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REVERSE STEIN-WEISS INEQUALITIES AND EXISTENCE
OF THEIR EXTREMAL FUNCTIONS

LU CHEN, ZHAO LIU, GUOZHEN LU, AND CHUNXIA TAO

ABSTRACT. In this paper, we establish the following reverse Stein—Weiss in-
equality, namely the reversed weighted Hardy—Littlewood—Sobolev inequality,
in R™:

/ . /R 2|z =y f (@)9 W)yl dxdy > Cr o ,p,q7 11l o gl e

for any nonnegative functions f € Lq/(R”), g € LP(R"), and p, ¢’ € (0,1),
a, B, A > 0 such that % + % — %M‘ = 2. We derive the existence of
extremal functions for the above inequality. Moreover, some asymptotic be-
haviors are obtained for the corresponding Euler-Lagrange system. For an
analogous weighted system, we prove necessary conditions of existence for any
positive solutions by using the Pohozaev identity. Finally, we also obtain
the corresponding Stein—Weiss and reverse Stein—Weiss inequalities on the n-
dimensional sphere S™ by using the stereographic projections. Our proof of
the reverse Stein—Weiss inequalities relies on techniques in harmonic analysis
and differs from those used in the proof of the reverse (non-weighted) Hardy—
Littlewood—Sobolev inequalities.

1. INTRODUCTION

The classical Hardy—Littlewood—Sobolev inequality that was obtained by Hardy
and Littlewood [29] for n = 1 and by Sobolev [34] for general n states that

M / / e =y f@)g()dady < Copgrl|fll Lo lgller

with 1 < ¢',p < 00,0 <\ <m, and Tt L4 A —2,Whereq’:%1.

Lieb [31] showed that the sharp constant Cn%q/ satisfies the following estimate:
Ada Ap
)r +(

[30] obtained the best constant

A

n T2 A1
< T R
Cnpa < n—)\(I‘(l—i—%)) q’p((n(q’—l)

In the diagonal case ¢’ = p = 52
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Lieb [30] employed the symmetric rearrangement argument to obtain the existence
of the extremal functions of (). Recently, the sharp Hardy—Littlewood—Sobolev
inequality was also obtained by Frank and Lieb (including on the Heisenberg group),
and by Carlen et al, without using symmetric rearrangement argument; see, e.g.,
[.19,22,23] and the references therein. It is also known that the sharp Hardy—
Littlewood—Sobolev inequality in Euclidean spaces is closely related to the Moser—
Onofri-Beckner type inequalities on the spheres (see [2L[3}8[31]). For more results
about Hardy-Littlewood—Sobolev inequality and Hardy—Sobolev equations, we refer
the reader to [21[6}T3HIBLB2LB6] and the references therein. For Hardy—Littlewood—
Sobolev inequalities on the Riemannian manifolds, the upper half space R’}, see,
e.g, [T6LI7,19,27].

In the 1950s, Stein and Weiss [35] proved the following doubly weighted Hardy—
Littlewood—Sobolev inequality,

® (4.4 21~ =y F@)gW) |y dady < Cra |1 £l lgllir,

where p, ¢, «, 8, and X satisfy the following conditions:

1 1 A 1 1
7+_+a+ﬁ+ —o, Ll
q p n q p
a+ >0, a<ﬁ, B<2 0<A<n.
q

77

Concerning the best constants for the Stein—Weiss inequality, Lieb [30] obtained the
sharp constants only when one of p and ¢’ equals 2 or p = ¢’. The best constants
are also obtained by Beckner when p = ¢ in [3l4]. Stein—Weiss inequalities on the
Heisenberg group were also obtained in Beckner [5] and Han, Lu, and Zhu [26].
Sharp reverse Hardy-Littlewood-Sobolev inequalities were studied by Beckner
[1] and [7]) and Dou and Zhu [20]. The result of Beckner [I] was used by Carneiro
[7] to establish the sharp inequality for the Strichartz norm. The reversed Hardy-
Littlewood-Sobolev inequality can be seen as an extension of (It

) /}/HW‘MV@M@WMyzaw@wmummp

for any nonnegative functions f € L9 (R™), g € LP(R™) and p, ¢’ € (0,1), A > 0
such that % + % - % = 2. They ([I] and [26]) also derived the existence of extremal
functions of (1) for the case ¢’ = p = 23_7_ 5. Subsequently, Ng6 and Nguyen [33]
extended the results of existence of extremal functions to general p and ¢’. We note
that the range of the exponents in the reversed Hardy-Littlewood-Sobolev inequality
Blare quite different from those in the Hardy-Littlewood-Sobolev inequality [l They
are mainly reflected in the difference that the power of the kernel |z — y| is negative
in [l and positive inBland p,¢’ > 1 in[land p,¢’ <1 inB

Motivated by the work of Beckner [I] and Dou and Zhu [20], thus a natural ques-
tion arises: Does there exist a reversed type Stein-Weiss inequality 2?7 Furthermore,
does such an inequality have an extremal function for all the indices?

