y|N+2p

dxdy

≤ CN,p


RN

|△g|pdx.

Hence, we get the assertion (3). Now set

H(δ) =


RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>δ

δp

|x − y|N+2p
.

So from what we have proved, we have

H(δ) ≤ CN,p


RN

|△g|pdx, ∀δ > 0

and

lim
δ→0

H(δ) =
1

2p+1p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ . (3.9)

Indeed, for every θ > 0, we can find a number X(θ) ∈ (0, 1) such thatH(δ) −
1

2p+1p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ
 < θ for all δ ∈ (0, X(θ)).

Now, we have

lim
ε→0

 1

X(θ)

(p + ε)εδε−1

H(δ) −

1
2p+1p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ

dδ


≤ lim
ε→0

 1

X(θ)

(p + ε)εδε−1
H(δ) −

1
2p+1p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ
 dδ

≤ lim
ε→0

 1

X(θ)

(p + ε)εδε−1

CN,p


RN

|△g|pdx

dδ

= lim
ε→0

(p + ε)(1 − X(θ)ε)


CN,p


RN

|△g|pdx


= 0.

Moreover,

lim
ε→0

 X(θ)

0
(p + ε)εδε−1


H(δ) −

1
2p+1p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ

dδ


≤ lim
ε→0

 X(θ)

0
(p + ε)εδε−1

H(δ) −
1

2p+1p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ
 dδ

≤ lim
ε→0

 X(θ)

0
(p + ε)εδε−1θdδ

≤ pθ.

Thus, ∀ sufficiently small θ > 0:

lim
ε→0

 1

0
(p + ε)εδε−1


H(δ) −

1
2p+1p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ

dδ
 ≤ pθ.
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Hence we can get

lim
ε→0

 1

0
(p + ε)εδε−1H(δ)dδ = lim

ε→0

 1

0
(p + ε)εδε−1


1

2p+1p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ

dδ

=
1

2p+1


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ .

Consequently, we have

lim
ε→0

 1

0


RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>δ

ε(p + ε)δp+ε−1

|x − y|N+2p
dxdydδ =

1
2p+1


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ .

Now, using Lemma 2.4 with

α = p + ε − 1, Φ(x, y) = |g(x) − g(y) − ∇g(y)(x − y)|, Ψ (x, y) =
1

|x − y|N+2p
,

we obtain

lim
ε→0




|g(x)−g(y)−∇g(y)(x−y)|≤1

ε|g(x) − g(y) − ∇g(y)(x − y)|p+ε

|x − y|N+2p dxdy

+


|g(x)−g(y)−∇g(y)(x−y)|>1

ε

|x − y|N+2p dxdy

 =
1

2p+1


SN−1


RN

D2g (x) (σ , σ )
p dxdσ .

Noting that

lim
ε→0


RN


RN

|g(x)−g(y)−∇g(y)(x−y)|>1

ε

|x − y|N+2p
dxdy = 0,

we have

lim
ε→0


RN


RN

|g(x)−g(y)−∇g(y)(x−y)|≤1

ε|g(x) − g(y) − ∇g(y)(x − y)|p+ε

|x − y|N+2p
dxdy =

1
2p+1


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ .

Proof of Theorem 1.4. is similar to the proof of Theorem 1.3 and will be omitted.

4. More characterizations of secondorder Sobolev spaces: combinations of first order difference and Taylor remainder

In this section, we will study some other characterizations of the second order Sobolev spaces. Namely, we will give
characterizations motivated by the observation that g ∈ W 2,p(RN) is essentially equivalent to ∇g ∈ W 1,p(RN).

