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ABSTRACT

We study gradient bounds and other functional inequalities related to hypoelliptic
diffusions. One of the key techniques in our work is the use of coupling of diffusion
processes to prove gradient bounds. We also use generalized I'-calculus to prove
various functional inequalities. In this dissertation we present two research directions;
gradient bounds for harmonic functions on the Heisenberg group, and gradient bounds
for the heat semigroup generated by Kolmogorov type diffusions.

For the first research direction, we construct a non-Markovian coupling for Brow-
nian motions in the three-dimensional Heisenberg group. We then derive properties
of this coupling such as estimates on the coupling rate, estimates for the CDF of the
coupling time and upper and lower bounds on the total variation distance between
the laws of the Brownian motions. Finally, we use these properties to prove gradient
estimates for harmonic functions for the hypoelliptic sub-Laplacian which is the gen-
erator of Brownian motion in the Heisenberg group. In particular, we prove the well

known Cheng-Yau inequality and a Caccioppoli-type inequality on the Heisenberg

group.
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For the second research direction, we study gradient bounds and other functional
inequalities for the diffusion semigroup generated by Kolmogorov-type operators. Un-
like the first research direction, the focus is on two different methods: coupling tech-
niques and generalized I'-calculus techniques. We discuss the advantages and draw-
backs of each of these methods. For the coupling technique, we use a coupling by
parallel transport (or synchronous coupling) to induce a coupling on the Kolmogorov
type diffusions. In the I'-calculus approach, we will prove a new generalized curvature

dimension inequality to study various functional inequalities.
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Chapter 1

Introduction

The general goal of this dissertation is to prove functional inequalities via probabilistic
and geometric approaches. The main probabilistic tool we use is the concept of
coupling. Recall that a coupling of two probability measures p; and ps, defined on
respective measure spaces ({21, A;) and ({2, As), is a measure p on the product space
(€1 xQs, Ay X As) with marginals pq and py. In this dissertation, we will be interested
in coupling of the laws of two Markov processes (X; : ¢t > 0) and (Y; : t > 0). In the
first part of the dissertation, we consider Markov processes that live in the geometric
setting of a sub-Riemannian manifold such as the Heisenberg group H?. In the second
part, we consider Kolmogorov type diffusions that live in M x R¥, where M is either
a Riemannian or sub-Riemannian manifold. Couplings have been an extremely useful
tool in probability theory and has resulted in establishing deep connections between
probability, analysis and geometry.

We start by providing some background on couplings and gradient estimates in

our setting. We give an introduction to sub-Riemannian geometry, in particular



the Heisenberg group. We also consider the Kolmogorov diffusion. We provide a
introduction to the use of generalized curvature-dimension inequalities in proving
functional inequalities.

This dissertation is based on results in [BGM16| and [BGM1§|.

1.1 Preliminaries

1.1.1 Coupling basics

Consider two probability spaces (€2, Fy, 1) and (g, Fa, p2). We have the following

definition.

Definition 1.1.1. A coupling of 1 and s is a measure p on (€1 X g, Fy X Fa) with
marginals pq and ps, respectively. A coupling of two Markov processes X and Y is
coupling of their laws. The coupling is said to be successful if the two processes couple

within finite time almost surely, that is, the coupling time for X; and Y; defined as

T(X,Y)=inf{t > 0: X, =Y, for all s > t}.

is almost surely finite. We assume that X; =Y, for ¢ > 7(X,Y).

A major application of couplings arises in estimating the total variation distance
between the laws of two Markov processes at time ¢ which in general is very hard to

compute explicitly. Such an estimate can be obtained from the Aldous’ inequality

I£(Xe) = LOY) |7y < p{7(X,Y) > i}, (1.1.1)



where 1 is the coupling of the Markov processes X and Y, £(X;) and L(Y;) denote

the laws (distributions) of X; and Y; respectively, and

l|v||rv = sup{|v(A)| : A measurable}

denotes the total variation norm of the measure v. The proof of Aldous’ inequality
is rather simple.

Proposition 1.1.2 (Aldous’ inequality). Let 7 be the coupling time for two Markov
processes X and Y. For anyt > 0,

I1£(X0) = LY 7y P (7> 1),

where L(X;) and L(Y;) are the laws of Xy and Yy, respectively.
Proof. For any Borel set A,
LX)(A) = LV)(A) =P (X, € A) =P (Y, € A)

=P, €A X, #Y,) ~P(Y, € A, X, #Y)

SPXy #Y).

Similarly one can prove

LY)(A) = LIX)(A) <P (X, #Y1).



Putting these two together we have that

[L(X)(A) = LY)(A) <SP (X, 7 Y) =P (7> 1).

]

This, in turn, can be used to provide sharp rates of convergence of Markov pro-
cesses to their respective stationary distributions, when they exist (see [LPW09| for
some such applications in studying mixing times of Markov chains).

This raises a natural question: how can we couple two Markov processes so that
the probability of failing to couple by time ¢ (coupling rate) is minimized (in an appro-
priate sense) for some, preferably all, ¢? Griffeath [Gri75] was the first to prove that
maximal couplings, that is, the couplings for which the Aldous’ inequality becomes
an equality for each ¢ in the time set of the Markov process, exist for discrete time
Markov chains. This was later greatly simplified by Pitman [Pit76] and generalized to
non-Markovian processes by Goldstein [Gol79| and continuous time cadlag processes
by Sverchkov and Smirnov [SS90].

These constructions, though extremely elegant, have a major drawback: they are
typically very implicit. Thus, it is very hard, if not impossible, to perform detailed
calculations and obtain precise estimates using these couplings. Part of the implicit-
ness comes from the fact that these couplings are non-Markovian.

A Markovian coupling of two Markov processes X and Y is a coupling where,
for any t > 0, the joint process {(X,,Ys) : s > t} conditioned on the filtration
o{(Xs,Ys) : s < t} is again a coupling of the laws of X and Y, but now starting
from (Xy,Y;). These are the most widely used couplings in deriving estimates and

performing detailed calculations as their constructions are typically explicit. However,
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these couplings usually do not attain the optimal rates. In fact, it has been shown
in [BK17] that the existence of a maximal coupling that is also Markovian imposes
enormous constraints on the generator of the Markov process and its state space.
Further, |BK16| describes an example using Kolmogorov diffusions defined as a two
dimensional diffusion given by a standard Brownian motion along with its running
time integral, where for any Markovian coupling, the probability of failing to couple
by time ¢ does not even attain the same order of decay (with t) as the total variation
distance. More precisely, they showed that if the driving Brownian motions start
from the same point, then the total variation distance between the corresponding

3/2

Kolmogorov diffusions decays like ¢t7°/* whereas for any Markovian coupling, the

coupling rate is at best of order ¢t=1/2.

This brings us to the main subject of the first part of this dissertation: when can we
produce non-Markovian couplings that are explicit enough to give us good bounds on
the total variation distance between the laws of X; and Y; when Markovian couplings
fail to do so? And what information can such couplings provide about the geometry
of the state space of these Markov processes? In this dissertation, we look at the
Heisenberg group which is the simplest example of a sub-Riemannian manifold and
Brownian motion on it. The latter is the Markov process whose generator is the
sub-Laplacian on the Heisenberg group as described in Section [I.1} We construct an
explicit successful non-Markovian coupling of two copies of this process starting from
different points in H? and use it to derive sharp bounds on the total variation distance
between their laws at time t. We also use this coupling to produce gradient estimates
for harmonic functions on the Heisenberg group (more details below), thus providing

a non-trivial link between probability and geometric analysis in the sub-Riemannian

setting.



We note here that successful Markovian couplings of Brownian motions on the
Heisenberg group have been constructed in [Ken07] and rates of these couplings have
been studied in |[Kenl0]. However, the rates for the coupling we construct are much
better. In fact, we show in Remark that it is impossible to derive the rates we
get from Markovian couplings. Moreover, the coupling we consider is efficient, that
is, the coupling rate and the total variation distance decay like the same power of ¢
as pointed out in Remark [2.2.3]

In 1986, Lindvall-Rogers |TL86| constructed successful couplings in Euclidean
space using the idea of reflection coupling. Suppose the process (X;) is given by a

stochastic differential equation

dXt =0 (Xt) dBt + b (Xt) dt,

where (B,),s is a Brownian motion. We want to construct a new process (Y}),

dY; = o (Y;)dB} + b(Y;) dt,

for some suitable B; on the same probability space, having the same distribution of
X;. Thus the only thing we have to do is choose a suitable Brownian motion B;. In

order for this coupling to be successful, the suitable Brownian will be

dB; == thBt7

where H is chosen to be reflection in the plane orthogonal to o ()" (z — y). As an
example let us consider the simplest case when ¢ = I with b = 0. That is, when we

only consider Brownian motion. Let P be the hyperplane perpendicular to the line



through x and y with x—;y € P. While simultaneously running X; = B, , Y; will be

the reflected Brownian motion in P.

1.1.2 Gradient estimates

Now we would like to describe gradient estimates in our geometric settings and how
couplings have been used to prove them previously. Let us start with a classical
gradient estimate for harmonic functions in R?. Suppose u is a real-valued function
u on R? which is harmonic in a ball Bys(zg), then there exists a positive constant Cy

(which depends only on the dimension d and not on u) such that

C
sup [Vu(z)| < = sup Ju(x)].
2€Bs (o) z€Bas(z0)

In 1975, Cheng and Yau (see [CY75| Yau75,|RS94]) generalized the classical gradient
estimate to complete Riemannian manifolds M of dimension d > 2 with Ricci curva-
ture bounded below by —(d — 1)K for some K > 0. They proved that any positive

harmonic function on a Riemannian ball Bs(z) satisfies

sup M<0d<%+\/?).

z€Bs/2(x0) u(z)

Moreover, in addition to such estimates, there is a vast literature on functional in-
equalities such as heat kernel gradient estimates, Poincaré inequalities, heat kernel
estimates, elliptic and parabolic Harnack inequalities etc on Riemannian manifolds or
more generally on measure metric spaces. Quite often these results require assump-
tions such as volume doubling and curvature bounds.

In 1991, M. Cranston in [Cra91] used the method of coupling two diffusion pro-



cesses to obtain a similar gradient estimate for solutions to the equation

1
EAu—l—Zu:O (1.1.2)

on a Riemannian manifold (M, g) whose Ricci curvature is bounded below and Z is
a bounded vector field. This coupling is known as the Kendall-Cranston coupling as
it was based on the techniques in [Ken89]. In particular, M. Cranston proved the

following gradient estimate.

Theorem 1.1.3 (Cranston). Suppose (M, g) is a complete d-dimensional Riemannian
manifold with distance py; and assume Ricy; > —Kg. Let Z be a C! vector field on
M such that |Z(x)| < m for all z € M. There is a constant ¢ = ¢ (K, d, m) such that

whenever ¢ > 0 and ((1.1.2)) is satisfied in some Riemannian ball By (z), we have

1
|Vu(z)| < c (— + 1) sup  |u(z)|, z € B(xo,0).
0 2€B(20,35/2)

If (1.1.2) is satisfied on M and w is bounded and positive, then
Vu(z)] < 2 ( Kd—1)+ m) lull.. -

Cranston’s approach generalized the coupling of Brownian motions on manifolds
of Kendall [Ken86| to couple processes with the generator L = %A + Z. The meth-
ods in that paper required tools from Riemannian geometry such as the Laplacian
comparison theorem and the index theorem to obtain estimates on the processes
pum (X, Y:) and par (X3, Xo) where pyy is the Riemannian distance. M. Cranston also

proved similar results on R¢ in [Cra92].



