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ABSTRACT. In this paper, we establish the LP estimates for the maximal functi-
ons associated with the multilinear pseudo-differential operators. Our main
result is Theorem 1.2. There are several major different ingredients and extra
difficulties in our proof from those in Grafakos, Honzik and Seeger [15] and
Honzik [22] for maximal functions generated by multipliers. First, in order to
eliminate the variable x in the symbols, we adapt a non-smooth modification
of the smooth localization method developed by Muscalu in [26, 30]. Then,
by applying the inhomogeneous Littlewood-Paley dyadic decomposition and a
discretization procedure, we can reduce the proof of Theorem 1.2 into proving
the localized estimates for localized maximal functions generated by discrete
paraproducts. The non-smooth cut-off functions in the localization procedure
will be essential in establishing localized estimates. Finally, by proving a key
localized square function estimate (Lemma 4.3) and applying the good-\ ine-
quality, we can derive the desired localized estimates.

1. Introduction. A n-linear Fourier multiplier T;, given by symbol m is defined
as follows:

Tl @)= [ m@c= @ g fue)ds, ()

where ¢ = (£1,-++,&,) € R™ and f,--- , f, are Schwartz functions on R
From classical Coifman-Meyer theorem (see [6, 9, 18, 23]), we know if m satisfy
Hormander-Mikhlin conditions:

|gm(€)] < Calg] ™1 (2)
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for sufficiently many multi-indices «, then the operator T,, extends to a bounded
n-linear operator from LP'(R?) x --. x LPn(R?) into LP(RY), provided that 1 <
P1,c P < 00 and % = p% 4+ 4 p%' Let T, be the corresponding bilinear pseudo-
differential operators defined by replacing m with a in (1), where a € BSY ((R3%),
that is, a satisfies the following conditions:

10308 02 a(, &, )| < Caarsr (1 + €] + Inl) 1117 )

for sufficiently many multi-indices «, 8,~. Then by bilinear T'1 theorem (see [6, 18]),
T, is bounded from L?(R%) x L4(R?) into L"(R%), provided that 1 < p,q < oo and
1= % + % (see [4], and see [2, 30] for d =1 case). In the multi-parameter settings,
C. Muscalu, J. Pipher, T. Tao and C. Thiele [28, 29] proved the L? boundedness for
general multi-linear and multi-parameter Coifman-Meyer multipliers by using time-
frequency analysis (see also [7]). The second and third author of the current paper
proved in [12] that the same L? estimates as in [28, 29] also holds for multi-linear and
multi-parameter pseudo-differential operators. For more literature involving esti-
mates for multi-linear, multi-parameter multiplier operators and pseudo-differential
operators, see e.g. [1, 6, 8, 16, 18, 21, 19, 20, 23, 24, 25, 27, 30, 31] and references
therein.

M. Christ, L. Grafakos, P. Honzik and A. Seeger [5] constructed an example which
shows that a family of N Mikhlin-Hérmander multipliers on R? that satisfy uniform

estimates forms a maximal operator MM(f) := sup, ;< x |F~*[mf]| whose LP norm
is at least O(y/log(N + 1)). Given N Hoérmander-Mikhlin multipliers mq,--- ,my
with uniform differential estimates, L. Grafakos, P. Honzik and A. Seeger [15] also
proved an optimal O(y/log(N + 1)) upper bound in L? for the maximal function
M. For more literature on the boundedness of maximal operators, please see e.g.
[11, 13, 14, 33] and references therein.

In the bilinear setting, P. Honzik [22] considered the maximal bilinear operator

M(f,9)(x) = sup [T, (f 9)(2)], (4)
1<j<N
where T}, ; are the bilinear Coifman-Meyer operators with symbol m;, and m; satisfy
0gm;(§)] < Calg]™1! (5)
for sufficiently many multi-indices o and uniformly in j =1,2,--- , N. He proved

Theorem 1.1 ([22]). Let 1 < p,q < o0 and % < r < oo satisfy % = %+ é, then the

bilinear mazimal operator M defined in (4) satisfies the estimate:

1S, 9)llr < C/log (N +2) [ f 11194 (6)

for all functions f € LP(R?) and g € LY(R?). Conversely, for any N > 1 there is a
family of symbols m; satisfying (5) uniformly and two Schwartz functions f and g

such that
I9(f, 9)ll» > C/log (N +2)[ flIpllgllgs (7)

where the constant C' is independent of N.

The above Theorem 1.1 can also be extended to general n-linear case (n > 3).

