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Hormander type theorem on bi-parameter Hardy
spaces for bi-parameter Fourier multipliers
with optimal smoothness

Jiao Chen and Guozhen Lu

Abstract. The main purpose of this paper is to establish, using the bi-
parameter Littlewood—Paley—Stein theory (in particular, the bi-parameter
Littlewood—Paley—Stein square functions), a Hérmander-Mihlin type the-
orem for the following bi-parameter Fourier multipliers on bi-parameter
Hardy spaces H?(R™ x R™?) (0 < p < 1) with optimal smoothness:

1

T f(z1,22) = Gy

/ m(&,n) f(€,n)e™ "2 de dn.
R™ xR™

One of our results (Theorem 1.7) is the following: assume that m(&,n)
is a function on R™! x R™ satisfying

sup HqukHw(Slyb'z) < 00,
7,kEL

with s1 > ni1(1/p — 1/2), s2 > n2(1/p — 1/2). Then T}, is bounded from
HP(R™ x R™) to HP(R™ x R™?) for all 0 < p < 1, and

1Tl r s mr S sup [|myellyy 2 -
J,kEZ

Moreover, the smoothness assumption on s; and s2 is optimal. Here,
m;k(€,n) = m(27€,25n) T (&) T (n), where T(€) and T(n) are suitable cut-
off functions on R"* and R"?, respectively, and W 152) ig a two-parameter
Sobolev space on R"*xR™2. We also establish that under the same smooth-
ness assumption on the multiplier m, || Tl rre—re S8UD; ke 1Mk vy o1, 02)
and [T |lcmo,—cmo, S Sub; kez 1Mkl 1y (s1.50) for all 0 < p < 1. More-
over, |TmllLr—rr S Sup; pez 1Mk llyy 1,500 for all 1 < p < oo under the
assumption s1 > n1/2 and s2 > na/2.
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1. Introduction

The aim of this paper is to consider the minimal smoothness condition on the bi-
parameter Fourier multipliers to guarantee their boundedness on the bi-parameter
Hardy spaces. This is a bi-parameter version of the well-known Hérmander—Mihlin
type multiplier theorem on one-parameter Hardy spaces due to Calderén and
Torchinsky [1].

Let S(R?) denote the space of Schwartz functions, and let S’(R?) denote the

class of tempered distributions. The Fourier transform f and the inverse Fourier
transform f of f € S(R?) are defined by

FHQ = 1O = [ e iwyde. FU© = f@) = g [ e

Rd

We first recall the following Mihlin theorem in the linear case [32]. We use [o] to
denote the largest integer not exceeding the real number «.

Theorem 1.1. If a multiplier m € CI"/ATHR™\{0}) satisfies the following con-
dition:
0°“m (&) < Ca¢71, for all [a] < [n/2] + 1,

then the Fourier multiplier operator m(D)f = F~[m A] defined with the symbol
m(§) is bounded from LP(R™) to LP(R™) for all 1 < p < oo.

On the other hand, Hormander [24] reformulated and improved Mihlin’s the-
orem using the Sobolev regularity of the multiplier. To describe Hormander’s
theorem, we let ¥ € S(RY) be a Schwartz function in R? (with d changing from
time to time as needed) satisfying

(1.1) supp¥ C{eR:1/2< ¢l <2}, D W(/2)) =1, forall £ € R)\{0}.
JEL
For s € R, the Sobolev space W#(R™) consists of all f € §’'(R™) such that

1Fllw= 2L = 2)*2f||2 < oo,

where (I — A)*/2f = F=(1 + |¢€]2)%/2f(¢)] and & € R™. Then the Hérmander
multiplier theorem says:

Theorem 1.2. If m € L>(R") satisfies

sup [|[m(27)W||yys@ny < 0o for all s > ﬁ,
JEZ 2

where ¥ is the same as in (1.1) when d = n and W*(R™) is the Sobolev space, then
the Fourier multiplier operator m(D) defined with the symbol m is bounded from
LP(R™) to LP(R™) for all 1 < p < oo.
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Clearly, Hormander’s theorem is stronger than Mihlin’s one and the number n,/2
cannot be improved in Héormander’s theorem.

In order to study the boundedness of Fourier multipliers with optimal smooth-
ness on Hardy spaces HP(R™) for 0 < p < 1, Calderén and Torchinsky [1] set up
the following Hormander’s multiplier theorem in Hardy spaces.

Theorem 1.3. If m € L*(R") satisfies

sup [|m(27 )|y ny < oo for all s > oo E,

jez p 2
where W is the same as in (1.1) when d = n and W*(R™) is the Sobolev space, then
the Fourier multiplier operator m(D) defined with the symbol m is bounded from
HP(R™) to HP(R™) for all 0 < p < 1.

Before we proceed further, we give a brief introduction on the theory of multi-
parameter singular integrals and Hardy spaces. Multi-parameter structures play
an important role in harmonic analysis. On the one hand, the Calderén—Zygmund
operators are extension of the classical Hilbert transform and can be regarded as
centering around singular integrals associated with the Hardy—Littlewood maximal
operator M that commutes with the usual dilations on R", § - & = (0zx1,...,0x,)
for > 0. On the other hand, multi-parameter Calderén—Zygmund operators are
singular integral operators that are extension of the double Hilbert transform and
are associated with the strong maximal function Mg that commutes with the multi-
parameter dilations on R", ¢ - & = (6121, ...,0p2y) for 6 = (41,...,9,) € R%, [26].

