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Abstract The purpose of this paper is five-fold. First, we employ the harmonic analysis techniques
to establish the following Hardy-Littlewood—Sobolev inequality with the fractional Poisson kernel on

the upper half space

/n omn f(f)P(x,é,a)g(m)dﬁdac < Cn,a,p,q’HgHLq’(Ri)”f”LP(a]R:L_)»
+ +

where f € LP(ORY}), g € Lq/(R:ﬁ) and p, ¢’ € (1,+0), 2 < a < n satisfying ”n_pl + ql, + 2;”‘ = 1.
Second, we utilize the technique combining the rearrangement inequality and Lorentz interpolation to
show the attainability of best constant C,, o p,¢/. Third, we apply the regularity lifting method to obtain
the smoothness of extremal functions of the above inequality under weaker assumptions. Furthermore,
in light of the Pohozaev identity, we establish the sufficient and necessary condition for the existence of
positive solutions to the integral system of the Euler—Lagrange equations associated with the extremals
of the fractional Poisson kernel. Finally, by using the method of moving plane in integral forms, we
prove that extremals of the Hardy—Littlewood—Sobolev inequality with the fractional Poisson kernel
must be radially symmetric and decreasing about some point {, € JR’. Our results proved in this
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paper play a crucial role in establishing the Stein—Weiss inequalities with the Poisson kernel in our

subsequent paper.

Keywords Existence of extremal functions, Hardy-Littlewood—Sobolev inequality, Moving plane

method, Poisson kernel
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1 Introduction

The classical Hardy—Littlewood—Sobolev inequality which was first established by Hardy, Lit-
tlewood and Sobolev in [32, 47] states that

L e =s A @)at)dedy < o 1 ol (1)

where 1 < ¢/,p < o0, 0 <\ <n, (11,+11)+2:2andq’: qfl.
By utilizing the layer cake representation formula, Lieb and Loss [40] proved that the sharp
constant C,, ;,  satisfies the following estimate

A

o = ”iA <F(17Tj 3)) ﬁ qi’ﬂ((n(q?q—l 1))$ i <n(p)\€ 1)> A)

Lieb [39] also employed the rearrangement inequalities to obtain the existence of the extremal
functions of inequality (1.1). Furthermore, they also classified extremals of the inequality (1.1)
and computed the sharp constant C,, ,, » only when one of p and ¢’ is equal to 2 or p = ¢'.

The Hardy—Littlewood—Sobolev inequality was extended by Stein and Weiss to the following
Stein—Weiss inequalities

/R / 21~z — 5= F@)g@)ly| P dady < Cnaoppg 1o @l oerys  (12)

where 1 < p, ¢’ < 0o, a, 3 and ) satisfy the following conditions,

1 1 a+p6+ X 1 1
4 OHr_y >,
q p n q p
n n
a+ >0, oz<q7 ﬁ<p/, 0<A<n.

(see also an alternative proof of establishing the Stein—Weiss inequalities recently found in [29]
by using conditions on weights to guarantee the weighted boundedness of fractional integrals
given in [46] and such a method also applies to establish the Stein—Weiss inequalities on the
Heisenberg groups and works for more general stratified and homogeneous groups). Lieb [39]
used the method based on symmetrization argument and the Riesz rearrangement to establish
the existence of extremals for the inequality (1.2) in the case p < ¢ and «, 8 > 0. Furthermore,
in the case of p = ¢, the extremals can’t be expected to exist (see Lieb [39] and also Herbst [33]
for thecase A\=n—1,p=¢=2,a=0, 8 =1). In the case of p = ¢, Beckner [2, 3] obtained
the sharp constant of the Stein-Weiss inequalities (1.2) by establishing a general Stein—Weiss
lemma. The precise estimate of the sharp constant of the Stein—Weiss inequalities for the case
of p # q was also established in [3]. For more results about proving precise estimates for Stein—
Weiss functionals in conjunction with the study of Pitt’s type inequalities and their multilinear

versions, we refer the reader to the works of Beckner [4-6]. We note that the existence of
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extremal functions for the Stein—Weiss inequalities in the case p < ¢ under the assumption
a+ 3 > 0 has been established by Chen, Lu and Tao [18], which extends Lieb’s result under
the stronger assumption that o > 0 and § > 0, using the concentration-compactness of Lions
[41, 42].

Through the inequality (1.1), we can deduce many important geometrical inequalities such
as the Gross logarithmic Sobolev inequality [26] and the Moser—Onofri-Beckner inequality [1],
etc. It is also well-known that if we pick A=n—2, p=q = 255\, then the Hardy-Littlewood—
Sobolev inequality is in fact equivalent to the Sobolev inequality by Green’s representation
formula. By using the competing symmetry method, Carlen and Loss [10] provided a dif-
ferent proof from Lieb’s of the sharp constants and extremal functions in the diagonal case
p=¢ = ,”", and Frank and Lieb [22] offered a new proof using the reflection positivity
of inversions in spheres in the special diagonal case. Frank and Lieb [23] further employed a
rearrangement-free technique developed in [24] to recapture the best constant of inequality (1.1).
Folland and Stein [21] extended the inequality (1.1) to the Heisenberg group and established the
Hardy—Littlewood—Sobolev inequality on Heisenberg group. Frank and Lieb in [24] classify the
extremals of this inequality in the diagonal case. This extends the earlier work of Jerison and
Lee for sharp constants and extremals for the Sobolev inequality on the Heisenberg group in the
conformal case in their study of CR Yamabe problem [34-36]. Furthermore, Han [27] employed
the concentration-compactness principle of Lions [41, 42] to establish existence of extremals of
this inequality for general indices. Han, Lu and Zhu established the double weighted Hardy—
Littlewood—Sobolev inequality (namely, Stein—Weiss inequality) on the Heisenberg group and
discussed the regularity and asymptotic behavior of the extremal functions. Recently, Chen, Lu
and Tao [18] used the concentration-compactness principle to obtain existence of extremals of
the Stein—Weiss inequality on the Heisenberg group for all indices. We also mention that when
g =p= 25f \» Euler-Lagrange equation of the extremals to the Hardy-Littlewood—Sobolev
inequality in the Euclidean space is a conformal invariant integral equation. Using the method
of moving plane or moving sphere in integral forms in Euclidean space (see [15, 38]), one can
classify the positive solutions to this integral equation. The inequality (1.1) and its extensions
have many applications in partial differential equations. For example, these inequalities are
efficient in studying the radial symmetry and a priori estimate of positive solutions for the
Hardy—Sobolev type equations and systems. For more results about the inequality (1.1) and
its applications in partial differential equations, one can also see [7, 11, 12, 16, 43, 44] and the
references therein.

