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HEAT KERNEL ANALYSIS ON INFINITE DIMENSIONAL
GROUPS

MARIA GORDINA

Abstract. The paper gives an overview of our previous results concerning
heat kernel measures in infinite dimensions. We give a history of the subject
first, and then describe the construction of heat kernel measure for a class of
infinite-dimensional groups. The main tool we use is the theory of stochastic
differential equations in infinite dimensions. We provide examples of groups to
which our results can be applied. The case of finite-dimensional matrix groups
is included as a particular case.

1. Motivation and history.

In this paper we review our results in [7], [8], [9], [11] and show how they fit
into a broader picture. In order to see the challenges this study presents, we first
review what is known in finite dimensions and for the flat infinite-dimensional case.
Our main results concern analogues of heat kernel (Gaussian) measures on infinite-
dimensional groups.

1.1. Finite-dimensional noncommutative case. The initial motivation for our
work was the following result for finite-dimensional Lie groups. It has a long history
which we address later in this section. Let G be a finite-dimensional connected
complex Lie group with a Lie algebra g. The Lie algebra is a complex Hilbert space
with a norm | · |, and we denote by {ξi}2n

i=1 an orthonormal basis of g as a real
vector space. By identifying g with left-invariant vector fields at the identity e we
can define the derivative

∂if(g) =
d

dt

∣∣∣∣
t=0

f(getξi), g ∈ G,

and the Laplacian

∆f =
∑

∂2
i f.

The heat kernel measure µt has the heat kernel as its density with respect to a
Haar measure dx. The heat kernel is the fundamental solution to the heat equation

∂µt(x)
∂t

= 1
4∆µt(x), t > 0, x ∈ G,

µt(x)dx
weakly−−−−−→

t→0
δe(dx).
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We can define holomorphic functions on G as functions whose derivatives are
complex linear. The kth derivative Dkf(e) is defined as the tensor

〈Dkf(g), ξi1 ⊗ ... ⊗ ξik
〉 = (∂i1 ...∂ik

f)(g).

Denote by HL2(G, µt) the space of holomorphic functions which are square-
integrable with respect to µt. It is known to be a closed subspace. The following
identity represents an isometry between HL2(G, µt) and a certain space of tensors
over the Lie algebra g.

(1.1) ‖f‖2
HL2 =

∫

G

|f(z)|2dµt(z) =
∞∑

k=0

tk

k!
|Dkf(e)|2.

This identity was first proved by B. Driver, L. Gross for connected complex Lie
groups in [5]. In particular, if G = Cn, then the tensors Dkf are symmetric, and
with this norm they form a bosonic Fock space (see V. Bargmann, I. Segal in [1],
[2], [21]).

Our goal is to describe similar results for some infinite-dimensional groups. As
we will see later, the approach described above is not applicable in that situation,
but we will make use of the following probabilistic approach. Assume that G is
a matrix group. Then we can make sense of multiplying elements from G and
g. Instead of using the heat equation to define the heat kernel measure, we can
view this measure µt as the transition probability of the Wiener process Xt on G
satisfying the stochastic differential equation

dXt = XtdWt, X0 = e,

where Wt =
2n∑
i=1

W i
t ξi is the Wiener process on g and W i

t are independent one-

dimensional Wiener processes.

1.2. Finite-dimensional commutative case. The identity in Equation 1.1 has a
long history. It appeared in the commutative setting (G = Cn) as follows. Consider
a system of n classical harmonic oscillators. They satisfy Newton’s equation in Rn

mjx
′′
j = −kjxj , j = 1, ...n.

The corresponding quantum state space for the system is L2(Rn, dx) with the
Hamiltonian

H = −1
2
∆ +

1
8t2

|x|2.

Then the ground state for this Hamiltonian is

ϕ =
e−|x|2/4t

(2πt)n/4
, Hϕ =

n

4t
ϕ,

and the heat kernel ρt satisfies

ϕ2 = ρt =
e−|x|2/2t

(2πt)n/2
.
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This works if n < ∞, but not in infinite dimensions where there is no analogue
of the Lebesgue measure. However, if the Lebesgue measure is replaced by the
Gaussian measure, we can extend the setting to infinite dimensions. Let us first
explain how it can be done in the finite dimensional commutative case.