1.1.3 Sub-Riemannian basics

A sub-Riemannian manifold M can be thought of as a Riemannian manifold where we
have a constrained movement. Namely, such a manifold has the structure (M, H, (-, -)),
where allowed directions are only the ones in the horizontal distribution, which is a
suitable subbundle H of the tangent bundle T'M. For more detail on sub-Riemannian
manifolds we refer to [Mon02).

Namely, for a smooth connected d-dimensional manifold M with the tangent bun-
dle TM, let H C T'M be an m-dimensional smooth sub-bundle such that the sections
of H satisty Hormander’s condition (the bracket generating condition) formulated in
Assumption [I] We assume that on each fiber of H there is an inner product (-,-)
which varies smoothly between fibers. In this case, the triple (M, H, (-,-)) is called
a sub-Riemannian manifold of rank m, H is called the horizontal distribution, and
(-,-) is called the sub-Riemannian metric. The vectors (resp. vector fields) X € H
are called horizontal vectors (resp. horizontal vector fields), and curves v in M whose

tangent vectors are horizontal, are called horizontal curves.

Assumption 1. (Hérmander’s condition) We will say that H satisfies Hormander’s
(bracket generating) condition if horizontal vector fields with their Lie brackets span

the tangent space T,,M at every point p € M.

Hormander’s condition guarantees analytic and topological properties such as hy-
poellipticity of the corresponding sub-Laplacian and topological properties of the

sub-Riemannian manifold M. We explain briefly both aspects below. First we define



the Carnot-Carathéodory metric dec on M by

doc(w,y) = (1.1.3)

1
inf {/ 17 (¢)]l,, dt where (0) = ,v(1) =y, is a horizontal curve} :
0

where as usual inf(()) := oo. Here the norm is induced by the inner product on
H, namely, ||[v||, = ((v,v)l,)% for v € H,, p € M. The Chow-Rashevski theorem
says that Hormander’s condition is sufficient to ensure that any two points in M can
be connected by a finite length horizontal curve. Moreover, the topology generated
by the the Carnot-Carathéodory metric coincides with the original topology of the
manifold M.
As we are interested in a Brownian motion on a sub-Riemannian manifold (M, H, (-, -)),

a natural question is what its generator is. While there is no canonical operator such
as the Laplace-Beltrami operator on a Riemannian manifold, there is a notion of a
sub-Laplacian on sub-Riemannian manifolds. A second order differential operator
defined on C*° (M) is called a sub-Laplacian Ay if for every p € M there is a neigh-
borhood U of p and a collection of smooth vector fields { Xg, X7, ..., X, } defined on U
such that {X1,..., X,,} are orthonormal with respect to the sub-Riemannian metric

and

Ay =) X} + Xo.
k=1

By the classical theorem of L. Hormander in [H6r67, Theorem 1.1] Hormander’s con-
dition (Assumption |I) guarantees that any sub-Laplacian is hypoelliptic. For more
properties of sub-Laplacians which are generators of a Brownian motion on a sub-

Riemannian manifold we refer to [GL16].
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Finally, the horizontal gradient V4, is a horizontal vector field such that for any

smooth f : M — R we have that for all X € H,

(Vaf, X) = X (f).

We define the length of the gradient as in [Kuw10]. For a function f on M, let

IVuf] (x) :=lim  sup

™0 o<deo(z,i)<r

: (1.1.4)

and set ||V fll, = sup,ems |V f| (7).

1.1.4 The Heisenberg group

The Heisenberg group H? is the simplest non-trivial example of a sub-Riemannian

manifold. Namely, let H? = R3 with the multiplication defined by

(T1,y1,21) * (T2, Y2, 22) := (X1 + T2, Y1 + Y2, 21 + 22 + (T1Y2 — T2v1)) ,

with the group identity e = (0, 0, 0) and the inverse given by (z, v, z)_l = (—x,—y,—2).
We define X', ), and Z as the unique left-invariant vector fields with X, = 0,,

Y. =0y, and Z, = 0,, so that

X = ax _yaza
Y =0, + 20,
Z=0,.

11



The horizontal distribution is defined by H = span{X’, )} fiberwise. Observe that
[X,Y] =22, so Hormander’s condition is easily satisfied. Moreover, as any iterated
Lie bracket of length greater than two vanishes, H? is a nilpotent group of step 2.
The Lebesgue measure on R? is a Haar measure on H?. We endow H? with the sub-
Riemannian metric (-,-) so that {&’, Y} is an orthonormal frame for the horizontal

distribution. As pointed out in [GL16, Example 6.1], the (sum of squares) operator
Ay=1 (X% +)?) (1.1.5)
2

is a natural sub-Laplacian for the Heisenberg group with this sub-Riemannian struc-
ture.

In general it is very cumbersome to compute the Carnot-Carathéodory distance
dcco explicitly. In the case of the Heisenberg group an explicit formula for the distance
is known. Let 7 (x) = dce (%, €) be the distance between x = (z,y, 2) € H? and the

identity e = (0,0,0). In [CTW10] the distance is given by the formula

r(x)? =v(0) (2 +y* +|2]),

where 6, is the unique solution of w(6) (z? 4+ y*) = |z| in the interval [0,7) and

w(z) = =%~ — cot z and where

sin® z

22 1 22

— = , v(0) =2.
sin?z 1+ u(z)  z+4sin®z —sinzcos z (0)

v(z)

Since the distance is left-invariant, we have

dcc (X, 5() = dCC ()NC_I * X, 6)

12



which gives us an explicit expression for doe on the Heisenberg group. Although v is
not continuous it was shown in [CCGO7| that dee is continuous.

We will not use this explicit expression for doc. Instead, since v > 0 and bounded
below and above by positive constants in the interval [0, ), it is clear that the Carnot-

Carathéodory distance is equivalent to the pseudo-metric

NI

p(x,y)=((z -2+ (y—9)°+ |z — 2+ a7 —yi|)*. (1.1.6)

Finally, we can describe Brownian motion whose generator is Ay /2 explicitly as
follows. Let Bj, By be real-valued independent Brownian motions starting from 0.
Define Brownian motion on the Heisenberg group X; : [0,00) x  — H to be the

solution of the following Stratonovich stochastic differential equation (SDE)

dX; = X (X)) odBi(t)+ Y (X,)odBs(t),

XO = (bl,bg,a) .

Letting X; = (X3 (1), Xa(t), X3(t)) we see that the SDE reduces to

1 0
dX; = 0 odB(t) + 1 o dBs(t),
— X (t) X (1)

13



so that one needs to solve the following system of equations

dX,(t) = dBy(t)
dXo(t) = dBs(t),

Since the covariation of two independent Brownian motions is zero we get that

Xi(t) = b+ Bi(t),
Xo(t) = by+ Bs(t),

X(t) = a+/0 (Bl(s)+b1)dB2(s)—/0(B2(s)+b2)dBl(s). (1.1.7)

1.1.5 Curvature-dimension inequalities and ['-calculus

In this section we review the geometric methods that goes back to Bakry—Emery in
[BES85| to prove functional inequalities (see [BL0O6Bak06]). Consider an n—dimensional
Riemannian manifold Ml with Laplacian A. Bakry and Emery developed the func-

tional calculus, now known by many as I'—calculus, based on the differential forms

L(f, f) =5 (A(fg) — fAg —gAf),

DN | —

and

(AL(f,9) =T (f,Ag) =T (g9, Af)),

N —

FQ (fag) =
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for functions f € C*° (M). Note that

L(f)=T(f.f)=IVII*,

where V is the Riemannian gradient and ||| is the norm associated to the underlying

Riemannian metric. One can also compute

Do(f) = T2 (f, ) = ||V2f|[; + 2Ric (V£, V),

where V2f is the Riemannian Hessian. The computation of I'y(f) is due to the well

known Bochner’s formula in terms of I'
2 .
AL (f) =2||V?f|, + 20 (f,Af) + 2Ric (V [, V).
We say A satisfies the curvature-dimension inequality C'D (p,n) if

(Af)?+ oI (f),

N | —

Ly (f) >

for all f € C* (M). By a result of Bakry in [Bak94] it was proven that C'D (p,n) is
equivalent to

Ric(V£,Vf) > p||Vf|*.

This connection allowed Bakry, Ledoux and others to use this analytic approach to
reprove results in differential geometry relating to heat kernels and heat semigroups.
In fact it turns out that the following are all equivalent (see |[BLOG,Bak06, Bak94,
BE85, vRS05]):
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1. Ricci (Vf,Vf) > p|Vf|]? for all f e Cs° (M),

2. |VP.f| < e P, (|Vf]) for all f € C° (M) and t > 0,

3. [VEfIPF <e PP (|VfIF) for all f € C5° (M) and ¢ > 0 and p > 1.
4. IVPf|l, < e ||V [l forall feCs (M) andt > 0.

5. There exists a function p(t) > 0 such that p(0) = 1,p'(0) exists, and
IVEf1* < p(t) P, (Vf]?) for all f € Cg° (M) and ¢ > 0.

6. To(f, f) = pL(f, f) for all f € C° (M) and ¢ > 0.

7. There exists a coupling (Bt, Bt> of Brownian motions on M started at (x, )

such that for all ¢ > 0, dy (Bt, Bt> < e PPy (z, 7).
8. For every function f € C§° (M), and every ¢t > 0,

1 — e 2t

P(P?) = (RS < ——R ().
9. For every function f € C§° (M), and every ¢t > 0,

P 2 2
['(Pf) < ezpt—_l(Pt(f ) —(Pf) )
One can also use I'-calculus to prove various other inequalities such as logarithm
Sovolev inequalities, Sobolev inequalities, isoperimetric inequalities and Harnack in-
equalities to name a few.

This I'—calculus approach has also allowed for careful analysis of various elliptic

operators when A is replaced with a general Markov diffusion operator L. We provide
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two examples of well known one dimensional diffusion processes that satisfy C'D (p, n)

for some p and n.

Example 1.1.1. Consider the Ornstein—Uhlenbeck process with the generator

_@¢d
- da? p dz’

on R where p > 0. We show L satisfies C'D (p, 00). This shows that the dimension of
the process does not have to match the spatial dimension of the process and in fact

can be infinite. First, a simple computation shows that

We also have that

2
LU = (1) = prae ()
2 (1)~ 2puf' "

d
dz
(f//)2 + 2f//f/// _ QPfo/f”,

= 2
and

2f/(Lf)/:2f’(f”/—2f/—0$f”)-

This shows that
Ta(f) = (f") +p ().
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If L satisfies CD (p,n) then I's(f, f) > % (Lf)2 + pI' (f), which would mean

Dolf) = (7P + (0 2 (77 = paf o+ p (1) = (LI + o0 ().

which only holds if n = co.