For Calderén—Zygmund theory in this multi-parameter setting, we are inter-
ested in considering operators of the form T f = K x f, where K is homogeneous in
the sense of 0;...0, K (0 -x) = K (x), or more generally, K (z) satisfies certain differ-
ential inequalities and cancellation conditions such that the kernels d;...6, K (9 - x)
also satisfy the same bounds. These operators and their non-convolution type
analogues have been studied extensively in the literature. The LP (1 < p < 00)
boundedness of such operators of convolution type was established by R. Feffer-
man and E. Stein [15]. To study the endpoint estimates, the multi-parameter
Hardy spaces introduced by Gundy—Stein ([16]) have been further investigated by
R. Fefferman ([13]), Chang and R. Fefferman ([4], [6]). The non-convolution type
multi-parameter singular integral operators were studied by Journé ([27], [28]). We
also refer the reader to the more recent work [10], [11], [12], [31] on boundedness
on multi-parameter Triebel-Lizorkin and Besov spaces for Fourier multipliers and
singular integral operators, LP estimates for multi-parameter Fourier integral op-
erators [22], [23] and L? estimates by Street and Stein on multi-parameter singular
Radon transforms [36], [37], [38].

However, as far as the endpoint theory for p = 1 and p = oo in the multi-
parameter setting is considered, it is well-known that there is a basic obstacle
to both the multi-parameter Hardy space and the multi-parameter BMO space
theory. The role of cubes in the classical atomic decomposition of one-parameter
Hardy spaces HP(R") is replaced by arbitrary open sets of finite measure in the
multi-parameter Hardy space HP(R™ x R™2). This makes the multi-parameter
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Hardy space theory more difficult. Motivated by a counterexample of L. Car-
leson [3], the multi-parameter BMO(R"™* x R™) and Hardy space HP(R™ x R™2)
theory was developed by Chang and R. Fefferman ([4], [6], [5]). Due to the compli-
cated nature of atoms in multi-parameter Hardy spaces, it was a difficult task to
establish boundedness of singular integral operators from multi-parameter Hardy
spaces HP to HP or from HP? to LP. R. Fefferman discovered a criterion for the H?
to LP boundedness of a Calderon-Zygmund operator T' obtained by restricting the
action of T' to rectangle atoms and applying a geometric lemma due to Journé (see
Journé [27], [28], [29]). However, this beautiful theorem is restricted to two pa-
rameters only as observed by Journé and cannot be applied to the case of three or
more parameters [27], [28]. Subsequently, the H? to L? boundedness for Journé’s
class of singular integral operators with arbitrary number of parameters was es-
tablished by J. Pipher [35] by considering directly the action of the operator on
(non-rectangle) atoms. More recently, the boundedness criterion on multiparam-
eter Hardy spaces for Journé’s class of singular integral operators with arbitrary
number of parameters were given in [18], [19].

We are now ready to review the early works on multi-parameter Fourier multi-
pliers in the literature. We refer the reader to definitions of multi-parameter Hardy
spaces HP(R™ x R"2) to Section 2.

R. Fefferman and K. C. Lin [14] extended the Fourier multiplier theorems in
one-parameter setting to product Hardy spaces H!(R™ x R"2) and proved the
following.

Theorem 1.4. Let k= [n1/2]+1, [ = [na/2]+1. Suppose m € C*(R™)x C!(R"2)
and
/ / 0807 m (&, )P dE dn < Oy 21Ty =281,
r1<|§]<2r Jra<|n|<2rs
where |a| < k,|B| < 1. Then the multiplier operator T,, maps HZ(R™ x R"2)
boundedly to LY(R™ x R"2) for 1 < q < 2.

Lung-Kee Chen ([9]) extended the above multiplier theorem to product Hardy
spaces HP(R™ x R™) for 0 < p < 1 under stronger hypothesis and proved the
following.

Theorem 1.5. Let k = [ni(1/p—1/2)]+1, 1 =[no(1/p—1/2)]+1,0<p < 1.
Suppose m € CF(R™) x CY(R"2) and

0ga8m(e,m) < Clel™ ol for all |a] < k18] <.

Then the multiplier operator T,, maps H1(R™ x R™2) boundedly to L1(R™ x R"2)
forp <q<2.

Viet-Le Hung extended the above result in [9] under weaker condition on the
multiplier m and proved the following.

Theorem 1.6. Let m be a bounded function in C*(R™) x C'(R"2), where
E=[n(l/p—1/2)]+1, I=[n(l/p—1/2)]+1, 0<p<lL1.
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Suppose that

/ Z Z |2i\a| 23181 3?35(5“77vm(£,7}))|2d£ dn < C oni gnaj 92ilul 22j\ﬂ|’
AlXA

7 lal<k|B|<I

where A; = {& € R™ : 20 < |¢] < 2771} and a similar definition for A;,

sup {/A > IQjW'@f(n”m(é,n))lzldn} < ¢ 2m7 2%l

SeR™ i 1811

and

sup {/ Z |2i|ﬁ‘8§0¢(§um(£’n))|2| df} < O gmi 92ilv]
neRTE A g1<k

Then the Fourier multiplier Ty, maps HI(R™ x R"2) boundedly to LY(R™ x R"2)
forp<g<2.