Hang, Wang and Yan in [31] derived the following integral inequalities with the Poisson

kernel,

< CopllfliLeorn), (1.3)
La(R?)

H /am P(x,€) f(£)de

np

ny- They used the concentration-compactness principle

where P(z,§) = cnlez‘n and ¢ =
to establish the existence of extremals for this inequality. For special index p = 2(7?:21), by
the method of moving-spheres, they classified the extremal functions of the inequality (1.3)
and computed the sharp constant C,, ,. Integral inequality with the Poisson kernel is highly

related with Carleman’s proof of isoperimetric inequality in the plane (see [9]). By duality, one
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can easily see that the inequality (1.3) is in fact equivalent to the Hardy—Littlewood—Sobolev

inequality with the Poisson kernel which can be stated as follows:
L[ 1©P@oaieds < Coplallo I lome.
+ +

where 1 < p < 00, 1 < ¢’ < 00, satisfying
n—11 1
=1.
n p g
The Hardy-Littlewood—Sobolev inequalities are equivalent to the L? to L¢ boundedness for
the convolution operators with the Riesz potential. It is well known that the Riesz potential
can also be seen as the fundamental solution of the fractional Laplacian operator. On the other

hand, the kernel
1 0 1

n—ad, |z —¢re

considered in [19], up to a constant, can be viewed as the fundamental solution of the fractional

P(z,§,a) =

Laplacian operator on the upper half space. In fact, for « = 2, this is the classical Poisson
kernel.

From this point of view and the work of Hang, Wang and Yan, we are interested in the
question whether there exists an integral inequality with the fractional Poisson kernel on the
upper half space R?. Furthermore, we like to know if such an inequality has an extremal
function for all the indices. In fact, the authors of [19] established the integral inequality with
the fractional Poisson kernel in the special index through the methods based on conformal
transformation and the moving spheres in integral forms. However, this method cannot be
used to establish our inequality (1.5) for general index. We also note that the authors of [20]
established the following Hardy-Littlewood—Sobolev inequality on the upper half space R’}
which states

[ [l s i@at)dds < Copar s ol om (14)
+ +

where p > 1, ¢ > 1,0 < A < n with
1 n—11 X+1
+ =

2.
q n o p n
Utilizing the symmetry and rearrangement technique, they derived existence of extremals for
this inequality. Furthermore, in the conformal invariant case ¢’ = 25? , and p = 25353 ) they

also classified the extremals through the moving sphere method.

In this paper, we are concerned with the Hardy—Littlewood—Sobolev inequality with the
fractional Poisson kernel for general indices. Our first main result is the following:
Theorem 1.1 Forn>3,1<p<oo,1<¢ <oo and 2 < a <n, satisfying

n—-—11 1 2-«
n p

there exists some constant Cy, o pq > 0 such that for any functions f € LP(ORY) and g €
LY (R%), there holds

:17
n

|| #©P@&.a)ga)sdn < o lsle | luose (15)
+ +
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where P(z,§, o) = Tno o o 1S the so-called fractional Poisson kernel.
(lz'=&IP+a?) 2

Remark 1.2 We note that the kernel P(z, &, a) in our inequality is not L' integrable unlike
the Poisson kernel of the integral inequality established by Hang, Wang and Yan [31]. Their
proofs depend on L' integrability of P(z,&, ) for a = 2, which allows them to establish

P(x,8,2) f(§)dE

< Nl (omr)
or?Y

Lo (R™)

and

P(x,€,2)f(§)dS

< |1 fllzr(orn)-
Lyt my) ’

H oR™

Given f a measurable function on R?, 0 < r < +00, define the weak L" norm of f as
Iy gny = supt"[{z € RY : | f] > ¢}].
Wi t>0

We use the weak L7 estimate of P(f) to overcome this difficulty and directly obtain that

P(x, &, ) f(£)dS

< | fllzeomrry)-

H OR” L%,(RT)

Remark 1.3 The Hardy-Littlewood—Sobolev inequality (1.5) also plays an important role in
establishing our Stein—-Weiss inequality with the fractional Poisson kernel by the authors [17].
By duality, it is easy to verify that the inequality (1.5) is equivalent to the following two
inequalities
IP(H)llLarn) < Cnapa |l fllLeory ), (1.6)
||T(9)HLP’(8R1 < O"y%P»Q’”Q”LQ’(R;‘_)v
where p and ¢’ satisfy the assumptions of Theorem 1.1 and
PN = [ Pga)f©d, T(o) = [ Pl algoys
oR™ R7
In order to obtain the existence of extremals of the inequality (1.5), we turn to consider the

following maximizing problem

Ch.apg = Sup{|P(f)llLawr) : f = 0,[[fllrory) =1} (1.7)
It is not hard to verify that the extremals of the inequality (1.5) are those solving the maxi-
mizing problem (1.7). We use the method combining the rearrangement inequality and Lorentz
interpolation to obtain the attainability of maximizers for the maximizing problem (1.7).
Theorem 1.4 Forn>3,1<p<oo,1<¢ <oo and 2 < a <mn, satisfying
n—11 1 2—a 1
n p q n
there exists some nonnegative function f € LP(ORY) such that || f| e ory) = 1 and |[P(f)||Lary)

)

=Cn,apq -
Now, it is also interesting to study some properties such as the regularity and radial sym-

metry for the extremal functions of the inequality (1.5). By maximizing the functional

o= [ [ HoPe.e i (19)



858 Chen, L. et al.

under the constraint || f[[z»@ory) = 9/l Lo ®?) = = 1, one can use the Euler-Lagrange multiplier
theorem to derive that (f, g) satisfies the following integral system

91 = [ Plogagads, ¢ < oR,
, 3 (1.9)
Hgg@y ™ = [ Pagas©d oery,
oR™
Set u = ¢1 P~ v = cog? 1 ,p , = po and q,1_1 = qo and pick two suitable constants c;

U
and cg, then system (1. 9) snnphﬁed as

P(z,§ a)v™(z)dz, &€ IRY,

(1.10)
Ple,¢, )u()ds, = €Y,
8]R"
where pg and qo satisfy "' p01+1 + qu = n—el,

We use the regularity lifting lemma in the spirit of Hang [31] to obtain the smoothness of
positive solutions to the integral system (1.10). We also point out that this regularity lifting
method is different from the usual regularity lifting method, which is basically a linear method
(see [13, 16]), and can also be applied to obtain the smoothness for positive solutions to more

general integral systems.

