HEAT KERNEL ANALYSIS ON INFINITE DIMENSIONAL
GROUPS

MARIA GORDINA

ABSTRACT. The paper gives an overview of our previous results concerning
heat kernel measures in infinite dimensions. We give a history of the subject
first, and then describe the construction of heat kernel measure for a class of
infinite-dimensional groups. The main tool we use is the theory of stochastic
differential equations in infinite dimensions. We provide examples of groups to
which our results can be applied. The case of finite-dimensional matrix groups
is included as a particular case.

1. MOTIVATION AND HISTORY.

In this paper we review our results in [7], [8], [9], [11] and show how they fit
into a broader picture. In order to see the challenges this study presents, we first
review what is known in finite dimensions and for the flat infinite-dimensional case.
Our main results concern analogues of heat kernel (Gaussian) measures on infinite-
dimensional groups.

1.1. Finite-dimensional noncommutative case. The initial motivation for our
work was the following result for finite-dimensional Lie groups. It has a long history
which we address later in this section. Let G be a finite-dimensional connected
complex Lie group with a Lie algebra g. The Lie algebra is a complex Hilbert space
with a norm | - |, and we denote by {&}2"; an orthonormal basis of g as a real
vector space. By identifying g with left-invariant vector fields at the identity e we
can define the derivative

d ,
0if(9)=— | [flge"),9€GC,
t=0
and the Laplacian
Af=Y 0F

The heat kernel measure p; has the heat kernel as its density with respect to a
Haar measure dz. The heat kernel is the fundamental solution to the heat equation

9
he(z) = %A,ut(a:),t > 0,2 € G,
ot
pulayda Y, 5, (4.

IResearch supported by the NSF Grant DMS-0306468.

Date: December 14, 2004.

Key words and phrases. Heat kernel analysis, infinite-dimensional Lie groups and Lie algebras,
von Neumann algebras, noncommutative LP-space, Fock space.

1



2 MARIA GORDINA

We can define holomorphic functions on G as functions whose derivatives are
complex linear. The kth derivative D* f(e) is defined as the tensor

Denote by HL?(G, u;) the space of holomorphic functions which are square-
integrable with respect to p;. It is known to be a closed subspace. The following
identity represents an isometry between HL?(G, u;) and a certain space of tensors
over the Lie algebra g.

oo

tk
(1.1) 1152 = / (&) Pdpa(z) = IDEfe).
G

k=0

This identity was first proved by B. Driver, L. Gross for connected complex Lie
groups in [5]. In particular, if G = C", then the tensors DFf are symmetric, and
with this norm they form a bosonic Fock space (see V. Bargmann, I. Segal in [1],
2], [21]).

Our goal is to describe similar results for some infinite-dimensional groups. As
we will see later, the approach described above is not applicable in that situation,
but we will make use of the following probabilistic approach. Assume that G is
a matrix group. Then we can make sense of multiplying elements from G and
g. Instead of using the heat equation to define the heat kernel measure, we can
view this measure s as the transition probability of the Wiener process X; on G
satisfying the stochastic differential equation

dXt = Xtth,Xo =€,

2n

where Wy = > W}E; is the Wiener process on g and W} are independent one-
i=1

dimensional Wiener processes.

1.2. Finite-dimensional commutative case. The identity in Equation 1.1 has a

long history. It appeared in the commutative setting (G = C™) as follows. Consider

a system of n classical harmonic oscillators. They satisfy Newton’s equation in R"
o

m;x; = —kjxj, j=1,..n.

The corresponding quantum state space for the system is L?(R", dz) with the
Hamiltonian

1 1
= A+ |z
H =50+ g5l

Then the ground state for this Hamiltonian is

2
e_lml /4t n

¥ = (27Tt)n/47 5390 = Bgou
and the heat kernel p; satisfies

9 e—|w|2/2t
Y= pr = W
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This works if n < oo, but not in infinite dimensions where there is no analogue
of the Lebesgue measure. However, if the Lebesgue measure is replaced by the
Gaussian measure, we can extend the setting to infinite dimensions. Let us first
explain how it can be done in the finite dimensional commutative case.