As we have observed in the above theorems, the H? (R™'xR"2) to L (R™ x R"2)
boundedness has been established in [14], [9], [25] under the smoothness assumption
on the bi-parameter Fourier multiplier, roughly speaking, of order k = [n1(1/p —
1/2)]+1 in the first parameter and [ = [n2(1/p—1/2)]+1 in the second parameter.

One of the main goals of this paper is to extend Calderén and Torchinsky’s
Hormander—Mihlin type multiplier theorem [1] to the setting of product Hardy
spaces and improve those bi-parameter multiplier theorems in [14], [9], [25] by prov-
ing that the bi-parameter multiplier operator is bounded from the bi-parameter
Hardy spaces HP(R™ x R™2) to HP(R™ x R™) for all 0 < p < 1. It is known
that H;D(R’rh X an) g LP(Rnl X Rn2) and ||f||Lp(]R"L1><]R"L2) < C||f||Hp(]Rn1><Rn2) for
all 0 < p <1 (see [17], [20]), thus our theorem indeed sharpens those results on
HP(R™xR") to LP(R™x R™?) in the literature. Moreover, our theorem is optimal
as far as the smoothness of the multiplier is concerned.

To describe our theorem, we introduce the two-parameter Sobolev spaces. For
51,82 € R, the two-parameter Sobolev space W (51:52) (Rt x R"2) is defined to be
the class of all f € S'(R™ x R"2) such that

HfHW<51vS2>(R"1xR"2) = (I - A)81/2782/2fHLQ(]Rnlx]R”?) < 0,

where (I — A)1/252/2 f = FoY(1 4 [6))1/2(1 + [nf2)*2/2 f(€,m)] and € € R™ and
n € R"2.
Our first result is the following.

Theorem 1.7. Assume that m(&,n) is a function on R™ x R™ satisfying

sup |[m k|l were) < 00

J,k€EZ
with s1 > n1(1/p—1/2), so > na2(1/p—1/2). Then T, is bounded from HP(R™ x
R™2) to HP(R™ x R™2) for all 0 < p <1 and

Tl —me S sup [|mg el o0 -
7,kEZ
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Moreover, the smoothness assumption on s1 and S is optimal in the sense that
there exists a bi-parameter multiplier m with smoothness with s1 < ni(1/p—1/2)
and s2 < no(1l/p —1/2) such that Ty, is not bounded on HP(R™ x R"2),

In the above theorem, and below,

(1.2) myk(€,m) = m(27€,2"n) W(€) T (),

where U(&) is the same as in (1.1) with d = n; and ¥(n) is the same as in (1.1)

Since H? — HP boundedness implies HP? — LP boundedness, we in fact derive
the same conclusion as those by Lung-Kee Chen and Viet-Le Hung but under
weaker conditions on the multiplier m. We state them as follows.

Theorem 1.8. Assume that m(&,n) is a function on R™ x R™ satisfying

sup |1,k |y o102 < 00
J,kEL

with s1 > n1(1/p—1/2), so > na2(1/p—1/2). Then T, is bounded from HP(R™ x
R™2) to LP(R™ x R™) for all 0 < p < 1. Moreover,

1Tl e — e S sup [[mykllyyr.eo) -
7,kEZ

Moreover, by interpolation and duality argument of the multi-parameter mul-
tiplier operators (see [5]), for 1 < p < oo we have:

Theorem 1.9. Assume that m(&,n) is a function on R™ x R™ satisfying

sup [|my gl 1 .e2) < 00
j,kEZ

with s1>mn1/2, s9>na/2. Then Ty, is bounded from LP (R™xR"2) to LP(R™ x R"2)
for all 1 < p < oco. Moreover,

Tl zr—szr S sup [|m el crso) -
j ke

By duality of the product H?(R™ x R™) and CMO”(R™ x R"?) (see [30] and
Section 2 in this paper) and the H?(R™ x R"2) boundedness of T),, we have:

Theorem 1.10. Assume that m(&,n) is a function on R™ x R™ satisfying

sup |1kl 1200 < 00
jke

withsy > n1(1/p—1/2), s2 > na(1/p—1/2) and 0 < p < 1. Then T, is bounded
from CMOP(R™ x R"2) to CMOP(R™ x R™). Moreover,

| Tl cvor semor S sup (M k|l esr,eo) -
jkEz
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In the case of p = 1, we derive the boundedness of T}, on the bi-parameter
BMO(R™ x R™) under the assumption that the multiplier m satisfies the minimal
smoothness s1 > n1/2 and s > ny/2.

We end this introduction with the following remarks. In order to establish our
Theorem 1.7, we will need to show that Fefferman’s criterion (see Theorems 3.1
and 3.2) is satisfied on rectangle atoms a for the Littlewood—Paley—Stein square
function T7% (a) for T,,,(a). It is a very delicate issue to show that Fefferman’s crite-
rion holds under the minimal smoothness condition on the multiplier m. A careful
and rather complicated analysis is required to accomplish this. More precisely, for
instance, the proof of our Theorem 1.7 can be reduced into proving that the oper-
ator T} satisfies Fefferman’s criterion on rectangle atom a, where T} (a) is defined
as the bi-parameter Littlewood—Paley—Stein function of the T}, (a) defined by

1/2

T (@) y) = (3 Wi+ Tn(@)(2,0)
J.k

(See Section 2 for more details of definitions of the bi-parameter Littlewood-Paley—
Stein square function). The detailed proof is presented in Section 3.