To answer these questions, we consider the following reversed Stein—Weiss in-
equality. Our first main result is the following theorem.
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REVERSE STEIN-WEISS INEQUALITIES 8431

Theorem 1. Forn>1,p, ¢ € (0,1), A >0,0< a < —%, and 0 < B < _z%
satisfying

1 1 a+B+Ar
p d  n
there is a constant Cy, o.8,p.¢ > 0 such that for any nonnegative functions f €
LY (R™) and g € LP(R™),

@ [ lelle =y @)l dady > Co il sl

1,1 _ 1,1 _
wherea—l—?—lcmdp—i—p,—l.

2,

We remark that the constant C,, o g, above can be considered as the least one
such that the above inequality holds for all nonnegative functions f € L9 (R™) and
g € LP(R™). This constant Cy, o g,p,q is often referred to as the best constant for
the reversed Stein—Weiss inequality. We also note that the range of the exponents
in the reversed Stein-Weiss inequality (@) are quite different from those in the
Stein—-Weiss inequality ([@). They are reflected in the difference that the power of
the kernel |z — y| is negative in (2) and positive in @) and that p,¢’ > 1 in @)
and p,q¢’ < 1in (). Moreover, we have power weights |z|~® and |y|~” in @) with
a+B=>0, a<y, B<, but with power weights [z|* and ly|? with both a and
B nonnegative in ().

Once we establish the reversed Stein—Weiss inequality, it is natural to ask whether
the extremal functions for the above inequality actually exist. To answer this
question, we first observe that the constant C), o g, above is the same as the
infimum of the minimizing problem
(5) Cn.appg = 0E{[[VA(9)llza : g = 0, llgllzr = 1},
Where%—i—izland%—l—%—%wzl

To understand whether this C), o 8,p,# can be achieved, we define the following

weighted operator:

) M@ = [ el = slPolil
Then we can prove that the constant Cy, o g, could actually be achieved. This

is stated in the following theorem.

Theorem 2. Forn > 1, p, q'E(O,l),)\>0,0§a<—%, and 0 < B < —2

P
satisfying
1 1 a+pB+A
) LoD oatBid_,
p q n
there exists some nonnegative function g € LP(R™) such that ||g||lrr = 1 and

IVa(g)llLe = Cr,a.8,p. -

Once we have obtained the reversed Stein—Weiss inequality and established the
existence of extremal functions of this inequality, it is natural to consider the corre-
sponding Euler-Lagrange system. Namely, we are interested in the equations that
the extremal functions f and g of the reversed Stein—Weiss inequality satisfy. To
do this, one can minimize the functional

Q Ha)= [ [ lelle =gt dady
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under the constraint || f|| o = ||g||z» = 1. The Euler-Lagrange system correspond-
ing to (8) is the following integral system:

o) {J(ﬁ 9 @)1 = Ju ||z =y a(y)|y) dy,

J(f,9)9(@)P~ = fou |2Plz —y* f(y) |y~ dy.

Set u = ¢1f9 1 v = cogPt = —p1, and ﬁ = —py. Then for a proper

1
Y —1
choice of constants ¢; and cg, system (@) becomes

(10) u(x) = f]Rn |x‘0“x - y|)\vip2 (y)|y|:3dy7
v(x) = fou |2z — y[PumP (y)]y|*dy,

1 1 atB+A

where it

Next, we consider the integral system (I0]) and establish the asymptotic behavior
of solutions to the system (I0).

Theorem 3. Let (u,v) be a pair of positive Lebesque measurable solutions of ([{I0).
Then u(z) and v(x) satisfy the following asymptotic behavior around the origin and
near infinity:

u(x) —p 3 . v(z) o o
ra —/an >(y)ly|” dy, |:z:1\131<>oW = Rnu (y)|y|“dy,

ulx _
m 4D _ [ @l

lz[=0 |x|®

() / - A
lim —= = u Pt A dy.
TR e W)lyl* " dy

|z|—0

Finally, it is interesting to study the following equations:

{u(x) = Jon |7 = yPlyl2 072 (y)dy,

1D 0(@) = fon |2 — Pyl a7 (y)dy.

Then, using the Pohozaev identity we can prove the following theorem.

Theorem 4. Given A\, vi, vs, p1, p2 > 0. Suppose that there exists a pair of
positive solutions (u,v) € CH(R™) x CY(R™) of (). Then the following balance
condition must hold:

n+v n+v

ntno ntve

rn—1 p—1

As a corollary, we immediately conclude the following nonexistence result of any

pair of positive solutions to the above integral system (II]).