Theorem 1.5 For2 < a <n, nil_za < po < 00, ni;ia < qo < o0 satisfying

1 n-—-1 1 n+1l—a«

+ =
po+1l n q +1 n

po+1
loc

)

if we only suppose that u(x) € L (OR%Y) and (u,v) satisfies the following integral system

u(§) = P(z, & a)v®(x)dx, &€ ORY,
R%

v(z) = /8R" P(x,§, a)uf*(§)dE, = eRY,
+

then (u,v) € C*(IR}) x C=(R?).
Corollary 1.6 Under the assumptions of Theorem 1.1, then extremals of the inequality (1.5)

must be C°° smooth.

Through the Pohozaev identity in integral forms, we obtain some necessary conditions for
the existence of positive solutions to the integral system (1.10).

Theorem 1.7 For 2 < v < n, if we suppose that there exists a pair of positive solutions

(u,v) € LPoHL (R} ) x L9 (R™) satisfying the integral system (1.10), then the following balance

condition must hold:
n—1 n

_l’_
po+1 q+1

As a corollary, we immediately obtain the following Liouville type theorem for positive

=n+1-—oa.

solutions of the integral system (1.10).
Corollary 1.8 For 2 < a < n, suppose that

n—1

17
Po-f—lJro—Fl;‘énjL “
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then there does not exist any pair of positive solutions (u,v) € LPOTH(ORY) x L2 H(R™) satis-
fying the integral system (1.10).

Obviously, extremals (f, g) of inequality (1.5) satisfies the integral system (1.9). In light of
Theorem 1.4 and Theorem 1.5, we obtain the sufficient and necessary conditions for existence
of positive solutions to the integral system (1.10).

Theorem 1.9 Forpg > 0, gy > 0, then the sufficient and necessary condition for the existence
of a pair of positive solutions (u,v) € LPOTH(OR™) x LP+(R%) to the system (1.10) is
n—1 n
=n+1-o.
po+1 qo+1

We also employ the method of moving plane in integral forms to investigate the radial

symmetry of positive solution of the integral system (1.10).

Theorem 1.10 For2 < a <n, 0 < py < 00, 0 < gy < 0o satisfying " p01+1 —l—qoil = nootl
if (u,v) € LPOTH(ORY ) x LOTH(RY) is a pair of positive solutions of the integral system (1.10),
then u(§) and v(z)|ory are radially symmetric and monotone decreasing about some point & €
OR?" .

Corollary 1.11 Under the assumptions of Theorem 1.1, extremals of inequality (1.5) must
be radially decreasing about some point &y € OR'} .

This paper is organized as follows. In Section 2, we employ the harmonic analysis technique
to establish the Hardy-Litttlewood—Sobolev inequality with the fractional Poisson kernel on the
upper half space. In Section 3, by the rearrangement inequality and Lorentz interpolation, we
obtain the existence of extremals of the inequality (1.5). Section 4 and Section 6 are devoted to
the regularity estimate and the radial symmetry of extremals of the Hardy—Litttlewood—Sobolev
inequality with the fractional Poisson kernel. In Section 5, using the Pohozaev identity in
integral forms, we give sufficient and necessary conditions for the existence of positive solutions

of the integral system (1.10).

2 The Proof of Theorem 1.1

In this section, we will use the Marcinkiewicz interpolation theorem and weak type estimate to

establish the Hardy—Littlewood—Sobolev inequality with the fractional Poisson kernel.
Forn>3,2<a<n,t>0and 2’ € R*!, we define

n_ t
PED= o+ )

nt2-a
Clearly, we have
P(z,§,a) =P, (' =§&) forz=(a',x,) €R], £€IRY,
P(f)(z) = (P, * f)(z") for z € RY}.
By Young’s inequality, we derive the following estimate.

Lemma 2.1 For2<a <mnandl <p < "L pickr <

a—27

n71+rz’2’7a)p and s > 1 satisfying | +1 = ; + L, there holds

n_l_&g_a)p sufficiently close to

(n—1)r 4 _
ST I=(n+1 a)er”zP(a]Ri)'

/ (P (2)dx < a
0<z,<a
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Proof By Young inequality, it follows

| e [ e e,

a
< gy / 1Pa I

Ls(Rnfl)dqf‘n
’ [l AR
= frp n—l/ </ ( nt2—a dx dl’n
[ A S Oy

e (n—1)r 1
L A e e 4
LP(R ) 0 " " Rn—1 (|x/‘2 + 1)( +2 )
Since r < n_lﬁg_a)p sufficiently close to n_lﬁg_a)p, thus
1 @ (n—1)r )
/ (ni2_aye d7" <00 and / e A e L oY
Rn—1 (‘I/|2+1) 2 0
Thus we complete the proof of Lemma 2.1. O

Proof of Theorem 1.1 By the Marcinkiewicz interpolation theorem (see [50]), we only need to

prove the weak-type estimate. Namely, we will prove that

1PNy @n) < Cnapallflle@rn)- (2.1)
Without the loss of generality, we may assume that ||f||, = 1. In view of the Holder inequality

and the integration of fractional Poisson kernel, we can see that

P(f)(x) < C(n,a,p)as

nol_(p41— a)

Hence for any ¢t > 0,

+ . + 1 P’(n+17€;>7<n71>
Hz e R} : P(f)(z) >t} = H:c ERM:0<x, < C’(n,a,p)(t) , P(f)(z) > t}‘