Finally, we mention that the results of this paper on bi-parameter Fourier
multipliers have been extended to the case of arbitrary number of parameters
in [7].

The organization of this paper is as follows. In Section 2 we recall some prelim-
inary facts and give some relevant definitions. In Section 3, we prove Theorem 1.7.
Then Theorems 1.8, 1.9 and 1.10 follow. In Section 4, we show the smoothness in
our Theorem 1.7 is optimal.

2. Preliminary results

Theorem 2.1 ([15]). Let 1 < p < oo, and let U1 € S(R™), ¥y € S(R™) be such
that supp ¥1 C {£ € R™ : 1/a < |¢] < a} for some a > 1,supp o C {n € R"2 :
1/b < |n| < b} for some b > 1. Then there exists a constant C > 0 such that

> I‘I/l(D/2j)\I/2(D/2’“)f|2}l/2HLP <C\flle for all f € LP®R™),

J,kEZ

where
(W1 (D/2))W2(D/2%) f](&1, &) = F 1 [Wa(-/2)Wa(-/2) f (-, )] (&1, E2).

Moreover, if 3_,c; U, (&/27) =1 forall & # 0, fori=1,2, then

9> |‘P1<D/2j>W2<D/2k>fl2}UQHU ~ | fllr forall f € LP(R™ ).
J,kEZL
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Now we recall the definitions of product Hardy spaces HP(R™ x R™) and
HP(R™ x R™)-(p, r)-atoms, where 2 < r < oo and 0 < p < 1. Denote by S, (R™ x
R™) the functions f € S(R™ x R"?) such that for every i, 1 <i <2,

f(x1,22) 27 dzp =0 for any |az| > 0,
R71

f(x1,22) 252 deg =0 for any |asz| > 0.
R’!L2
The product Littlewood-Paley square function of f € S'(R™ x R™2) is de-

fined by
1/2

()@ a2) = { D [wa(D/2)) wa(D/2") 12}

JkEZ
For 0 < p < 1, the product Hardy space on R™ x R™ can be defined by

HP(R™ x R"2) = {f € §/_(R™ x R™) : G(f) € LP(R™ x R")},

with the norm || || z»®mixrn2) & |G(f)[| Lo @®r1xR72) ([20]).

By this definition, the proof of our main theorem (Theorem 1.7) can be reduced
into proving that 7T maps HP — LP, where T™ is defined as the bi-parameter
Littlewood—Paley function of T'f defined by

T (D) = (X W« TP
J.k

Next we introduce the definition of atoms in R™*x R"2 which provide a powerful
tool in proving the boundedness of singular integrals on R™ x R™2 ([4], [22]) Let
r > 2. A function a defined in R™ x R™2 is called an HP(R"* x R"2) is called an
HP(R™ x R™2)-(p, r)-atom if a is supported in an open set  C R™ x R™ with
finite measure and satisfies the following conditions:

o < |QY/r=1/p,

w

¢ |lal

e a can be decomposed as a(x1,z2) = ZREM(Q) ar(x1,x2), where ap are
supported on 2R = 2(I; x I1), I; are dyadic cubes in R™ i = 1,2, and M(Q)
is the collection of all dyadic rectangles contain in €2 which are maximal in
all directions xy and x5. Moreover,

Y llal

REM(Q)

1/r
Byo<lae

. f211 ag(z1,z2) 2§ dry =0 for all 25 € R" and 0 < |a| < N,
Jor, ar(@1,22) 2§ dzs = 0 for all z; € R™ and 0 < |a| < Ny, .
where NN, ,, is a large integer depending on p and n;.
The dual space of weighted multi-parameter Hardy spaces HP(R™ x R™2) is
introduced in [30]. We only consider the nonweighted case here. It is the so-called

Carleson measure space CMO? = CMOP(R™ x R"2). We refer to [30] for more
details.
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Definition 2.1. For 0<p <1, we call f € CMOP(R™xR"2) if f € (Sx) (R™ x R"2)
with the finite norm defined by

sup

w (s 5 X (D) Ba(D)24) f2 2 x )

JkEZ Ih1 X 12

for all open sets €2 in R™ x R™ with finite measures, here I; are dyadic cubes
in R™ with the side length 277 and the left lower corners of I; is 2771y,l; € Z™
and I, are dyadic cubes in R™? with the side length 27* and the left lower corners
of Iy is 27]612,[2 ISV

We use BMO(R™ x R™2) to denote CMO'(R™* x R™). From [30], we know
the definition of the space CMO? is independent of choice of functions ¥ and ¥,
Thus the space CMOP(R™ x R"2) is well defined. Then the authors in [30] set up
the following.

Theorem 2.2. For0 <p<1,
(HP)*(R™ x R"?) = CMOP(R™ x R"2).

To be precise, if g € CMOP(R"* x R™2), the map 1, given by l,(f) = (f,9), defined
initially for f € S, extends to a continuous linear functional on HP with ||l4| ~

lgllemor-
Conversely, for every l € (HP)*(R™ x R™2) there exists some g € CMOP(R™ x
R"2) so that | =l . In particular, (H')*(R™ x R"2) = BMO(R™ x R"2).

We now state some lemmas which will be needed in the sequel. The proofs of
these lemmas are easy.

Lemma 2.1. ([34]) Let 2 < g < 0o, r > 0 and s > 0. Then there exists a constant
C > 0 depending on r such that

[fllzaweg) < C I fllw

for all f € W*(R™) with suppf C {|z| <1}, where wsy = (1+||?)%/? is a weight
function.