Let dρt = ρtdx, dµt = e−|z|2/t

(πt)n dz be the Gaussian measures respectively on Rn

and Cn. By Fs = ⊕∞
m=0H

⊗sm denote a bosonic Fock space, where H = Cn is
a state space of a single particle. As before HL2(Cn, µt) is the space of square
integrable holomorphic functions. In this situation we can describe the isometries
between the three spaces as follows. Let Hk(x) be an Hermite polynomial, then
Hk1(xj1 ) · ... · Hkn(xjn) form an orthonormal basis of L2(Rn, ρt), and thus

B (Hk1(xj1) · ... · Hkn(xjn)) = xk1
j1

⊗s ... ⊗s xkn

jn

St (Hk1(xj1) · ... · Hkn(xjn)) = zk1
j1

· ... · zkn

jn

T
(
zk1

j1
· ... · zkn

jn

)
= xk1

j1
⊗s ... ⊗s xkn

jn

The Segal-Bargmann map St has been studied recently in different settings ([14],
[15], [16]). We concentrate on the Taylor map T since the Segal-Bargmann trans-
form for a finite-dimensional Lie group KC requires the inner product on the Lie
algebra to be AdK-invariant. The following diagram illustrates the maps described
above including the ground state transformation, the Segal-Bargmann transform
and the Taylor map.

L2(Rn, dx) L2(Rn, ρt)

HL2(Cn, µt)

Fs

B

St

T

-

HHHHHHHHHHHj

����������*

?

f
f
ϕ

-

The Taylor map can be alternatively described as follows. First, we can identify
the kth derivative Dk of a function f with symmetric tensors by

〈Dkf(z), ei1 ⊗ ... ⊗ eik
〉 =

∂kf

∂zi1 ...∂zik

(z),

where {ei} is an o.n. basis of Cn. Then Tf =
∑

k Dkf(0) is in Fs, is surjective and
satisfies the identity

‖f‖2
HL2(Cn, µt)

=
∫

Cn

|f(z)|2dµt(z) =
∞∑

k=0

tk

k!
|Dkf(0)|2.

This identity is a commutative version of Equation 1.1.
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1.3. Infinite-dimensional commutative case. Let (B, HCM , µ) be a complex
Wiener space, where B is a complex separable Banach space, HCM is the Cameron-
Martin subspace (a complex separable Hilbert space which is densely and contin-
uously embedded in B), and µ is a Gaussian measure defined by its characteristic
functional

∫

B

eiϕ(z)dµ(z) = e
− 1

4‖ϕ‖2
H∗

CM , ϕ ∈ B∗ ⊂ H∗
CM .

By using weak Cauchy-Riemann equations I.Shigekawa and H.Sugita in [19],
[22], [23] introduced holomorphic functions on (B, µ). In this case the space of
holomorphic L2(B, µ) is a collection of L2(B, µ)-equivalency classes rather than
functions as it was for finite-dimensional Lie groups. Still for each f ∈ HL2(B, µ)
there exists a uniquely defined regular version (holomorphic skeleton) of f on HCM .
The following pointwise estimate explains why the holomorphic skeleton is defined
only on the Cameron-Martin subspace HCM which is of µ-measure 0.

|f(h)|2 6 ‖f‖2
L2(B,µ)e

1
2‖h‖2

CM , h ∈ HCM .

We will have similar pointwise estimates for infinite-dimensional groups in Section 5.

1.4. New features in the infinite-dimensional noncommutative case. Let
us list the problems that arise when we try to prove analogous results for infinite-
dimensional groups. First of all, we need a new construction to define a heat kernel
measure. For the groups we consider there is no Haar measure. Moreover, the
PDE theory is not developed enough to introduce a heat kernel as the fundamental
solution to the heat equation. To deal with this problem we use the probabilistic
approach described for finite-dimensional Lie groups earlier in this section and the
theory of stochastic differential equations in infinite dimensions. This allows us to
construct a heat kernel measure.