Example 1.1.2. Consider the d—dimensional Bessel process with generator

d? d—1d

:@—i_ x dx’

L

on (0,00). Similar computations as the example above shows that

P(f) = (f)" and Ta(f) = (f") + —= ()"
Also note
2
e = (1)
= (f”)2+2%f’f”+(d;21) (f)?. (1.1.8)

Now if L satisfies CD (p,n) then I'y(f) > < (Lf)* + pI' (f) . By Cauchy-Schwarz we

have that
2d—1 d—1 (1
2y < S (S0 ). (119)
Combining (1.1.8)) and (1.1.9) we have that
1 s _ d o 1d(d—1) 2
- L < - " I S !/
Lwpp < e S
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thus we can see that the optimal values for n and p are n = d and p = 0. Thus
L satisfies CD(0,d). Note that the spatial dimension is 1 yet the dimension in the

curvature dimension inequality is d > 1.

We refer the reader to [BGL14] for a careful treatment of the I'—calculus of general
Markov diffusion operators.

Unfortunately sub-Riemannian manifolds do not satisfiy C'D (p,n) for any p or
n. More generally, hypoelliptic diffusions do not always satisfy C'D (p,n). In the
work of F. Baudoin and N. Garofalo (see [BG17]) the authors introduced the no-
tion of a generalized curvature dimension-inequality. These new techniques imply
Li-Yau type inequalities, Harnack inequalities, off-diagonal Gaussian upper bounds,
Liouville type theorems and Bonnet-Myers type theorem. The authors also show
that the generalized curvature dimension inequality is satisfied by a large class of
sub-Riemannian manifolds. This class includes Carnot groups of step two, Sasakian
manifolds whose horizontal Webster-Tanaka-Ricci curvature is bounded from be-
low. Since the original work of [BG17] there have been several publications or ar-
ticles in proving generalized curvature-dimension inequalities in other settings (see
[BW14]BT18| Baul7a,[Baul7b, BB16, Baul6t,[BBG14,[Wan14, BB12]). In the second
part of this dissertation, we will use a generalized ['-calculus to prove functional

inequalities on Kolmogorov type diffusions.

1.1.6 The Kolmogorov diffusion

The Kolmogorov diffusion is the Markov process

t
X, = (Bf,y+ / Bids),
0
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where B is Brownian motion started at x. Its generator is given by

I

L=-2_ .
2 0z “”ay

See Proposition for more details. Note that the integrated Brownian motion
¢
process / B¥ds by itself is not a Markov process.
0
It was first introduced by Kolmogorov in his 1934 Ann. Math. paper [Kol34],

where he provided an explicit expression for the transition density:

\/g 6?}— 2 6/0_ U+
pt(afay;uav):ﬁexp — (t3 y) + ( yt>2< )
_2(u2+ux+x2))

7 .

L. Hérmander used Kolmogorov’s operator as the simplest nontrivial example of
a hypoelliptic second order differential operator that is not elliptic. Note that the
semigroup generated by L is Gaussian from the corresponding explicit heat kernel.
However, despite an explicit Gaussian heat kernel, it is somehow challenging to derive
relevant functional inequalities for this semigroup.

This operator satisfies the weak Hormander’s condition condition since the vector
fields {%, xa%} and its lie brackets span R%. Thus L is a hypoelliptic operator. Its
corresponding carré du champ operator is T'(f, f) = (%)2. This operator is a sort

of generalized square of the norm of the gradient. We often write the corresponding

diffusion process stated at (x,y) as is

t
X = (x+Bt,y+tx—|—/ Bsds)7
0
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where B; is a standard Brownian motion.
In Chapter [4 and [5] we use the coupling technique and I'-calculus to prove gradient
estimates on the heat semigroup. There has been interest in extending gradient

estimates of the form

-

VIBLERD <Gt (P (0 (£.DF))" (1.1.10)

for p € [1,00) to the hypoelliptic case. In fact, Bruce Driver and Tai Melcher in
[DMO5] proved on the Heisenberg group for 1 < p < oo . They showed that
that the best constant C(t) is independent of ¢. It was then in [Li06] that H.Q. Li
extended to the case p = 1. Later, N. Eldredge in [Eld10] proved
for all p > 1 for H-type groups. Simpler proofs of the LP gradient inequality on the
Heisenberg group were later shown in [BBBCO08|. The authors highlighted that the
Kolmogorov operator is a degenerate type Hormander operator. They remarked that
unlike in the Heisenberg group, the Poincaré and reverse Poincaré inequalities are not
equivalent (See Remark 4.2 of [BBBCO0S])

In fact does not hold for the Kolmogorov operator. A counter—example
for this can be seen by taking the same function as in [BBBCO08]. Let f(z,y) = v.
We see that Pf =y +tx , U (Pf, Bf) =t and T (f, f) = 0. But if were
true then we would have ¢t < 0, which is a contradiction. Even though this estimate
is not true, we can still prove a sharp Driver-Melcher type inequality. This will be

done in later chapters.
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1.2 Outline of the dissertation

The outline of the dissertation is as follows.

The first part of the dissertation consists of Chapters2]and [3] The first part will be
concerned with using coupling to prove gradient estimates on the Heisenberg group.
In Chapter [2| we describe an efficient non-Markovian coupling and give estimates for
the tail of the coupling time. We use this coupling to give sharp estimates for the
total variation distance. In Chapter [3| we use the results from Chapter [2| to prove
gradient estimates for harmonic functions on the Heisenberg group. In particular, we
prove the well known Cheng-Yau inequality and a Caccioppoli type inequality on the
Heisenberg group.

The second part of the dissertation consists of Chapters and[7] In Chapter
we introduce the motivating coupling technique that will be used in later chapters to
prove gradient estimates. In Chapter [5| we prove various sharp functional inequalities
for the Kolmogorov diffusion on R?xR?. In Chapter@we prove functional inequalities
for the relativistic diffusion. In Chapter [7] we prove gradient bounds for general

Kolmogorov type diffusions.

22



Chapter 2

Successful non-Markovian coupling
in the 3-dimensional Heisenberg

group

Let Bi, By be independent real-valued Brownian motions, starting from b; and b,

respectively. We call the process

X, — (Bl(t),Bg(zﬁ),a—i—/Ot Bl(s)de(s)—/OtBQ(s)dBl(s)> (2.0.1)

Brownian motion on the Heisenberg group, with driving Brownian motion B =
(B1, By), starting from (b1, by, a). Let X and X be coupled copies of this process

starting from (b, by, a) and (E,@,E) respectively. Denote the coupling time
T:inf{t>0:Xs:f(sforalls>t}.
We will construct a non-Markovian coupling (X, f() of two Brownian motions on
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the Heisenberg group. This, via the Aldous’ inequality, will yield an upper bound on
the total variation distance between the laws of X and X. Before we state and prove
the main theorem, we describe the tools required in its proof.

For T > 0, let (Bbr, Ebr> be a coupling of standard Brownian bridges defined
on the interval [0,T]. If G) is a Gaussian variable with mean zero and variance
T independent of (Bbr,ébr), a standard covariance computation shows that the
assignment

B(t) = B"(t)+ Lam

T
t

B(t) = B™(t)+ TG<T> (2.0.2)
gives a non-Markovian coupling of two standard Brownian motions on [0, 7] satisfying
B(T) = B(T). This coupling is similar in spirit to the one developed in [BK16]. The
usefulness of this coupling strategy arises when we want to couple two copies of the
process ((B(t), F ([B],)) :t > 0), where B is a Brownian motion, [B], denotes the
whole Brownian path up until time ¢ (thought of as an element of C'[0,¢]), and F' is
a (possibly random) functional on C'[0,¢]. We first reflection couple the Brownian
motions until they meet. Then, by dividing the future time into intervals [T,,, T} 1]
(usually of growing length) and constructing a suitable non-Markovian coupling of the
Brownian bridges on each such interval, we can obtain a coupling of the Brownian
paths by the above recipe in such a way that the corresponding path functionals
agree at one of the deterministic times 7,,. As by construction, the coupled Brownian
motions agree at the times 7T,,, we achieve a successful coupling of the joint process
(B, F). Further, the rate of coupling attained by this non-Markovian strategy is

usually significantly better than Markovian strategies, and is often near optimal (see
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[BK16)).

We will be interested in the particular choice of the random functional, namely,

F([uwl,) = / w(s)dB, (s),

where Bj is a standard Brownian motion and w € C'[0,¢]. Our coupling strategy for
the Brownian bridges on [0, T'] will be based on the Karhunen-Loéve expansion which
goes back to |[Kar47,|Loe48| and for examples of such expansions see [Wan08, p.21].

For the Brownian bridge we have

\/_ sm

for t € [0,T], where Z; are i.i.d. standard Gaussian random variables. Thus, in

order to couple two Brownian bridges on [0, T, we will couple the random variables

{Zk}k;>1'

2.1 Preliminary results

We now state and prove the following lemmas.

Lemma 2.1.1 (|[BGM16|). There exists a non-Markovian coupling of the diffusions
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{(Bl(t),Bg(t),a+/0th(s)dBl(s)) ot > 0},
{(El(zﬁ),§2(t),5+/t§2(s)d§1(s)) > 0},

0

B1(0) = B1(0) = by, Bo(0) = By(0) = by, and a >,

for which the coupling time T satisfies

(a—a)

P(r>t)<C ;

for some constant C > 0 that does not depend on the starting points and t > (a — a).

Proof. We will write I(t) = a+ fot By(s)dBy(s) and I(t) = a+ fg Bs(s)dBy(s). From
Brownian scaling, it is clear that for any r € R, the following distributional equality

holds

(2.1.1)

) Y

r r 72

(Bl(t) By(t) a+ [, Bg(s)dBl(s)>

N

a t/r?
(Bzwr?), Bt/ 5+ [ Bé(s)dBi(s)> ,

where Bj, BY are independent Brownian motions with B{(0) = by/r, B,(0) = by/r.
Thus we can assume a —a = 1. For the general case, we can obtain the corresponding
coupling by applying the same coupling strategy to the scaled process using
with r = Va — a.

Let us divide the non-negative real line into intervals [2" — 1,2""!1 — 1] 'n > 0. We

will synchronously couple By and El at all times. Thus, we sample the same Brownian
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path for By, and By. Conditional on this Brownian path {By(t) : t = 0} we describe
the coupling strategy for By and B, inductively on successive intervals. Suppose we
have constructed the coupling on [0,2™ — 1] in such a way that the coupled Brownian
motions By and By satisfy By(2" — 1) = By(2" — 1) = by and I(2" — 1) > (2" — 1),
Conditional on {(Bg(t), Eg(t)) < 2" — 1} and the whole Brownian path Bj, we
will construct the coupling of By(t) — by and By(t) — by for t € [27 — 1,27 — 1]. To
this end, we will couple two Brownian bridges B* and B on [27 — 1,271 — 1], then
sample an independent Gaussian random variable G*") with mean zero, variance 2"
and finally use the recipe to get the coupling of By and By on (27 — 1,27 —1].