Proposition 2.1. If s; > n/2 for 1 < j < 2, then W152)(R™ x R™2) 4s an
algebra under pointwise multiplication.

Lemma 2.2. Assume s > n/2 and max{1l,n/s} < ¢ < 2 and suppose m €
W#(R™), s > 0 and suppm C {|¢| < 2/t}. Then there exists a constant C > 0
depending only on N,n,s and q such that, for all f € S(R™),

T (f)(@)] < C llm(-/) |z M (119 ()"

for all x € R™, where M is the Hardy—Littlewood mazximal function of f.
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Lemma 2.3. Let s1,s2 € R and let Uy € S(R™) and Uy € S(R™2) be such that
supp V1, supp Vo are compact and none of them contains the origin. Assume that
O € C®(R™ \ {0} x R"2\ {0}) satisfies

10807 (&,m)| < Cap |71 )17
for all o, 5 € Nij. Then there ezists a constant C' > 0 such that
sup [|m(t&, sn) @(t&, sn) Y1 (§) \I/2(77)HW(51v52>(R"1><R"2)

t,s>0

< O sup [[mykllw oo @ixree)
J,kEZ

for all m satisfying sup; pez 1M kllw 152 mraixrnzy < 00, where mjy is defined
by (1.2).

Proof. We mimic the proof of Lemma (3.4) in [8]. For simplicity, we use W92 to
denote Ws1:52) (R™ x R™2). First, we assume that supp ¥y C {1/27%° < [¢] < 270}
and supp Wy C {1/2k0 < |n| < 2k0} for some jo, ko € N. Given t,s > 0, take
j, k € Z satisfying 201 <t < 2kl < g < 2k, Then, since 1 < 2j/t <2,1<
2% /s < 2, by change of variables,

[m(t; 5 )@ (t:, 5:) Wi () O () [[wer ez
< |lm(27-, 28 )@ (27, 28 )Wy (291 )Wo (2857 |[ppreren
Let U1(£),¥2(n) be as in (1.1) with d = n; and d = ny respectively. Using
")

)
supp W (27t 1) € {1/290+ < |¢] < 290} and supp Wa(2Fs1) C {1/2ko+L < jp| <
2k} we have

(27,27 )®(27., 27 )W (2771 )Wy (2857 1) || ppren oo

Jo ko
<c Y > mE2h) e 2k wmEir )

J1=—(jo+1) ki=—(ko+1)
X Wy (25571 ) W(-/27) W(-/2M)]] s

jO ko
<Cc > S @ 25 w2 ) W2 e
ji=—(jo+1) ki=—(ko+1)
x || (27, 2%) Uy (2781 ) Wy(2Fs7 )

Jo ko
<Cc ) S m@ 2B )T

J1=—(jo+1) ki=—(ko+1)

< C( sup Hm(2j+j1',2k+k1~)\I/\I/HWs1,52)( sup ||(I)(t'78')\111‘l/2”W51*52)
J k€L 7,s>0

HW51 )82

[ D(t:, 5 ) U1 Ws|pwer ez

Obviously, sup; ;- [[®(t, s ) W1 Wa|[we1e < 00.
The proof is then complete. O
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3. The proof of Theorem 1.7

In this section, we use the notations A ~ B to denote C™'B < A < CB for
some absolute constant C' > 1 and A < B to denote A < CB for some absolute
constant C' > 0.

We first recall a boundedness criterion due to R. Fefferman [13].

Theorem 3.1. Suppose that T is a bounded linear operator from L*(R™ x R"2)
to L2(R™ x R™). Let R, denote the r fold enlargement of R and R, denote
its complement. Suppose further that if a is an HP(R™ x R™2) rectangle atom
(0 < p <1) supported on R, we have

// a)(z,y)Pdedy < Br=°  forall r>2

and some fized 6 > 0. Then T is a bounded operator from HP(R™ x R"2) to
LP(R™ x R™). Moreover,

[Tl zr—re S T2 22 + B).
If we replace T'f by T*f and use the Fefferman criterion, then we can obtain:

Theorem 3.2. Suppose that T is a bounded linear operator from L?(R™ x R"2)
to L?>(R™ x R"™). Suppose further that if a is an HP(R™ x R"2) rectangle atom
(0 < p<1) supported on R, we have

//~ |T*(a)(z,y)|P dedy < Br=°  for allr>2
R,
and some fized 6 > 0. Then T is a bounded operator from HP(R™ x R™2) to
HP(R™ x R"™2). Moreover,
1T zp—mr S (1Tl 22 + B).

Therefore, to establish the main theorem (Theorem 1.7), we only need to prove:
if a is an HP(R™ x R™2) rectangle atom (0 < p < 1) supported on R, we have

//~ Ty (a)(z,y)|P dedy S Br=® forallr>2
R,

and some fixed 6 > 0, where
1/2
Tr(£)(y) = (3 Wiy » T Pla))
7.k
Since T, is a convolution operator, we have
|TllL2—r2 < lImllLe
By the Sobolev embedding theorem, we have

[mllze < Sup Ikl eron)
Js

when s1 > n1/2, 89 > ny /2
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Thus, to prove T, : HP(R™ x R"2) — HP(R"™ x R™2), by a translation it only
needs to show the estimate
(3.1) 1T (@)@ DI, oy S (5D I allwes.es )r 2
Lr(Rr) Jk

for all s; > n1/2 —p/2, s2 > n2/2 — p/2, where a is a rectangle atom supported
in R, where R = I x J is centered at (0,0).