The purpose of this paper is to prove the pseudo-differential variant of the LP
estimates for the maximal operator 9. For simplicity, we will only consider the
case d = 1 and n = 2 in this paper. However, it will be clear from the proof that
we can extend the argument to the general n-linear settings straightforwardly.
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Suppose that a;j(x,&,n) € C(R?) is a symbol satisfying

‘33‘9?55%(%5777” < Capy(1+ €]+ |17D—\<¥|—\BI (8)

uniformly in j, for j = 1,2,--- | N. Let M be the bilinear maximal operator defined
by
M(f,9)(x) = sup |T,,(f,9)(x)]. (9)
1<j<N

Our main result in this article is the following theorem.

Theorem 1.2. Let 1 < p,q < oo and 1/p+ 1/q = 1/r. If a family of bilinear
symbols {a]} ", satisfies (8) uniformly in j, then the associated mazimal operator
M satisfies the estimate:

[M(f, 9)ll» < Cv/log(N +2) [ fllpllgllq (10)

for all functions f € LP(R) and g € L4(R). Moreover, the constant O(1/log(N + 2))
in the bound is optimal in the sense that we can find symbols {a;} satisfying (8)
uniformly such that

[M(f;9)llr = Cv/1og(N +2)|[flpll9llq (11)

for some function f € LP(R) and g € L(R).

Before starting the proof of our main result (Theorem 1.2), we would like to
give a brief overview of the ingredients in our proof strategy and indicate its ad-
ditional difficulties due to our variable coefficient settings compared with the LP
boundedness proved by L. Grafakos, P. Honzik and A. Seeger [15] for maximal
functions of Mikhlin-Hérmander multipliers and P. Honzik [22] for maximal functi-
ons of multi-linear Coifman-Meyer multipliers. First, since the derivatives with
respect to variable = do not affect the uniform estimates (8) for symbols {a;}7";,
by using the idea from C. Muscalu in [26, 30] (see also [12] in multi-parameter set-
tings), we can essentially reduce the proof of Theorem 1.2 for r > 1 into proving a
localized estimate (see (30)) for the localized maximal function MO generated by
bilinear Coifman-Meyer multipliers. What deserves to be mentioned is that, we use
non-smooth cut-off functions in the localization procedure, which is clearly different
from the localization used by C. Muscalu [26, 30] and will be essential in our subse-
quent proof (for instance, the localized square function estimate, see Lemma 4.3).
Then, by applying the inhomogeneous Littlewood-Paley dyadic decomposition, we
can bound the localized maximal function M" pointwisely by a summation of four
localized bilinear maximal functions MO (t=1,---,4, see (31)), in which the loca-
lized maximal functions /\/l1 and /\/l can be reduced further into localized maximal
functions ./\/l? and /\/l3 generated by discrete bilinear paraproducts (see (37) and
(38)) by a standard discretization procedure (see [28, 30]). Therefore, the proof of
Theorem 1.2 can be finally reduced into proving the localized estimates (39) and
(40) consisting of a auxiliary bilinear operator G (see (21)) for the “high-high”
frequency part /\797 “low-low” frequency part ME{ and the “high-low” frequency
part Mv? Second, we apply the localized bilinear paraproduct estimates (Propo-
sition 1, for the proof, see [26, 30] and see also [12] for bi-parameter case) and its
variants (see Remark 1) to prove estimate (39) for the localized bilinear maximal
functions Mg and MZ, moreover, we also use the nonnegativity assumption on
the non-lacunary family of L?-normalized bump functions (¢3)7ez in the estimate
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of Mvg The third key ingredient in our proof is that, through a careful observa-
tion and analysis, we can establish a localized square function estimate (Lemma
4.3), which indicates that the martingale square functions (see (57)) of the localized
“high-low” frequency paraproducts A; (see (53)) are monotone with respect to the
corresponding starting levels and can be controlled pointwisely (and also uniformly
in j) by the localized auxiliary operator Gs. Then, by using the key Lemma 4.3, the
good-\ inequality (69) (see [10]) and a refined estimate on the measure of the set
{z €Iy : supicjcn [E-n(A(f, 9)x10)| > 27NN} (see (71) and (72)), we can finally

derive the localized estimate (40) for /W? Once the upper bounds in Theorem 1.2
have been established for r > 1, we can cover the % < r <1 cases by using the
endpoint weak type estimates (see Proposition 2) and multi-linear interpolations.

The rest of this paper is organized as follows. In Section 2 we give some useful
notations and preliminary knowledge, in particular, we reduce the proof of the main
Theorem 1.2 into proving a localized estimate for the localized maximal function
MO generated by bilinear Coifman-Meyer multipliers. In Section 3 we carry out
the proof of the localized estimates (39) for the “high-high” frequency part /\73 and
“low-low” frequency part Mg in the decomposition (31). Section 4 is devoted to
proving the localized estimates (40) consisting of a auxiliary operator G for the
“high-low” frequency part JT/l/(lj in the decomposition (31). In Section 5 we will first
derive the upper bound by using the endpoint weak type estimates and multi-linear
interpolations, then we give a counter-example that indicates the upper bound
O(4/log(N + 2)) is also optimal, which completes the proof of our main theorem,
Theorem 1.2.