Corollary 5. Given \, vy, va, p1, p2 > 0. If

n—+ v n -+ vp
+
pi—1 p2—1

7 A,

then there does not exist any pair of positive solutions (u,v) € C1(R"™) x C1(R")

satisfying ().
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In the special case v1 = vy = 0, the system (1)) is reduced to

U(I) = f]Rn |l’ - y|>\v*102 (y)dya
(@) = [ Iz —yPrumP (y)dy.
It is clear that the system (I2]) corresponds to the Euler-Lagrange equations of
the extremal functions of the Hardy—Littlewood—Sobolev inequality

(12)

(13) L[ e = sl r@adedy > o1l Lol
for any nonnegative functions f € L4 (R"), g € L?(R"), and p, ¢’ € (0,1), A > 0
such that & + & — % = 2 with %1 = —p; and ﬁ = —ps. Therefore, we can

conclude from Theorems ] and (] the following sufficient and necessary conditions.

Theorem 6. Given A, p1, p2 > 0. Then the sufficient and necessary condition for
the existence of a pair of positive solutions (u,v) € C*(R™) x C1(R") to the system
@) is
n . n__
p—1 p—1
As an application of Theorem [Il we give an equivalent form of reversed Stein—
Weiss inequality (@) on the sphere S™ in the case of ¢’ = p.

Theorem 7. Letn > 1, A > 0,0 < a < —%,

A

O§ﬂ<—ﬁ,andq’:p:

%&#—kﬂ' There exists a constant Cy o 8.p,q > 0 such that for any nonnegative
functions f € LY (R™) and g € LP(R™),
(14)
[ =S O l€=1 Fr(©)Gr () ln-S(O)Pdedn Co it |l sy Gl
where
9 —2n4itatp 9 — 2ntidoctp 1 s
() o 0= () )
2 —niiteth 2 —Znkatoth 1 g
G(n) = <W) 9(y), Gi(n) = <W) (W) 9(y),

|€ — | is denoted as the chordal distance from & to n in R"*1 and S is the inverse
of stereographic projection S™ \ {(0,0,...,—1)} = R™.

Remark 8. The best constant of reversed Stein—Weiss inequality on the sphere S™
([I3) can be attained with the help of Theorem

In view of the Stein—Weiss inequality () in R™, we can also obtain the following
Stein—Weiss inequality on the sphere S™ with the help of the stereographic pro-
jection. This does not seem to be in the literature and so we include this for the

interested reader.
Theorem 9. Letn > 1,0 < A < n, a < %, 8 < ﬁ, a+ 8 >0, and ¢ =
p= %j—ﬁafg There exists a constant Cy, o 8,p.q > 0 such that for any functions

f e LY (R") and g € LP(R™),
(15) /S /S €~ S(0)]71¢ — n[ P HL(E) T ()l — S(0)| P dedn
< Cn,aﬁypyq’ ||H||Lq/(Sn)||T||LP(S"),

Licensed to Univ of Conn Libraries. Prepared on Thu Dec 12 18:35:49 EST 2019 for download from IP 137.99.37.73.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



8434 LU CHEN, ZHAO LIU, GUOZHEN LU, AND CHUNXIA TAO

where
9 _2n-X—a-8 2 _2n—-XA—a—-p 1 g

H(f):(m) ’ f(x)aHl(g):(W) ’ (T\Z‘P)_ f(z),

0= (r20m) s o= () () -

We end this introduction with the following remarks. First, three of the authors
have recently proved the reversed Stein-Weiss inequalities on upper half space using
weighted reverse Hardy’s inequality on upper half spaces and harmonic analysis
techniques [II]. They are stated as follows.

Theorem A. Forn>1,0<p, ¢ <1, 8< 1;—,”, A > 0 satisfying
n—1 1 a+pf+r-1
+ B —

np q
there exists some constant Cp o g.pq > 0 such that for any nonnegative functions

fer? (R%), g € LP(ORY), there holds

/, /aR, 2%z =y f(2)g(y) |yl dyde > Crap.pq 1|l o @) 9] Lo (ome)-
¥ JORY

2
)
! n

By considering the following minimizing problem
Ch,aBp.q = E{[[Va(9)llLa@n) : 9 20, [lgllLeory) =1},
where the double weighted operator Vy(g)(z) is given by
@) = [ ol = o)l ds

T
we further proved in [I1] the following.

Theorem B. Forn >1,p, ¢ € (0,1), A>0,0<a< —% and 0 < B < 1;,”
satisfying
n—1 1 a+08+A-1
- =
np q
there exists some nonnegative function g € LP(ORY) satisfying HgHLP(a]R’;L_) =1 and
”V)\(g)HL‘I(Ri) =Chappa-

2,
n

Asymptotic estimates for solutions to the Euler-Lagrange equations associated
with the reverse Stein-Weiss inequality on the half space and sufficient and necessary
conditions for the existence of solutions to such integral systems were established in
[T1]. Moreover, corresponding Stein-Weiss inequality on the sphere and its reversed
version were also obtained in [I1].

More recently, the authors have also proved some relevant works (see [10] and
[12]) on the Hardy-Littlewood-Sobolev inequality and the Stein-Weiss inequality
with fractional Poisson kernel on the upper half space, which was motivated by the
work [28].

