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Chapter 1

Introduction

1.1 Notation

Throughout the thesis we will use the following notation:

AT denotes the transpose of a matrix A.

B(R?) denotes the Borel o-field on R<.

e B.(a) = {z € RY: |z — a| < r} denotes the ball of radius r centered at

a € R

By (R?) denotes the space of all bounded Borel functions from R? to R.

Cy(RY) denotes the space of all bounded continuous functions from R? to R.

L(R?) denotes the space of all d x d matrices.

e /i v denotes the convolution of two Borel probability measures on R?,

(4 v)(A) = / (A~ )wd),



for any A € B(R?).

a A'b=min{a, b}.

e X2V: X and Y are equal in distribution.

X ~ N(p, R): X is Gaussian with mean p and covariance matrix R.

i denote the Fourier transform of the probability measure pu on R(d),
fi(a) :/ e y(dr), ae R
Rd
1.2 Introduction

Evolution systems of measures arise in place of invariant measures when looking
at time-dependent stochastic differential equations. The main topics of thesis con-
cern existence and uniqueness of evolution systems of measures for time-dependent
Ornstein-Uhlenbeck-type stochastic differential equations with Lévy noise and in
particular, examples where the noise term is a symmetric stable Lévy process.

Unlike mathematical Brownain motion, Lévy processes in general do not have
continuous sample paths (although Brownian motion is an example of a Lévy
process). Allowing for jumps makes Lévy processes much better for modeling
phenomenon with high variability, where quantities can change quickly, and the
interest in Lévy processes has grown significantly in the last twenty years or so.
Applications of jump processes occur in finance, the physical sciences, and engi-

neering.



In Chapter [2] we review some basic facts and properties of Lévy processes and give
some examples, including the stable Lévy processes. In addition to offering more
flexibility in modeling, another advantage in working with Lévy processes is that
their characteristic functions have an especially useful form, which is given by the
Lévy-Khintchine formula (Theorem [2.3.5)).

In Chapter [3] we give some background information on the Ornstein-Uhlenbeck
process. This process was introduced in 1930 by Leonard Ornstein and George
Eugene Uhlenbeck as a model of the velocity of physical Brownian motion, see [6].

We then consider the stochastic initial value problem

dX (t) = Mu — X (t—))dt + odZ(t).

X(O) =T, (1.2.1)

where A > 0, € R,0 € R, and Z is a 1-dimensional Lévy process. The solution
to is often referred to as the mean-reverting Ornstein- Uhlebeck process. In
particular, we state some of the well-known properties of the solution when Z is a
Brownian motion, including computing its law and its invariant measure. We make
a similar investigation when 7 is a symmetric stable Lévy process. The important
thing, as far as this thesis is concerned, is that the solution to is time-
homogeneous. The purpose here is meant to highlight the differences between the

autonomous case and the time-dependent case, which is investigated in Chapter

Al



In Chapter 4| we consider a time-dependent, d-dimensional version of (|1.2.1)),

dX(t) = (A()X (t—) + £(t)) dt + B(t)dZ(t)

X(s) =, (1.2.2)

where A : R — L(RY), B : R — L(R?), f : R — R? are all bounded and continuous,
Z is a d-dimensional Lévy process, z € R, and s € R. Since the solution to ((1.2.2)
is not time-homogeneous, we cannot expect to be able to find a single invariant
measure. Instead we define the notion of an evolution system of measures.

The main result of this thesis is Theorem [4.3.8], where we give conditions in which
there exists a unique evolution system of measures. To do this we make a stability
assumption on the evolution family, U(t, s), associated to A(t). That is, U(t,s)

solves the matrix differential equation

oU(t, s)
ot

U(s,s) =1,

— AUt 5),

where s,t € R and [ is the identity operator. Our assumption is that
Ut 9)]| < Ce "), steR

Previous work in this area was done by Da Prado and Lunardi in 2007, see [3].
In their paper Da Prado and Lunardi made the assumption that the coefficients
A, B, f were T-periodic and that the noise term was a Brownian motion. We do

not impose such restrictions in this thesis, although the result here coincides with



Da Prado and Lunardi’s result in that particular case. By not assuming periodicity
and allowing for jump processes makes our proof much harder. We make extensive
use of the Lévy-Khintchine formula and the Lévy-1to6 decomposition.

To prove Theorem [4.3.8 we use the theory of probability measures in metric spaces,
particularly from Parthasarthy’s book, [7]. In [4], Fuhrman and Réckner proved a
theorem about existence and uniqueness of an invariant measure for a semigroup
arising from an autonomous Ornstein-Uhlenbeck process. We use similar tech-
niques here, however there are some significant differences in our proof than in
the autonomous case.

We conclude the thesis with some examples were we compute the densities and
characteristic functions of evolutions systems of measures for the solution to a
1-dimensional version of to which Theorem applies. We return to the

cases where Z is Brownian motion and where Z is a stable process.



Chapter 2

Lévy processes

2.1 Definition of a Lévy process

This chapter consists of a brief introduction to Lévy processes. For a more detailed
treatment, see [1].

We fix without further mention a filtered probability space (2, F, F;, P) satisfying
the usual hypothesis. That is, F;, = Ny>:F, and Fy is complete. A stochastic
process is a collection of random variables { X;(w),t > 0} taking values in R%. We
will often write the process X,(w) as Xy, X(t), or even just X. A process X is
said to be adapted if X (t) € F; for each t. A sample path of a stochastic process

X is a function, w(t), from [0, 00) — R¢, where

w(t) = Xi(w),

for fixed w € Q.

We now state the definition of a Lévy process.

Definition 2.1.1. A stochastic process {X;,t > 0} is a Lévy process if



(i) X(0) =0 a.s.

(ii) X has independent increments, i.e. for each n € N, and each 0 < ¢; <ty <

-++ <tpy1 < oo the random variables (X;,,, — X;;,1 < j < n) are indepedent

Jj+1

for 1 <j <n.