Another problem is how to define holomorphic functions. As we showed in [7],
[8] and [9], there might be no nonconstant square integrable holomorphic functions.
This question is related to another interesting problem which is new in infinite
dimensions. We have a choice of natural Lie algebras, and this choice depends
on the norm on this infinite-dimensional Lie algebra. By changing the norm, we
change the Lie algebra as a set making it larger or smaller. At the same time,
the Lie algebra determines the Laplacian, which in turn defines the heat kernel
measure. Note that the Lie algebra is also the set of directions of differentiation
for holomorphic functions. Thus if we choose a larger Lie algebra, the space of
holomorphic functions becomes smaller, and in some cases the space of holomorphic
square-integrable functions is trivial.

We also introduce an analogue of the Cameron-Martin subspace and holomorphic
skeletons. The Cameron-Martin group can be described as the image of the infinite-
dimensional Lie algebra under the exponential map. This image has measure 0, but
this is the set where holomorphic skeletons live.

2. Non-commutative Lp-spaces.

Suppose M ⊆ B(H) is a von Neumann algebra on a (separable) Hilbert space
H , that is, M is a C∗-algebra which is weakly closed and contains the identity
operator I . Let τ be a faithful normal semifinite trace on M . This means that τ
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is a functional on the positive elements of M satisfying the following properties for
any A, B ∈ M+

(1) τ(A + B) = τ(A) + τ(B),
(2) τ(cA) = cτ(A) for any 0 6 c 6 ∞, τ(AB) = τ(BA),
(3) τ is faithful means that τ(A) = 0 implies A = 0,
(4) τ is normal means that τ(Aα) → τ(A) for any increasing net Aα converging

to A in the strong operator topology,
(5) τ is semifinite means that τ(A) = sup{τ(B) : B ∈ M+, B 6 A, τ(B) < ∞}.

Example 2.1. M = B(H), τ(A) = TrA is the standard trace. This is a faithful
normal semifinite trace.

Example 2.2. Abelian von Neumann algebra M = L∞(X, Ω, m), where m is a
probability measure, H = L2(X, Ω, m). Let τ(f) =

∫
X

fdν, where ν is a semifinite

localizable measure on (X, Ω). Then τ is a faithful normal semifinite trace.

Example 2.3. A hyperfinite II1-factor (as the weak closure of a subalgebra of the
CAR-algebra).

Definition 2.1. Noncommutative Lp(M, τ), 16p<∞ is a completion of the ideal
{A ∈ M : τ(|A|)<∞} in the norm

‖A‖p = (τ(|A|p))1/p, 1 6 p < ∞,

‖A‖∞ = ‖A‖, the operator norm.

The elements of Lp(M) may be identified with (possibly unbounded) operators
on H . It is well known that ‖ · ‖p is a norm and Lp(M) is a normed vector space.
This norm has the properties

(2.1) ‖A∗‖p = ‖|A|‖p = ‖A‖p, ‖AB‖p 6 ‖A‖p‖B‖, A ∈ Lp(M), B ∈ M.

Example 2.4. M = B(H), τ(A) = TrA. Then Lp(M, τ) is the pth Schatten class,
in particular, L2(M, τ) is the space of Hilbert-Schmidt operators and L1(M, τ) is
the space of trace-class operators on H .

Example 2.5. Abelian von Neumann algebra M = L∞(X, Ω, m), where m is a
probability measure, H = L2(X, Ω, m). Let τ(f) =

∫
X

fdν, where ν is a semifinite

localizable measure on (X, Ω). Then Lp(M, τ) ∼= Lp(X, Ω, ν).

3. Stochastic differential equations on L2(M)

Let Q be a bounded linear symmetric nonnegative operator on L2(M). Denote
by MQ the subspace Q1/2L2(M) with the inner product

(A, B) = (Q−1A, B)L2(M)

and the corresponding norm by | · |. Assume that MQ ⊆ M . Denote by Wt a
Wiener process in L2(M) with the covariance operator Q, that is,

Wt =
∞∑

i=1

1√
2
W i

t ξi,
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where W i
t are one-dimensional independent real Wiener processes and {ξj}∞j=1 is

an orthonormal basis of MQ as a real space.

Let B, F : L2(M, τ) → L2(M, τ). We assume that
∞∑

j=1

ξ∗j ξj ,
∞∑

j=1

ξjξ
∗
j ,

∞∑
j=1

ξ2
j are

bounded operators with the series convergent in the operator norm.