This paper is organized as follows. In Sections 2l and Bl we prove the reversed
Stein—Weiss inequality, namely, the weighted reversed Hardy—Littlewood—Sobolev
inequality and the existence of extremal functions for the inequality. In Section
[ we obtain some asymptotic behaviors of solutions to the corresponding Euler—
Lagrange system. In Section ] we use the Pohozaev identity to obtain necessary
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REVERSE STEIN-WEISS INEQUALITIES 8435

conditions of the existence of any positive solutions of ([Il). In Sections [(] and [7]
we establish the reversed Stein—Weiss inequality and Stein—Weiss inequality on the
sphere S™ by stereographic projection.

2. THE PROOF OF THEOREM [I]

Let G be a locally compact group. It is known that G possesses a positive
measure j on the Borel set that is nonzero on all nonempty open sets and is left
invariant, i.e.,

u(tA) = p(A),

for any t € G and A C GG. Such a measure p is called a left Haar measure on G.
The convolution of two functions g, h € L'(G) is defined as

(g h)(x) = /G a()h(y~ 2)du(y),

where y~! denotes the inverse of y in the group G.
To prove Theorem [I, we need the following reversed Young’s inequality.

Lemma 10. Let G be a locally compact group with left Haar measure u that satisfies
w(A) = p(A=Y) for all measurable sets A C G. Assume that p, q, and s satisfy
1 1

1
O<p<l, ¢s<0, —4+1=-+4+-.
q p s

Then for any nonnegative g € LP(G, 1) and h € L*(G, ), we have
lg = hllLaccmy = N9l e Pl s (G -
Proof. One can check that
1 1 1 1 p P 1 s s

— — — = - —_ = — — =1

g p s T q s 7 q p

Using the reversed Holder inequality with respect to exponents ¢, p’, and s’, we
obtain

(9% h)(z) = /Gg(y)h(y‘laf)du(y)
Z/gsﬂ’(y)g
¢ 1 1
> \Ig\li(g,m(/ gp(y)hs(y’lx)dﬂ(y))_(/ Ko (y ) duy )) i
‘(@ m(/cgp(y)hs(y‘lx)du(y)>;

Now take L? norms in the variable x and apply Fubini’s theorem to deduce that

bzl s 1
RN 1 A L / / D () du()du(y))

]

(y)hs (y~ )b (y~ o) dpu(y)

= HgHLp

#(G,p)

= HQHLp 7M)| w)‘

(G-
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It is easy to check that p = ‘ 7 is a left Haar measure and satlsﬁes w(A) = p(A=h)

for all measurable sets A C G = R* = R\{0} and that p = 2% is a left Haar measure
and satisfies u(A) = u(A~1) for all measurable sets A C G=R* = (0, 00).

Next, we will introduce some properties about the rearrangement which will be
used in the proof of the main theorem.

Let © C R™ be a bounded smooth domain, and let v be a nonnegative function.
Define a radially symmetric function u* : Q* = Br(0) — R satisfying |Br(0)| = |©,
and for any s > 0

{z € Bg(0) : u*(z) > s}| = {z € Q: u(z) > s}|.

Then u be a decreasing function and is called the rearrangement of u. Assume
F : R — R is a continuous increasing function. By construction

/QF(u)d:v = /BR(O) F(u*)dx.

When 2 = R”, the rearrangement can be defined in a similar way. Let u be a
nonnegative function. The rearrangement of u is defined by

u = / X{u>t}*(x)dt7
0

where Xy,>¢)+ is the characteristic function of the set {u > t}* = B,(0) with
|B-(0)| = |[{u > t}|. Then u* is radially decreasing and satisfies

/n F(u)dz = / F(u*)dz.

o)) = [ ol - Py

In order to prove the reversed Stein—Weiss inequality, it is equivalent to prove

For A > 0, let

2| *Tagll Lawn) > Crappa 12l gllogn).-
The following lemma is a direct result of [30,[33].

Lemma 11.
) For any nonnegative functions f(x) and g(x) defined on R™, we have

/ [ el = gty > [ [ laptle = @ Glal deds

where f* and g* are rearrangements of f and g.
(i) If g is radially decreasing, then Vy(g) is radially increasing.
(iii) For any nonnegative function g € LP(R™), there holds

IVa(@)llLa@ny = IVa(g™) Il Larn)-
We now begin the proof of Theorem 1.
Proof. We can distinguish two cases as follows.
Case 1. For n = 1, one only needs to prove
2° 4 Tagll o) 2 Cro g el 7 gl 2o,
where du(z) =

e

Licensed to Univ of Conn Libraries. Prepared on Thu Dec 12 18:35:49 EST 2019 for download from IP 137.99.37.73.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