(iii) X has stationary increments, i.e. for each n € N, and each 0 < ¢; <ty <

«++ <ty < 00, the random variables Xy, — X, 4 X1, — X(0).
(iv) X is stochastically continuous, i.e. for all @ > 0 and s > 0

lim P(|1X; — X,| > a) = 0.

It is well-known (see e.g. [8]) that a Lévy process X has a unique cadlag version
(right-continuous with left limits) which is also a Lévy process. Therefore we

assume, with no loss of generality, that every Lévy process is cadlag.

2.2 Examples of Lévy processes

We now give some examples of Lévy processes.

Example 2.2.1 (Gaussian processes). A standard Brownian motion in R? is

a Lévy process B(t) which satisfies
(i) B(t) ~ N(0,tI) for each t > 0,

(ii) B has continuous sample paths a.s.



More generally let R be a nonnegative-definite symmetric d x d matrix and let o

be a square root of R. The Lévy process

Bgr(t) := o B(t),

(where B is a standard Brownian motion) is called a Brownian motion with co-
variance R.
The process

Y(t) = bt + Bg(t)

is a Gaussian Lévy process with drift b € R? and covariance R.

Gaussian processes are the only Lévy processes with continuous sample paths.

Example 2.2.2 (Poisson process). A Poisson process is a Lévy process N

taking values in N U {0}, where for each t > 0,

A is a positive constant, which we call the intensity of the process.

Let Ty = 0, and define

T, :=inf{t > 0; N(t) =n},n € N.

It is well known that the T, are gamma distributed, and are often called the
waiting times of the Poisson process N.

The inter-arrival times, T,, —T,,_1, are i.i.d. exponentially distributed, with mean

1/



Example 2.2.3 (Compound Poisson process). Let Y,,, n € N be a sequence
of R%valued i.i.d. random variables with law sy and let N be a Poisson process
with intensity A that is independent of all the Y,,. A compound Poisson process is
defined

Xt)=Yi+ -+ Yno

for each t > 0.

Example 2.2.4 (a-stable process). A real-valued random variable X has an
a-stable distribution if, for some a € (0,2], its characteristic function is of the

form

(

exp {i,ua —o%al® [1 — Bsgn(a) tan (%)] } a#1

\

exp {z’,ua—o]a| [1+iﬁ%sgn(a) log|a@} a=1,

where 0 > 0,—1 < # < 1, € R. The constant « is called the index of stability.
If a = 2, the random variable is Gaussian and has finite moments of all orders.
If o € (1,2) it has a finite mean but infinite variance. Finally for a € (0, 1], an
a-stable random variable has infinite mean and variance. For this reason, a-stable
random variables are useful for describing phenomenon with large deviations. We
can only write the density function in closed form for an a-stable random variable

for the following values of «a:
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o =2 X ~N(u,20?),ie. X has density function

d 1 *(215“2))2
x(@) = 27r(202)e .

e a=1,4=0: X has a Cauchy distribution with density function

o

O = e o

e o =1/2,4=1: X has a Lévy distribution with density function

dx(x) = <%>1/2 mexp [—h] for x > p.

A stable Lévy process is a Lévy process where for each fixed t, X (¢) is a stable
random variable. We are particularly interested in symmetric, stable Lévy pro-
cesses, i.e. stable processes where u = = 0. Such a process has characteristic

function

dx(r)(a) = exp (—to®lal®).
2.3 Important properties of Lévy processes

In this section we state some of the well-known properties of Lévy processes.
The two most useful of which are the Lévy-Itdé decomposition (Theorem
and the Lévy-Khintchine formula (Theorem [2.3.4). The Lévy-It6 decomposition
essentially states that a Lévy process is the sum of a deterministic drift term, a
Brownian motion, and a jump part governed by an independent Poisson integral.

The Lévy-Khintchine formula gives the characteristic function of a Lévy process
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in terms of three parameters, (b, R, M), known as the triple of the process. This

triple uniquely determines the process.

Theorem 2.3.1 (Lévy-Ité6 decomposition [1]). Let X be a Lévy process. Then
there exists a b € R?, a Brownian motion By with covariance matrix R, and an
independent Poisson random measure N on RT x (R? — {0}) such that X has the

decomposition

X(t) = bt + Bg(t) —|—/ zN(t,dx) +/| N (t,dx),
lz[>1

|z|<1

for each ¢t > 0.

The drift term, bt, and Poisson integral that controls the large jumps, f| xN(t,dx),

z|>1

are processes of bounded variation on compact sets. The Brownian part, Bg(t),

and the compensated Poisson integral, flw xN(t,dz), are martingales. There-

>1
fore we have the following corollary which makes Lévy processes good candidates

for stochastic integrators, see [8].
Corollary 2.3.2. Every Lévy process is a semimartingale.

Definition 2.3.3. A Borel measure M on R? is a Lévy measure if M ({0}) = 0

and
| ntPiay) < o
R
We now define infinitely divisible probability distributions. Such distributions

have an especially useful form for their characteristic functions, given by the Lévy-

Khintchine formula.
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A random variable X has an infinitely divisible distribution if for any n € N there

exists i.i.d. random variables Y7, ..., Y,, such that
d
X=Yi+--4Y,.

Theorem 2.3.4 (Lévy-Khintchine formula [1]). Let X be an infinitely divisi-
ble random variable. Then there exists a b € R?, a non-negative definite symmetric

matrix R, and a Lévy measure M such that for all a € R?,

: : 1 ; i{a, y)
i(a,X) __ i{a, )
Ee'@Y) = exp {z(b, a)y — §<a, Ra) + /[Rd [e< v_1— T |y|2} M(dy)} . (2.3.1)

Conversely, any mapping of the form (2.3.1) is the characteristic function of an

infinitely divisible distribution.