4.1. Characterization of Bourgain–Brezis–Mironescu type

Lemma 4.1. Let g ∈ W 2,p

RN

. Then

RN


RN

|(∇g(x) − ∇g(y)) · (x − y)|p

|x − y|2p
ρn (|x − y|) dxdy ≤ C, ∀n ≥ 1, (4.1)

for some constant C > 0. Moreover,

lim
n→∞


RN


RN

|(∇g(x) − ∇g(y)) · (x − y)|p

|x − y|2p
ρn (|x − y|) dxdy =


RN


SN−1

D2g (x) (σ , σ )
p dσdx. (4.2)

Proof. Since g ∈ W 2,p

RN

,

∂g
∂xi

∈ W 1,p

RN

. Using Theorem A (noting Theorem A still holds when Ω = RN ), we get


RN


RN

 ∂g
∂xi

(x) −
∂g
∂xi

(y)
p

|x − y|p
ρn (|x − y|) dxdy ≤ C .
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Hence,
RN


RN

|(∇g(x) − ∇g(y)) · (x − y)|p

|x − y|2p
ρn (|x − y|) dxdy ≤


RN


RN

|(∇g(x) − ∇g(y))|p

|x − y|p
ρn (|x − y|) dxdy ≤ C

for some constant C > 0.
Now, suppose that g ∈ C∞

0


RN

. Then by Taylor’s formula, we have

|(∇g(x + h) − ∇g(x)) · h| =


∂g
∂xi

(x + h) −
∂g
∂xi

(x)

hi


≤
D2g (x) (h, h)

+ c |h|3 .

Hence, for every θ > 0:

|(∇g(x + h) − ∇g(x)) · h|p ≤ (1 + θ)
D2g (x) (h, h)

p + cθ |h|3p .

Thus, 
RN


RN

|(∇g(x) − ∇g(y)) · (x − y)|p

|x − y|2p
ρn (|x − y|) dxdy =


RN


RN

|(∇g(x + h) − ∇g(x)) · h|p

|h|2p
ρn (|h|) dhdx

≤ (1 + θ)


RN


RN

ρn (|h|)
|h|2p

D2g (x) (h, h)
p dhdx + cθ |supp (g)|


RN

ρn (|h|) |h|p dh.

Also, 
RN

ρn (|h|)
|h|2p

D2g (x) (h, h)
p dh =


0

∞

ρn (r) rN−1dr

SN−1

D2g (x) (σ , σ )
p dσ .

Now, let n → ∞ and then θ → 0, we get
RN


RN

|(∇g(x) − ∇g(y)) · (x − y)|p

|x − y|2p
ρn (|x − y|) dxdy ≤


RN


SN−1

D2g (x) (σ , σ )
p dσdx. (4.3)

Now, for any A > 0, then again by Taylor’s formula:(∇g(x + h) − ∇g(x)) · h − D2g (x) (h, h)
 ≤ CA |h|3 a.e. x ∈ B (0, A) ; h ∈ B (0, 1) .

Then D2g (x) (h, h)
p ≤ (1 + θ) |(∇g(x + h) − ∇g(x)) · h|p + CA,θ |h|3p a.e. x ∈ B (0, A) ; h ∈ B (0, 1) .

Hence 
B(0,A)


B(0,1)

ρn (|h|)
|h|2p

D2g (x) (h, h)
p dhdx

≤ (1 + θ)


RN


RN

|(∇g(x + h) − ∇g(x)) · h|p

|h|2p
ρn (|h|) dhdx + CA,θ |B (0, A)|


B(0,1)

ρn (|h|) |h|p dh.

Let n → ∞ and θ → 0:
B(0,A)


SN−1

D2g (x) (σ , σ )
p dσdx ≤ lim inf

n→∞


RN


RN

|(∇g(x + h) − ∇g(x)) · h|p

|h|2p
ρn (|h|) dhdx

= lim inf
n→∞


RN


RN

|(∇g(x) − ∇g(y)) · (x − y)|p

|x − y|2p
ρn (|x − y|) dxdy.

Since A > 0 is arbitrary, we get (4.2) for C∞

0


RN

-functions.

By density argument, we also have (4.2) forW 2,p

RN

-functions. �
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Proof of Theorem 1.5. Assume that
RN


RN

|(∇g(x) − ∇g(y)) · (x − y)|p

|x − y|2p
ρn (|x − y|) dxdy ≤ C (g) , ∀n ≥ 1.