By Sobolev’s embedding theorem, it is sufficient to consider the case
ni(l/p—1/2) <s1 <[ni(l/p—1)]+mn;/2+1, forl1l<i<2.
Define )
Kjp(z,y) = F [m(, ) (/2)¥(-/25)](z,y).

If we write Kjj = F'[m;y], then Kj(z,y) = 27k [ ) (292, 2Fy), where
z,y € R™ x R™. Then

1/2
Ty (a)(z,y) = (Z Ty w(-p20yw (. 20y (@) P (a, y))
7.k

= (2] [, Konto = any—yater stz dn| )2 (3B 0)P)
ik VR ik

1/2

We decompose the integral domain “R, into three parts:

Céi = {(5777”5 6 C~’l"7n 6 j’r},
R2={(&n)¢ e, ,neCT},
and °R? = °R,\ (R} U °R?).

By the subadditivity of the p-th power of the LP-norm, p < 1 and Hélder’s
inequality, to prove (3.1), we estimate

| m@@rdsdy< 3 [ B dedy

jkez’ R

<Y ([ el )
jkez R}

p/2
([ o o o) de dy)
<R3

< Z {(r_31+nl/p_n1/2 +T—sri—ng/p—m/Q)|I|—S1/n1+1/p—1/2
jkez
x | J|~s2/na+1/p=1/2 |\|:c|51Iylstj,k|\L2(cR3,)}p»

where we used the condition s1 > nq/p —n1/2 and so > na/p —ns2/2 to obtain the
last inequality.
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‘We note

1
o) = [ (Kugle—any=m = 3 o) o8 Kyutey - m))

o] <Ly—1

X a 1‘1 yl dIl dyl

RMixR™2 JO<t<1

|er|=L1

(1—t)fr=t

x 07 Kjp(x — tfﬂhy y1) a(xy, y1) dt dxy dyy
/ / 1—t)Ll_l(aij,k(m—txl,y—yl)
RrixRn2 Jo<t<1

Z (y ﬂ') OﬁafKJk( tml,y—yl))a(ml,yl)dtdmldyl
[B|<L2—1

DVl B B
RrixRm2 JIxJ Jo<t<1l Jo<s<1 a' ﬁ!

|0¢\ Ly |B|=L2
x (1=t) 7 (1—s)t! a?azﬁKj,k(x—twhy—8y1)a(y1,y2)dS dt dxy dy;,

Ia\ Ly

where L1 and Ly are integers satisfying
0< L1 <[ni(1/p—1/2)], 0< Ly<[n2(l/p—1/2)].
Thus we have

|k (2, )|
< |I|L1/n1 |J|L2/n2

1/2
X Z / / / |og 8 K p(x—tx1, y—sy1)] dsdtdmldyl)
IxJ JOo<t<l JO<s<1

la|=L1|B|=L2

1/2
< ([ taterpn)Pder )
IxJ

5 |I|1/271/p+L1/n1 |J|1/271/p+L2/n2

2 1/2
X Z / / / |8182 K p(x—txy, y—sy1)] dsdtd:cldy1>
IxJ Jo<t<1Jo<s<1

|a|=L1|B|=L2
Next we estimate the term
[l 191 Fe @ )| 2 ey

Since it is easy to see |z — tzq| & |z|, |y — sy1| = |y|.
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Hence, we have

1/2
H|x|31|y|82(/1 J/ / |3f3§Kj7k(x—tﬂv1,y—sy1)|2dsdtdx1dy1) '
xJ Jo<t<1 Jo<s<1

([ [ ety - snieore)
IxJ Jo<t<l JO<s<1JeR3

1/2
x K plx —tay,y — sy)|? da dy ds dt da, dy1>

1/2
/1 J/ 1/ 1/]1{ . ||ac|31|y|326a86Kj7k(x,y)|2dacdydsdtdmldyl)
xJ Jo<t<1 Jo<s<1 JRPM1xR"2

= (112112 ([l Jy1°2 0705 Ky, )] o

L2(°R?)

(RM1xR™2)"
Since K 1 (z,y) = 27 +kn2 K 1 (272, 2%y), the last term above can be written as
2i(=sutnitlal) gh(=satnat|Bl)| 1|1/2) 7| 1/2
x [||272] |28y |2 07 0 K. (2, Qky)HLz(R"lxR"?)
— i(—siHna/2+La)gh(=sanz/2+La) | [|1/2| 7 |1/2

x[llal™ 120705 K (@ )| g
< 9i(=s1+n1/2+L1) gk(—sa+n2/2+L2) |I|1/2 |J|1/2

< [[ () ()2 0705 K j e, )| o sy

— 2j(751+n1/2+L1) 2k(*52+n2/2+L2 |I|1/2 |J|1/2

* () ()2 FH e s (€ M) )| ey

5 21(—$1+n1/2+L1) Qk(—82+n2/2+L2) |]|1/2 |J|1/2 |‘mj7k||W51v52'

Thus we have

H|9€|81|y|52/ / |3?3§Kj,k(fﬂ—t$1,y—8y1)0($17y1)|dtd8d$1 dy1‘
IxJ Jo<t,s<1

- 2j(—51+n1/2+L1) 2k(752+n2/2+L2) |I|1/2 |J|1/2

L2(<R3)
l[mpllwer e
Thus, we obtain
—s14+n1/p—n1/2 —s2+n2/p—na/2 —si/mt1/p=1/2
(r +7r ) |I|
|J| s2/na+1/p— 1/2|||m|51|y|52FJ k €,y ||L2 (<R?)
< pm0 iz sutna /24 L) gh(=setna/24La) | p|=s1/mt D /ma+1/2

% |J|752/n2+L2/n2+1/2 ||mj,k||W51152,

where § = min{s; —n1/p+n1/2,82 —n2/p + na/2}.