Theorem 3.1 (SDEs [11]). Suppose that Q is a trace-class operator. Then
(1) Suppose F and B are Lipschitz continuous on L2(M). Then the stochastic

differential equation

dXt = F (Xt)dt + dWtB(Xt),

X0 = ξ, ξ ∈ L2(M, τ)

has a unique solution in L2(M).
(2) The function v(t, X) = Ptϕ(X) is a unique solution for the parabolic type

equation

∂

∂t
v(t, X) = 1

2

∞∑

j=1

vXX(t, X)(ξjB(X) ⊗ ξjB(X)) + (F (X), vX(t, X))L2(M).

Example 3.1. M = B(H), τ(A) = TrA. Let eij be the matrix with 1 at the ijth
place and 0 at all other places. Define Qeij = λijeij , λij > 0. Then ξij =

√
λijeij

is an orthonormal basis of MQ = Q1/2L2(M) and Wt =
∑
i,j

1√
2
W ij

t ξij , where W ij
t

are one-dimensional independent real Wiener processes. In this case Q is a trace
class operator if and only if

∑
i,j

λij < ∞. Assume in addition that λij = λiλj (e.g.

λij = ri+j , 0<r<1), then

∞∑

i,j=1

ξ∗ijξij =
∞∑

i,j=1

ξijξ
∗
ij =

∞∑

i,j=1

λiλjeii,

∞∑

i,j=1

ξ2
ij =

∞∑

i=1

λ2
i eii.

Example 3.2. Abelian von Neumann algebra L2(M, τ) = L2(0, 1) with the Lebesgue
measure. Then en =

√
2 sin(nπx) is an orthonormal basis of L2(0, 1). Suppose Q

is diagonal in this basis Qen = λnen, ξn =
√

λnen. Define g(x) =
∞∑

n=1
ξ∗nξn =

∞∑
n=1

ξnξ∗n =
∞∑

n=1
ξ2
n. If Q is a trace-class operator, then

0 6 g(x) 6 2trQI ∈ B(L2(0, 1)).

In particular, if Q−1 = −∆, then

g(x) = G(x, x),

where G(x, y) is Green’s function for the Dirichlet problem on [0, 1].

4. Heat kernel measures

Let
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B(X) = X, F (X) = 1
2

∞∑

j=1

ξ2
j X.

Then Kolmogorov’s backward equation becomes the (group) heat equation.

Definition 4.1. The heat kernel measure µt on L2(M) is the transition probability
of the stochastic process Xt.

The next theorem address the issue of whether the heat kernel measure actually
lives in the group. This result shows that the process determining the measure has
a one-sided inverse, which is a double-sided inverse for the case of Hilbert-Schmidt
groups (see Section 6).

Theorem 4.2 (Inverse [11]). Denote

T = 1
2

∞∑

j=1

ξ2
j .

Then the solutions of the following stochastic differential equations

dXt = TXtdt + dWtXt,

dZt = ZtTdt − ZtdWt,

X0 = x, Z0 = z, x, z ∈ L2(M, τ)

satisfy
ZtXt = zx

with probability 1 for any t > 0.

5. Cameron-Martin group and isometries.

The following definition was first given in [8].

Definition 5.1. The Cameron-Martin group is GCM = {x ∈ M×, d(x, I) < ∞},
where d is the Riemannian metric induced by | · |:

d(x, y) = inf
g(0)=x
g(1)=y

1∫

0

|g(s)−1g′(s)|ds

Let HL2(µt) be the closure in L2(µt) of holomorphic polynomials HP on L2(M).

Theorem 5.2 (Holomorphic skeletons [8]). For any f ∈ HL2(µt) there is a holo-
morphic function f̃ on GCM such that for any x ∈ GCM and pm ∈ HP

if pm
L2(µt)−−−−→ f, then pm(x) −→ f̃(x).

This skeleton f̃ is given by the formula

f̃(x) =
∞∑

k=0

∫

06s16...6sk61

(Dk
I f)(c(s1) ⊗ ... ⊗ c(sk))d~s,

where Dkf is the kth derivative of function f , and c(s) = g(s)−1g′(s) for any
smooth path g(s) from I to x.
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The Cameron-Martin group can be also described by a certain finite-dimensional
approximation. Let Mn be finite dimensional von Neumann subalgebras, Gn are
the groups of invertible elements of Mn with Lie algebras M1 ⊂ M2 ⊂ ... ⊂ Mn ⊂
... ⊂ MQ. Assume that all Mn are invariant subspaces of Q.