<! / y (P (@) (2.2)

" JaeRn 0<a, <Cln,ap) (1) # (nH1-e)=(n=1)

Pick r < n_l_‘fg_a)p sufficiently close to and ¢ > 1 satisfying 710 +1= 11) + i, by

Lemma 2.1, we obtain

np
n—1+(2—a)p

t

{z e R : P(f)(z) >t} < (1) n71+<2,a)p7

which implies that

HP( )”L" (R7) <G, ,a,8,p,9

3 The Proof of Theorem 1.4

| fllze o)

Throughout this section, we will employ the method based on the Lorentz interpolation and

rearrangement inequality to investigate the existence of maximizers for the maximizing problem

Croapq = sup{|P()llLawr) : f =0, fllLeomy) = 1} 3.1)
Proof ~ Assume that {f;}; is a maximizing sequence for the problem (3.1), namely || f;[|» or7 ) =
1 and lim;— oo [[P(fi)llLory) = Cn,ap,q- By the Riesz rearrangement inequality [40], we ob-

tain
1fE | o omy) = lfill oorn) = 1 IP(flLaqny < IPF Loy
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Hence we may assume {f;}; is a nonnegative radially decreasing sequence.

For any f; € LP(OR") and A > 0, set f} (&) = A~ 3 fi($), then it is clear that ||fi)\||Lp(aR1)
= || fill L (or) and ||P(fi)‘)||Lq(R1) = [P(fi)llLs(ry)- Hence {f}: is also a maximizing sequence
for problem (3.1). For convenience, denote

n A _n—1 €1
er =(1,0,...,0) e R" and a; =sup f/(e;) =supA™ » f; .
A>0 A>0 A
It follows that
_n-1 1
0< fil§) <ailél” »  and || fillro(ory) < wy_sa:
In the proof of Theorem 1.1, we have obtained that for 2 < a <nand 1 < p < Z:é, there
holds
”P(f)HL?U(]Ri) < Cn,a,p,q/”fHLP(aRi)- (3~2)

Given f a measurable function on JR’, 0 < r,s < 400, define the Lorentz norm with indices

1
> dt\ *
(/ (tr fi(1)* > if s < o0,
[l s (o) = 0 t

SUP;~ tr f4(1), if s = o0,

rand s as

where f#(t) denotes the decreasing rearrangement of f. By the Lorentz interpolation theorem,

we have
IP()zarn) < Cn,ampa 1flILra(orry)- (3-3)

Combining the above estimate, we derive that
IP(F)lLa@n) < Crnamp,g 1 f] e (ory)

171’ P
< Cn,a,p,q’HfHprgo Hf”ip

P

q
< Crapaai

which implies a; > Cp ap,q > 0. Then, we may choose A; > 0 such that fﬁi (e1) > Chap.q > 0.
Hence, we may demand our maximizing sequence {f;}; satisfying f;(1) > Cy o p¢ > 0. On the

other hand, for any R > 0, direct calculation yields
R
oA SRR Swna [ g ar
0

400
< wn,g/ ff(r)r"_zdr
0

- /a CT

= ]_7
which implies that
-1 _n-1
0< fil§) v, HE" 7. (3.4)

Following Lieb’s argument [39] based on the Helly theorem, after passing to a subsequence we

may find a nonnegative, radially decreasing function f such that f; — f almost everywhere
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in OR%. Clearly, we have f(§) > Cp ap,q > 0 for [{| < 1. With the help of the Brezis-Lieb

theorem (see [8]), we obtain

1fi = Fo(orn) = 1fillLo@n—ry = 1o omny + (1)

(3.5)
=1- Hf”Lp(aRn) + 0(1)
From (3.4), we know
P(f; o L. 3.6
DS [ e syt e (3.

According to the assumptions of Theorem 1.1, we can obtain that o < ”;1 + 2, which implies
that the right hand of (3.6) is finite. Then it follows from the dominated convergence theorem
that P(f;)(x) — P(f)(x) for x € R"}. Note that

Jim (PO @ny = 1P o) + Him [1P(f)) = PO Logen)
< Cnﬂ,Pﬂ'HfHLp(aRi) + Cn,%P,Q' Zli)r([)lo Hfz - fHU’(@Ri)?

which implies that

q

1< Hf”Lp(aRﬂ ( - ||f||€ﬂ(8]R1))p'

Since ¢ > p and f # 0, || f||Lrrn—1) must be equal to 1. Hence f; — f in LP(R""') and [ is a
actually maximizer for the problem (3.1). Then we complete the proof of Theorem 1.4. O

4 The Proof of Theorem 1.5
Through out this section, we will give the regularity estimate for extremal function of the
integral inequality (1.5). For this purpose, we need the following two regularity lifting lemmas.
The main idea of this proof is similar to that of regularity lifting proved by Hang [30]. Our case
is more complicated and we give a detailed proof here. For simplicity, we give the following
notation. Define

Br(z)={yeR":|y—z|< R, z € R"},

Bg_l(x):{yeﬁR" |y —x|< R, r € IR},

Bi(z) ={y = (y1,¥2,---,¥n) € Br(z): yo >0, z € R} }.
For = = 0, we write Bgr = Bg(0), Bjy ' = B 1(0), Bj; = B} (0).

Lemma 4.1 For2<a<n,n>3,1<ab<+00,1<7r <400, n72+1 <p<q< oo
satisfying
a—1 r 1 r 1 n—1 n a—1
< 4+ < 4+ <1, and + +2-a)= ,
n qg a p a b ar r

if we suppose that u,v € LP(B}),U € L%B}),F € LY(B}y™") are all nonnegative functions
satisfying v|B;/2 € Lq(BE/Q),
1/r
||UHLQ(B;)HFHL,,(B;71) < e(n,a,p,q,r,a,b) small
and

1/r
wn s [ Peearo [ Pesavmura) deo @

R
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for x € B}, then we have u|Bg/4 € Lq(BEM) and

||“||Lq(3;/4) <c(n,a,p,q,7,a,b)(R a ||UHLP(B+) + H’UHLq(B*/ ))
Proof By scaling, we may assume R = 1. We carry out the proof of Lemma 4.1 by two steps.