Theorem 2.3.5. Let X (t) be a Lévy process. Then for each ¢, X; is infinitely
divisible, and

ng(t)(a) = e_tn(a), a € R,

where

. 1
n(a) = —i(b,a) + §<a, Ra) —/

R

{e%a,w —1 - e d (dy),
d

1+ y?

for each a € R, The three-tuple (b, R, M) is called the triple or characteristics of

X, while 7 is called the Lévy symbol of X.

Proof. See Theorem 1.3.3, [1]. Qed



Chapter 3

The Ornstein-Uhlenbeck process and invariant measures

3.1 The Ornstein-Uhlenbeck process

The Ornstein-Uhlenbeck process was first introduced in 1930 by Leonard Ornstein
and George Eugene Uhlenbeck as a model of physical Brownian motion [6]. They
argued that the force on a particle of mass suspended in a liquid should arise
from both a macroscopic frictional force and by random molecular bombardment.

Using Newton’s second law this can be written formally,

@—_)\ + -
mdt_ muv mdt'

The constant A > 0 is related to the viscosity of the liquid, and the formal quantity

«dB»

5 describes random velocity changes due to molecular bombardment.

This equation can be interpreted as the Ito stochastic differential equation
dv(t) = —Av(t) + dB(t), (3.1.1)

where B is a Brownian motion.

We now modify (3.1.1)) by adding a drift term p € R (which can be thought of

13
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as the velocity of the current in a moving liquid), a scaling of the strength of the
random molecular bombardment o € R, a starting point x € R, and by replacing
the Brownian motion with a Lévy process,

Consider the stochastic initial value problem

dX (1) = Mp — X (t—))dt + odZ(t)

X(0) = x. (3.1.2)
We now solve by multiplying by the integrating factor e’t:
deMX (1)) = AeMX () +eMX(t) = MAp dt + eModZ(t).
Integrating from 0 to ¢,

t t
MX(t) = +/ M\ ds +/ eMadZ(s),
0 0
we obtain the solution to (3.1.2)

t
Xo(t) = e Mo 4 p(l — e ) + / M=) 57 (s) (3.1.3)
0

The subscript in X, (¢) denotes the starting position. The process X, () is often

called the mean-reverting Ornstein-Uhlenbeck process.

Example 3.1.1. Let Z(t) be a 1-dimensional Brownian motion. The first and

second moments of (3.1.3)) are

EX.(1) = e Mo 4 p(l — e,
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and

E(X. ()7 = [e 2+ pu(1 — )]

t
+2E [e’\t:ﬂ + (1 — e / e’\(ts)adZ(s)]
0

t 2
+L (/ e_’\(t_s)adZ(s)>
0

t
_ [e—Atx+M(1 _e—,\tﬂ? +/ o 2A\(t=5) ;2 ]
0

At a2, O 2X¢
=le Mz +pl—e )] + (1 —e).
2\
Thus for each fixed ¢, X,(t) has a Gaussian distribution with mean
EX,(t) = e Mo+ p(l —e™),

and variance

2

o
= 5(1 e

VarX,(t) — e ),

However, it is important to note that X, (¢) is not a Lévy process, as X, (t) does
not have stationary increments.

The following figures are of simulations of sample paths of the mean-reverting
Ornstein-Uhlenbeck process done in Matlab.

Intuitively, think of the figures as graphs of the velocity of particles in different
fluids. Both fluids have a velocity in a direction opposite to the initial velocity
of each of the particles. The fluid in Figure 3.1 has less viscosity and stronger
molecular bombardments, which result in greater variations in the motion of the

particle. The fluid in Figure 3.2 has much stronger viscosity and the effect of
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p=-2, Aa=0.5, o=152x0=4
4 T T T T T T T T T

Ol aimulation

1
] 2 4 G 3 10 12 14 16 18 20
Tirne ais

Fig. 3.1: Ornstein-Uhlenbeck sample path with small A and large o

molecular bombardments is weaker. This is why there are only slight differences
between the velocity of the fluid and the velocity of the particle.

In Figure 3.3, we have the plots of two sample paths of the Ornstein-Uhlenbeck
process that differ only in their initial value. This can be thought of as two
particles in the same fluid with different initial velocities. Eventually, their ini-
tial values don’t matter, and it is only the characteristics of the fluid (viscosity,
strength of molecular bombardment, and velocity of the fluid) which governs the

motion of the particles. Indeed note that the distribution of both particles ap-
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po=-2, a=4.0, o= 0.5,%[0)=4
4 1 1 1 1 1 1 1 1 1

Ol zimulation

|
0 2 4 B 8 10 12 14 16 18 20
Time axis

Fig. 3.2: Ornstein-Uhlenbeck sample path with large A\ and small o
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p=3 4=1.0 a=1.10

E T T T T T T T T T

e t““ !'.'.! u'f.__-r'lll'.'-.\ ,..“Jh_ i

O U girnulationz

0 2 4 G g 1IEI 12 14 16 15 20
Tirne ads
Fig. 3.3: Two Ornstein-Uhlenbeck sample paths that differ only in their

initial values

pears to be approaching the same equilibrium distribution as time increases. This

phenomenon is exactly the notion of an invariant measure, which is made precise

in Section 3.2
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Before we consider the case where Z(t) in (3.1.3)) is a 1-dimensional, symmetric,
a-stable process, we will need the following fact about stochastic integrals with

respect to symmetric a-stable Lévy processes. A proof can be found in [9].

Proposition 3.1.2. Suppose Z(t) is a 1-dimensional, symmetric, a-stable Lévy

process with characteristic function

—to*|al®

Gz(a) =e

Then for each fixed ¢, the process

Y(t) = /Ot e N=947(s)

has an a-stable distribution with characteristic function

CbY(t)(a) = exp {_%(1 — e—Aat)|a|a} ‘

Example 3.1.3. Let Z(t) be a 1-dimensional, symmetric, a-stable process. Then
for each t, (3.1.3]) is a-stable with characteristic function

«

Px,(t) = exp {ia e Mo +p(l—e)] - ;—a (1—e) |a|°‘} . (3.1.4)

In the case where a = 1, we can write the density function for X,(¢),

(0/N)(1 = ) |
m{ly = (e + p(1 = e + [(o/)(1 = e

dXz(t) (y) =
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3.2 Invariant measures

Let X (t) be a Markov process taking values in R?. The transition semigroup of

operators associated with X is the family operators defined

Porf(x) = E[f(X(#)]X(s) = 2],

for s <t and f € By(R?).