2. Notations and preliminary results. Let S(R) denotes the space of Schwartz
functions, and S’(R) denotes the space of tempered distributions. The Fourier
transform f and the inverse Fourier transform f of f € S (R) are defined by

FIE) = f(o) = /

R

e 2 f(2)de  and Flf(x) = f(z) = / 2T f(€)dE.

R
Let ¢ € S(R) such that suppp C [—%,%] and ¢ = 1 on [—%,%], and define
V(&) = p(5) — (&) Then supptp C [~5, —

define gy, ¥y by

[—2,=3]U[3, 8]. For every integer k > 0, we

s =0(L). e =3(5) (12)
We use the convention 1_1 (£) := $(€), then it is easy to see

Ur(€) = 1. (13)

Then we have the following inhomogeneous Littlewood-Paley dyadic decomposition
for arbitrary function f,g € §'(R):

F=Y" fxthn, g= > gxtb,. (14)

k1>—1 ka>—1
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Furthermore, we have Bony’s paraproducts decomposition of the productf - g:

Frg= D (Fxvn)(gxtn,) (15)

k1,k2>—1

:{ oo+ >+ > }(f*wkl)(g*d}kz)

—1<k1<ko—2 —1<ka<k1—2  ky,k2>—1,|k1—k2|<1

=D (Fr@e)gxwn) + Y (F #vu) (g% @)+ Y (F * v¥e) (g * v)

k>1 k>1 k>0
H{(fxp)g*x )+ ([ xP)g*xp) + (f*p)(g*p)}
= (f,9) + T (f, 9) + Tpa(f, 9) + u(f, 9),

where fk(é) = ¢r-1(8) = 92(2%) for any k > Laﬁ(f) = $(2€), and

dhi= Y e (16)
|k—k'|<1,k'>0

for any k£ > 0.

Definition 2.1. For J C R an arbitrary interval, a smooth function ®; is called a
bump function adapted to J, if and only if the following inequalities hold':

1 1
100 ()] Siar
~" |J‘l dist(x,J) M
(1+ . )

(17)

for every integer M € N and for sufficiently many derivatives [ € N. If ®; is a bump

adapted to J, we say that |J |’%<I> 7 is an L?-normalized bump function adapted to
J.

Definition 2.2. A family of L?-normalized adapted bump functions (¢7); is said
to be nonlacunary if and only if for every I one has

supppr C [—4|117H, 41171

A family of L?-normalized adapted bump functions (¢;); is said to be lacunary if
and only if for every I one has

_ _ 1 1, _
supppr C [ — 4|1 1,—1|1| 1}U[i|l| L4,

Definition 2.3. Let Z be a finite set of dyadic intervals. A bilinear expression of
the type

ZCI (o0 91)¢] (18)

Iel

is called a bilinear discretized paraproduct if and only if (¢7); is a bounded sequence
of complex numbers and at least two of the families of L2-normalized bump functions
(¢%)1 for i =1,2,3 are lacunary in the sense of Definition 2.2.

IThroughout this paper, A < B means that there exists a universal constant C' > 0 such
that A < CB. If necessary, we use explicitly A Ss.,... x» B to indicate that there exists a positive
constant Cy,... » depending only on the quantities appearing in the subscript continuously such
that A < Cx,... «B.



888 JIAO CHEN, WEI DAI AND GUOZHEN LU

Now we will use the idea from C. Muscalu in [26, 30] that the proof of Theorem 1.2
can be essentially reduced to establishing a localized variant of the LP boundedness
for maximal function of bilinear Coifman-Meyer multipliers proved by P. Honzik
[22]. We will proceed as follows. First, pick a sequence of characteristic functions
{x1, }nez with I, = [n,n+1). Then one single bilinear pseudo-differential operator
T,; can be split as follows:

T, => 10, (19)
neZ
where
T (f 9)(x) == T, (f, 9)(@)x1, (). (20)

We define the auxiliary operator (see [22])

N o\ /2

Go(f.9)(@) 1= | 30 (MM (M (e f)) (M) | (21)
k

where M denotes the Hardy-Littlewood maximal function and M,(f) := (M(|f |5))%

By the Littlewood-Paley theory and Fefferman-Stein inequality, we can derive

the following estimates for the bilinear operator Gj.
Lemma 2.4 ([22]). Assume that 1 < s < min{r,2}. Then we have

1Gs(fs )lr S M fllze - llgllze, (22)
where%=%+%<1 andp>1,q>1.