Let (ZYI), ZM > and (Zl(”), ZM ) denote the Gaussian coefficients in the
Karhunen-Loeve expansion corresponding to B and BPr respectively. Sample
i.i.d Gaussians Z; and set Zlin) = Zin) = Z, for K > 2. Now we construct the
coupling of Z\™ and Z\™. Let W™ be a standard Brownian motion starting from
zero, independent of {(Bg( ), By(t )) <2 — 1} {Zk} 50 and By. In what follows

we will repeatedly use the following random functional
—2"+1
/ \/_sm( + ))dBl(s),Z”—l <t<2 -1 (2.1.2)

Define the random time o™ by

1(2"—1)—1(2"-1))

inf {t >0: Wm(t) = ! pW Gy } ,if A (27T —1) £0,

00, otherwise.
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As A\, (27! — 1) is a Gaussian random variable with mean zero and variance

4 on+l_q 28in2 <7T(S o 277, + 1)) 2n+2

= ds — =
Y
72 Jon_1 2n 2

the time (™ is finite for almost every realization of the Brownian path B;. Now,

define W(") as follows

_ —WM(t) if t <o
W™ (t) =

WO(t) — 2 (6™) i ¢ > o,

Conditional on {(Bz(t),gz(t)> <2 — 1}, {Zk}ss and By, o™ is a stopping

time for W, Thus W defined above is also a Brownian motion independent of
{(Bg(t), EQ(t)) <o 1}, {Zi}op and By.
Finally, we set an) = 272 ™) (27) and Z{n) = 22 () (2"). Under this

coupling we get

I(t)—I(t)=T(2" = 1) —T(2" = 1)+ W™ (2" Aa™) \, (1), (2.1.3)

for t € [2" — 1,2""! —1]. In particular, I (2" — 1) — I (2" — 1) > 0 and equals to
zero if and only if o™ < 27 If (2" — 1) — I (2" — 1) = 0, we synchronously couple
Bs, §2 after time 2" — 1. By induction, the coupling is defined for all time.

Now, we claim that the coupling constructed above gives the required bound on
the coupling rate. Using Lévy’s characterization of Brownian motion and the fact

that the {W(”)} are independent of the Brownian path B;, we obtain a Brownian

n>1
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motion B* independent of B; such that for all ¢ > 0,

o0

DM@ =W (1= 24 1)TA2) = B (TW),

k=

where

t o0
:/ZA§(2k+1—1)1(2 —1<s<2M —1)ds.
0

k=0
Note that for any n > 0, the coupling happens after time 2"™! — 1 if and only if
o®) > 2% for all k < n, that is, B*(t) > (@—a) = —1 for all t < T (2" —1).
Therefore, if for y € R, 77 denoted the hitting time of level y for the Brownian

motion B*, then we have
P(r>2""—1)=P(r*, >T (2" -1)).

By a standard hitting time estimate for Brownian motion, we see that there is a

constant C' > 0 that does not depend on by, bs, a, a such that

P(r>2""—1) < CE ! 1)] : (2.1.4)

T (2n+1 —

Thus, we need to obtain an estimate for the right hand side in (4.3.5). Note that

27277 (271 — 1) has the same distribution as

4 - —2kyr2
=5 220
k=0

where the U, are i.i.d. standard Gaussian random variables.

Forn > 1, U, "> <02 < (U2 + U2 As \/UZ + U? has density re~""/2dr
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with respect to the Lebesgue measure for r > 0, we conclude that E [7? (U2 + Ulz)_l/Q} <

oo. Thus, for n > 1

—E[0;"?) <E |0, | <E|r (U3 +UD) ] < 0.

n

1
B [\/22@ (271 — 1)

This, along with (4.3.5)), implies that there is a positive constant C' not depending on

by, bo, a,a such that forn > 1,

C
P(r>2""—-1)< —.
(T ) 2n
It is easy to check that the above inequality implies the lemma. O]

Remark 2.1.2 ([BGM16]). Under the hypothesis of Lemma [2.1.1] it is not possible
to obtain the given rate of decay of the probability of failing to couple by time ¢
(coupling rate) with any Markovian coupling. The proof of this proceeds similar to
that of [BK16, Lemma 3.1]. We sketch it here. Under any Markovian coupling p, a
simple Fubini argument shows that there exists a deterministic time ¢, > 0 such that
1 (B (to) # B (t0)> > 0. Let 77 represent the first time when the Brownian motions
B and B meet after time (which should happen at or before the coupling time of X
and }2) Let F;, denote the filtration generated by B and B up to time ¢ and let E,
denote expectation under the coupling law p. Then, from the fact that the maximal
coupling rate of Brownian motion (equivalently the total variation distance between

B(t) and B(t)) decays like t71/2, we deduce that for sufficiently large ¢

pw(r>t)=EE,[r>t|F) 2EE, [t° >t| F)

> Ot —to) V2> C /2,

30



where C), denotes a positive constant that depends on the coupling p. Thus, any
Markovian coupling has coupling rate at least t~1/2, but the non-Markovian coupling

described in Lemma m gives a rate of ¢71.

The next proposition gives an estimate for the cumulative distribution function
of the coupling time 7 for the coupling given in Lemma [2.1.1 The estimate gives a
critical value £y dependent on the starting points a, @ and the constant C' that proves

when there is a positive probability of failure to couple.

Proposition 2.1.3. Consider the coupling and the coupling time 7 given in Lemma

2.1.11 We have that
1

ja—al*
Moreover if we choose t <ty = /& |a — al>+1 then P(r < t) < 1 and

P<Xt7é)~(tfor0<t<to)>0.

P(r<t)<C(t*-1)

Proof. First thing is note that B* is independent of By, while T'(¢) is defined in terms

of By. Thus B* and T'(t) are independent of each other. Since
P(r>2"" —1) =P (15 0 > T (2" = 1))
then 1= P (7 > 2" — 1) =1 =P (7, , > T (2" = 1)) which means that

P(r <2 —1) =P (1(5_ay <T (2" - 1)).
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Since 7'(*&7&) /2 is almost surely not zero then

P(r<2¥ —1) = P(royp <T@ -1))

T 2n+1 -1
= P <¥ > 1)
Ta—a)/2

n+l _
< E T(Z* 1)]
T(a—a)/2
= E[T(2"" -1)]E *1
T(a—a)/2

] |

‘b‘e—bz/(Zt)

From Brownian motion hitting time estimates the density of 7 is

Y =Y where Z ~ N(0,1) and Y ~ 7. So if b = (a — a)/2 then

1 72
* ] - =(5)
T(a—a)/2

1 20%v/202
v T
C

b2

C

la —al*

Now recall that

t o0

T(t):/ NI —1<s< 2 —1)ds
0

k=0
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where )\, = 2 V/2sin (’r—,f) dBy(s) ~ N (0, 2":). So that

2k—1 2

ont+l_1 n
E[T (2" -1)] = ]E/ DI -1 <s <2 —1)ds
0 k=0

2k+1_1

= E / \2ds
Z 2k_1 g

k=0
n

= ) 2'EX
k=0
_ 22%:Z4k
k=0 k=0
4(1 —4mt)
_4>

2n+1

—~ =
~—
[\
|
[S—y
N—

2n+1

)
3
F
—

QO o | i~
—~ N —
~—~ —~

~— ~—
|

—_

~—

~—~

—~
\}
3

+

—

~—
+
—_

~—

Thus

P (7_ < okt _ 1) <C <(2n+1)2 _ 1) 1

So that if 2"\ < ¢ < 2" for A < 1 then

Taking A — 1 we have that

< < —_—.
P(r<f) < Ctt+2) s
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Note that we can compute the constant C' explicilty above. By choosing C't (¢ + 2) ﬁ <

1 then C (¢ +2t) < |a — a|” so that t < /& |a —a* + 1 . Thus we know that there
is a chance that this the Brownian motions doesn’t couple if t < /& |a — a’ +1. O

The next lemma gives an estimate of the tail of the law of the stochastic integral

fot Bs(s)dB;(s) run until the first time Bs hits zero.

Lemma 2.1.4 ([BGM16)). Let By, By be independent Brownian motions with By(0) =

b>0. For z € R, let T, denote the hitting time of level z by By. Then

P (/OTO Bsy(s)dBy(s) > y) < \2/—% fory > b*

Proof. For any level z > b, we can write

P (/0 By(s)dB, (s) > y) -

T0 T0
P ( / By(s)dBi(s) > o7, < ) P ( / By(s)dBi(s) > y.7. > ) <
0 0

E [ [ B3(s)ds] _
y? h

P(TZ <T())+

2
P(r. <70)+ Z—QE (70 A T2],
)

where the second step follows from Chebyshev’s inequality. From standard estimates
for Brownian motion, P (7, < 79) = b/z and E [1p A 7] = b(z — b) < bz. Using these

in the above, we get

bz

P (/0 Ba(s)dBy(s) > y) < g + 2

As this bound holds for arbitrary z > b, the result follows by choosing z = \/y. [
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Consider two coupled Brownian motions <X, 5() on the Heisenberg group starting
from (b1, b9, a) and <b1,52, 5) respectively. A key object in our coupling construction
for Brownian motions on the Heisenberg group H? will be the invariant difference of

stochastic areas given by

t

A(t) = (a— ) + ( /0 ' By(s)dBals) — /0 Bz(s)dBl(s)> (2.1.5)

- ( / " By(s)dBa(s) — / t EQ(s)d§1(5)> + By(t) Ba(t) — Bo(t) Bu (1),

0 0

Note that the Lévy stochastic area is invariant under rotations of coordinates. If
the Brownian motions B; and §1 are synchronously coupled at all times, then as the

covariation between B; and By (and between B and Eg) is zero,

A(t) — A(0) = —2 / t By(s)dB(s) + 2 / t Ba(s)dB (s), (2.1.6)

0

where

A(O) =a—a + bng — bggl, (217)

for t > 0. The next lemma establishes a control on the invariant difference evaluated
at the time when the Brownian motions B, and B, first meet, provided they are

reflection coupled up to that time.