REVERSE STEIN-WEISS INEQUALITIES 8437

Since%—%—(a—i—ﬂ—i—)\):l,wehave

N o xa-i- 5+p
ol i Thg(e) = | ™9 Wy Ty o by ),

oo fyl* L= 2]x Y

where g(z) = g(x)]a|~**% and h(z) = Ja|*" 4|1 - ]

By Lemma [I0 since s < 0,0 < a < _E and 0 < 8 < — ,, we conclude that
(16) I 129 Taglpagey = I 122 gllogo 1Bl
g4l
> Cro g Il 1777 gll o ()

1,01 _ 1
Whereg—i—g—l—i—q.
Case 2. According to Lemma [Tl we may assume that g is radially symmetric and

decreasing. For n > 2, it suffices to prove

(17) z1°TagllLan) = Croppa Izl gl L en)-

To show this, we can write the fractional integral operator acting on a radial

function as a convolution in the group R* with Haar measure u = df. This is a

useful technique from harmonic analysis and has also been used in, e.g., [36], [18].
To this end, we will need the following lemma whose proof can be found on, e.g.,
p. 420 in [24].

Lemma 12. Letz € S~ ! = {z € R": |z| = 1}, and denote
)= [ ela)dy

Then I(x) is a constant independent of x and

Ia) =wn-a [ o1~ )5 at

-1

where wn_o denotes the area of S™2.

Set |x| = p; by Lemma [I2]

Thg(z) = /R’ g(
— [ [ sty taray
0 Sn—l
=)y oo
Sn— 1
= Wn— 2/

y)lz — yrdy

r? — 2rpx'y’ +p) "=Ldrdy’

(18) B
/ (1—1t%) 2‘ (r? —2rpt + p*)2 dtg(r)r”fldr
/ / (1—t%) (1 2(p)t + (p) ) : dtg(r)r" " tar
n+)\—1 L
/ I)\(r)dr,
where

IA(a):[l(l—t) (1—2at+a)2dt, a> 0.
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It is obvious that Iy(a) is well defined and continuous for any a > 0. Then, we can
apply ([I8)) to derive that

ﬂJraT _ > n+)\+ﬂ+ap;+al P
P Ag(T) = wWn_2 ) g(r)r ¢ m A(;)

= Wp_2 (g(r)r”+)‘+§+a) * (T%HXIA(T))(P)-

Since 3 — 2 — (a+ B+ A) = n, one can calculate
1 n
w1 llg(r)r" T g
1 +oo n dry\»
= Wﬁ—l(/ (Q(T))pr(”H‘*Z*a)p*”r"?T) !
0

P

(@)l o

Lr(R™)
= lg(@)|z " || Lo rn)-

By the dominated convergence theorem, one can obtain

I ! no:
A(/\T) N/ (1—t2)ngt, as r — oo.
r -1

n

Now we check that ||ra ™I, (r)]

Le(u) 7 0. Since s < 0, we only need to prove
too
(19) / (rateIn(r))’r~tdr < +o0.
0

Note that (ra™*Iy(r))"r=t ~ CrlaF®s=l a5 A = 0 and (ratenr)’r ! ~

Crla+atNs=l 35 X - 4o00. In order to guarantee that (IJ) is finite, we only

need to verify that
n n
(=4+a)s—1>-1 and (—+a+A)s—1<—1.
q q
In fact, it is equivalent to check that
ﬁ—i—oz<0 and E—|—o¢—i—)\>0.
q q

Recall from the assumption of Theorem 2 that 0 < a < —%, 0<pB< —ﬁ, and

24— (@+B+A)=n Thus § +a+A=3—n—f=—7—f, which implies
that £ +a <0and 2 +a+ A > 0. So we obtain (@3). Therefore, we accomplish

the proof of Theorem [l O

3. THE PROOF OF THEOREM

In this section, we will prove Theorem 2l We can divide our proof into two steps.

Step 1. We will choose a suitable minimizing sequence {g;}; for ([H) satisfying
gj(l) > Cp-

Let {g;},; be a minimizing sequence for the problem (&). According to Lemma
[[1 we can assume that {g;}; is a nonnegative radially symmetric and decreasing
minimizing sequence.
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REVERSE STEIN-WEISS INEQUALITIES 8439
For any R > 0, we have

R
vngi (R)R" < wn,l/o g;)(r)r"_ldr
—+oo
< Wp-1 / g?(r)r"ildr
0

:/ g5 (x)dx = 1.

We can apply the above estimate to conclude that
0<gj(R)<CR»

for any R > 0 and for some constant C' independent of j. We also need the following
lemma proved in [200[30].