It P,, = Py—s for all s < ¢, then X is said to be time-homogeneous. In this
case the action of the semigroup only depends on the length of the time interval
and not the actual times involved. Therefore the transition semigroup for a time-
homogeneous Markov process is really a one-parameter semigroup, and in this

case we write Py, as F;.

Remark 3.2.1. The solution to (3.1.2) is a time-homogeneous Markov process,
see for e.g. Theorem 6.4.5, [1], which is why we assume the process starts at time

0, and not at some arbitrary time s.
Let pi(x,-) denote the law of a time-homogeneous Markov process starting at x,
ie.

pe(z, A) =P [X(t) € AIX(0) = z].
Definition 3.2.2. A Borel probability measure p is an invariant measure for X
if

LPn@utan = [ autas) 3:2.1)

for all t > 0, f € By(R?).
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Remark 3.2.3. By taking indicator functions and using a standard monotone

class argument, it is not hard to show that p is invariant for X if and only if

[ pla Ayatde) = )

for all A € B(R?),z € R? and ¢ > 0.

Similarly, for any f € By(R?), there exists a sequence in the linear span of the real
and imaginary parts of the set of all g, of the form g,(x) = ¢“®® for arbitrary
a € R?, converging to f and bounded by f in the supremum norm. Thus
need only hold for g of the form g,(x) = €®* a € R? In this case

becomes
| Pt ute) = (o)
[Rd

where [i denotes the Fourier transform of p.

Invariant measures, also commonly called stationary measures, intuitively de-
scribe the steady-state or long-term behavior of the process. Indeed if a time-
homogeneous Markov process X has a law which approaches a probability measure

i as t — 00, in the sense that
Jim i, 4) = (A), (3:2:2)

for all z € R and A € B(R?), then y is an invariant measure for X. Note p does
not depend on the starting point x.

To prove this assertion, fix ¢, let A € B(R?), and z,y € R?. Using the Chapman-
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Kolomogorov equations,

/[Rd pe(x, A)p(de) = /[Rd pi(, A) lim py(y, d)

= lim pe(z, A)ps(y, dx)

S§—00 Rd

= lim po(y, A) = u(A).
3.3 Examples of transition semigroups and invariant measures

In this section we compute formulas for the transition semigroups for the mean-

reverting Ornstein-Uhlenbeck processes examined in Examples [3.1.1| and [3.1.3]

We will also compute invariant measures for these processes and in each case,
show that the invariant measure is unique. The results here are well-known and

we include them as a comparison with the time-dependent examples in Chapter

Z1]

Example 3.3.1. First we compute the transition semigroup of operators for

(3.1.3) where Z(t) is a Brownian motion, as in Example m This result is
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referred to as Mehler’s formula. For f € By(R),

Pf(x) = Ef(X / F(y)pelas dy)

ly = (™o 4+ p(1 = e )P
B f(y)exp< — : p
\/27r [%(1 — e 2V)] /_OO (y) exp { 2[5 (1 — 2] } Yy

L Mr 4+ 2)ex [z —p( — e )" dz
\/Qﬂ U_ — e2M) / fleme+z) p{ 2[2/\(1—62)‘t>]}

)\

= /_ fle ™z + 2)py(0,dz).

Since X, (t) ~ N( My 4+ (1 —e M), %(1 — 6_2’\t)> — N <[L, %) as t — 00,

O'

we would expect a Gaussian measure v, with mean p and variance gy to be an

invariant measure based on (3.2.2). This is indeed the case. Using Mehler’s

M+ 2)py (0, dz)exp{ (= _u)Z}dx

formula,
2(5)

[orsomn= A [ [ e
\/F/ / fle x—l—zexp{ (Zzg))Q}dxpt(O,dz). (3.3.1)

After a change of variables, is equal to

1 o o] _(eAt _ 2
e /Oo/mﬂwz)exp{ S
() _ At )2
/ / fly+2) exp{ it Ui 2 }dypt(O,dz)
27r "2 2(5)

(y —eMp)?
_ f y—i—z exp s dy pt(oad'z)
= / / { o) }

- / Fa)on * (),
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where v; ~ N <e’”u, 672;;"2) and vy ~ N (u(l —e M), %(1 — 6’2’“)) . Thus if

0.2 . . .
we can show v := vy x vy ~ N (1, 35 ), then p is an invariant measure.

Taking characteristic functions,

6—2)\t0.2

1

=exp {iae”u ~5 o a2} exp {iau(l —e M) —
, 1 0%,

—expiap — = —a’ ;.

T2 N

Andsov ~ N (u, %) as desired.

N | —
[\
> qw
—~
[a—y
|
|
N
Y
N—
IS}
no
H_/

To show uniqueness, suppose p is also an invariant measure. Let a € R, then

taking f(z) = e"*®

o0

/ emmp(dx) _ / Ptei‘”p(dx) _ / / eia(e—ktg;—o—z)pt(07 dz)p(dx)
/ c

iae“xp(dx)/ eiazpt(o’ dZ)

e}

pla)

1 o
~r =M . —\t —2At\ 2
= X 1— — . (1= )
p(e Cl) exp {ZCHL( (& ) 5 2)\( (& )CL }

Since this holds for all ¢ > 0, by continuity we have

~ . N . _ 1 0.2 B
P(CL) = tILI& {p(e Ata) exp {Zalu(l —e At) _ 5 . ﬁ(1 —e 2)\t)a2}:|

1 o? 1 o?
= p(0) exp {iau 5 g—)\CLQ} = exp {ia,u 5 ;—AaQ} .
Thus p must be N/ (u, %)

Example 3.3.2. Now we consider a jump case. As in Example let Z(t) be

a l-dimensional, symmetric, a-stable Lévy process. Similar to the computation
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of the transition semigroup in Example [3.3.1, we have the following version of

Mehler’s formula, generalized to the case where Z is symmetric, a-stable,

P f(x) = /_OO fle™x + 2)p (0, dz). (3.3.2)

In the case where o = 1, (3.3.2)) can be written as an integral with respect to a

Cauchy density,

o _ A)(1—e™™)

P, —_ At + (J/ dz.
R R b e ey e (e
Based on (3.1.4)), by letting ¢ — oo, we expect the measure v with characteristic

function
v(a) = exp iap — U—a|a|"‘ (3.3.3)
= exp q dap — 3.

to be an invariant measure for X,(¢). In light of Remark we take f to be of

the form f(z) = ¢** for some a € R.