Now we define

M™(f,9)(z) == sup [T7 ([, 9)(@)]

1<j<N
and claim that for every n € Z, one has the following localized estimates:

M (f, DllLrw) S XL e lgXz, |Le®) + V9og NG (f, 9)xr, |lLr®),  (23)

- 11,1 - dist(e,1,)) 00
provided that 1 < p,q < oo and = = 5+ where X7, (z) := (1 + T)

and constant C' in the bounds are independent of N and n. Suppose that we have
proved the claim (23), then by Hoélder inequality and Lemma 2.4, we have for r > 1,

1
r

IMCF )y S (D IM 9wy (24)
nez
(IRl lgxliz) " + Vieg NS 16 (f o)
nez nez

SO Ixnl)" (X laxelg.) * + Viog NIGs(f. 9)ll s
nezZ neE”Z
SVI10g(N +2)|| fll e @) ll9llLa )

where we have used the convergence of series ), -, k~° for s > 1 to obtain the last
inequality. The estimate (24) yields the upper bound in our main Theorem 1.2 for
r > 1. Therefore, from now on, we only need to prove the claim (23).

To this end, fix some ng € Z, we have

7 (f,g)(x) = / 450,61 ()1, ()OI Dy (25)
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for every j = 1,---, N, where ¢,, is a smooth function supported on the interval
[no—1,n9+2] and equals 1 on I,,,. Then we can rewrite the symbols a;(z, &, n)@n, ()
by using Fourier expansions with respect to the x variable:

a; (2, & m)Pno () = > my (&, m)e*™ . (26)
LeZ

By integration by parts, the condition (8) guarantees that

1 _ 1
(T+ DM (T4 [€] + [n])l

10%m;. (&, m)| < (27)
for a sufficiently large number M and sufficiently many multi-indices a. Observe
that the rapid decay in [ in the estimates (27) for Fourier coefficients is acceptable
for summation, thus we only need to treat the maximal operator corresponding to
I = 0, which is given by

MG (f.9)@) = sup [T55(F.9)(@) (28)
<G<
= swp | [ mjo(&m) f©ame = Dagdn - xi, (@),
1<j<N ' JR?

where the multipliers m; o satisfy

1

0% ms0( &M S G e

(29)
uniformly in j =1,--- | N.

The operator M{° is simply a localization of the maximal Coifman-Meyer bi-
linear operator investigated by P. Honzik in [22]. By translation invariance, we
can also assume that ng = 0, that is, in order to prove our claim (23), we only
need to prove the following localized estimates for the localized maximal operator

MO = MS:
IMOCF, )y S N X1oll Lo ) 19X 16 | Lagry + V1og NIGs(f, 9)x10llLr @), (30)

provided that 1 < p,q < oo and % = ]% + %

Next, we will decompose the localized bilinear maximal function Ma( f,g) into
a finite summation of maximal functions of localized bilinear discrete paraproducts
(see Definition 2.3) by applying the inhomogeneous Littlewood-Paley decomposition
(see (14), (15)) and a standard discretization procedure (see [28, 30, 12]). We will
proceed this procedure as follows. First, by using the inhomogeneous Littlewood-
Paley decomposition, we can split one single symbol m; ¢(§) into four terms:

m;o(§;m) =m;o(§,m) Z Gu(&) () +myo(&m) Y hi(€)di(n)

>1 >1

+mo(&m) > D€)di(n) +myo(&m{@(€)d(n) + P(€)@n) + ¢(€)@(m)}-

1>0

Therefore, by splitting the symbol m; o as above, we can decompose the localized

bilinear operator T/ 5 := Tm o into a sum of four localized bilinear operators as
5,0



890 JIAO CHEN, WEI DAI AND GUOZHEN LU

follows:
7,509 = X [ (mial6td(©3im) F(amer= gy xa, )
>1
+ 3 [ (mia(em(©intn) FOam=dsdy (o)
>1
3 [ (sl min@dm) F@atme= =€ ey - (o
>0

[ maoem) [0 + 92 + HESm] FOIEE Ve, o)
=T G0+ T2 (F.0)+ TS §(70) + T (f.0).

As a consequence,

MUf.g)@) < sw [T G(f0)@)|+ sup |T2 5(/9)(x)
1<G<N 7

1<5<

+ sup T, §(f,9) @)+ sup [T 5(f,9)(x)| (31)
1<j<N ;

= M?(f, 9)(@) + MS(f, 9) (@) + MI(f, 9) (@) + MI(f, 9) ().