Lemma 13. Suppose that g € LP(R™) is nonnegative, radially symmetric, and
satisfies g(|z|) < elz|™» for all |z| > 0. Then for any 0 < t < p, there exists a
constant C' > 0, independent of g and € such that

IVA@ o) = C % gl f, g -

Let

a; = suprr g;(r) < C.
>0

Since ||g;|lzr®ny = 1 and [[Va(g5)llLan) = Cn,a,8,p.q < 00, it follows from Lemma
that a; > 2¢¢ for some ¢y > 0. Therefore, we can choose A; > 0 such that

)\j%gj()\j) > ¢o. Then we set

g;i(x) = A} gj(Ajz).
It is easy to check that ||g;|lzr = [lgjller = 1 and [|VAGjllze = [|Vagjllee. Then
{gj(x)}; is also a minimizing sequence. Consequently, replacing the sequence
{g;(x)}; with the new sequence {g;(z)};, if necessary, one can further assume
that our sequence {g;(z)}; obeys g;(1) > ¢y for any j.

Similar to Lieb’s argument which is based on the Helly theorem, by passing to a
subsequence, we have g; — g a.e. in R”. It is evident that g is nonnegative radially
symmetric and decreasing. The rest of our arguments is to show that ¢ is indeed
the desired minimizer for ().

Step 2. We will show that ¢ is actually a minimizer of ().
One can apply Lemma [l to derive that (Vyg;)(x) is radially symmetric and
increasing for any j. Moreover, for all x € R", we have

(20) (Vag;)(x) = colz|* / - & = yMylPdy > C(1 + |2|**)
y|<1

for some constant C' independent of j.
Since lim; 4o [|Vagjlla = Ch.ag,p.q, there exists some constant C' > 0 such
that ||[Vyg;]|%, < C for any j. Then for any R > 0, one can estimate

on(Vagy)1(R)R" < /| Vo) (@

< [ g <c.
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Consequently, we have
0< (Vag;(R) " < CuRY
for all R > 0. Since (Vag;(z))~! is radially symmetric and decreasing, we can

use the Helly theorem to conclude that (Vig;(z))™' — k(x) a.e. in R™ for some
function k(z). By (20) and the dominated convergence theorem, we derive that

1 1

lim (/ (Vag)!(w)dz) " = (/ lim (Vag;)(2)dz) .

j—o0 n Rn J—00

For |z| > 2R, we can employ the reversed Holder inequality to obtain that
[t = sPas sy = o) [ sl

ly|<R
1

= ( /|y<R g;(y)dy) % </U|<R |y‘7/5dy) 7’

where 0 < 7 < 1 and % + % =1. Since 0 < 8 < _1%’ one can choose 7 satisfying
7> p and 7/ > —n. Then, there exists some constant C'(R) such that

() | gy <cm).
lylI<R
Select  satisfying that 1 < || < £; then we have
[ el = uPas il

R

> (| 0; ()|l dy
47 Jar<pyi<r

R

> (Do) [ lylP dy
4 3R<|y|<R

> (Fyvenssg, (m).

Therefore, there exists some constant C' such that g;(R) < CR™™*~F for suffi-
ciently large R. One can combine this fact with 0 < a < —% to conclude that

(22) lim lim g% (y)dy = 0.
R—00 j—00 ly|>R

Combining (1)) and ([22]), we derive that

lim g5 (y)dy = lim lim g5 (y)dy + lim lim 95 (y)dy
J—0 Jpn R—o0 j—o0 ly|<R R—o00 j—00 ly|>R
= lim lim g% (y)dy
R—o0 j—00 ly|<R
= lim 9" (y)dy

R=oo Jiy|<R

= / 9" (y)dy.

Therefore, ||g||L« = 1. We can use Fatou’s lemma to obtain that

T (Vag; (@) = (Jim Vag;(2))" < (Vag(x))".
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Then
Cocnr =t ([ (Vagpt(ate)’
= ( lim/ (V,\gj)q(ac)dac>Z
j—oo Jrn
(23) = </ lim (VAgj)q(x)dx)a
Rn J—>00

> ([ o)’

> Cr,a,8,p,4' lgllLe = Cn,a.B.pq -

Therefore, by ||g||« = 1 and (23], one concludes that g is actually a minimizer of
). This completes the proof of Theorem 21

4. THE PROOF OF THEOREM [3]

In this section, we consider some asymptotic behavior of positive solutions for
the weighted integral system ([I0]). We first prove the following lemma.

Lemma 14. For «, 8, p1, p2, and X > 0, let (u,v) be a pair of positive Lebesque
measurable solutions of (I0). Then

(24) /Rn(l + [y P2 () |yl dy < oo, / (L+ yM)u™ (y)|y|*dy < oo,

Rn

and for some constant C1,Cy > 1,

u(x)

||

<o), AP < <ot .

(25) o [P

1
—(1 M <
G+l <

Proof. We only deal with

(26) L e < M ot
o ||

and

(27) L sl iy < .

Since (u,v) is a pair of positive Lebesgue measurable solutions of (I{), we have
meas{z € R"|u(x) < +o0} >0, meas{z € R"|v(z) < +o0} > 0.
Moreover, there exists R > 1 and some measurable set E such that
E C {z e R"u(z),v(xz) < R} N Bg

with [E| > +.
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For |z| > 2R > 2,
||

— [ =Pl

l‘)‘ v P2 B
o) zc/E<1+| Yo 72 () |yl dy

> O(1+ 2 )R [E 1yl dy

> Cr(1l+|z|").