Notation 5.3. G∞ =
⋃

Gn and g =
⋃

Mn.

Remark 5.4. If |[X, Y ]| 6 c|X ||Y |, then G∞ is dense in GCM in the Riemannian
metric induced by | · |. This is the case for some Hilbert-Schmidt complex groups.

We also introduce one more (larger) space of holomorphic functions.

Definition 5.5. Ht(GCM ) is the space of holomorphic functions on the Cameron-
Martin group GCM such that

‖f‖t,∞ = lim
n→∞

‖f‖t,n = lim
n→∞

∫

Gn

|f(z)|2dµn
t (z) < ∞.

Theorem 5.6 (Pointwise estimates [7], [8], [9]). For any f ∈ Ht(GCM ), g ∈ GCM ,
0 < s < t

|(Dkf)(g)|2(g∗)⊗k 6 k!
sk

‖f‖2
t,∞ exp

(
d2(g, I)
t − s

)
.

Theorem 5.7 (Isometries [7], [8], [9]). (1) The skeleton map is an isometry
from HL2(µt) to Ht(GCM ), that is, the restriction map on holomorphic
polynomials HP extends to an isometry between the spaces HL2(µt) and
Ht(GCM ).

(2) If Q is a trace class operator, then HL2(µt) is an infinite-dimensional
Hilbert space.

(3) The Taylor map f 7→
∞∑

k=0

Dkf(I) is an isometry from Ht(GCM ) to the

generalized Fock space Ft(g), a subspace of the dual of the tensor algebra of
g with the norm

|α|2t =
∞∑

k=0

tk

k!
|αk|2.

Theorem 5.7 can be illustrated by the following diagram.

HP

inclusion

map

−−−−−−−−→ HL2(µt)

skeleton

“restriction”

map

−−−−−−−−→ Ht(GCM )

Taylor

map

−−−−−−−−→ Ft(g)
The generalized bosonic Fock space Ft(g) is a Hilbert space in the dual of the

universal enveloping algebra of the Lie algebra g defined as follows. Let T (g) be the
tensor algebra over g, J be the two-sided ideal in T (g) generated by {ξ⊗η−η⊗ξ−
[ξ, η]; ξ, η ∈ g}. The algebraic dual of the tensor algebra T (g) is T ′(g) =

∞∑
k=0

(g⊗k)∗.

Then J0 is the annihilator of J in the dual space T ′(g). Define
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‖α‖2
t =

∞∑

k=0

(
tk

k!
)|αk|2(g⊗k)∗ , α =

∞∑

k=0

αk, αk ∈ (g⊗k)∗, k = 0, 1, 2, ...

Then the generalized bosonic Fock space is

Ft(g) = {α ∈ J0 : ‖α‖2
t < ∞}.

This is the space of Taylor coefficients of functions from the space Ht(GCM ).

6. Examples of groups

In this section we describe examples of infinite-dimensional groups for which our
construction works. Roughly speaking, we would like to consider L2(M, τ) as the
Lie algebra g, and the multiplicative group of M as the infinite-dimensional (Lie)
group. As we have seen g actually has to be chosen smaller than the whole space
L2(M, τ) to ensure that the Brownian measure lives in the group.

6.1. Hilbert-Schmidt groups. Let M = B(H) be the space of bounded lin-
ear operators on a complex Hilbert space H . Then the group is M× = GL(H),
invertible elements of B(H). As before let τ(A) = TrA be the standard trace,
then L2(M, τ) = HS is the space of Hilbert-Schmidt operators on H with the in-
ner product (·, ·)HS . Suppose g ⊆ HS is an infinite dimensional Lie algebra with a
Hermitian inner product (·, ·) which in general is different from the Hilbert-Schmidt
inner product.