Since the role of variables £ and 7 are symmetric in the definition of M?( f,g9) and
Mg(f, g), by exchanging £ and 7, we can treat M?(f, g) and ./\/lg(f, g) similarly.
Therefore, we only need to deal with the localized maximal functions ./\/l(lj( 59,
Mg( f,g) and Mg( f»g) and prove localized estimates for them respectively.

Since suppih(€)py(n) lies inside a cube of side length about 2! whose distance
to the origin is also of size 2!, the smooth restriction of the symbol m;o(&,n)
to that cube (maybe supported on a slightly larger cube, and equals to m;o on

suppz[;l(g)gzl(n)), which is denoted by m;0,:(£,n), can be decomposed as a double
Fourier series:

m;o0. € 7,] Z Cj ) 27rin1£/21627rin277/2l’ (32)

7L1,TL2
ny,no€Z

where the Fourier coefficient C7!

Wi .n, are given by

Cils =2 [ mjaa(gome el e minn ey, (33)
]RQ
By taking advantage of (29) and integrating by parts, one can see that

1
0]7
Cinal S T T )™

(34)

where the constant is independent of j and M is sufficiently large.

If we apply the double Fourier expansions to the smoothly restricted symbols
mjo,:(&,n) for every | > 1, and insert the corresponding double Fourier series (32)
into the definition of T1 .3 We can obtain

Tl Z Z ngll n2 * 1/’l,n1)(9 * @l,n'z)) * 1/’1/ * XIo (LB), (35)

ni,ne€Z 1>1
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where P10, (€) == $u()e>™ ™82 Gy, (n) == Gu(m)e?™™21/2 and () : (gl)

¥ is a Schwartz function such that supp zﬂ’ C [—4, f—] U [16, 4] and 12 1o
[—%, —%] Ul —] We can deduce in a similar way that
@ = D0 DO L ((f* a9 5 Dn,)) * 0 xa(@),  (36)
ni,no€Z >0

where iy, (1) =t (n)e?™ 272 and g)(v) = ¢'(F), ¢'(7) = @(214)

Since by (34), the Fourier coefficients satisfy a rapid decay |C3!, | < W
uniformly in j for sufficiently large integer M, which is acceptable for summa-
tion. Therefore, we can fix n; = ng = 0 from now on. Then, by inserting
(35) and (36) into (31), one can easily verify that localized maximal functions
MG( f,9), M ( f,g) can be reduced to the following localized bilinear discrete max-
imal function MO(f,g) and MY(f, g):

M(Fa)@) = swp |3 =)o =) v xap(@)]. (37
SISN >y
M50 = sp | STCRU( w o i) = xn@)]. (39)

1>0

Finally, we can reduce the proof of the upper bound for r > 1 in our main The-
orem 1.2 (or equivalently, the proof of (30)) into proving the following localized
estimates for the localized bilinear maximal operators MY, MY and M§ respecti-
vely:

[IMS(f, 9)lor@) + IME(F, 9)l ey S Raoll e @) 19X 10| o ) (39)
MY D L) S Xt Lo @) 19X 10| () + V1og N||Gs(f, 9) (40)

provided that 1 < p,q < oo and % = % + %.

3. Estimates for MO and ./\/l0 In this section, we will _carry out the proof of
estimate (39) for the localized bilinear maximal operators MO and MO

For the estimate of Mg(f, g), we will use the following Proposition from [26, 30],
one can also see [12].

Proposition 1. For a bilinear discrete paraproduct

z(f,g) = Y, %(f,w}ﬂg,so?ﬁp?,

IeT,|1|<1 HE

pick a sequence of smooth functions (pn)nez such that suppp, C [n—1,n+ 1] and
> en=1, (41)

then we have the following localized estimates:

||HI(f7 g)SDnHLT(R) 5 ||f>21n Li(R)>» (42)
where the constant in bound is independent of the cardinality of T and n.

@) llgxr,

Remark 1. From the proof of Proposition 1 (see [26, 30, 12]), one can easily verify
that the following localized estimates also hold for every n € Z:

> il ehiet o],

I€Z,|11<1

. S X ee@llgXn, loawy-  (43)
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Remark 2. In fact, if we replace smooth functions ¢,, by characteristic functions
X1, in (42) and (43) respectively, then the conclusions in Proposition 1 and Remark
1 still hold true.