/_oo P{exp(iazx)}v(dx) = /_Z /_Z explia(e Mz + 2)|p;(0, dz)v(dx)

o0

- / h exp(iae M) (dz) / N exp(iaz)p:(0, dz)

(67 a
= exp {iae_’\tu — i—ae_)‘o‘t|a|°‘} exp {iau (1—e™M) - Z_oz (1—e) |a|°‘}

‘ % .
= exp {za,u — EW } = 1v(a).

In the case where o = 1, this measure has density function

a/A
iz — p)* + (/A

A proof similar to that in Example shows that this measure is the unique

d,(z) =

invariant measure.



Chapter 4

Time-dependence and evolution systems of measures

4.1 Introduction

In this chapter we consider an Ornstein-Uhlenbeck-type stochastic differential
equation where the coefficients depend on time. We will assume that they are
bounded and continuous. In this case, there is a unique mild solution to the
initial value problem. However, because the coefficients depend on time, the
solution is not time-homogeneous. Therefore its associated transition semigroup
is a two-parameter semigroup, so we cannot expect to have an invariant measure.
Instead we define what is called an evolution system of measures, {vy,t € R}. We
will see that this notion is a natural generalization of an invariant measure.

In the main result of the thesis, Theorem in Section (1.3 we prove the exis-
tence and uniqueness of an evolution system of measures under certain conditions
on the coefficients in the stochastic differential equation. In 2007 Da Prato and Lu-
nardi proved existence and uniqueness of an evolution system where the noise was

Brownian motion and the coefficients were T-periodic [3]. We improve upon this
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result in two significant ways. First we allow the noise to be an arbitrary Lévy
process. In the Brownian noise case, the solution is again a Gaussian process.
However an Ornstein-Uhlenbeck-type process where the noise is a Lévy process
offers more flexibility because it allows one to model phenomenon with heavy tails,
as Gaussian tails decay exponentially. As in Chapter [3| of particular interest to
us is when the noise term is a symmetric a-stable process. The other significant
improvement is that we do not require the coefficients to be periodic. Removing
this restriction makes proving the theorem much harder. In [4], Fuhrman and
Rockner proved a theorem on the existence and uniqueness of an invariant mea-
sure (the coefficients were not time-dependent) with Lévy noise in a Hilbert space.
We have used some of the techniques there, adapted to the time-dependent case,

to prove Theorem |4.3.8|

4.2 Time-dependence

In this section we first explore properties of the solution to the stochastic initial

value problem
dX(t) = (A(t)X(t—) + f(t)) dt + B(t)dZ(t)
X(s) ==, (4.2.1)
where A: R — L(R?), B: R — L(R?), f : R — R? are all bounded and continuous,

s € R, z € R? and Z is a d-dimensional Lévy process with Lévy symbol 1 and

triple [b, R, M].
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Remark 4.2.1. In previous chapters we have considered Lévy processes to be
defined for times ¢ > 0. To define {Z(t),t < 0}, take Z(t) to be an independent
copy of —Z(—t—). The resulting process satisfies all the conditions of a Lévy

process and has cadlag paths.

Definition 4.2.2. The evolution operator in R¢ associated with A(t) is the solu-

tion of the matrix-valued equation

oU(t, s)
ot

U(s,s) =1, (4.2.2)

— A(DU(t, ),

s,t € R and [ is the identity operator.

It satisfies the properties

U(t,s)U(s,r)=Ul(t,r), s,rteR,

Us,n)TU(t,s)" =U(t,r)", s,rteR,

aU(t, s)
0s

=-U(t,s)A(s), s,reR

Assumption 1. We make the following exponential stability assumption on

U(t,s). There exists a C' > 1 and € > 0 so that
|U(t,s)|]| < Ce ") s teR

There is no clear way to replace Assumption [1| with an assumption on A(t) itself.
For example, even if the eigenvalues of A(t) are negative and bounded away from

zero uniformly for all £, Assumption (1| need not hold. See [2] Example 3.5, p. 61.
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Definition 4.2.3. We called the process
t t
X(t) = Xs(t) =Ult,s)z +/ U(t,r)f(r)dr —|—/ U(t,r)B(r)dZ(r) (4.2.3)
a mild solution of (4.2.1]).

Remark 4.2.4. (4.2.3)) is also the unique strong solution to (4.2.1)). A strong

solution to (4.2.1) is an adapted process which satisfying the integral equation

X(t) :x+/ (A(T)X(r—)—l—f(r))dr+/ B(r)dZ(r)dr a.s.

In the next two propositions we see that for each fixed s < t € R and = €
R?, the process X, ,(t) is an infinitely divisible random variable. In Proposition
we compute the characteristic function of this process. The property that
Lévy process have independent and stationary increments is important here. In
Proposition 4.2.6], we utilize the Lévy-Khintchine formula to compute the triple

of X ().

Proposition 4.2.5. The characteristic function of the process

Y(t)= / Ul(t,r)B(r)dZ(r)
is of the form
by y(a) = exp {—/ n(B(r) U, r) a)dr| .