Step 1 u, v € L9(B;"). Denote
1) = [ Pty forge B
Bl

Let p; and ¢; be the numbers satisfying
n—1 nr n n—1 nr n
= 4+ —(a—-1), = 4+ —(a-1).
n p a a1 q a
Clearly

1y < €O Uy [l
”fHLtn(Bf*l) < C(TL, q,T, a)||UHLa(Bl+) ||u||7l‘/q(Bf')’ (42)

with the help of the integral inequality (1.6). Straightforward calculations yield that for 0
<s<t<}and z € B, there holds

< [ P@aP©f© s [ Pz, €,0)P(€)£(€)/d¢ + v(x)
BZ;‘*}")/2 B~ l\B e+1)/2
1/r (n7a) 1/r
S/Bzz+i>/2 P(z,& a)F(§)f(§)/"dE + (t - 5)nti-a /B S— F(&)f(&)Yrde + v(x)
<[ P@ga)F©f© e+ (tc_(’”:;‘ﬁ)a|F||Lb(Bn A1 oy + V(@)
(s+t)/2

b
<[ . Peear©re e OB e + o),

(s+)/2
Combining this and the inequality (4.2), we obtain

1/r

ull oty < e, g, G)HFHLb(B;‘*l)||fHLq1(B&11t)/2
O Ml + Mol (43)
On the other hand, for £ € B s+t)/2, we also have
£(6) = / Pla, &, 0)U()u(z) dz + / Pla, €, 0)U (z)u(z)" dz
B BI\B}

r C(n) .
= /Bj' P(I7§7Q)U(x)U(x) do + (t — S)Tl-i-l—oc ~/Bf—\33' U(II?)’U,(:E) dx

. c(n,p,r,a)
< /B; PG &)U @ty da+ 7T WUl

Then it follows
1l

(s+t)/2) < C(’I’L7O[, q,T, a’)HUHLa(B;r)HuHZq(Bf)
C(”? a,p,T, a)

T (t — s)ntl-a ||UHL@(BT)||U||TLP(31+)- (4.4)
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Thanks to the inequalities (4.3) and (4.4), one can derive

1 c(n, o, p,q,r,a,b)
”“HLq(Bj) < 9 Hu”Lq(B:r) + (2 —75)”‘7"‘17_0‘ HUHLP(Bfr) + Hv”Lq(Bfr/Q)'

For sufficiently small e(n, «, p, g, 7, a,b), one can employ the usual iteration procedure (see [28])
to obtain

HU‘HL‘?(BTM) S C(TL, a,p,q,T,a, b)(”uHLP(Bf') + ||v|‘Lq(Bj—/2))'

Step 2 We will show the above estimate still holds if we only assume u € LP(B]), v €
Lq(Bfr/Q) According to the inequality (4.1), we can find that there exists a function 0 < n(z) <
1 such that

u(w) < (o) [

n—1
Bl

1/r
Pa&aF©( [ Por& U dy)  de o)

We may define a map T by

T()=n(a) [ Pl ) / Py, &)Uy )de)wds.

Choosing small enough £(n, «, p, q,r, a,b), in view of the integral inequality (1.6), we have

1
1T ooy < el 0,070 TN e 1P o og Il < 2||¢||Lp Bty

1/r

IT (¢ )HLQ(B+) < c(n, o, p, g,y a, b)”UH B+)HF”Lb B! ||50||Lq(3+) = 2||50||Lq Bf)"

Furthermore, one can utilize the Minkowski inequality to obtain that for ¢, € LP(B;),
T(p)(x) = T(¥)(x)] < T(lp —¢|)(x) for z € B,
which implies
1
IT@) = T oty < IT(U2 = WDllpocssy < I~ Do
Similarly, we also obtain
1
1T(¢) — T(w)HLq(B;r) < 9 [l — ¢||Lq(3;r)

for any ¢ and ¢ € LY(By). Set vx(r) = min{v(x),k}, using the regular lifting theorem with
contracting operators which can be seen in [13, 45], we may find a unique u;, € L9(B;") such
that

up(x) = T(up) (x)n(x)vr(z)
1/r
=e) [, P& r©( [ P60 ) ds - nn)
Applying a priori estimate to uy, we obtain

lenllzoqss ) < el b7 0) il sz + 0l gas ) (4.5)

Observing that

w(@) = T(u)(x) +n(z)o(z),
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and using the contraction of operator T', we have

[Jur — U||Lp(31+) < 1T (ux — T(“))HLP(BD + [lox — UHLP(BT)

IN

1
2||Uk - UHLP(BD + [lok — UHLP(BT)'

Hence |lup — u||L,,(Bl+) < 2lvg — v||L,,(Bl+) — 0 as k — oo. Taking a limit process in the

inequality (4.5), we conclude that

||uHLq(Bl+/4) S C(naaapv q, raa’vb)(Hu”LP(Bfr) + ||,U||Lq(Bfr/2))

foruw € LP(Bf), v € Lq(B;r/2). Then we accomplish the proof of Lemma 4.1. O
Lemma 4.2 For2<a<n,n>3 1<a,b< 400, 1<r < +oo, nf;}rl <p<q< 40
satisfying
a—-2 r 1 r 1 n n—-1 2-—-«
< + < + <1, and + + =a—1,
n—1 qg a p a b ar r

if we suppose that f and g € LP(BE '), F € LYBR "), U € LYB}) are all nonnegative
functions with g|p,,, € Lq(B;JQl),

1
IF1 ) 100 oy < e(nopo .70, b) small

and

1/r
1< [ ragav( [ Pesar©nere) e
Br By
for & € Bgr, then we have f|Bg741 € LYBpgys) and

n—1_n—1
||fHLq(BE;41) S C(n7a7p7Q7T7a7b)(R q P ||fHLp(Bg71) + ||g||L(1(Bg;21))

Proof Without loss of generality, we may assume that R = 1. As we did in Lemma 4.1, we
first suppose that f and g € LY(B}'). For 2 € B, define

uw)= [ Plega)FOfE) s
Byt
By the integral inequality (1.6) again, we derive that
[l 55y < Cp. 7, F g1y 11