By a standard discretization procedure (see [28, 30, 12]), we can discretize the
classical paraproduct leo Cg:é((f * ) (g * wl)) % ¢ further into a discrete para-
product:

W(fo= S Ci—(feh g ehe, (44)

rezm< 12

where {C}} ez is uniformly bounded in j, (%) is lacunary for i = 1,2 and non-
lacunary for i = 3. Therefore, in order to obtain localized estimate for M$(f, g),
it’s enough for us to investigate the following maximal function of localized bilinear
discrete paraproducts:

i1
> Ci—z(f,ene.enet - xu| (45)

I€T,|1|<1 HE

Mi(f.9) = sup

1<j<N

Since (¢3); are non-lacunary, we may assume that bump functions 3 are non-
negative for every I € Z, and hence we can deduce from Proposition 1, (43) in
Remark 1 and Remark 2 that

——0 1
1M, Dllarey < sup sl | S =l @bl eDled - X,

1<j<N IeT et r<1 1)z

SHFX 1ol Le @ llgX 10 | La(r) » (46)

Lr(R)

where the constant in bound is independent of the cardinality of Z and N. We can
infer from (46) immediately the following localized estimate for M$:

IME(f, )y S I Xro e @) 19X ro | Lo Ry - (47)

Now we will prove localized estimate for the localized bilinear maximal function
MY(f,g). For simplicity, we may consider w.l.g. only one term in the defini-
tion of the operator T:, G (j = 1,---,N), for instance, the term with symbol

g

mjo(&, 77)4,5(5)1/3(77), which will still be denoted by T:;- 5 that is,
'R

T / my0(&,m)@(E)0(n) F(©)g(n)e*™ ™ M dedn -y (x).  (48)

7er7

We can deal with the other two terms in definition of 7% G (j=1,---,N)ina
g
completely similar way.

We first decompose the symbol m; o(§, n)@(€)(n) into double Fourier series:
myo(EmPE)n) = D O, n, €T MEETIIG(E) (7). (49)

ni,no€”Z
By inserting the above (49) into (48), we get
LGF @) = 30 Ol (% @n) (9% Yna X0 (2), (50)

ni,n2€Z

where Gy, (€) := (€)e*™™ and Y, (n) = ¢ (n)e>r 1.
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We will only consider the case ny = ny = 0, since the Fourier coefficients C’n .
have rapid decay in n1, ng uniformly in j. The corresponding maximal operator

satisfies the following localized estimates:

| sup 1C0( + 9)g+ ),
1<G<N L

< sup |Gl - [|(F * @) (g * ¥) ool ,
1<j<N

S *@)eolle (g * )polla S I X1ollLr lgXsll e, (51)
where the last inequality is obtained by Minkowski’s inequality, ¢g,®o9 are bump
functions adapted to [—1, 1], which are supported in a interval slightly larger than
[-1,1] and equal to 1 on [—1,1]. Estimate (51) yields that

IMI(fs Dl L@y S N Ko ll e @) 19K 00 | o ry- (52)
Combining (52) with (47), we get (39) immediately.

4. Estimate for ./,\/lv(lj In this section, we will prove the localized estimate (40)
for the localized bilinear maximal operator M{. To this end, we define bilinear
operators

Aj(F.9)(x) =D CFo((f * ) (g @) * ¥ (). (53)
1>1
We have the following localized estimate for A;(f, g) from [26, 30].
Lemma 4.1. The bilinear operators A;(f,g) satisfy

1A (fs 9)xr, lor@y S Xz e @) lg9X T, [ Lam), (54)

where the constant in bound is independent of n and j = 1,--- N, 1 < p,q < 00
and % = % + %.

For the proof of Lemma 4.1 in multi-parameter settings, please refer to [12].

Before carrying out the proof for estimate (40), let us first introduce some useful
definitions and lemmas.

We define the conditional expectation operator

Buf(@) =2 Y- wila) [ fo)ds, (55)

1€Dy,

the martingale difference operator

Dy f(x) := Egy1f(2) — Ep f(2), (56)

and also define the family of martingale square functions with starting levels kg € Z:

St (D)= (3 ) (57)

k>ko

where Dy, denotes the family of dyadic intervals with length 27%. The martingale
square functions Sk, (f) are LP bounded (see [3]). The maximal martingale operator
supy, |Eg f| is pointwise bounded by M f and thus it is bounded in L? norm.
Following [15], we will introduce two convolution operators which have some
connection with the dyadic martingale difference (see [15, 22]). Suppose m is
supported in {f eR: 00—1 < |¢] < Cp}. Let b be a radial Schwartz function
supported in [—1, 1] with b(€) # 0 for Cp~' < |¢] < Co and fR x)dr = 0 and
set bi(€) = b(27%€). Pick a function 4 € C°(R) such that (b({))Q’y(g) =1 for
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Ee{eeR:Cyt <€ < Co} and set 4;(€) = 4(27%). We shall define the
notations:

The operators B; and I'; satisfy the following pointwise estimates.