Lemma 2.1.5 ([BGM16|). Let By be a real-valued Brownian motion starting from
b1, and let Bg,ég be reflection coupled one-dimensional Brownian motions starting

from by and by respectively. Consider the invariant difference of stochastic areas given

by [.1.5) with B, = B,. Define T, = inf {t >0: By(t) = Ez(t)} . Then there ezists
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a positive constant C' that does not depend on by, b2,’52, a,a such that for any

~ |2 ~ ~
t}max{bg—bg ,Q‘G—a‘i‘blbg—bgbl},

we have the estimate

A(T ‘62_’52‘ ‘a—a+blgz—bggl‘
E[@/\l} <C +

Vi i

Proof. In the proof, C,C" will denote generic positive constants that do not depend

on by, bg,gg, a, a, whose values might change from line to line. For any ¢ > 0,

o [0 1) < SR [ ot < pa gy <24 >

< Zz—kp 27 <|A(M)| <27F) + P(JA(TY)] > 1)

< iz—’ﬂ? (JA(T)| =277 ) +P(A(TY)| > t). (2.1.8)

As By and B, are reflection coupled, we can rewrite (2.1.0) as
t ~
A(t) — A(0) = —2 / (Bals) — Ba(s)) dBi(s)
0

where % (BQ - §2> is a Brownian motion starting from 1 <b2 — bg) and independent
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of Bl. By Lemma [2.1. b2 —52

S

,fort}max{

21401},

P(A(T)] > 1) <P (JA(T) = A(0)] >t = [A(0)])

<IP’(|A(T1)—A(O)| > %) go’bz;}‘. (2.1.9)

Further, for ¢t > max { ‘bg — 52

21401}

D 2P (JA(TY)] = 27 )
k=0

— > 2P (JA(Ty)| = 27 1)

k2 =k te<ma [ba—b2 |2,2\A(0)|}

+ > 27FP (JA(Ty)| = 27 1) . (2.1.10)
k:Q*k*1t>max{ |b2—b ]2,2\A(0)|}

To estimate the first term on the right hand side of (2.1.10f), let &y be the smallest

~ 2
integer k such that 27%1¢ < max{ by — by| ,2 \A(0)|} Then,

> 27FP (JA(Th)| = 27 1)
k:szfltgmax{|b2—32|2,2|A(0)\}
< f: 9~k _ g—ko+l _ %2—ko—1t < émax{‘bg —52 ’ , 2 |A(O)|}
t t

k=ko
by — Tl by — b @+ byby — byb
2 — b2 |A(0)] 2 — b2 ‘a—a—l— 102 — 0201

<8 <8 C(2.1.11

T N t ( )
[b2—Fo|”

3 -2
where we used the facts that < ’bQ\/sz’ for t > ‘bQ — bg‘ and A(0) =a—a+
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blgg — bggl to get the last inequality.

To estimate the second term on the right hand side of (2.1.10)), we use Lemma

2I4to get

> 27 (JA(Th)| = 27 1)

k:2—k—1t>max{ |b2—52 |2,2\A(0)|}

C _
g% Z 9k/2

k:2*’9*1t>max{‘b2—32‘2,2|A(0)|}

by — by

Cbz—b2 e k2 2—b2
o k2 < orl "L (91.19)
e -
Using (2.1.11)) and (2.1.12)) in ([2.1.10]),
. b1 62—52 ‘a—?i—i—b{lé—bﬁl
2 ]P’ A >27" ) < C + 2.1.13
Using (2.1.9) and (2.1.13]) in (2.1.8)), we complete the proof of the lemma. O

2.2 Main result

Now, we state and prove our main theorem on coupling of Brownian motions on the

Heisenberg group H?.

Theorem 2.2.1 ([BGM16]). There exists a non-Markovian coupling (X, }~(> of two
Brownian motions on the Heisenberg group starting from (b, b2, a) and (E,@,’d)

respectively, and a constant C' > 0 which does not depend on the starting points such
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that the coupling time 7 satisfies

’b—g‘ a—5+b152—b251
C +
Vit t

P(r>t) <

2 - -
fort}max{’b—b ,2‘@—’d+blbg—b2b1

}J%mb:wb@amﬁz<@@)

Proof. We will explicitly construct the non-Markovian coupling. In the proof, C will
denote a generic positive constant that does not depend on the starting points.

Since the Lévy stochastic area is invariant under rotations of coordinates, it suffices
to consider the case when b; = 51. Recall the invariant difference of stochastic areas
A defined by . We will synchronously couple the Brownian motions B; and
El at all times. Recall that under this setup, the invariant difference takes the form
(2.1.6). The coupling comprises the following two steps.

Step 1. We use a reflection coupling for B, and B, until the first time they meet.
Let T) = inf {t >0 Byt) = EQ(t)} .

Step 2. After time T} we apply the coupling strategy described in Lemma [2.1.1

to the diffusions

{8080, 40+ [ Baapi) 21,

{(a@%&@%4?$@£%@0:t>n}.

By standard estimates for the Brownian hitting time we have

by — by
Vit

C
P(Ty >t) <

(2.2.1)
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~ 2 -
fort = |by — bs by — by

. By Lemma|2.1.1{and Lemma 2.1.5} for £ > max {

2,2|A<o>|},

]WT—ﬂ>ﬂ<C@PAgMAq

bQ—EQ ‘a—a+b152—b251
+

Vi i

<C

(2.2.2)

Equations (2.2.1]) and (2.2.2]) together yield the required tail bound on the coupling

time probability stated in the theorem. O

An interesting observation to note from Theorem is that, if the Brownian
motions start from the same point, then the coupling rate is significantly faster.

The above coupling can be used to get sharp estimates on the total variation
distance between the laws of two Brownian motions on the Heisenberg group starting

from distinct points.

Theorem 2.2.2 (|[BGM16]). If dry denotes the total variation distance between prob-

ability measures, and L (X;),L (5(,:) denote the laws of Brownian motions on the

Heisenberg group starting from (by, by, a) and (E,@,E) respectively, then there exists
positive constants Cy, Cy not depending on the starting points such that

- ‘b—g‘ ’a—5+b132—b251

arv (LX), £ (X)) <C +

v (£ (X¢) t 1 i ;

b-b

Vit

Mb#E+E%@Mb:Q

b

drv (LX), £ (X)) =

2 - -
fort}max{‘b—b) ,2a —a+ biby — boby
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Proof. The upper bound on the total variation distance follows from Theorem [2.2.1

and the Aldous’ inequality (1.1.1).

To prove the lower bound, we first address the case b # b. It is straightforward

to see from the definition of the total variation distance that

dry (ﬁ (X)), L (fct)) > dpy (c (B), L (ﬁt)) .

Thus, when b # E, the lower bound in the theorem follows from the standard esti-
mate on the total variation distance between the laws of Brownian motions using the

reflection principle

poB) o
Wt | T Veme Vi

dry (L (B,), L (Et» —P [ |N(O,1)| <

where N (0, 1) denotes a standard Gaussian variable.

Now, we deal with the case b = b. As the generator of Brownian motion on
the Heisenberg group is hypoelliptic, the law of Brownian motion starting from
(u,v,w) has a density with respect to the Lebesgue measure on R* which coin-
cides with the Haar measure on H?. We denote by pﬁ“’”’“’)(-, -,+) this density (the
heat kernel) at time ¢. The heat kernel pﬁu’v’w) (z,y,2) is a symmetric function of
((u,v,w), (z,y,2)) € H* x H? and is invariant under left multiplication, that is,

(u,0,w)

pi (. 2) = pi((u,v,w) " (2,y,2)) = pi((x,y,2) (u,0,w)""). Using the fact

that (u,v,w) " = (—u, —v, —w) we see that

(u,v,w)

D (z,y,2) =pf(r —u,y — v,z —w — uy + vx), where e = (0,0,0). (2.2.3)
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Then

i (). (%) - [

_b17y_

- [ Wit

R3

_pt b17
/ |pt

z,Y,%2 — a)

_pf(xay72

(b1,b2,a)(

by,ba,a
P ot

x,y,Z) — D .Qj,y,Z) dwdydz

by, z —a — by + bax)

— by, z —a — by + box)| dxdydz

a)| drdydz

>Arft<z—a>—ft<z—a>!dz,

where f; denotes the density with respect to the Lebesgue measure of the Lévy

stochastic area at time t when the driving Brownian motion starts at the origin.

The third equality above follows by a simple change of variable formula and the last

step follows from two applications of the inequality ! fR flx

real-valued measurable f.

)dz| < fp |f(x)|dz for

From Brownian scaling, it is easy to see that

Substituting this in the above and using the change of variable formula again, we get

iy (£x0.2 (%)) > [

f1<z——) f (z——)‘dz
(=) - he
fi (Z—a_a> — fi(2)

dz

J
g
|z|>1

dz.

t
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The explicit form of f; is well-known (see, for example, [Yor91] or [Neu96, p. 32])

1
= R.
hz) coshmz’ z€

Without loss of generality, we assume a > a. By the mean value theorem and the

assumption made in the theorem that “;—a < %,

f (z— “;a) ~hE)|> 5 it ()
celerns
> a—a ¢ ,
E et ]\fl(é“)l

We can explicitly compute

2m|e™ — e |
/ el R
‘fl(C)| (GWC e_ﬁc)g

This is an even function which is strictly decreasing for ¢ > 1/2. Thus, for |z| > 1,

inf | f1(O] = [£(32/2)].

CG[Z—E,Z]

Thus,
S a—a
drv (c (X)), L (XQ) >/ i (z -2 ) ~ i (2)|dz
|z]>1
> e = 01
b Iz ¢
which completes the proof of the theorem. O

Several remarks are in order.
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Remark 2.2.3 ([BGM16|). Theorem shows that the non-Markovian coupling
strategy we constructed is, in fact, an efficient coupling strategy in the sense that the
coupling rate decays according to the same power of ¢ as the total variation distance
between the laws of the Brownian motions X and X. We refer to [BK16, Definition

1] for the precise notion of efficiency.

Remark 2.2.4 ([BGM16]). Although we have stated our results without any quan-
titative bounds on the constants appearing in the coupling time and total variation
estimates, it is possible to track concrete numerical bounds from the proofs presented

above.

We need the following elementary fact. For any > 0and 0 <y <1
Ty <V2(a?+y)?, (2.2.4)
Indeed,
(z+y)’ <22? + 22 <2 (2% +y),

since y < 1. This immediately gives us the following result.

Proposition 2.2.5 ([BGM16|). Assume that ‘a — @+ biby — boby| < 1. Then there

exists a constant C' > 0 such that
C ~~
P(r>1t) < —=dec ((bl,bg,a), <b1,b2,a>>

Vit
2 _ ~ ~
fort}max{‘b—b ,Q‘a—a—i—blbg—bgbl,l}.
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Proof. Since t > 1, then % < \/%, so by Theorem m

‘b—l;’ ‘a—5+blgg—bggl

_|_
Vi i

(’b b‘ +

P(r>t)<C

a—a+b1b2 - b2b1

)

+ ’a—5+b152 —bggl

1

2 y

<<
\/_

where we used ([2.2.4)) in the last inequality. Now we consider

o (i) i.3)) - ).

as defined by (1.1.6). Recall from Section that this pseudo-metric is equivalent

a—a + blgg - bzgl

to the Carnot-Carathéodory distance dcc <(bl, by, a), <I;v1, lS;,Ei)). This gives us the

desired inequality. O

Liouville type theorems have been known for the Heisenberg group and other types
of Carnot groups (e.g. [BLU07, Theorem 5.8.1]). Using the coupling we constructed,
we derive a functional inequality (a form of which appeared as [BBBCO0§, Equation
(24)]) which consequently gives us the Liouville property rather easily.

In the following, for any bounded measurable function v : H® — R and any

x € H3, we define

Bu(r) = Eu (X7),

where X7 is a Brownian motion on the Heisenberg group starting from z. By || - ||

we denote the sup norm.
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Corollary 2.2.6 (|[BGM16]). For any bounded u € C*(H?) there exists a positive

constant C', which does not depend on u, such that for any ¢ > 1

IV Prul|oo < (2.2.5)

<l
— ||| so-
Vi
Consequently, if Ayu = 0, then u is a constant.