Proof. Fix —oo < s <t < 0. LetPn:{s:ré")grgn)§~-~§r(”)):t}bea

m(n

sequence of partitions such that ||P,|| — 0 as n — oc.
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By the construction of the It6 stochastic integral,

¢y (a) = Eexp (i{a, V(1))

m(n)
=Eexp [ i (a lim Ut r")B(r")(Z2(5) - 205"))
n—oo J J Jj+1 j

Next we take the limit out of the expectation using the Dominated Convergence

theorem,

m(n)
Pxp,(a) = lim Bexp | ¢ < > U )BT z<r§”>>>>
Jj=1

m(n)

= Jm £ [T exp (i (. U™ BE) 26 - 26(7)))

In the next several steps we use the fact that Z has independent and stationary

increments.
dxo, (@) = lim [T Fexp <z <a, Ut, /M B (Z(r) - Z(ry))>>
j=1

= 1im [] Eexp <z <B(r§”>>TU(t,r§”>)Ta, (Z(rl) — Z(r§">))>)
j=1

= tim [] Eesp (i (B U)o, 262 o)) ).
j=1

n—oo -

Finally we use Theorem [2.3.5] continuity of the exponential function, and the
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definition of the integral to finish the proof.

m(n)
xs, (@) = lim [T exp (~05 = (B0 U () a))
j=1

m(n)

= lim exp | =3 n(B;") U ) - 1))
j=1

= exp [ — Tim > (B U ) a) () - )
j=1

Qed

Proposition 4.2.6. For each —0o < s <t < 0o,z € R?, the process X, .(t) is

infinitely divisible with the triple
(U(t7 S)I' + bs,t) Rs,t’ MS,t)u

where

t
bst:/ d?“—l—/U bd’f’
// 0 ( 1 )M(d)d
T — ’f‘,
» )y 1+\Utr My~ 1T+ [P Y

Rst—/ U(t,r)B(r)RB(r)'U(t,r)"dr,

/M ) U (t,7) " (A))dr.
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Proof. Using Proposition 23]
Ox..0(a) =Eexp[i{a, X;4(1))]
—Eexp [z<a U(t,s)a + / Ul ) f(r)dr + / tU(t,r)B(r)dZ(r)ﬂ
~exp {z <a, Ut $)z + / U f(r)dr>] «
exp [_ / (BT r)Ta)d'r} |

Now by Theorem [2.3.5
t
Px, () (@) ZeXp{i <a, U(t, s)x + / Ult, T)f(?“)df> +

— 5 (BO)TU ) o, RB)U( 1))

n /d 6i<B(r)TU(t,r)Ta,y> i i<B(T)TU(t, ’I")Ta,y>] M(dy)) dT‘}

L+ [yl
Next we rearrange some terms, and add and subtract

Wa,U(t,r)B(r)y)
T T By 2 to obtain

Dx..(0(a) :eXP{i <a, Ul(t,s)r + /St U(t,r)f(r)dr + /St U(t,r)B(r)b dr>

__< /Utr (n*uU(t, r)Tdra>

e it

i{a,U(t,m)B(r)y) {a,U(t,7)B T)CUWM }

L+ |U(t, r)B(r)yl? 1+ |y|?
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After more rearranging and a change of variables ¢ takes the desired form,
t t
Ox,.(a) = exp i<a, Ult,s)x +/ U(t,r)f(r)dr —i—/ U(t,r)B(r)b dr>

cilo [ [ vennon (s - Tre) M)
! <a, / U ) BV RBYTU () dr a>

/ /R{ itws) 1 _ 1<+| |>2M(B(r)_1U(t,r)_ldz)dr}.

Now we show R, is non-negative definite, symmetric, and bounded, and that
M;, is a Lévy measure.

Let y € R? and s,t € R.
¢
(y, Rs1y) = / (B(r)"U(t,r)"y, RB(r)"U(t,r)"y) dr > 0,

since R is non-negative definite.

Furthermore since R is symmetric,

(y, Rsy) / (y,U(t,r)B(r)RB(r)"U(t,r)"y) dr

= [ WD BERBE U g dr = (o).

Let |y| < 1. Since B is bounded, let Cg be such that Cg > 1 and ||B(t)|| < Cp
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for all t € R. By Assumption [I] we have,

Ryl = / t U(t,r)B(r)RB(r) U (t,r)Tdr y

< / Ut 1) BrRB(r) Ut ) y| dr

t 2v2
C*C3||IR
< C20§HR||/ 672e(t7r)d7, — 2B|| || (1 . e*ZE(f*S)) )

s €

Thus for all —co < s <t < o0,
C?C%||R
1 Buell = sup | By < S o
lyl<1 €

Since M is Lévy measure, set

K, = / y[2M (dy),
{ly|<1}

- o))

Then for —oo < s <t < 0o, we have

and

/[Rd (LA Ty") Mo (dy) :/ /Rd (LA Jy?) M(B(r)'U(t )~ dy)dr
:/ /[Rd (1 N ’U(taT)B(T)Z\z) M (dz)dr < / /[Rd (1 A C2C§\z|2) M{(d=)dr

-/ [/ L ACCER M [ (A CCP) M)

oo \z|>ﬁ
t t
_ / / C2C2 |y [2M (dy)dr + / / M(dy)dr
s |z|§céB} s {|z\>céB

< (C’QC’%Kl + Kg) (t—s) < 0.
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Qed

Note that as s — —o0, M, is an increasing family of measures. Similarly R, is

an increasing family of nonnegative symmetric matrices. We define

Royim / " Ut BIRBU (L) dr

— 00

and

M_+(A) :=sup M, ,(A) = / M(B(r)"*U(t,7)"*(A))dr,

s<t

A € B(RY).

4.3 Evolution systems of measures

As in Chapter [3| we recall the transition semigroup of operators associated with

X
Py f(x) = E[f(X(1)[X(s) = 2] = E[f(Xs.(1)],
for —oo < s <t < oo and f € By(R?).