Lemma 4.2 ([15, 22]). For i,k € Z, j € NU{0} and s > 1, we have

(BTif)(z)] £ Mf(), (59)
(D Bresi f) (@) < 2710/ M, (f) () (60)

and
Bt 1B £(2)] + [Ex B f(2)] S 279/ M(f)(2). (61)

By using the estimates for B; and I'; in Lemma 4.2, P. Honzik proved a pointwise
estimate for the square function in Lemma 6.2 [22], that is, the square function Sy,
of the “high-low” frequency part A; can be controlled by the auxiliary operator G
globally in = € R. Through a careful observation and analysis, we can establish the
following key estimate, i.e., a localized square function estimate.

Lemma 4.3 (Localized square function estimate). For any 1 < s < oo and for
1 < j < N, we have a localized pointwise estimate:

SO (A](fv g)XIo)(z) <S_n (A](fv g)XJN)(x) /Ss Gs(fa g)(x)XJN (l’), (62)

where the constant in bound is independent of j = 1,--- N and the interval Jy :=
[0,2].

Proof. Since k > —N in the definition of the martingale square function (57), we
have INJy = 0 unless I C Jy for any I € Dy. By the definitions of the martingale
difference operator Dy and the conditional expectation operator Ei in (55) and (56),
we have for k > —N,

Dk (A (f, 9)Xn) = 2’“[<2 > - )Xl(x)/IAj(fa g)xJNdy] (63)

I€Dyy, IEDy

=2kt Y XJ(x)/IAj(f,g)dy—Qk > Xf(x)/IAj(f’g)dy

I€Dk 41, ICTN T€Dy, ICTN
=Er41(A;(f, 9))xun — Ee(A;(f, 9))xan = Dr(A;(f, 9)) X -
Thus we can infer from the definition of the martingale square function (57) and
(63) that
S_n (A (f 9)xan) (@) = S—n(A;(f, 9)) (@) - X (), (64)
combining this with the pointwise estimate S_n(A;(f,9))(x) Ss Gs(f, g)(x) proved

in Lemma 6.2 [22], we get the second inequality in the localized pointwise estimate
(62):

S_n(A;(f,9)xn ) (@) Ss Gs(f, 9) (@) Xy (@) (65)
In particular, for any = € Iy C Jy, we can deduce from (55) that for k£ > 0,
(b)) =2 3 @) [ Aoy (66)

I1€Dy, ICIN, INTo#D

=2 o) [ A9y = Bals (.9 ),

I1€Dy,, ICI
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and hence, (66) combining with definitions (56) and (57) yield that
So(A;(f 9)x1) (@) = So(A; (f; )X ) () (67)

for every € Iy. One can observe from the definition (57) that So(A;(f, 9)xsn) <
S_n(A;(f, 9)X7w ), s0 we can deduce from (65) and (67) that

So(Aj(f,9)x10) () < S_n (A (f,9)xun ) () S Gs(f,9) @)Xy (x)  (68)

for every x € Iy. Since one can also verify that So(A;(f, 9)x1,)(x) = 0 for any z € I§,
combining this fact with (65) and (68) conclude the proof of Lemma 4.3. O

Now we are ready to prove the localized estimate (40) for /T/l/?( f,g) in the case
r > 1. For that purpose, we will make use of the following good-\ inequality from
[10], which states that

HSt}ip [Erf —Ero f| > 203 N {Sk, (f) <eA}| < Ce_cd/ezl{sgp [Exfl > A} (69)

for any A > 0 and 0 < € < 1. The inequality is stated for a martingale inside unit
cube in R%, but it is clear that it can be extended to one-sided martingale starting
at any level kg.
First, notice that for = € I,
Eo(A; (. 9)x1,) (@) = 2VE_y (A;(f, 9)x1) (@), (70)
we can deduce from Lemma 4.3 the following estimate:

{MO(f,9) > 40} (71)

N
<3 [t € do s 185(F 90 = 2VE-n(A(£.9)x00)| > 2A, Galf,9)(@) < e}
j=1

+ |{G9(fa g)Xlo 2 6>‘}| + ‘{‘T €lp: Sup |E—N(Aj(f7g)XIo)| > 21*N>\}‘
1<j<N

<y

1<j<N

G = N + [ sup (B n (A (Fa)xn)x | > 27V}
VS

>

{sup| kf Dy(A; (£, 9)x1,)
=0

> 2} (S (A (Fhn) < Cuch)
k>0

{ sup ‘ kil D (A;(f, 9)x10)
1=0

> 2} 0 {50l (9D < Ceehl

1<j<n | k20
+|{Gs(f,g)><1026/\}|+‘{ sup ‘ A (f,9)(y)dy - X1, >2A}‘~
1<j<N Iy
VCq

If we take € = AT multiply r4” A"~ and then integrate on A in both sides
of (71), then we can deduce from the good-A inequality (69) and Lemma 4.1 the
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following L™ norm estimate for r > 1:

M0l S5 3 1M 90xa) e + VIOBNIGL(f. )l

1<j<N

sw | [ 490y,
Ip

1<]<N

SVlog N||Gs(f, )XIOIILr+ sup 1A (f, 9)x1,|
SV 1og N|IGs(f,9)x1,!
SVIog NGs(f, 9)x1ollr + 1 f Xl 2o [l9X 1o [ e (72)

from which the localized estimate (40) follows.