— |z 2 A
Let dp: = pedx, dpy = %dz be the Gaussian measures respectively on R™

and C". By §s = ®X_oH®™ denote a bosonic Fock space, where H = C™ is
a state space of a single particle. As before HL?(C", ;) is the space of square
integrable holomorphic functions. In this situation we can describe the isometries
between the three spaces as follows. Let Hy(z) be an Hermite polynomial, then
Hy, (zj,) - ... - Hy, (x;,) form an orthonormal basis of L?(R™, p;), and thus

B (Hy, (xj,) - . Hy, (25,)) = 2% @, ... @4 k"

J1 In

_ k1 kn

St (Hy, (xjy) - o - Hi,, (25,)) =252
k}l . . k?n _ k?l kn
T(zj1 Zjn) =z, ®s...Qs ;"

The Segal-Bargmann map S; has been studied recently in different settings ([14],
[15], [16]). We concentrate on the Taylor map T since the Segal-Bargmann trans-
form for a finite-dimensional Lie group K¢ requires the inner product on the Lie
algebra to be Adg-invariant. The following diagram illustrates the maps described
above including the ground state transformation, the Segal-Bargmann transform
and the Taylor map.

L2(R", da) LA(R", )
fo L B
St
s
T
}CL2((CH7 Mt)

The Taylor map can be alternatively described as follows. First, we can identify
the kth derivative DF of a function f with symmetric tensors by

ok f
B 821‘1 82% (2)7

where {e;} is an o.n. basis of C*. Then Tf = Y, D¥f(0) is in s, is surjective and
satisfies the identity

<Dkf(z), e, ®...0¢€;)

oo

2 _ 2 _ ﬁk 2
1 Besaen, oy = [ 1) Pdm() = S HIDEFO).
Cn

k=0

This identity is a commutative version of Equation 1.1.
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1.3. Infinite-dimensional commutative case. Let (B, Hon, pt) be a complex
Wiener space, where B is a complex separable Banach space, Ho s is the Cameron-
Martin subspace (a complex separable Hilbert space which is densely and contin-
uously embedded in B), and p is a Gaussian measure defined by its characteristic
functional

/ei“’(z)du(z) = eiiH@Hi’EM,go € B* C H} -
B
By using weak Cauchy-Riemann equations I.Shigekawa and H.Sugita in [19],

[22], [23] introduced holomorphic functions on (B, ). In this case the space of
holomorphic L?(B,u) is a collection of L?(B, u)-equivalency classes rather than
functions as it was for finite-dimensional Lie groups. Still for each f € HL?(B, i)
there exists a uniquely defined regular version (holomorphic skeleton) of f on Hey.
The following pointwise estimate explains why the holomorphic skeleton is defined
only on the Cameron-Martin subspace Hcjps which is of p-measure 0.

1 2
If(h) < Hf”%%B,M)W”hHCM, h € Heu.
We will have similar pointwise estimates for infinite-dimensional groups in Section 5.

1.4. New features in the infinite-dimensional noncommutative case. Let
us list the problems that arise when we try to prove analogous results for infinite-
dimensional groups. First of all, we need a new construction to define a heat kernel
measure. For the groups we consider there is no Haar measure. Moreover, the
PDE theory is not developed enough to introduce a heat kernel as the fundamental
solution to the heat equation. To deal with this problem we use the probabilistic
approach described for finite-dimensional Lie groups earlier in this section and the
theory of stochastic differential equations in infinite dimensions. This allows us to
construct a heat kernel measure.

Another problem is how to define holomorphic functions. As we showed in [7],
[8] and [9], there might be no nonconstant square integrable holomorphic functions.
This question is related to another interesting problem which is new in infinite
dimensions. We have a choice of natural Lie algebras, and this choice depends
on the norm on this infinite-dimensional Lie algebra. By changing the norm, we
change the Lie algebra as a set making it larger or smaller. At the same time,
the Lie algebra determines the Laplacian, which in turn defines the heat kernel
measure. Note that the Lie algebra is also the set of directions of differentiation
for holomorphic functions. Thus if we choose a larger Lie algebra, the space of
holomorphic functions becomes smaller, and in some cases the space of holomorphic
square-integrable functions is trivial.

We also introduce an analogue of the Cameron-Martin subspace and holomorphic
skeletons. The Cameron-Martin group can be described as the image of the infinite-
dimensional Lie algebra under the exponential map. This image has measure 0, but
this is the set where holomorphic skeletons live.

2. NON-COMMUTATIVE LP-SPACES.

Suppose M C B(H) is a von Neumann algebra on a (separable) Hilbert space
H, that is, M is a C*-algebra which is weakly closed and contains the identity
operator I. Let 7 be a faithful normal semifinite trace on M. This means that
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is a functional on the positive elements of M satisfying the following properties for
any A,Be€ M™*

(1) 7(A+ B) =7(A) + 7(B),

(2) 7(cA) = c7(A) for any 0 < ¢ < o0, T(AB) = 7(BA),

(3) 7 is faithful means that 7(A) = 0 implies A = 0,

(4) 7 is normal means that 7(A4,) — 7(A) for any increasing net A, converging

to A in the strong operator topology,
(5) 7 is semifinite means that 7(A) = sup{r(B) : B€ M ", B < A, 7(B) < oo}.