: / & — yylPdy
E
—p2

> g / & — y Py
L+ (2R)A BEn{jz—yl<|yl}
1
+ —R*PQ/ [P dy
1+ (2R)* En{ja—yl>yl}

For 0 < |z| < 2R,

u(z)

1
> R
[zl (1+[z) — 1+ (2R)
1

c A48
> 71%_”2(]50 —y| <
> T 2Ry [E0{lz -yl <yl

+ 1B 0 {le -yl = )

Co Cpy—1—2E8
>0 __poe ol
1+ RN

Then, for any x € R™ \ {0},
u(x) 1 A
> —(1 .
S > (1l
Thus we obtain the left-hand side of the inequality in (20]).
Similarly, for any « € R™\ {0}, we also have
v(z) 1 A
29 > —(1 .
(20) 23 > S+ el
Next, we show that
[ s @y < o
Rn
There exists some & € E \ {0} such that
@) = [ el =P wlylPdy < .
Moreover,
[ Pty
<Cs [z =y (y)lylPdy + Cs |z —y*o7P2 (y) Iyl dy

lyl<3lzl ly|>2z|
+/ (1+ |y P2 (y)|y| dy,
Llz|<|yl<2|z]

which combines with (29), and we obtain (21).
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For z € R™\ {0},

U((E) = M —Dp2
Jolo (T +J2]*) /Rn A+’ (y)lyl dy

< / (1+ [y )o P ()l dy < +oo.

Then the right-hand side of the inequality in (26) follows from (27) and @0). This
completes the proof of Lemma [I4] |

(30)

Now, we start our proof of Theorem Bl The proof is carried out in two parts.

Part 1. We show the asymptotic behavior of u,v around infinity.
For |z| > 1, by Lemma [[4] we have

I:vI_A/]R 2 — yPylPo P2 (y)dy < CA/ (14 [y~ P2 (y)ly| dy < o0

n

and

o [ o= yPlyita )y < O [ (e iy < o
]Rn R’Vl
Then, we can apply the dominated convergence theorem to obtain

u(x) ) e _
()\Jra = lim 2|7 “/ |22 — y| M|yl v P2 (y)dy
RTL

|z| =00 |{E |z|—o00

= lim |x|_’\/ |z =y Myl v P2 (y)dy
R7l

|z|—o00

= [ ey

and

v . I —
@) _ i [ors / 2Pl =yl *u P () dy
R‘n

|z|—o00 ‘$|)‘+B o |z] =00

= lim |;v|_)‘/ | = y[My|“u (y)dy
]Rn

|z] =00

- / P ()] dy.

Then we accomplish the proof of Part I.

Part II. We show the asymptotic behavior of u, v around the origin.
For 0 < |z| < 1, by Lemma [[4] we have

[ =P lly < 0y [ @+ e @y < oo

n

and
/R @ — g u? ()| *dy < Cx / (1+ Iy () |yl dy < oo.

Then, we employ the dominated convergence theorem to obtain

u\xr . _
) _ iy [ o=ty

m =
lz|=0 2| |2[=0

= [ oy
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and

lim % = lim |z — y[PuP (y) |y|“dy

|2|—0 | || =0 Jgn
- / P ()l dy.
]Rn

This accomplishes the proof of Part II.

5. THE PROOF OF THEOREM []

In this section, we will prove Theorem [l For A, v, va, p1, p2 > 0, assume that
(u,v) is a pair of positive solutions of the following integral system:

uw(@) = [ou o — y[Myl2o7P2 (y)dy,
(31) {v(m) = o le — Pl aP (y)dy.

We can apply the integration by parts to obtain

/ |z|"u P (x)(z - Vu(x))de
Br

1 / .
= x|z - V(u P (2))dx
= [, e v @)
1
= / ulfpl(ac)RH”lda—n_'—Vl/ |z ut P () de.
1—p1 Jog, 1—p1 JB,

Similarly, one can also derive that

/ |x|"207P2 (z) (2 - Vo(x))dx
Br

1
= / VP2 (2) RM 2 do — M/ 2|20 P2 (2)da.
1—p2 JoBs 1—p2 Jp,

By Lemma [[4] we have

/ || u P (2)de < oo, / 2|20 P2 (2)dr < oo.
Then, there exists R = R; — +o0 such that

Rt / utP (x)do — 0, RtV / vl P2 (x)do — 0.
8BR 8BR

Therefore, we get

/ |z w P (x) (z - Vu(z))de + / |z]"2v7 P2 (z)(x - Vo(z))dz
Rn Rn

__ntn / |z ut P (z)do — ntve / |lz|"20! P2 (z)da.
1-— P1 n 1 — P2 n

(32)
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On the other hand,
/ |z]" u P (x)(x - Vu(x))dx

A [ [ we @ le = PRl @) ) dyds

A A—2 v vy, — —
=5 [ |z (@=ylz =y el |y uP ()T (y)dyde

A — v vi,,— —
5 [ [ v =l =Pl ()0 o) dady.