Let gk = g ∗ ηk where ηk is a sequence of smooth mollifiers. Noting that Dα (gk) = Dα (g) ∗ ηk, we have from the convexity
of the function tp on [0, ∞) that

RN


RN

|(∇gk(x) − ∇gk(y)) · (x − y)|p

|x − y|2p
ρn (|x − y|) dxdy ≤


RN


RN

|(∇g(x) − ∇g(y)) · (x − y)|p

|x − y|2p
ρn (|x − y|) dxdy

≤ C (g) .

Moreover, since gk is smooth, by Lemma 4.1, we get
RN


SN−1

D2gk (x) (σ , σ )
p dσdx ≤ C (g)

which means that
RN

|1gk (x)|p dx ≤ C1 (g) .

Since gk → g a.e. RN , we can conclude that g ∈ W 2,p

RN

.

4.2. Characterization of H.-M. Nguyen type

Lemma 4.2. There exists a constant CN,p > 0 such that for all δ > 0, all g ∈ W 2,p

RN

:

RN


RN

|(∇g(x)−∇g(y))·(x−y)|>δ

δp

|x − y|N+2p dxdy ≤ CN,p


RN

|1g|p dx.

Proof. By Lemma 3.1, we have
RN


RN

|(∇g(x)−∇g(y))·(x−y)|>δ

δp

|x − y|N+2p dxdy ≤


RN


RN

|g(x)−g(y)−∇g(y)(x−y)|> δ
2

+


RN


RN

|g(y)−g(x)−∇g(x)·(y−x)|> δ
2

δp

|x − y|N+2p dxdy

≤ CN,p


RN

|1g|p dx. �

Lemma 4.3. There holds

lim
δ→0


RN


RN

|(∇g(x)−∇g(y))(x−y)|>δ

δp

|x − y|N+2p
dxdy =

1
2p


SN


RN

|D2g(x)(σ , σ )|pdxdσ

for all g ∈ W 2,p(RN), 1 < p < ∞.

Proof. By changing of variables, we obtain
RN


RN

|(∇g(x)−∇g(y))·(x−y)|>δ

δp

|x − y|N+2p
dxdy =


SN


RN


∞

0 (∇g(x+
√

δhσ)−∇g(x))·
√

δhσ
h2δ

h2>1

1
h2p+1

dhdxdσ .

Define gδ : SN−1
→ R by

gδ(σ ) =


RN


∞

0 (∇g(x+
√

δhσ)−∇g(x))·
√

δhσ
h2δ

h2>1

1
h2p+1

dhdx.
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Then by the same argument as in Lemma 4.2 and by Lemma 3.2, we can prove that for all σ ∈ SN−1, ∀δ > 0:

gδ(σ ) ≤ CN,p


RN

|△g|pdx.

Now we will show that

gδ(σ ) →
1
2p


RN

|D2g(x)(σ , σ )|pdx as δ → 0 for every σ ∈ SN−1. (4.4)

Indeed, again, with loss of generality, we suppose that σ = eN = (0, . . . , 0, 1). We write

gδ(σ ) =


RN


∞

0
Gδ(x, h)dhdx

where

Gδ(x, h) =
1

h2p+1
χ (∇g(x+

√
δhσ)−∇g(x))·

√
δhσ

h2δ

h2>1
(x, h).

Noting that for all σ ∈ SN−1:

Gδ(x, h) →
1

h2p+1
χ{|D2g(x)(σ ,σ )|h2>1} as δ → 0 for a.e. (x, h) ∈ RN

× [0, ∞),

and

Gδ(x, h) ≤
1

h2p+1
χ

h2MN


∂2g
∂x2N


(x)>1

(x, h) ∈ L1(RN
× [0, ∞)).

Hence, by the Lebesgue dominated convergence theorem,we get (4.4). Using the Lebesgue dominated convergence theorem
again, we can conclude that

lim
δ→0


RN


RN

|(∇g(x)−∇g(y))·(x−y)|>δ

δp

|x − y|N+2p
dxdy =

1
2p


SN


RN

|D2g(x)(σ , σ )|pdxdσ . �

Theorem 4.1. Let g ∈ W 2,p(RN), 1 < p < ∞. Then there exists a constant CN,p such that
(1) 

RN


RN

|(∇g(x)−∇g(y))·(x−y)|>δ

δp

|x − y|N+2p
dxdy ≤ CN,p


RN

|△g|pdx, ∀δ > 0.