Example 2.1. M = B(H), 7(A) = TrA is the standard trace. This is a faithful
normal semifinite trace.

Example 2.2. Abelian von Neumann algebra M = L°°(X,Q,m), where m is a
probability measure, H = L*(X,Q,m). Let 7(f) = [ fdv, where v is a semifinite
X

localizable measure on (X, ). Then 7 is a faithful normal semifinite trace.

Example 2.3. A hyperfinite I1;-factor (as the weak closure of a subalgebra of the
CAR-algebra).

Definition 2.1. Noncommutative L?(M,7), 1<p<ococ is a completion of the ideal

{A e M :7(JA])<oo} in the norm

1Al = (r(JAP)Y?, 1< p < 0,

| Al = ||A]|, the operator norm.

The elements of LP(M) may be identified with (possibly unbounded) operators
on H. It is well known that | - ||, is a norm and LP(M) is a normed vector space.
This norm has the properties

(2.1) 1A% = WIlAlll> = [[Allp, [ABll, < [Allpl|Bll, A € L*(M), B € M.

Example 2.4. M = B(H), 7(A) = TrA. Then LP(M, 1) is the pth Schatten class,
in particular, L?(M, 1) is the space of Hilbert-Schmidt operators and L'(M, ) is
the space of trace-class operators on H.

Example 2.5. Abelian von Neumann algebra M = L*°(X,Q,m), where m is a

probability measure, H = L*(X,Q,m). Let 7(f) = [ fdv, where v is a semifinite
X
localizable measure on (X, ). Then LP(M, 1) = LP(X,Q,v).

3. STOCHASTIC DIFFERENTIAL EQUATIONS ON L?(M)

Let @Q be a bounded linear symmetric nonnegative operator on L?(M). Denote
by Mg the subspace Q'/2L%(M) with the inner product

(A,B) = (QilA,B)m(M)

and the corresponding norm by | -|. Assume that Mg C M. Denote by W; a
Wiener process in L?(M) with the covariance operator @, that is,

Wi => —Wj&,
=1 \/5
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where W/ are one-dimensional independent real Wiener processes and {¢; 152, is
an orthonormal basis of Mg as a real space.

Let B,F : L?>(M,7) — L?*(M, 7). We assume that Jg:l £5&5, Jg:l &5, ]iojl £} are
bounded operators with the series convergent in the operator norm.
Theorem 3.1 (SDEs [11]). Suppose that Q is a trace-class operator. Then

(1) Suppose F and B are Lipschitz continuous on L?>(M). Then the stochastic
differential equation

dX; = F(X;)dt + dW; B(X3),
Xo=¢, €€ L*(M,7)
has a unique solution in L*(M).

(2) The function v(t,X) = Pip(X) is a unique solution for the parabolic type
equation

:%ZUXXtX (&B(X)®&B(X)) + (F(X),vx(t, X)) r2 ()

Example 3.1. M = B(H), 7(A) =TrA. Let e;; be the matrix with 1 at the ¢jth
place and 0 at all other places. Define Qe;; = Ajjei5, Aij = 0. Then &; = /A ij€ij
is an orthonormal basis of Mg = QY/2L2(M) and W, = Z th”g”, where W}”

are one-dimensional independent real Wiener processes. In this case @ is a trace

class operator if and only if Z Aij < 0o. Assume in addition that A\;; = \;\; (e.g
ij
Aij = 1", 0<r<1), then

Z 51]5” Z gljgw - Z )\’L)\Jezu Z 512] = Z)\?eu
=1

i,j=1 i,J=1 i,j=1 4,5=1

Example 3.2. Abelian von Neumann algebra L?(M, 7) = L?(0, 1) with the Lebesgue
measure. Then e, = v/2sin(nmz) is an orthonormal basis of L%(0,1). Suppose Q

is diagonal in this basis Qe, = Apen, & = VAnen. Define g(x) = > &, =
n=1

o0 o0
S &8 = Y €21 Q is a trace-class operator, then
n=1

n=1
0 < g(z) < 2trQI € B(L*(0,1)).
In particular, if Q7! = —A, then

g9(z) = G(z,2),
where G(z,y) is Green’s function for the Dirichlet problem on [0, 1].

4. HEAT KERNEL MEASURES

Let



HEAT KERNEL ANALYSIS ON INFINITE DIMENSIONAL GROUPS 7

B(X)=X, F(X)= %igﬁx.
j=1

Then Kolmogorov’s backward equation becomes the (group) heat equation.