Proof. Fix t > 1. Take two distinct points (by,be,a) and (b:,lg,&“) in (H?, dee)

sufficiently close to (by, be, a) with respect to the distance doe in such a way that

ber

Then, using the coupling (X, X) constructed in Theorem and by Proposition
[2:2.5] we get

2

72 a—a+b152—b251

max{‘b—g

Py (by, be,a) — P (li,é;,”d)‘ = ‘E (u (Xy) —u (f(t) ST > t)‘

20 e
< <= ,
<2l P 7> 1) < 2 Julgdoo (b2 (0162:7))

Dividing by dece ((bl, be,a), (l;;l;g,'&)) on both sides above and taking a supremum
over all points (8;13;,5) # (b1, be,a), we get .

Finally if Ayu = 0, then P,u = u for all t > 0. Taking ¢ — oo in , we get
Vyu = 0 and hence v € C(H?) is constant by [BLUO7, Proposition 1.5.6].
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Chapter 3

Gradient estimates in the
3-dimensional Heisenberg group

The goal of this chapter is to prove gradient estimates using the coupling construction
introduced earlier. Let # = (by, by, a) and & = (by, by, @). We let (X, X) be the non-
Markovian coupling of two Brownian motions X and X on the Heisenberg group

starting from x and Z respectively as described in Theorem [2.2.1] For a set @), define

the exit time of a process X; from this set by
7o (X)=inf{t >0:X; ¢ Q}.
The oscillation of a function over a set () is defined by

oscu = sup u — inf u.
Q Q Q

47



3.1 Preliminary results

Before we can formulate and prove the main results of this section, Theorems
and [3.2.3] we need two preliminary results. Lemma [3.1.1] gives second moment esti-
mates for sup,c ;| fJ(Bg(s)—bg)dBl(s)L SUpPyc a1 |Bi(t) —b1| and sup,c,\; [Ba(t) —bs|
under the coupling constructed above, when the coupled Brownian motions start from
the same point (b, bs). It would be natural to want to apply here Burkholder-Davis-
Gundy (BDG) inequalities such as [KS91, p. 163]) which give sharp estimates of
moments of sup,., | M| for any continuous local martingale M in terms of the mo-
ments of its quadratic variation (M) when T is a stopping time. But the coupling
time 7 is not a stopping time with respect to the filtration generated by (Bi, Bs), and

therefore we can not apply these inequalities to get the moment estimates.

Lemma 3.1.1 ([BGM16]). Consider the coupling of the diffusions

{<Bl(t),32(t),a+ /Ot Bg(s)dBl(s)> > o}
{<§1<t),§2(z),a+ /Ot EQ(S)dél(s)) > 0},
described in Lemma with B1(0) = B;(0) = by, Ba(0) = Bs(0) = by and a >

a, with coupling time 7. Then there exists a positive constant C not depending on

b1, bo, a,a such that we have the following

Ji(Bals) ~ b)Ba(s)|) < CE(r A1),

(i) E (Supt<7A1
(ii) E (suprn [B1(t) = bil)" < CE(r A1),
(iii) B (supye,py |Ba(t) — ba|)* < CE(r A 1)2.
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Proof. In this proof, C' will denote a generic positive constant whose value does not
depend on by, by, a,a. Our basic strategy will be to find appropriate enlargements of
the natural filtration generated by (Bj, Bs) under which 7 becomes a stopping time,
and then use the Burkholder-Davis-Gundy inequality.

It suffices to prove the statement for by = by = 0. Moreover, using scaling of
Brownian motion, it is straightforward to check that it is sufficient to prove the
statement with @ —a = 1 and 7 A 1 replaced by 7 A M (for arbitrary M > 0). We

write Bo(t) = Yi(t) + Ya(t), where

Yi(t) =222 g, ((t — 2" + 1) A2

n=0
Yg(t):ZQ/2<( 2n) Z8 + 3" 2 gui((t — 2"+ 1)7 A2
n=0 k=2

(3.1.1)

with g, x(t) = gon i (t) as defined in the Karhunen-Loeve expansion (4.3.3]) and Zé") =
2-1/2(2") for a a Gaussian variable with mean zero and variance 2" as we used in
[@33).

Consider the filtration
F :0<{Bl(s) cs <t U{W™(s):n>0,0< sgoo}U{Z,gn) n >0k 22}).

We assume without loss of generality that {F; };>¢ is augmented, in the sense that
all the null sets of F% and their subsets lie in Fj. We claim that 7 is a stopping time
under the above filtration. To see this, recall that by the definition of coupling time,

the coupled processes must evolve together after the coupling time and thus, by the
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coupling construction given in Lemma [2.1.1] (in particular, see (2.1.3)),
Plre{2"™ —-1:n>0}] =1 (3.1.2)

Thus, to show that 7 is a stopping time with respect to Fy, it suffices to show that
{7 > 27! —1} is measurable with respect to Fj..,_, for each n > 0. This is because,

for t € 271 — 1,272 — 1) (n > 0),
{r>t}={r>2"" -1}

almost surely with respect to the coupling measure P, by ([3.1.2)). Note that for any
n =0,

{r>2"" =1} = ({o™ > 27},
m=0

Recall that

o™ =inf {t>0: WM (t) =

. (1(2m — 1) —I(2" — 1)) / (2 /imﬂ_l Gma(s — 2" + 1)dBl(3)> }

and on the event {7 > 2™+ — 1}
Bsy(s) — ég(s) =Yi(s) — }71(3) = 2Y,(s), forall0<s< om+l _ 1

As {Yi(t) : 0 < t < 2™" — 1} depends measurably on {ka) :0 < k< m} and
hence on {W®)(s) : k > 0,0 < s < oo}, the above representation for (™ implies

*

that the event {o™ > 2™} is measurable with respect to sm+1_1- Thus, for each
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n >0, {r > 2" — 1} is measurable with respect to Fj,;, , and hence, 7 is indeed
a stopping time with respect to {F; }i>o-

Also, note that ( fg BQ(S)dBl(S)) remains a continuous martingale under this

=

enlarged filtration. Thus, by the Burkholder-Davis-Gundy inequality, we get

/ Bu(s)dBy(5) ) <ca(| o Bi(s)ds) <

CE ((ngApM |Bz(t)|)2 (r A M))

Now, by the Cauchy-Schwarz inequality

E ( sup
t<TAM

1/2

E ((KSBFM |Bz(t)\)2 (7 A M)) < <E (KSllApM ]Bg(t)|>4> (E(r A M2

Thus, to complete the proof (i) and (iii), it suffices to show that

E < sup ]B2(t)|>4 < CE(r A M)2.

t<TAM

To show this, define the Brownian motion
W(t) = i W ((t—2"+1)" A2
n=0
and the following (augmented) filtration
Fr =0 ({(Bl(s),W(s)) s < U{Z™ im0,k > 2}) .

Exactly as before, we can check that 7 is a stopping time with respect to this new
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filtration and W is a Brownian motion (hence a continuous martingale) under it.

From the representation (3.1.1]), note that

ap Mo =2 ap e oy -wer - < 22 ap o)

t<TAM T pantl_1<rAM T t<rAM

Thus, by the the Burkholder-Davis-Gundy inequality

E ( sup |Y1(t)|)4 < el ( sup |W(t)|>4 < COE(1 A M)% (3.1.3)

t<TAM m t<TAM

To estimate sup;c.,as |Y2(t)|, note that Y5 and 7 are independent. Thus, by a condi-

tioning argument, it suffices to show that for fixed T" > 0,

E (Sup |Y2(t)|>4 < CT2 (3.1.4)

t<T

To see this, observe that Y3(t) = By(t) — Yi(t) for each ¢ > 0 and thus

sup [Ya(t)| < sup|By(t)] + sup Vi (#)].
t<T

t<T t<T

Again by the the Burkholder-Davis-Gundy inequality

4
E (Sup |B2(t)|) < OT?

t<T

By exactly the same argument as the one used to estimate the supremum of Y;, but

now applied to a fixed time T', we get

4
E (Sup |Y1(t)|> < CT2

t<T
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The two estimates above yield (3.1.4]), and hence complete the proof of (i) and (iii).
Similarly, (ii) follows from the fact that B; is a Brownian motion under the filtra-

tion {F; };>0 and the Burkholder-Davis-Gundy inequality. O
The next lemma estimates E(7 A 1)2.

Lemma 3.1.2 (|[BGM16]). Under the coupling of Lemma there exists a positive

constant C' not depending on by, by, a,a such that

E(r A1)? < C(la—a| A ).

Proof. Without loss of generality, we assume |a — a| < 1. We can write

E(r A1)? = /1 P(r > Vt)dt
< ]a—5]2+/1 P(r > /t)dt.
|

a—al?

From Lemma|2.1.1, we get a constant C' that does not depend on by, by, a, a such that
for t > |a — al?,

o —al

P(r >Vt) < C 7

Using this we get
!
E(r A1)? < |a—al? +C’|a—2i|/ —dt < (1+2C)|a —al,
o Vit

which proves the lemma. O
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3.2 The gradient estimate

Let D C H? be a domain. Later in Theorem we give gradient estimates for
harmonic functions in D, but we start by a result on the coupling time 7. Define the

Heisenberg ball of radius r» > 0 with respect to the distance p
B(x,r) ={y € B’ : p(x,y) <r}.

Recall that p is the pseudo-metric equivalent to dce defined by . For x € D,
let 0, = p (z, D°).

Consider the coupling of two Brownian motions on the Heisenberg group X and
X starting from points x, 2 € D respectively as described by Theorem . We
choose these points in such a way that p(x,7) is small enough compared to d,. The
following theorem estimates the probability (as a function of ¢, and p(z,Z)) that one
of the processes exits the ball B(z, d,) before coupling happens. This turns out to be

pivotal in proving the gradient estimate.

Theorem 3.2.1 ([BGM16]). Let @ = (by,by,a) € D, & = (by, by, @) € D such that
p(2,7) < 6,/32, b —b| <1 and |a — @+ biby — boby| < 1/2. Then, under the same
coupling of Theorem [2.2.1] there exists a constant C' > 0 that does not depend on

x, T such that

- > 1 1 1+4,)3 -
P <T > TB(z,6) (X) VAN TB(z,62) <X>> < C (1 + 5— + ﬁ + %) p(:(],[t).