L+ sup ’/1 Aj(fvg)dy’

1<j<N

LT'+||fXIO||LP||9XIo||Lq+ sup [|A;(f, 9)xrollnr
1<j<N

5. End of the proof for Theorem 1.2.

5.1. Upper bound. Combining the estimates (39) and (40), we have proved the
upper bound part of Theorem 1.2 in the cases » > 1. In order to cover the cases
% < r < 1 in Theorem 1.2, we need to prove an endpoint weak type estimate
for L' x L' — LY?°°_ Once such endpoint weak type estimate was obtained, by
standard multi-linear interpolation argument (see e.g. [17, 30, 32]), we can finish
the proof of the upper bound in Theorem 1.2 for general r > %

The following proposition allows us to deduce the endpoint weak type estimate
with the same upper bound O(y/log(N + 2)) from the L™ (r > 1) estimates derived

in Sections 2, 3 and 4.

Proposition 2. Assume that we have a countable family of bilinear smooth symbols
{a;} such that the condition (8) is satisfied uniformly for all a; and the associated
bilinear mazimal operator M is bounded from LP(R) x L1(R) into L"(R) by a con-
stant A for some 1 < p,q,r < 0o satisfying % = %—G— %. Then, the maximal operator

M is bounded from L*(R) x L*(R) into LY/ (R) with the norm at most a multiple
of A+ B, where B is a constant depends only on the constants from the condition
(8).
Proposition 2 has been proved in the case of maximal function given by a family
of bilinear Coifman-Meyer multipliers {m;} satisfying estimate (5) uniformly in [22]
(see Theorem 8.1 therein). The main tools of the proof in [22] are Caldrén-Zygmund
decomposition and the following estimates for distribution kernels K; = F _1(mj)7
that is,
07K (w1, 22)| S (|21] + [a) 24P (73)
for any j and multi-index |5| < 1. Now, in the case d = 1, if we define distribution
kernels R
K; = F(ay), (74)
where {a;} is the family of symbols of bilinear pseudo-differential operators sa-
tisfying (8) uniformly given by Proposition 2, then we can also obtain the same
estimate as (73), that is,

|07 K (w1, 22)] S (2] + |a2]) 2417 (75)

for any j and multi-index || < 1. For the proof of estimate (75) in details, please
refer to [1]. Therefore, the proof of Proposition 2 will be completely similar to the
proof of Theorem 8.1 in [22], so we omit the details here.
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5.2. An example with sharp lower bound. In [22], the author also provided
an example of a countable family {m;} of bilinear Coifman-Meyer multipliers, such
that the L™ norm of the corresponding maximal operator 91 larger than C'v/log N
with C' independent on N. More precisely, fix a smooth function ¥, such that

suppyp C [—1, 1] and ¢(¢) =1 for every |£| < 1/8, then one can verify the symbols

m; (&1, &) : Zy 275G ) (27 — 1) (76)

satisfy the estimate (5) uniformly in j, where j(k) denotes the k-th digit of binary
representation of j. Then, one can take a smooth non-zero function ¢ with suppg C

[—%, 5] and f:= *1(2221 H(€ —2%)) as test functions, where [ is the integer such

that 28 < N < 21, For the maximal operator M associated with the first N
symbols of {m;} and text functions ¢ and f, the following sharp lower bounds
hold:

I9M(f, &)llr 2 VIog NI fll e [[#]] La- (77)

In our variable coefficient settings, if we simply consider a countable family {a;}
of smooth symbols that are independent of the variable x, more precisely, if we take
a;(x,&1,&) = m;i(&1, &) (j = 1,2,---) and the test functions f, ¢ constructed as
above, then one can easily infer from (76) that such {a;} do not have singularity
at the origin of Rg and hence satisfy the estimate (8) uniformly in j, and it follows
from (77) that the maximal functions M(f, ¢) associated with the first N symbols
of {a;} also satisfy the following sharp lower bounds:

MU Dz 3= || s 1o, (5 @I, ) 2 VIENI oDl (79

This concludes the proof of Theorem 1.2.
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