Definition 4.1. The heat kernel measure j; on L?(M) is the transition probability
of the stochastic process X;.

The next theorem address the issue of whether the heat kernel measure actually
lives in the group. This result shows that the process determining the measure has
a one-sided inverse, which is a double-sided inverse for the case of Hilbert-Schmidt
groups (see Section 6).

Theorem 4.2 (Inverse [11]). Denote

T:

(SIS

>&
j=1

Then the solutions of the following stochastic differential equations

dXy = T Xydt + dW Xy,
dZy = Z;Tdt — ZdWy,
Xo=uz, Zy=2z, x,z € L*(M,T)
satisfy
Z: Xy = zx
with probability 1 for any t > 0.

5. CAMERON-MARTIN GROUP AND ISOMETRIES.
The following definition was first given in [8].

Definition 5.1. The Cameron-Martin group is Goy = {x € M, d(z,I) < oo},
where d is the Riemannian metric induced by | - |:

1
diwy) = int [ los) 9/ (s)lds
9=y

Let HL?(u) be the closure in L?(p;) of holomorphic polynomials HP on L?(M).

Theorem 5.2 (Holomorphic skeletons [8]). For any f € HL?(ut) there is a holo-
morphic function f on Geoar such that for any © € Goar and pp, € HP
2 ~
if P 5, then p(z) — f(a).
This skeleton f is given by the formula

Fla) =3 [(DED(elsn) @ @ el
k=00<s, <. Cop<1
where DFf is the kth derivative of function f, and c(s) = g(s)~'g'(s) for any
smooth path g(s) from I to x.
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The Cameron-Martin group can be also described by a certain finite-dimensional
approximation. Let M, be finite dimensional von Neumann subalgebras, G,, are
the groups of invertible elements of M,, with Lie algebras M1 C My C ... C M,, C
... C Mg. Assume that all M,, are invariant subspaces of Q.

Notation 5.3. G = UG, and g =J M,

Remark 5.4. If |[X,Y]| < ¢|X||Y], then G is dense in G¢jy in the Riemannian
metric induced by | - |. This is the case for some Hilbert-Schmidt complex groups.

We also introduce one more (larger) space of holomorphic functions.

Definition 5.5. H!(G¢c ) is the space of holomorphic functions on the Cameron-
Martin group Gy such that

90w = Jim [l = i [ 17 (2) < .
Gr

Theorem 5.6 (Pointwise estimates [7], [8], [9]). For any f € H'(Gowm), g € Gew,
0<s<t

k! d*(g, 1
(DD @Pgyor < ST ecesw (522).

Theorem 5.7 (Isometries [7], [8], [9]). (1) The skeleton map is an isometry
from HL?(uy) to HY(Gear), that is, the restriction map on holomorphic
polynomials HP extends to an isometry between the spaces HL?(u;) and
H(Gewm)-

(2) If Q is a trace class operator, then HL?(u;) is an infinite-dimensional
Hilbert space.

(3) The Taylor map f — Y, D*¥f(I) is an isometry from H'(Gon) to the
k=0

generalized Fock space Fi(g), a subspace of the dual of the tensor algebra of
g with the norm

o0

Theorem 5.7 can be illustrated by the following diagram.

skeleton
inclusion “restriction” Taylor

HP ———— HL? (1) ———— H'(Gonr) ———— §ilg)
The generalized bosonic Fock space §:(g) is a Hilbert space in the dual of the
universal enveloping algebra of the Lie algebra g defined as follows. Let T'(g) be the
tensor algebra over g, J be the two-sided ideal in T'(g) generated by {E@n—n®¢&—

[€,7);€,m € g}. The algebraic dual of the tensor algebra T(g) is T'(g) = . (g®*)*.

Then JY is the annihilator of J in the dual space T"(g). Define
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HO‘”? = Z(E”akﬁg@k)*’ o = Zak,ak € (g®k) k=0,1,2,..
k=0 k=0
Then the generalized bosonic Fock space is

Si(g) = {a € J: aflf <oo}.

This is the space of Taylor coefficients of functions from the space H!(Gcar).

6. EXAMPLES OF GROUPS

In this section we describe examples of infinite-dimensional groups for which our
construction works. Roughly speaking, we would like to consider L?(M,7) as the
Lie algebra g, and the multiplicative group of M as the infinite-dimensional (Lie)
group. As we have seen g actually has to be chosen smaller than the whole space
L?(M, ) to ensure that the Brownian measure lives in the group.