Proof. In this proof, C' will denote a generic positive constant (whose value might

change from line to line) that does not depend on x, 7.
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Let b; = # for i =1,2 and a = %ﬁ We define the Heisenberg cube by

52
<20
16}

Oz
87

~

Y; — b;

< a—ys+ 6192 - Ble

Q= {(yhyz,yg) eR3: max

Write 2 = (by, by, @). It is straightforward to check that p(z,2) < p(z,%)/vV2 <

52/32v/2. Moreover, for y € Q

)1/2

. . R . 12
< |y1 = bu| + [ya — ba| + ‘a_yii‘l‘blyQ —bzy1‘ < 0,/2.

p(Z,y) = (|y1 — 31’2 + |y2 — 32|2 =+ ‘d — Y3+ 613/2 — 32y1

Thus, by the triangle inequality, for any y € Q)

p(x,y) < plz,2) + p(2,y) < ds

and hence, Q C B(x,0,). Note that we can write @ = Q1 N Q2 where

“ 51
i —bi| < — ¢,
y 8}

2
Q2 = {(ylayz,yz)ER?’i’d—y3+b1yz—b2y1 gl—‘”}

Q1 = {<y17y27y3) eR®: max

As the Lévy stochastic area is invariant under rotations of coordinates, it suffices to

assume that by = 31. We define

Ult)=a—a+ /t By (s)dBy(s) — /t By(5)dBy(s) + By(t)by — By(t)by.

Note that
dU(t) = (By(t) — by)dBsy(t) — (Ba(t) — by)dBy(t).
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Writing
o, =1nf{t > 0:|U(t)| > u},

we observe that 7g,(X) = 052/16 and hence, 7 (X) = 79, (X) A 7g, (X) = 19, (X) A

0s2/16- We can write

P (7’ > TB(26,) (X) A TB(2,6.) (X>> SP(r > 70(X) A TQ(X))

< P(1 > 179(X)) + P(7 > 79(X)).

Now we estimate P(7 > 79(X)), the second term in the inequality above can be

estimated similarly. First we define

~

Q1 = {(yl,yz,yg) eR’: max |y; — b;

0z
<=
16}

We have

P(r > 1¢(X)) = P(7 > 7¢,(X) A 052 /16)
< P(Tl > TQ’{ (X)) + P(T > TQl (X) A 0-6920/167T1 g TQ*{ (X))
< P(T) > 70: (X)) + P(0s2/32 < T A 72 (X))

+ P(7 > 70, (X) A 05216, 11 < Q3 (X) A 0'53/32). (3.2.1)

It follows from a computation involving standard Brownian estimates (see, for exam-

ple, the proof of [Cra92, Theorem 1)) that

P(T) > 70: (X)) < c'bé_—b|. (3.2.2)
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To estimate the second term in (3.2.1]), note that

52
P(oszyz0 < T1 A 1g; (X)) =P ( sup  |U(t)| > —:”) :

thl/\TQ’f (X) 32

Now, as T1 A1o+(X) is a stopping time with respect to the natural filtration generated
by (Bi, Bs), by the the Burkholder-Davis-Gundy inequality

E ( sup |U(t) - U(0)|>

t<T1 /\TQT (X)

Tl/\TQT(X) "
< CE / B(s) — b|ds
0

Tl/\TQT (X)
< CE / 52ds
0

< OdiE(Tl N TQT (X))

We can again appeal to standard Brownian estimates (e.g. see the proof of |Cra92,

Theorem 1]) to see that
E (Ti A 1g:1(X))) < C6,|b — bl (3.2.3)

Using this estimate gives us

IE( sup \U(t)|> <2E< sup !U(t)—U(0)|> +2|U(0)]

thl/\TQI (X) t<T1/\TQﬂ{ (X)

~ ~ ~ C ~ 1 . ~ ~
< Céi’b — b’ + 2|CL —a+ blbg — b261’2 < 552’}3 — b’ + §|CL —a—+ blbg — b2b1|2.
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By assumption |a — a + blgg — bggl‘ < 1, and therefore

2
E( sup |U(t)|> < C(1+6,)%(|b —b| + |a — @+ byby — byby|)
(X)

t<T1/\TQ>1k

< O(1 45, p(x, ),

where the last inequality follows from (2.2.4]). Thus, by the Chebyshev inequality

52 (1+06,)°
P( sup  |U(¢t)] > 3—2> < 05—30(5&93),

téTl/\TQx{ (X)
which, in turn, gives us

1+06,)%
P(os2/30 < Ty A 7+ (X)) < C%p(:c,x). (3.2.4)

xT

To estimate the last term in (3.2.1)), we write

P(7 > 7¢,(X) AN oszj16, T < 7= (X) A oszy32) < P(7— Ty > 1)

—|—]P>(T > TQl(X) N UJ%/leTI < TQT(X> A 053/32,T - T1 < 1) (325)
By Lemma [2.1.7], we get
P(r— T, > 1) < CE|A(T}) A1),

where A is the invariant difference of stochastic areas defined in ([2.1.5)).

Applying Lemma with £ = 1 and appealing to our assumption that \b—g\ <1
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and |a —a + blgg — boby| < 1/2, we have
E|A(T)) A1 < C([b —b| +|a — @ + byby — byby|) < Cp(, T).
which gives
P(r—T,>1) < Cp(z, ). (3.2.6)

Finally, we need to estimate P(7 > 7, (X) A 05216, 11 < 71 (X) A 05230, 7 — 11 < 1).

Note that
]P)(’T >7’Q1(X) /\0'5925/16,T1 < TQ»{(X) N Os2/32, T 1
< P ( sup |Bl( ) B1 T1 (5 /16) +
Ti<t<Th1+(7—T1)A1

( sup |B2(t) — By(Th)| > 5z/16>

Ty <t<Ty +(T T1

+P ( sup U(t) —U(T)] = 6;/32,

T <t<T1+(T T1)/\1

sup |By(t) — By(Th)| < 6,/16, Ty < 7o (X)) . (327)

Ty <t<T1+(7—T1)A1

By the strong Markov property applied at 7}, along with parts (ii) and (iii) of Lemma

3.1.1) and the Chebyshev inequality, we get

g ( Sup |Bi(t) — Bi(T1)| > 5;5/16) < CE((T _57;1) A1)

T <t<T1+(7—-T1)A1

for i = 1,2. From the explicit construction of the coupling strategy given in Theorem
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2.2.1land Lemma [3.1.2] and Lemma |2.1.5] we obtain

E((t — T1) A1) < E|A(Ty) A 1| < Cp(z, 7).

(3.2.8)

and thus,
P sup Bi(t) — Bi(Th)| = 6,/16 | < C'O(xf).
T1<t<T1+(T—T1)/\1 5$
for i = 1,2. To handle the last term in ((3.2.7)), define
U*(t) = U(t) = (Bu(t) — by)(Ba(t) — by).
Note that
dU*(t) = —2(By(t) — by)dBy (t).

and U*(Ty) = U(Ty) as By(Ty) = by. Further, observe that

sup U(t) = U(T)| <

T <t<Th1+(r7—T1)A1
sup U*(t) = U (T1)] + sup | Bi(t) = b Ba(t) = bl.

Ty <t<T1+(T—T1)A1 Ty <t<T1+(T—T1)/\1
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Using this, we can bound the last term in as

P ( sup \U(t) — U(Ty)| > 62/32,

Ty <t<Ty +(7'7T1 )/\1

T <t§T1+(T7T1)/\1

sup IBI( ) B1<T1)| <0 /16 T < TQ* X )

<IP’< sup |\U*(t) — U*(T 52/64>

T <t<Th +(T7T1 )/\1

+]P)< sup |B1()—b1||Bg()—b2|>5/64,

Ty <t<Ty +(77T1 )/\1

sup |Bl(t) — Bl(T1)| < (Sx/]_6,T1 < TQx (X)) .

T <t<T, +(T7T1)/\1

(3.2.9)

By conditioning at time 7} and part (i) of Lemma [3.1.1} followed by applications of

Lemma [3.1.2) and Lemma [2.1.5] we obtain

T <t<T1+(7—=T1)A1

E < sup |U*(t)—U*(T1)\> <

/ (Ba(s) — ba)dBy(s)

T

4E sup
Ty <t<T1+(7—T1)A1

CE((r — T1) A1)? < EJA(T)) A 1| < Cpla, 7).

Consequently, by the Chebyshev inequality

(3.2.10)

T <t<T1+(7—T1)A1

IP’( sup U*(t) — U*(TY)| = 52/64> <cnt)
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Moreover,

P ( sup |B1(t) — by||Ba(t) — by| > 62/64,

Ty <t<T1+(7—T1)A1

sup |Bl<t) — BI(T1)| < 517/16, T1 < TQT (X))

T <t<T1+(7—T1)A1

<]P>< sup | Ba(t) — by >5cc/8)

Ty <t<Th +(T—T1)/\1

‘HP( sup |Bi(t) — bi| > 0./8,

Ty <t<Th +(7'7T1)/\1

sup |Bl(t) — Bl(T1)| < (535/]_6,T1 < TQT(X)> .

Ty <t<Th +(T7T1)/\1

(3.2.11)

We use the fact By(T}) = by and proceed exactly along the lines of the proof of (3.2.8)

to obtain

P < sup | By(t) — bo| > 5x/8> <ot (3.2.12)

4
T <t§T1+(T—T1)/\1 51‘

The second probability appearing on the right hand side of (3.2.11]) can be bounded
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as follows

P ( sup | Bi(t) — [;1| > 0,/8,
Ty <t<T1+(7—T1)A1
sup |Bl<t) — BI<T1)| < 517/16, T1 < TQT (X))
T <t<T1+(1—T1)A1
<P sup |Bi(t) = ba| = 6./8,
(Tl/\TQT (X))StS(Tl/\TQT (X))+(T_(T1ATQ1‘ (X)))/\l

sup |By(t) — By(Th A 7z (X))| < 0, /16)

(Tl/\TQik (X))gtg(']ﬁ/\TQT (X>)+(T_(T1ATQI (X)))/\l

<P <|B1(T1 A 7o (X)) = by| > 5:6/16) . (3.2.13)

We will use the fact that b; = b. By an application of the Chebyshev inequality
followed by the Burkholder-Davis-Gundy inequality, and using (3.2.3]), we get

E|Bi(Th A g1 (X)) — by ?

P <|B1(T1 A 7o (X)) = by| > 5,,,/16) <C

0z
2 R

. CE SUPO<t<Ty Argy (x) | B1L(t) — b1 < (BTN (X)) _ [b—D]

92 02 Oy

Using this in (3.2.13)),
P ( sup |By(t) — by| > 6,/8,
T <t<T1+(T—T1)/\1

b —b|
sup |Bl(t> — Bl(T1>| < (553/16,T1 < TQ*{(X) <C 5 .