One can also derive
/ |x|"2v7 P2 (z)(x - Vo(z))dx
A [ [ ae @ le PRl gl @ () dyds
=5 [ el =P @ )y
w5 [ [ v =l - gl ul e () o) dady.

Applying Fubini’s theorem, we have

/ o u P (@) (@ V(e ))d:v+/ ]2 072 (2) (z - Vo(z))da
/n/ Iz — y| M| |y[“ o P (2)u P (y)dady
T2 / / & =yl |y 072 (y)u P (x)dady

=A || ut P (z)dx
R’!L

:)\/ 2|20 P2 (2)da.

: n+v n4+ve __
Then by ([B2), we derive that i e

6. THE PROOF OF THEOREM [7]

In this section, we use the stereographic projection to establish an equivalent
form of the reversed Stein—Weiss inequality () on the sphere S™ in the case of

¢ =p
Let S : 2z € R" = ¢ € S"\ {(0,0,...,—1)} be the inverse of a stereographic
projection, defined by
21’1’ . 1- |$|2
= fori=1,2,...,m; &piy = .
ST e O I e

For z, y € R™ and £ € S", one can refer to [30,[31] to obtain

4|z — y|? 3 2 n
1561 =560 = (Trapyarpm) » %= (TrEp) @
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For \, a, 8 >0,¢ =p= 2n+>%++5’ & nesr fe LR, and g € LP(R"),
define
9 —2ntidatp
F(§) = (W f(z),
2 7277,-%—)\;—11-%—[* 1 g
R~ () () e
WO =T p e/ I
9 —2ntidatp
G(n) = (W 9(y),
p \-miyer | g
et = (=2 ()

where z = S71(¢),y = S~1(n). Direct computation leads to

/ , 2 _q/2n+)\2+a+5 2 n

F(&)|7d¢ = (e i) @
[ rorac= [ 1r@r () (t5p) @
- / (@) da
and
2 _p2n+A;—a+ﬁ 2 n

Gn)Pdy = (e TrweE) ¢

[ iemran= [ P () (pm) @

— [ latw)pas

Recall the reversed Stein—Weiss inequality in R™:

/ / 2%z — y[* f(2)g (W) ly|° dedy > Crap.p.q 1| Lo 9]l e
R JR™

where p, ¢’ € (0,1), a, 5, A > 0 such that %—i— 1 _ odBid _ o

q n
In the case of ¢’ = p, we can apply the stereographic projection to obtain

/n . € — S(0)]%|€ — n|*FL(€)G1(n)|n — S(0)|Pdedn
| ‘2 d oy \3 _atas

/w /n 1i£lc|gc|2 ((1+|4x952)(1y+y|2)> (1+2\x|2> f(z)

() (o) :

g(y)(1+|y2);<1iy||y|2> dedy
= [ [ laleie = P gl dody

> Copp [ 1@ o) “’( [ o)’
=Cnappa /|F |qdf /|G |pd77 p.

This accomplishes the proof of Theorem [71
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7. THE PROOF OF THEOREM

In this section, we also give an equivalent form of Stein—-Weiss inequality (@) on
the sphere S™ in the case of ¢’ = p as we did in Section 6.
Recall the classical Stein—Weiss inequality in the whole space R™,

B [ el =y @yl dady < o 51 ol

where p, ¢/, a, 3, and )\ satisfy the following conditions:

1 1 a+B+A

; 2, = +-2=21
¢ p n

bR

1
q

a+ >0, oz<ﬁ, 6<2 0<A<n.
q

P’
In the case of ¢ = p = 2717)?—7:0475’ for &, neS" fe Lq/(]R”), and g € LP(R™),
define

9 _2n—-X-a-8

H(§) = (TW) ’ f(@),

me - () (o) @
T(n) = (ﬁ _%dfiﬁg(y),
Ti(n) = (ﬁ)i T (ﬁ)gg(y),

where z = S71(¢),y = S~1(n). Direct computation leads to

2 _/2n=A—a—f 2

/n [H(€)|7 de = . If(w)lq'(m) b (W)ndw
~ [ 1@l

and

2 _n2n=A—a-—_ 2

[raran= [ ()" ()
— [ latwpras
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This together with Stein—Weiss inequality (34) and stereographic projection
yields

(35)
/ / € = S(0)]7*|& = 0| H1(§)T1(n)n — S(0)|Pdédn

z|?2 \~% xz —yl|? -3
- L GE) Gramdsns) Gap) 7@
() (op) ) (p) e
= [ el =l @atlal ey

< Cocnsar ([ @1a)7 ([ latway)’
= Cocnsar ([ 1O a6)7 ([ 1))

This completes the proof of Theorem
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