HUHLLH(Bl*) < C(n>Q7T7 a)”FHLa(Bf*l)||f||2q(31b71)7

where 1 3 1 3
n n— n—1)r n n— n—1)r
- + +(2—a), = + +(2—a).
p1 a p q a q

For0<s<t< ; and £ € B"1, a similar argument as we did in the proof of Lemma 4.1 leads

to
C n’a,p7q,r,a7b
0= [ Paeau@ue) e+ TR e,
Bl 0 (t—s)
Then it follows
1/r

||f||L41(B;"1) S C(naa7q77’7 b)HUHLb(B;r)||uHLq1(B(J;+t)/2)
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c(n,p,q,r,a)
+ (t — s)n+l-a ”fHLP(Bf*l) + ||g||Lq(B;721). (4.6)
On the other hand, for = € B(J;_H)/z, similarly, we also obtain

u(r) < | Pl OF(EF()de + jﬁj;f;ﬁ’aj (L P R e

and

Hu“L‘Il (B:;_H)/Z) S C(Tl,OL,q,T, a’)HF||L“(B?71)Hf”"iq(BI”_l)

C(n’ Oé,p, T? a)

+ (t _ S)n+17a ||F||L“(B;‘71)||fHZp(B?*1)~ (47)

Gathering the inequalities (4.6) and (4.7), we see

1 c(n,a,p, q,7, a,b)
”f”[,q(Bg—l) < 2||fHLq(Bt"—1) + (t _ S)”'H_a Hf”Lp(BI”—l) + HgHLq(Bi’/_;)v

which implies
||fHLL1(B;L/11) S C(n7a7p7quva’ab)(”fHLP(B?’I) + ||g||L(1(BT“/721))

if we choose sufficiently small (n, o, p, ¢, 7, a,b). With this a priori estimate at hands, we may
proceed in the same way as the proof of Lemma 4.1 to obtain the above estimate still holds if

we suppose that f € LP(B} '), v € Lq(Bf/;l). O

Proof of Theorem 1.5  Define that

m@ = [ Pw s w@= [ PegapEri

We first verify that v € LM (R?) and vp € L@ (Bf) N LE (B U BR™Y). In fact, from
u € Lfgjl(R”*l), one can see that u < co a.e. on R"~1. The integral system (1.10) implies

v(z) < 0o a.e. on R”, then there exists z¢ € B, such that v(z) < co. Then, it follows that
Po Po
/ ul(€) t9_qd€ <oo and / u(i)2_ d¢ < oo.
ori\ By [xo — €[TR ory\Byt €2
ForO0<f0<1,ze€ B;‘R, there holds

¢(n, )R u(&)Po

vr(z) < _ _
(]_ _0)n+2 a 6Ri\Bz71 |£|n+2 «

dg,

which implies that vg € LS (B} U B '). Thanks to the integral inequality (1.6), we derive
that

/ P(z,& a)u(§)Pode € LOTH(RY).
Byt

Hence
+1 n—
ve LT (BLUBR).

loc

For sufficiently large R, we have

ve LOTYR?) and wg € LOTY(BY).

loc
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We now turn to verify that ug € LPot(BR1) N LS (BR ). Since u(z) € L% (R™ ), one
can find &, € B}'%*l such that

P(z, &, a)v(z)?dr < oo,
R

which implies
/ “n v(z)Pdr < oo.
R

B, oA

When 0 < 0 <1, & € By 1 applying similar estimate as vg, one can calculate that

c(n, @) T
ur(§) < B / _w(x)tde,
© (L= 0)" 42— Jgn\ gt |z|*H2—

which leads to ug € LﬁfC(B}lfl). Now we are going to establish the regularity of u. Our proof

can be divided into two cases.

Case 1 For "1?<a<nor0<a<™? 0<p< Zﬁf;ﬁ In this case, we have g > 1.
Pick a number r such that

1
1<r<q and 7r> ,
Do

then it follows that

T

u(e)t < ( / ; P(x,s,a>v<x>q0dx) ().
Hence
o) = [ Pl 6 (€ ) e+ o)
<[ Pegapuer ( /| PO a)v(y)%%(y)rdy) i+ on(0),
where

ir(z) = /B P, €, 0)u(€)P Fur(€) e + vn(x).

n—1

R
Since u(¢) € LPotY(BR™") and ug(€) < u(€), then it follows from the inequality (1.6) that
URr € Lq"*l(B;g). On the other hand, for 0 <8 < 1, z € BJR, we have

/Bn_1 P(z, &, a)u(€)P0 rup(€)rdé
< HUR”iOO(B"*l /B"*I P(z, &, a)u(&)Po rde

)
a+o)r/2 (140)R/2

C(’”" OZ) / _1 1
* o Rrti- u(€)P" rup () d¢
(1 —@)n+2-apntiza B N\B{\ g r)a
. _1
< HUR||£<>O(Bn_1 ) / P(l‘7§7a)u(£)1’0 ’df
(royr/2 B(TL1_+1(9)R/2
+ C(’I’L, Oéapo) ||u| Po

(n+1—a)pg

(1 — 9)n+2—aR po+1 LPOH(BT%_l)'



868 Chen, L. et al.

If (n+1—a)por + (2—a)r — (n—1) <0, then g € L{ (B}) for any go + 1 < ¢ < 0o. Set

loc

a:q0+1 b (n—1)(go+ 1)r
Qo —r’ (@ =1)(qo + 1) + (@ = 2)(go + 1)r = nlgo — 1)
Simple computations lead to
—1 —1 1 —1 -2
T +(2—a)=a and oy _(@=Dpo+(nta )<1.
ra b T Gp+1 a n(po + 1)

For go+1 < q < o0, it follows from Lemma 4.1 that v| 5+ € Lq(B;M). Hence for any £ € Bpgys,
R/4

we)= [ Plagapom(@de +unya(©

R/4

q
< C("aQ)HUHLOq(B;M) +uga(§) < 1.

Since every point may be viewed as a center, we deduce that u € LS (OR"}) and v € LS (R%).