(2)

lim
δ→0


RN


RN

|(∇g(x)−∇g(y))·(x−y)|>δ

δp

|x − y|N+2p
dxdy =

1
2p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ .

(3)

sup
0<ε<1


RN


RN

|(∇g(x)−∇g(y))·(x−y)|≤1

ε|(∇g(x) − ∇g(y)) · (x − y)|p+ε

|x − y|N+2p
dxdy

+


RN


RN

|(∇g(x)−∇g(y))·(x−y)|>1

1
|x − y|N+2p

dxdy ≤ CN,p


RN

|△g|pdx.

(4)

lim
ε→0


RN


RN

|(∇g(x)−∇g(y))·(x−y)|≤1

ε|(∇g(x) − ∇g(y)) · (x − y)|p+ε

|x − y|N+2p
dxdy =

1
2


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ .

Proof. (3) is just a consequence of (1), the Fatou lemma and Lemma 2.4. So we just have to prove (4). Set

H(δ) =


RN


RN

|(∇g(x)−∇g(y))·(x−y)|>δ

δp

|x − y|N+2p
.
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So from what we have proved, we get

H(δ) ≤ CN,p


RN

|△g|pdx, ∀δ > 0

and

lim
δ→0

H(δ) =
1
2p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ .

Thus, for every θ > 0, we can find a number X(θ) ∈ (0, 1) such thatH(δ) −
1
2p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ
 < θ for all δ ∈ (0, X(θ)).

Now, we have

lim
ε→0

 1

X(θ)

(p + ε)εδε−1

H(δ) −

1
2p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ

dδ


≤ lim
ε→0

 1

X(θ)

(p + ε)εδε−1
H(δ) −

1
2p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ
 dδ

≤ lim
ε→0

 1

X(θ)

(p + ε)εδε−1

CN,p


RN

|△g|pdx

dδ

= lim
ε→0

(p + ε)(1 − X(θ)ε)


CN,p


RN

|△g|pdx


= 0.

Moreover,

lim
ε→0

 X(θ)

0
(p + ε)εδε−1


H(δ) −

1
2p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ

dδ


≤ lim
ε→0

 X(θ)

0
(p + ε)εδε−1

H(δ) −
1
2p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ
 dδ

≤ lim
ε→0

 X(θ)

0
(p + ε)εδε−1θdδ

≤ pθ.

Thus,

lim
ε→0

 1

0
(p + ε)εδε−1


H(δ) −

1
2p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ

dδ
 ≤ pθ, ∀ sufficiently small θ > 0.

Hence we can get

lim
ε→0

 1

0
(p + ε)εδε−1H(δ)dδ = lim

ε→0

 1

0
(p + ε)εδε−1


1
2p


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ

dδ

=
1
2


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ .

Consequently, we have

lim
ε→0

 1

0


RN


RN

|(∇g(x)−∇g(y))·(x−y)|>δ

ε(p + ε)δp+ε−1

|x − y|N+2p
dxdydδ =

1
2


SN−1


RN

|D2g(x)(σ , σ )|pdxdσ .

Now, using Lemma 2.4 with

α = p + ε − 1, Φ(x, y) = |(∇g(x) − ∇g(y)) · (x − y)|, Ψ (x, y) =
1

|x − y|N+2p
,
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we obtain

lim
ε→0




|(∇g(x)−∇g(y))·(x−y)|≤1

ε|(∇g(x) − ∇g(y)) · (x − y)|p+ε

|x − y|N+2p dxdy

+


|(∇g(x)−∇g(y))·(x−y)|>1

ε

|x − y|N+2p dxdy

 =
1
2


SN−1


RN

D2g (x) (σ , σ )
p dxdσ .

We have the statement (4) by noting that

lim
ε→0


RN


RN

|(∇g(x)−∇g(y))·(x−y)|>1

ε

|x − y|N+2p
dxdy = 0. �

Proof of Theorem 1.6. is similar to the proof of Theorem 1.3; Theorem 1.4 and will be omitted.
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