For each rectangle I x J, there exist integers jo, ko such that |I|1/"1 ~ 27700,
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|J|t/2 a2 2= ko Therefore
*
”T Lp(LRB) = E H jk||Lp(LR3

=Z IIRDIDIEDDDIED B DRLIE]

Loeis)
Jj>jo k>ko  j>jo k<ko  j<jo k>ko  j<jo k<ko

First we consider the sums ijo Zk>k and pick Iy, = 0, Ly = 0. Since s1 >
n1/p —mni/2, 2> n2/p—na/2 and 0 < p < 1, we have

Z Z |ij”LP(rRS) < 7“7175 Z 217] —s14n1/2) |I|p( s1/n1+1/2)

Jj>jo k>ko JZjo
kp(— 2 - 1/2
x Y 2ot /D| gl Mt YD i e o
k>ko
%T—ME 9p(i—jo)(—s1+n1/2) E 2p(k_k0)(_82+m/2)Hmj,k‘HW(Slva)
Jj=>jo k>ko

S Su}? [0kl o100 -
Js

We pick Ly =0, Ly = [n2/p — no] + 1 for the sums 3, >7, . Then
> 15k o)
Jj>jo k>ko
S R | L e
Jj=Jjo
. Z ka(—82+"2/2+["2/p—"2])|J|p(—82/n2+1/2+["2/p—"2]/n2)|‘mj7kHW(Slys2)
k<ko
~ Tﬁp& Z 2p(jfj0)(fsl+n1/2) Z 2p(koflc)(827n2/2*[n2/177n2]*1)||mj k”W(Sle?)
J=jo k<ko

S roP Su}? 2kl or o2 -
J,

By picking L1 = [n1/p —ni] + 1, Ly = 0 for the sums >, >7 ., and L) =
[n1/p—mn1]+1, Ly = [n2/p—no] +1 for the sums > ., >, ) . we can reach the
same conclusion.

Since 0 < p < 1 and by Holder’s inequality, we have

[, maraas S [ (5 B ddy

CR,,

< Z (/ —15%) gy dy) pﬂ(/cm || 251 Zk: |Fj k2 (2, ) da:dy)p/2

S Z (st e 2 s A2 2 e F e ey Y
JEZ

where the last inequality is obtained by the condition s; > n1/p — nq/2.
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Using the same method as above, we can deduce for Fj(z,y) = Y, Fjr(z,y)
and Kj(z,y) = >, K k(x,y) the following estimate:

Fj(z,y)

—5) 0N K (x — O,y — yi)a(wy, y1)dO dy dys.

\Ot| L. IxJ
Note that
{12l Fie bz | 2gerry < 121 Fik bl paef, xmne)

< sup X[l B dody]
“{hk}li HLz(CI",,.x[R{"?)gl k I xR™2

Fixing h, we have

/ 2" F (2, ) b, ) dee dy
R7?1xR™2

|z Isl
|a|=L1 /]R n1xRn"2 /RMXR“?/

COY K k(e — 01,y — y1) a(x1,y1) dO dzq dys h(z,y) dz dy.

“a g

Define

Tr0,20,k(a)(y) = OVKj(x — Ox1,y —y1) a(wy, 1) dys.
R72

Obviously, T, 6,y,,2, is a Fourier multiplier operator with symbol

M g,006(1) = O K3 1 (x — 01, 7).

Denote az, and hy, , the cross-section functions by a4, (y1) = a(x1,y1) and hy . (y) =
hi(z,y), then we have

’/Rn2 Tz,@,wl,k(awl)(y)hk,m(y)dy’ = ‘/Rw T 0.0 (ta, ) () 0k * hieo(y) dy

SIF ' mao a0 kllLe w,,,) /]R M (|thn * ay |9) () 4 0n * hieia (y)] dy-
n2

Then, we have

‘Z/I . |2|* Fj (2, y) hie (@, ) dxdy‘
k 2

SIUELDY I e

la|=L1
M (|Yhg * ag, |q)(y)1/q|¢k * hi,x(y)| dzy dy do d6.
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First, since
1F " 0 bl o,y 1% 05 Ky = 01, 9) | 2y,
we have
[ ol 008 Kl = 01, ) g o+ )

< / |z = 01 [ [[(y) 07 K k(2 — 01, y)l p2myz) [Ye * o (y)|die

r

< [l = 021" (9)*2 07 K@ — 021, 9)|| o s 4y 100 * Pita ()| 2

= [l )2 08 K ()| o ey ) 108 * o ()] 2

= sl 12721 (y)*2 00 K (272, 9) || o o oy 108 * Bioa (9) | p2apn
= ot 2B )21 (4)*200 K (2, 9) | o gns 4o 1908 * o ()] L2z
< 2ot 2D ()1 ()2 00 Kok (2, 9) || o s s 1908 * oo ()| 2
=/ CAm 2HED o 1 (€m) lror oo Wk * Pt () ] 2 g