6.1. Hilbert-Schmidt groups. Let M = B(H) be the space of bounded lin-
ear operators on a complex Hilbert space H. Then the group is M* = GL(H),
invertible elements of B(H). As before let 7(A) = TrA be the standard trace,
then L?(M,7) = HS is the space of Hilbert-Schmidt operators on H with the in-
ner product (-,-)gs. Suppose g C HS is an infinite dimensional Lie algebra with a
Hermitian inner product (-, -) which in general is different from the Hilbert-Schmidt
inner product.

Note that we can view elements of H S as infinite matrices, namely, matrices {a;;}
such that " |a;j|? < co. Let as before e;; be the matrix with 1 at the ijth place

%,

and 0 at all other places. Assume that Qe;; = Ajjei;, Aij = 0. Then &; = /Aijei;
is an orthonormal basis of Mg, and the Wiener process Wy = > W;7¢;;. Note that
4,7

@ is a trace class operator if and only of )" \;; < cc.

2%
Example 6.1. The Hilbert-Schmidt general group GLys = GL(H) (I +
HS) with the Lie algebra g = Q'/?2H S equipped with the norm |A| = |Q~Y/2A|gs.

Example 6.2. The Hilbert-Schmidt orthogonal group SOy g is the connected
component of {B : B—1 € HS,B'B = BBT = I}. Let soys = {A: A €
HS, AT = — A}, then the Lie algebra for SOps is g = Q'/%s0y5 equipped with the
norm |A| = Q72 Alys.

Example 6.3. The Hilbert-Schmidt symplectic group Spys ={X: X -1 ¢

HS,XTJX = J}, where J = ? _OI).LetspHS—{X:XeHS,XTJ+JX_

0}. Then the Lie algebra is g = Q'/2spys with the norm |A| = [Q™'/2A|gs.
Suppose the operator @ is as above.

Theorem 6.1. Let Q: HS — HS (or sogs or spps).

(1) If Q is trace class, then the heat kernel measure lives in GLygg (or SOpg or
Spus ), and H'(Gear) is an infinite dimensional Hilbert space.

(2) If the covariance operator Q is the identity operator, then H'(Geoar) contains
only constant functions.
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Remark 6.2. If the underlying Hilbert space H is finite-dimensional, then these
are just usual groups GL, SO and Sp. Thus the finite-dimensional groups can be
viewed as a particular case of our setting.

Remark 6.3. It is known that the Riemannian geometry plays an important role
in understanding of how the heat kernel measure behaves. It is a much more
complicated issue in infinite dimensions. We address this issue in [12].

6.2. A hyperfinite II;-factor (as the weak closure of a subalgebra of the
CAR-algebra). In the following description we follow L. Gross [13] and I. E.
Segal [20]. Let K be a complex Hilbert space with a Hermitian inner product
(-, ). Denote by A™(K) the space of skew symmetric tensors of rank n over K,
and A°%(K) =C, H = A(K) = & A"(K). For any x in K there exists a bounded
creation operator C, on H = A(K) such that

Cou=(n+1)2z Au,ue A(K),

where x A u is the antisymmetric projection of x ® u.
Then the annihilation operator is A, = C} and

CzAy+ AyCyp = (z,y)k 1.

Fix a conjugation J on K and define

B, d:ef Cy + Agz.

Then

B,By + ByB,; = 2(z,dy)k 1.

The von Neumann algebra M is the smallest weakly closed algebra of operators
on A(K) containing all the operators B,,z € K, that is, M C B(A(K)) = B(H).
The trace is defined by 7(u) = (uf2,2), where the “bare” vacuum Q = 1 is an
element in A°(K) C A(K). It is known that the space M with this trace is a hy-
perfinite II;-factor [20]. As always, the trace determines a Hermitian inner product
on M by (A, B)r2ay = 7(B*A) and LP(M) is the completion of M in the norm
1A]l, = (r(|A]P))? for 1<p<co.

One of the advantages of this representation of a hyperfinite I1;-factor is that we
can use a natural orthonormal basis of L2(M) as follows. It is known that if {x;}$°
is an orthonormal basis of K, then B, ...By, is an orthonormal basis of L?(M)
(i1 < ... <'ip, n=0).

Let Q : L*(M) — L*(M), g = Q'/2L?*(M).

Remark 6.4. If @ is a trace class operator, then the results from Section 5 (the
skeletons, pointwise estimates and isometries) hold.

Theorem 6.5 ([9]). If Q is the identity operator, then H'(Gepr) contains only
functions of the form

F(X) = g((X, D)2 an)

where g(+) is a holomorphic function of one complex variable.
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