For any R >0, x € By, £ € BE, one can apply

Po
/ u(§)2_ d§ < oo and / ﬁg_ v(z)®dr < oo
orp\Bpt [§]MF2T ry\B}, |7

to obtain vgp € C®°(B}; U BR ') and ug € C®(Bg), which yields that u € O] (R"™1) for
0 < 7 < 1. By the standard potential theory (see [25, Chap. 4]) and bootstrap method, we see
that (u,v) € C*(IR}) x C*(R?%).

If (n+1—a)por+(2—a)r—(n—1) > 0, then with the help of the integral inequality (1.6),

n(po+1)r
we derive that o5 € L7 ®rortGr== (gt 1y B=1) . Denote

g t1 _ (n—1)(go+ 1)r
a= , b= .
Go—7T (a=1)(go+1)+ (a—2)(go+ 1)r —n(go — 1)
Then
-1 -1 1 -1 -2
n+n +(2—o¢):a and " + :(a Jpo+(n+a )<1_
ra b r Go+1 a n(po + 1)
For (o + 1)
Go+1l<qg< P T )T

(n+1—a)por+2—a)r—(n—1)’
we have | + L > 1. This together with Lemma 4.1 yields that U‘B:z/‘x € Lq(B;M). Since

n(po+1)r

(nt1—a)por(2—a)r—(n—1) > o190, we may choose that ¢ > ", o such that

w€) = [ P& @)+ @
Bra
a
< C(na q, a)H,UHLOq(B;/Al) + uR/4(§)
In the same way as we did in previous argument, we conclude that (u,v) € C(9R’} ) xC>(RY).

Case 2 2<a< ”;2, po > Zig‘i;ﬁ Choosing a number 7 satisfying
1

1<r<py and r>
do

then one can get

o(@)" < ( /| P(m@a)u@)mds) o)
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Hence

/ P(z,& a)v(z)™™" ( . P($=€)U(§)p°_ru(€)rd€) 3'dachgR(@’

where

gr(§) :/B+ P(m,§7a)v(:v)q°_r71v3(x)idx—|—uR(§).

In view of v € L%+ (B}), vg < v and the inequality (1.6), we derive that gg € LPo+1(Bp).
On the other hand, for 0 < § < 1 and £ € Byg, we also have

1

/ N P(x,¢, oz)v(z)q”*r_lvR(x) rdx
Bf;

—_p—1
Mol [ Pagap@n
(1+6)R/2 B(1+9)R/2
C(’I’L) —prt 1
+ (1 — g)n+2-a Rnti-a / 5 v(x)®™" wg(z)rd

(1+0)R/2

< P w0-r""q
Hmhww %LMWQW@MWM .

(n7p0)
(n+1—a)qqg || |Lq0+1(B+)
+1

(1 _ 9)n+27o¢R ag

+

If n(go — ') — (a— 1)(go + 1) < 0, then gg € LL (BR ") for any py + 1 < ¢ < co. Set

loc

_pot+1 _ n(po + 1)r
po—1’ (po+ D)7+ (= 2)(po + 1) — (n — 1)(po — 1)’
Direct computations show that ";al + 5+ 2;0‘ =a-—1, pOTH + é = popil € (oZ f, 1). Hence,

one can apply Lemma 4.2 to obtain that u € Lq(B;%/i) Then for any « € BR/S,

o@) = [ P&y (€)ds + vmyale)
Brya
< Ol g, )l sy +0ja(O) S 1
(nll)(qurl)
If n(go —r~1) — (@ — 1)(go + 1) > 0, then gg € L0~ -~ Dlot (Bu=1) " Arouing this
as we did in Case 1, we can also v(x) € L™ (B;/S) Hence by the standard bootstrap method,

we conclude that v € C*(0R") and v(x) € C(RY).

5 The Proof of Theorem 1.7

In this section, we will give some necessary and sufficient conditions for the existence of positive
solutions to the integral system (1.10). For 2 < o < n, we suppose that (u,v) € LPo(JR"}) x
Lq°+1(R1) is a pair of positive solutions of the following integral system associated with the
fractional Poisson kernel
wé) = [ P& ap®(@)de, £€IRY,
RTL
i

v(w) = /B | Plag o (@, v Ry
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Applying integration by parts formula, we obtain

/B P (€)(€ - Tul€))d

n—1
R

= 1 . 1+po

gy [ 6 V@
S pott _n-l po+1
= /813;‘1 uP T (&) do 1+ po /Bg—lu (&)de¢

and

/ . v (z)(z - Vo(z))dz
B

R

R

n
= v+t () do — / v+t (1) dz.
q +1 Jopg (=) q +1Jp; (@)

Chen, L. et al.

Then it follows from (u,v) € LPot1(OR") x LPFH(R'}) that there exists R; — +oo such that

R/ ulo T (&)do — 0, R/ vt ()do — 0.
aB}’;Jfl angj
Combining the above estimate, we derive that
| wm©e-vueyic+ [ @) Vo)
AR R%
n—1 n
=— uPotL(€)de — / v+ (z)da.
P0+1/61R1 ()t qo+1 Jrn (@)

Thanks to the integral system (1.5), one can write

du(px
vag ¢ = "0,
——(n+2-0) [ Pl gals-€ (€ -a) oo
R
and
dv(pz)
Vou(z) - x =
@-a="0
=—-(n+2-aq) Pz, & o)z — €72 (z — €) - au (z)dE
oR7
+ Pz, &, a)uP° (&)dE.

oR™

Hence, it follows that

| o vueyic+ [ oo @) Vo)
ORT R7

——nr1-0) [ [ Pasar@um @i

=—(n+1-a) /aw uPot(¢)d¢

(5.1)

(5.3)



Hardy-Littlewood—Sobolev Inequalities with the Fractional Poisson Kernel 871

=—(n+1- a)/ vt () da.
RY

. . . . n—1 n _
This together with (5.1) implies that 7" + ", =n+1-oa.