Note that we can view elements of HS as infinite matrices, namely, matrices {aij}
such that

∑
i,j

|aij |2 < ∞. Let as before eij be the matrix with 1 at the ijth place

and 0 at all other places. Assume that Qeij = λijeij , λij > 0. Then ξij =
√

λijeij

is an orthonormal basis of MQ, and the Wiener process Wt =
∑
i,j

W ij
t ξij . Note that

Q is a trace class operator if and only of
∑
i,j

λij < ∞.

Example 6.1. The Hilbert-Schmidt general group GLHS = GL(H)
⋂

(I +
HS) with the Lie algebra g = Q1/2HS equipped with the norm |A| = |Q−1/2A|HS .

Example 6.2. The Hilbert-Schmidt orthogonal group SOHS is the connected
component of {B : B − I ∈ HS, BT B = BBT = I}. Let soHS = {A : A ∈
HS, AT = −A}, then the Lie algebra for SOHS is g = Q1/2soHS equipped with the
norm |A| = |Q−1/2A|HS .

Example 6.3. The Hilbert-Schmidt symplectic group SpHS = {X : X− I ∈

HS, XT JX = J}, where J =
(

0 −I
I 0

)
. Let spHS = {X : X ∈ HS, XT J + JX =

0}. Then the Lie algebra is g = Q1/2spHS with the norm |A| = |Q−1/2A|HS .

Suppose the operator Q is as above.

Theorem 6.1. Let Q : HS → HS (or soHS or spHS).
(1) If Q is trace class, then the heat kernel measure lives in GLHS (or SOHS or

SpHS ), and Ht(GCM ) is an infinite dimensional Hilbert space.
(2) If the covariance operator Q is the identity operator, then Ht(GCM ) contains

only constant functions.
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Remark 6.2. If the underlying Hilbert space H is finite-dimensional, then these
are just usual groups GL, SO and Sp. Thus the finite-dimensional groups can be
viewed as a particular case of our setting.

Remark 6.3. It is known that the Riemannian geometry plays an important role
in understanding of how the heat kernel measure behaves. It is a much more
complicated issue in infinite dimensions. We address this issue in [12].

6.2. A hyperfinite II1-factor (as the weak closure of a subalgebra of the
CAR-algebra). In the following description we follow L. Gross [13] and I. E.
Segal [20]. Let K be a complex Hilbert space with a Hermitian inner product
(·, ·)K . Denote by Λn(K) the space of skew symmetric tensors of rank n over K,
and Λ0(K) = C, H = Λ(K) = ⊕∞

n=0Λ
n(K). For any x in K there exists a bounded

creation operator Cx on H = Λ(K) such that

Cxu = (n + 1)
1
2 x ∧ u, u ∈ Λn(K),

where x ∧ u is the antisymmetric projection of x ⊗ u.
Then the annihilation operator is Ax = C∗

x and

CxAy + AyCx = (x, y)KI.

Fix a conjugation J on K and define

Bx
def= Cx + AJx.

Then

BxBy + ByBx = 2(x, Jy)KI.

The von Neumann algebra M is the smallest weakly closed algebra of operators
on Λ(K) containing all the operators Bx, x ∈ K, that is, M ⊆ B(Λ(K)) = B(H).
The trace is defined by τ(u) = (uΩ, Ω), where the “bare” vacuum Ω = 1 is an
element in Λ0(K) ⊂ Λ(K). It is known that the space M with this trace is a hy-
perfinite II1-factor [20]. As always, the trace determines a Hermitian inner product
on M by (A, B)L2(M) = τ(B∗A) and Lp(M) is the completion of M in the norm
‖A‖p = (τ(|A|p))

1
p for 16p<∞.

One of the advantages of this representation of a hyperfinite II1-factor is that we
can use a natural orthonormal basis of L2(M) as follows. It is known that if {xi}∞1
is an orthonormal basis of K, then Bxi1

...Bxin
is an orthonormal basis of L2(M)

(i1 < ... < in, n > 0).
Let Q : L2(M) → L2(M), g = Q1/2L2(M).

Remark 6.4. If Q is a trace class operator, then the results from Section 5 (the
skeletons, pointwise estimates and isometries) hold.

Theorem 6.5 ([9]). If Q is the identity operator, then Ht(GCM ) contains only
functions of the form

f(X) = g((X, I)L2(M)),

where g(·) is a holomorphic function of one complex variable.
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