< 29t I s (& m) vy oo [ 5 Pk ()| 2 ey

< 9i(=sitn1/2+| L)) SUD [[m b lw cev.eo |08 # Pt a (W) 22,

where in the above string of inequalities we obtain the first and second inequalities
by Schwarz’s inequality. Since s1 > nq/2, we have

S B dedy
k I xR™2

< ot R [ sup [lm oo
k

: Z/ M (|9ok * az, |) (y) M| # oo ()| 2 mrry dy dar.
& Rn71tn2
By Schwarz’s inequality,

Z M(|¢n * az,|*)(y )UqHWc*hk,x(y)||L2(RZ2)dy

Rn2

< (X [ 0 an o) (S [ [ s bl o))

Rn2

Z/ e % s, P()dy) Z/R/ el .y dzdy)

< llaw |2 @ne) [{An}is I 2 (e, xrnz)-
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Therefore, we have
X[ e Bt deds]
& [, xR"2

< 9f(=s1+mn1/2+|L1]) |1

Ly
" SI;PHmj,kHwSLS?/R llaz, | L2®neydzal[{hetis || 2 cf, xrne)
"

) 1/2
w(/ la(ar, o) ey dyn )
IxJ

< 9i(=s1+mn1/2+[L1]) |]|L1/nl+1/2

sup ||m; |
k
Pkt 2 (ef, xmne)

< 9 (=s1+n1/2+|L1]) |I|L1/n1+171/P|J|1/271/P Sl;p 1 el onoo [ { Pk Fio ||L2(“I~T><]R"2)'
Thus, we have obtained
| m@al dedy
CR}.
S S et 2 e A2 A2 0l By e ey
JEL '
< Z {T781+m/p*n1/2|I|7sl/n1+1/p71/2|J|1/p71/22j(781+”1/2+|L1|)
JEZ

L|E YR | JIVREYE sup [ gl 1
k

— Z {T—S1+n1/p—n1/2|]|L1—S1/n1+1/22j(—81+"1/2+\L1D
JEL

< Z {rfﬁ|]|L1781/n1+1/22j(*81+n1/2+|L1|)
JEZ

sup g allwcor o
SI;P 17725,k [y o120 }p,

where § is the same as above.
For each rectangle I, there exists an integer jo such that |I|1/” ~ 2770, There-
fore

HT:m (a)”p < Z {7"76|I|L1751/m+1/2 2j(*s1+n1/2+|L1\) sup Hmj,chw(sl,SQ)}p
R7) k

Lo(
JEZ
= Z 4 Z {7"_6|I|L1_Sl/m+1/2 9i(=s1+n1/2+|L1]) SUp |71 | |y o120 }p’
Jj=jo  3<jo k

First we consider the sums )
0 <p <1, then we have

Z {7,76|I|751/n1+1/22j(7sl+n1/2) }p
J>Jjo
< P8 Z ij(—81+n1/2)|]|p(—81/n1+1/2)
Jj>jo
P S O sup sy S TSP 0
Jj=Jjo ’

>, and pick Ly = 0. Since s1 > n1/p —n/2 and

Sl]ip Hmij%/(sl,sg)
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Next, we pick L1 = [n1/p —n1] + 1 for the sums > . Then

j<Jo
Z {T—521(—81+n1/2+["1/p—nl]) |I|(—81/"1+1/2+["1/p—"1]/"1) sup Hmj,lcnw(swz) )P
Jj<Jjo k

—pd jo—3)(s1— 5 —[2L —nq]—1 —pd
~ P Z 217(]0 Ns1—5 =[5 —ni] )Sup ”mj’ngv(n,sy < p7P sup ||mj,k||€v(51,52).

~Y
J<jo Jk J-k

Thus, we have completed the proof of the main theorem, i.e., Theorem 1.7.

4. The sharpness of Theorem 1.7

To establish the sharpness of smoothness of the multiplier in Theorem 1.7, we
only need to consider the case when m(&,n) = my(§)ma(n). Suppose f(z,y) =
f1(x) f2(y). Then we have

Ton(f,9)(@,y) = Ton, (f1) (@) Ty (f2) ()

if f1 € HP(R™) and f, € HP(R™), by the Littlewood-Paley—Stein characteri-
zation of Hardy spaces HP(R™ x R™2), we can conclude f(z,y) = fi(x)f2(y) €
HP(R™ x R™). Moreover,

1T ()| e ®raxcrna) 2 ([ Ty (f) Nl e @rn) | Tomo (F2) |0 (2

By the sharpness of Calderén—Torchinsky’s theorem ([33]), we can see that Theo-
rem 1.7 is sharp in the sense that there exists a multiplier m with smoothness of
order s; < ni/p —n1/2 and sy < ny/p — na/2 such that T, is not bounded on
Hardy spaces HP(R™ x R"2) for 0 < p < 1.

Note added in proof. After this paper was accepted for publication, the authors
learned from Professor Jill Pipher that the Hérmander type multiplier theorem
(Theorem 1.7) has been established by Carbery and Seeger in their earlier paper [2],
among other results, using a very different method from ours by considering vector-
valued rectangle atoms of multi-parameter Hardy spaces. The authors would like
to thank Jill Pipher for bringing this to our attention.
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