6 The Proof of Theorem 1.10

Throughout this section, we will utilize the method of moving plane in integral forms developed
by Chen, Li and Ou [15] to establish the radial symmetry for each pair of solutions (u,v) of
the integral system (1.10). In order to state our result, we first introduce some notations. For
AER, £=(&,¢") € ORY and x = (z1,2") € RY, set

Hy={€€OR" :& <A}, Qu={reRl 21 <A} & =02A=&,8") ay= 2\ —21,2").

We also write uy(€) = u(£*) and vx(z) = v(z). Let (u,v) € LPoH(JR%) x LT (R7) be a pair
of positive solutions of the integral system (1.10)
Through Theorem 1.5, we can see that (u,v) € C*(JR"}) x C*°(R%}).

Lemma 6.1 If (u,v) is a pair of nonnegative solutions of the integral system (1.10), for any
§ € ORY and x € R, we have

ux(€) — u(€) = /Q (P(z,€,0) — P(z,€",0)) (v () — 0% ())da

and
@) = ola) = [ (P(@.6,0) = Pl 6%, 0) (™ (€) — u (€))s.
A
Proof Thanks to the integral system (1.10) and the change of variable, we have

wé) = [ Pz,&a)p®(@)de+ | P a) (z)de
Qx Qx

and

ux(§) = P(ac,é’\,a)vq"(x)dx—i— P(w’\,f’\,a)vg\o(x)dﬂc.
Qx Qx

Since P(z,£*, o) = P(z),€,a) and P(2?, &} a) = P(z,£, ), one can write

un(€) — u(€) = / P, €, 0) (v () — v (2)) + / P, €, ) (u® (z) — v (z))

= | (P& e~ Pl )ufh o)~ v ()
Similarly, we can also obtain
oa(z) —v(z) = /H (P(x,& a) = P(x, 6%, @) (u} (€) — uP° (€))dE.

Then we accomplish the proof of Lemma 6.1. O

Now we continue with the proof of Theorem 1.10, the proof will be separated from two
steps.

Step 1  We are going to show that
ux(§) —u(§) 20, ux(z)—v(z) 20, VEeHy, xe€Qn (6.1)
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for A sufficiently negative. Define
HY ={¢€ Hy | ux(z) —u(z) <0}, QF={xe€ Q| vr(zx)—v(x)<0}.

It suffices to show that for sufficiently negative A, both H} and Q% must be empty set.
One can utilize the mean value theorem and Lemma 6.1 to obtain for any { € HY and
x € @3, there holds

u(€) — ur(€) = / (P(2,€,0) — P(z, €%, 0)) (1% () — v (1))

Qx
< [ P& a0 @) o s
<4 / P(,6,0)0 @) (0(e) — ex(e))de
and k
(o) = @) = [ (Pla €)= Pl €, 0) (7€) — i (€)e
<[ Pl a)(um () R (©)de

<po [ Plx,&a)u " (€)(ul(€) — ua(€))de.

H3
By the integrable condition (u,v) € LPot1(9R?) x L1 (R7) and the inequalities (1.5), it is

easy to see that

—1
lux = ull protr (aryy < @ollvl| Tagr1 o, 102 = Vil Lao+1(Qy) (6.2)
and
-1
o = ollavscag) < Pollull 2 b gy lon = wll o iz (63)
which implies
—1
llux = ull oo+ aryy < Podol[vll g i1 4l o b1 g lx = ull oo gy (6.4)
and
-1 1
lux — UHL‘IOH(Q;) < pO(JOHUHqLOqu(Qn||u||iopo+1 (H») ||v>\ - ”HL‘?O“(Q“) (6.5)

According to the conditions (u,v) € LPo(9R%) x LT (R™), it is possible for us to choose
sufficiently negative A\ such that
1 1
lux = ull Loo+1(auy < 5 lux = ullzro+1(mwy,  [loa = vllpao+1(gy) < 5 [ox = vl[Lao+1(qy), (6.6)
which implies that HY and Q% must be empty sets.

Step 2  The inequality (6.1) provides a starting point to move the plane T\ = {x € R™ : a1 =
A}. Now we start from the negative infinity of z1-axis and move the plane to the right as long
as (6.1) holds. Set

Ao = sup{A | u, (&) > u(€), vu(z) >v(z), u <A\ VEEH, € Q).
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Suppose that Ag < 0, we will show that v and v must be symmetric about the plane T}, that
is

ux,(§) = u(§), vx(x) =v(x), VEEH), x€Qx. (6.7)
We argue this by contradiction. We suppose

Ung (&) = u(€), wvr(x) >v(x), but uy, (&) Zu(§) orwvy(x)Zv(x) VEE Hy, € Qx,-

Since uy, (§) # w(§) on Hy,, through Lemma 6.1, we have uy,(§) > u(§) and vy, (x) > v(z) in
the interior of Hy, and @, respectively.

Next, we are going to illustrate that the plane can be moved further to the right. Equiva-
lently, there exists an € > 0 such that for any A € [Ag, A\g + €),

ux(§) Z u(§), wa(z) Zv(x), VEE€Hy, xe€Qa. (6.8)
Let
Hy = {z € Hy[u(€) =2 ur ()}, QF, = {z € Qxlv(z) = v ()}

It is not hard to obtain that HY and Q3 are empty sets and limy_.», HY C HY , limy_., @} C
Q3,- Then it follows from (u,v) € LPoT(OR% ) x L9 (R ) that one can pick sufficiently small
€ such that

_ 1
pOQOHu||Lm+1(Hu)HU”%Oqu(Qv) =9

for all A € [Ag, Ao +€). Similar estimates as (6.6) yields that
lw —uxllLro+1(arey = [[v = vallLao+1(qy)y = 0.

Therefore HY and @} must be measure zero, which implies (6.7).

If A\g = 0, then we can carry out previous procedure in the opposite direction, namely we
move the plan in the negative x; direction from positive infinity toward the origin. If our
planes T stop somewhere before the origin, we derive the symmetry and monotonicity in x;
direction by the above argument. If they stop at the origin again, we also obtain the symmetry
and monotonicity in the z; = 0 by combing two inequalities obtained in the two opposite
directions. Replacing the z; direction with z; direction for ¢ = 1,2,...,n — 1, we derive that
u(§) and v(z)[srr must be radially symmetric and monotone decreasing about some point
& € 6R7fr.
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