The transition probabilities of X are defined
psi(z, A) = P(X(t) € A|X(s) =),

for s < t,z € RY, A € B(R%).

Unlike in the autonomous case, the solution to is not time-homogeneous,
and so we cannot expect to have a single invariant measure. Instead we look
for a family of probability measures, {v;,t € R}, called an evolution family (or

evolution system) of measures.
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Definition 4.3.1. A family of Borel probability measures, {1 }icr is an evolution

family of measures for the semigroup of operators, P, if

/Rd(Ps,tf)(a:)us(dw) = /[Rd f(x)v(dx), (4.3.1)
for all —co < s <t < 00, f € By(RY).

Remark 4.3.2. Similar to Remark (4.3.1) need only hold for indicator

functions or for f of the form f(x) = exp(i{a,r)), a € R%.

In the case of f(z) = exp(i{a, z)), using Proposition [4.2.5| (4.3.1]) becomes

9, (U(t, 5)"a) exp <z <a, / Uit f(r)dr>> «
e {= (B0 U 0k =i,

S

where 7 denotes the characteristic function of v.

In the case of f =14, A € B(RY), (4.3.1) becomes
Vi(A) = pss(0,-) % (vs 0 U(t,s) ) (A). (4.3.2)

Lemma 4.3.3. Suppose Assumption (1| holds. If {v}ser is an evolution system of
measures such that there exists an integer Ny where the sub-collection {vg}s<n,

1

is uniformly tight, then vs 0 U(t,s)™" — 0y weakly as s — —oo for each fixed t.

Proof. Fix t and let f € Cy(R?) and choose M so that |f| < M. Let € > 0 be
given. Choose 6 > 0 so that if |x| < 9, then |f(x) — f(0)] < ¢/2.
Using the tightness assumption, choose R so that

VS(BR(O)) >1-— m
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for s < Nj.

By Assumption [I} U(t,s)z — 0 for all # € R? as s — —oo Thus [|U(t,s)|| — 0 as
s — —o0. Choose N < Njy, such that if s < N, then ||U(¢, s)|| < %

Then for s < N we have

| J@n(Uts) M) = | f(@)d(da) (4.3.3)
=1/ fU(t, s)x)vg(dx) — g f(x)do(dz)
— /[Rd fU(t, s)x)vedr — £(0)
Since vy is a probability measure, is equal to
/R (W )2) — F0)]v4(d)
< U(t,s)x) — f(0)] vs(dx
<| [, B9 = 0]
+ ‘ /| . [f(U(t, s)x) — £(0)] vs(dw)
< €/24+2M - €e/AM = e.
Qed

The next several lemmas are from [7], and are needed in the proof of Theorem

[4.3.8. We will also need the notion of shift-relative compactness.

Definition 4.3.4. A set of Borel probability measures, H is said to be shift-
relatively compact if, for every sequence u,, € H, there is a sequence v,, such that

vp is a right (or left) translate of mu,, and v, has a convergent subsequence.
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Lemma 4.3.5 (Parthasarathy, Theorem I11.2.2). Let X be a complete separable
metric group and let {\,}, {un}, {vn} be three sequences of measures on X such
that A\, = p, * v,,n = 1,2, ..If the sequence {\,} is relatively compact then the

sequences {u,} and {v,} are right- and left-shift compact, respectively.
Proof. See p. 59, [7]. Qed

Theorem 4.3.6 (Parthasarathy, Theorem VI.5.3). In order that a sequence u,
of infinitely divisible distributions with triples p, = [z,, R,, M,] be relatively

compact it is necessary and sufficient that the following hold:

(i) {M,} restricted to to the compliment of any neighborhood of the origin is

weakly relatively compact.

(ii) {S,} defined by (4.3.4) is compact.
(iii) z, is compact in X.
Proof. See p. 187, [7]. Qed

Theorem 4.3.7 (Parthasarathy, Theroem I11.2.1). Let X be a complete separable
metric group and let {\,}, {un}, {vn} be three sequences of measures on X such
that A, = p,*v, for each n. If the sequences {\, } and {u, } are relatively compact

then so is the sequence {v,}.
Proof. See p. 58, [7]. Qed

Now we are ready to prove the main result of the thesis.
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Theorem 4.3.8. If there exists an evolution system of measures for X ,(¢) then

the following conditions hold:

(i) For any t € R,suptrR,; < oo,
s<t

(ii) For any t € [R,/ /Rd(l AUt 7)B(r)y|*) M (dy)dr < oo.

If in addition,

(iii) for any t € R and z € R, U(t,s)x — 0 as s — —oo, and there exists an N

such that the collection {v;};<n is uniformly tight,

then 14 is unique and there exists b_o+ 1= limy_,_ o by .
Conversely if (i) and (ii) hold and lim,_,_ . b, exists then for each t € R, M_..;

is a Lévy measure and the evolution system of measures, 14, is given by
Dy = [b—oo,tu R—oo,ta M—oo,t]‘

Proof. We prove the converse first. Suppose (i), (ii) hold and the limit (iii) exists.

Fix t € R. Using (i),
LanPAMcitan) = [ by [ 2(B6) 0 ag)ar

_ / /Rdu A yI2)M(B(r) LU (¢, r) " (dy))dr

= /_ /[Rd(l AN|B(r)U(t, r)y|*) M (dy)dr < oo

shows that M_, ; is a Lévy measure.
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From the computation of the Lévy triple of X ,(¢) in Proposition m, it follows

that

74(a) = exp (z <a, /_ too Ut,r) f(r)dr>> exp {_ /_ ; (BT U, r)Ta)dr} |

Then using Remark [4.3.2] once again,

0 (Ut 5)"a exp( < / Ut r)f >) exp{— / tn(B(r)TU(t,r)Ta)dr}
= exp (@ <U(t,s)Ta, - U(s,r)f(r)dr>) X

exp {— /_ ;n(B(r)TU(s,T)TU(t,s)Ta)dr} <

exp (z . / e,

e i

< r)f(r )dr>) eXp{—/Stﬁ(B(T)TU(t,T)Ta)dr}
< / U(t,r) >>

exp{— [ aservntan -
—00
shows that v; is an evolution system of measures.
Suppose now that an evolution system of measures, v, exists. Fix ¢, then using

Remark [£.3.2] for s < t,
Vg = ps,t(07 ) * (Vs o U(t, S)_l) = 5bs,t * [07 Rs,t7 0] * [07 07 Ms,t] * (Vs o U(t7 S)_1)7

where d, is the Dirac measure.
Set s = —n. Then by Lemma 4.3.5], the sequence d0_,, , [0, R_, ¢, 0]%[0,0, M_,, ] is
shift relatively compact. This means that there is a sequence y,, € R? (depending

on t) such that

5yn * 5b7n,t * [07 R—n,ta O} * [07 07 M—n,t] = [yn + b—n,ta R—n,ta M—n,t]
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is weakly relatively compact.

Let S, : R — R? be a sequence of operators defined by

(Sut.4) = (Rney) + / (2, 9)*dM (1) (4.3.4)

|lz|<1

By Theorem [£.3.6] the following hold:

(a) {M_,} restricted to the compliment of any neighborhood of the origin is

weakly relatively compact,
(b) {S,} is compact,
(¢) Yn +b_pny is compact in R%.

Since we are in finite dimensions, part (b) simply means that sup,, trS, < oo (see

Definition VI.2.4 of [7]). Part (a) implies
M_oos({|z| = 1}) = sup M_,,,({[z] > 1}) < oo.

By (b) we have

trR_ooy +/ |x|2M_m7t(dx) = sup (trR_oovt +/
|lz|<1 n |

z|<1

oA ))

= sup trS,, < oo.

Thus M_; is a Lévy measure for each ¢, and (i) and (ii) hold by Lemma 3.4
of [4].
Now suppose in addition that U(¢,s)r — 0 as s — —oo and there exists an

N such that the collection {1}, is uniformly tight. Then by Lemma m,
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vs o U(t,s)™ — 8§y weakly as s — —oo. By Lemma 3.4 [4], [0, Rs;,0] —

[0, R_oot, 0] and [0,0, M, — [0,0, M_o ;] weakly as s — —oo. Thus by the weak

continuity of convolution we conclude
[0, Ry 4, 0] % [0,0, My4] % (s 0 U(t, s)™") — [0, Roooy, 0] % [0,0, M_].
Let s, be a sequence decreasing to —oo. Then
Ve = 0p,, % [0, Ry, 0] % [0,0, My,] % (vs 0 Ult, s)7Y),

and by Theorem [4.3.7] the collection {Js,, + }nen is weakly relatively compact. Thus
there is a probability measure o; and a subsequence n such that 5snk,t — o weakly.
Letting k — o0,

Vg = O * [0, Rfooyt, O] * [0, 0, M,oo’t].

Taking Fourier transforms of both sides we have

—

a-t - ﬁt([oa R,w’t, 0] : [07 O’ M7°°7t])71’

We see that oy does not depend on the subsequence, and so dy,, , converges weakly.
This implies that b_.; = lim,_ b, exists. Since s, is arbitrary, we have
bfoo,t = hms~>foo bs,t7

Thus we have shown that
Vg = 51)700,,5 * [07 R—Oo,ta 0] * [07 07 M—oo,t]

is uniquely determined.

Qed
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4.4 Examples of evolution systems measures

In this section we give some examples where we explicitly compute the characteris-
tic functions and densities of evolution systems of measures for the time-dependent
1-dimensional Ornstein-Uhlenbeck process to which Theorem |4.3.8 applies. As in
Chapter [3] the noises we consider are a Brownian motion and an symmetric a-
stable process.

Consider a 1-dimensional version of (4.2.1]),

AX () = (1) [u(t) — X (=) dt + o()dZ(2),

X(s) =z, (4.4.1)

where A, i, o are bounded and continuous on R. In addition we require A(t) > € >
0 for all ¢ € R. This is essentially a time-dependent version of the mean-reverting
Ornstein-Uhlenbeck process given by (3.1.2). In one dimension the evolution

operator has the form U(t,s) = e~ JiA(r)ar

. The positivity condition on A implies
Assumption [I] is satisfied.

We write the solution to (4.4.1]),

t
X(0) = Xoalt) =e 1200 4 [ BNy

S

t
+/ e_f:’\(")dua(r)dZ(r). (4.4.2)

The transition semigroup associated with X is computed in a manner similar to
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Examples [3.3.1] and [3.3.2]

Puaf @) = EF(Xul0) = [ 1 (750004 y) o0, d)

Example 4.4.1. Let Z(t) be 1-dimensional Brownian motion. Then for each

t> s,

t ¢
Xoz(t) ~ N (e_fs Alu)duy, +/ e~ Jr )‘(“)d“)\(r)u(r)dr,/ e~2r ’\(“)dua(r)er) :

S S

By Theorem [4.3.8] the collection of Gaussian measures, {v;,t € R}, given by

t t
v ~N (/ eI ’\(“)d“)\(r)u(r)dr,/ e 2 A(“)dua(r)chr) ,

is the unique evolution system of measures for X.
Example 4.4.2. Now we consider the case where Z(t) is symmetric, a-stable
for 0 < a < 2. Then for each t > s, the law of X ,(t) is a-stable and has

characteristic function

t
¢Xs,a:(t)(a/) = exp{i (@_fs )\(u)dux +/ e I Mu)du)\(?“),d(’/’)d?”) a

s

t
—/ e ) ’\(“)du[o(r)]adr |a|a}.

s

The collection of measures, {14, t € R}, with characteristic functions

¢ ¢
U= exp{i/ el AW (Y (Y dr a —/ e~ L AW 5 ()] |a|°‘},

is the unique evolution system of measures for X. In the case where a = 1, we

can write the densities of the v,

fuly) =




where

and
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