T <t<T1+(7—T1)A1 x

(3.2.14)
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Using (3.2.12) and (3.2.14)) in (3.2.11]), we obtain

P ( sup |B1(t) — by||Ba(t) — by| > 62/64,

Ty <t<Ty +(7'7T1 )/\1

sup |B1(t) — B1<T1)| < 5x/16, T1 < TQ: (X))

T <t§T1+(T7T1)/\1

1 1
< — + = x). 2.
<C (5x + 5§) p(x,x). (3.2.15)

Finally, using (3.2.10) and (3.2.15) in ((3.2.9),

P ( sup \U(t) — U(Ty)| > 62/32,

Ty <t<T1+(7—T1)A1

sup |Bl(t) — Bl<T1)| < 5z/16, T1 < TQT (X))

T <t<T1+(7—-T1)A1

1 1
< — + = x). 2.
<C (576 + 5?;) p(x,x). (3.2.16)

Using the estimates from ((3.2.8]) and (3.2.16) in (3.2.7)), we get

P(1 > 70, (X) AN og2/16, Tt < 7r(X) A 0s2/30, 7 —T1 < 1)

Using (3.2.6) and (3.2.17)) in (3.2.5)), we get

]P(T > T, (X) AN 0'53/16,T1 < TQx (X) VAN 053/32) < C (1 + —+ —> p(m,f). (3.2.18)
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Using the estimates (3.2.2)), (3.2.4) and (3.2.18)) in (3.2.1)), we obtain

1 1 (146,)° _
P(r > 179(X)) < C (1 + i + 5 + 5—:%) p(x, 7). (3.2.19)

The same estimate for P(7 > 75(X)) is obtained by interchanging the roles of x and

z. This completes the proof of the theorem. O

Remark 3.2.2. Theorem and its proof remain unchanged if we replace J, by

ad,, for any « € (0, 1].

The above theorem yields the gradient estimate formulated in Theorem [3.2.3|
Before we can formulate our result, we explain the argument in the proof of [Kuw10,
Proposition 4.1] that leads to (3.2.20)).

Recall that Ay denotes the sub-Laplacian which is the generator of the Brownian
motion on H?, and for any function f on H?, |Vy f| denotes the associated length
of the horizontal gradient of f defined by (L.1.4). As before ||-||,, denotes the norm
induced by the sub-Riemannian metric on horizontal vectors. We can use the fact
that {X', Y} is an orthonormal frame for the horizontal distribution, therefore for any

Lipschitz continuous function u defined on a domain D in H?,
IVaullz, = (Xu)* + (Vu)?

holds in D (where Xu and Yu are interpreted in the distributional sense). Now we
can use [HK00, Theorem 11.7] for the vector fields {X, Y} in H? identified with R3.

We need to check some assumptions in this theorem. First, if u is Lipschitz continuous

65



on D, it is clear that

u(z) = u (2)|

\Vyul (z) < sup ——F——— <
h 2,€D,2#% dCC (27 Z) ’

for all # € D, and hence |Vyul| is locally integrable. In addition, as u is Lipschitz
continuous, |Vyul| is an upper gradient of u by [Kuwl0, Lemma 2.1], so [HKOO,

Theorem 11.7] is applicable and we have that
[V aully, < [Vaul, (3.2.20)

a.e. with respect to the Lebesgue measure.

Theorem 3.2.3 ([BGM16|). Suppose u satisfies Ayu =0 on D C H*. Fiz any con-
stant a € (0,1). There ezists a constant C > 0 that does not depend on w,d,x, D, «

such that for every x € D

1 1 (14 ad,)?
< <Ol
[Vau()|ly, < [Vaul (z) < C ( + b, * (ad,)* " (ady,)"

) OSCB(:p,aéz) u.

(3.2.21)

Proof. Recall that by hypoellipticity we know that if Ayu = 0 then u must be
smooth. Fix a € (0,1). Since u is continuous on B (2, d,), 0SCB(as,) U < 00. Let
z = (b,by,a) € D, T = (by,bs,d) € D such that p(z,7) < ad,/32, [b —b| < 1
and |a —a + biby — b2g1| < 1/2. Consider the coupling from Theorem of two
Brownian motions, X and 5(, on the Heisenberg group starting from the points x and
T respectively.

By Theorem |3.2.1| Remark and the equivalence of the Carnot-Carathéodory
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metric doo and the pseudo-metric p, we have

)
1 1 1+ ady)?
<€ (1 Tas " (as)t | <a5x>4)

M

P (T > TB(z,ad;) (X) A %B(x,aﬁw) (

) doc (5,7,

where C' is a constant independent of x, ,u, d,, D and «.

Using the coupling from Theorem and Ito’s formula we have that

u(e) = u @)= [E[u (Xepno0) = (Xey )|

<E Hu (XTB(ac,a5z)(X)> —u (X?’B@,aéz)(i)) H

< (OSCB(%O“;JC) u) -P (7’ > TB(z,ads) (X) A 7A:B(;r,aéas) (X>>

L L (1+ aéz):”) dec (2,7) .

<
< O (OSCB(x,OAsz) U) <1 + a(;x t (0553;)4 (Oé(sa:)4

Since u is continuously differentiable on B (x, ad,), (3.2.20]) holds for every x € D.
Dividing out by d¢c (x, z) and using (3.2.20) we have that for every x € D,

| u(2) — u (@)
Vuu(z)lly < |Vyul(z) =lim  su T
Vel S Wl @0 =T o doe .9
<o(1+—+ + 05CB(m,0dx) U
( aéx (a5$)4 (05(533)4 B( ) )

as needed. O
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3.3 Applications of the gradient estimate

In this section, we prove some corollaries and applications of the gradient estimate
in Theorem [3.2.3] One of which is the well known Cheng-Yau estimate as given

in [CY75,[Yau75]. We also prove a Caccioppoli-type inequality on H?.
Corollary 3.3.1 ([BGM16]). Let u be a non-negative solution to Ayu =0 on D C
H3. There exists a constant C' > 0 that does not depend on u, d,, x, D such that

11 (1+6)°
[Vyu (z)||y < | Vyul|(z) < C (1 + (5_,; + 5i + 5—;1) u(z)

x
for every x € D.

Proof. By [BLUOT7, Corollary 5.7.3] we have the following Harnack inequality

sup u S ¢ inf -, 3.3.1
B(z,a*dz) B(z,a*d) ( )

for x € D C H3, where a* € (0,1) and C' > 0 are constants not depending on

u,x,0,, D. Using equations (3.2.21)) and (3.3.1)) and absorbing o* in C' gives the
desired result. O]

Let us recall that we say a function u : D — R is harmonic on D C H? if Ayu =0
on D. We can use Corollary and the stratified structure of H? to prove the
Cheng-Yau gradient estimate. In particular, this recovers the fact that non-negative
harmonic functions on the Heisenberg group must be constant. We thank F. Baudoin
for pointing out the connection between the gradient estimate in Corollary and

the Cheng-Yau inequality.
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Corollary 3.3.2 (|[BGM16]). If u is any positive harmonic function in a ball B (xq, 2r) C

H3, then there exists a universal constant C' > 0 not dependent on u and z, such that

sup ||Vylogu(z),, <
z€B(zo,r)

e

Moreover, if u is any positive harmonic function on H?, then v must be a constant.

Proof. Suppose u > 0 is harmonic in B (0,2). Writing §, = p(z, (B (0,2))°) for
x € B(0,2), we obtain by Corollary

3

’U,(LU) z€B(0,1) 590 6;45 5;1

where C' is the same constant as in Corollary This implies that
sup ||V logu(z)l,, < C". (3.3.3)
B(0,1)

Now suppose that u > 0 is harmonic in B (xg,2r) for r > 0. By left invariance

and the dilation properties of H? we see that (3.3.3)) implies

C/
sup [|[Vylogu(z)|,y, < —.
B(zo,r) r
If w is harmonic on all of H?, taking r — oo gives us that u must be constant. O

We refer the reader to |[CGL93| for a Caccioppoli-type inequality similar to the

one below.
Corollary 3.3.3 (Caccioppoli-type inequality). Take u € L% . (B(x, R)) such that
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Agu=0and u > 0 on B(x,R) C H . We have that for all » < R,

L Il <o r? [t
B(x,r

B(z,r)

where

C’(T,R):cl<1+ 1 1 +(1+R—7n)3).

+
R—r  (R-r' (R-1)
Proof. Consider u € L% . (B(z, R)). Let 6, p = dist (D¢, y). Fix € H and consider
y € B(x,r) . Using the gradient estimate from Corollary we have

1 1 (14 6,p)°
[Vau(y)ll,, <C |1+ + + = u(y).

If we use D = B (y, &) in 6, p then

1 1 (1+R-r)°
IVru(y)lly, < e (1+R_r+(R_r>4+ 1) )u(y)-

Integrating both sides we have that

[ vl < [ e
B(z,r) B(z,r)

< C(rR) / u(y)dy,
B(z,r)

— DN
VRS
—_
+
oy
—_
+
[u—
—
+
Iy
|
<
T
N———
)
=
<
0
QL
<

where
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Chapter 4

Coupling techniques for heat
semigroups

In this chapter, we will start by presenting new proofs to known results on the gradient
bounds for heat semigroup on R" and on the Heisenberg group H. We will also present
a new gradient bound for the Kolmogorov diffusion. The result will be improved
in a later chapter (see Proposition . These new proofs will employ the use
of coupling techniques. The coupling we use is synchronous coupling of Brownian
motions. The techniques shown in this chapter will be the motivation for the coupling
techniques used in Chapters [p] and [7]

We start by recalling the notion of a coupling. Suppose (2, F,P) is a probability
space, and B; and B, are two Brownian motions in R™ defined on this space, starting
at x, T € R” respectively. By their coupling we mean a diffusion (Bt, Et) in R" x R"
such that its law is a coupling of the laws of B; and Et. By that we mean that
the first and second n—dimensional marginal distributions of (Bt, §t> are given by

distributions of B; and ét.
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Let P®?) be the distributions of <Bt, §t>, so that P@%) (BO =1z,By = j) = 1.

We denote by E@®®) the expectation with respect to the probability measure P@%).
Definition 4.0.1. We say that a coupling (Bt,ét) in R" x R™ is a synchronous

coupling if for (x,Z) € R™ x R" we let

th:x—i—Bt,

éf:.i'—i—Bt,

where B; is a standard Brownian motion in R".

In particular here we have that synchronous coupling is a fixed distance coupling.

4.1 Heat kernel functional inequalities on Euclidean
space

Let P, be the heat semigroup for the Laplace operator A in R™. Recall that the

Euclidean heat kernel is given by

1

— —lly—=||?/(4t)
p x7y - € 9
Hz:9) (4mt)"/?
so that
1 2
Pof(x) = _/ el /ang,
t ( ) (47Tt)n/2 Rn ( )

The following result easily follows from properties of convolutions and Jensen’s

inequality.
Proposition 4.1.1. Let P; be the heat semigroup on R™. Suppose f € C*(R") is
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bounded and has bounded first derivatives then
IVESI" < B (VA

for all g > 1.

Proof. We know that

Pf(z) — W /  fy)erloe gy

= /. fWK; (z —y)dy

= (f*Ky)(2)

where

1 e
Ki(z) = T o2/ (48)

By a property of convolutions we have that

9 (fury="9

K,
8.’171' 833'Z * B

so that

VPthPt<vf)-
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Hence

VPSP = |R(VAF
< BV
- ([ wr@i - )
< [IVI@F Ktz - y)de = P(TIP)
where we used Jensen’s inequality. O]

We now show that the same result can be proven using synchronous coupling
under slightly different assumptions. The technique shown in the next proof will be

the motivation for results in later chapters.

Proposition 4.1.2. Let P, be the heat semigroup on R". Synchronous coupling im-

plies that for all f € C? (R") with bounded seconded derivatives we have

IVESI" < B (V)

for all g > 1.

Proof. Consider two copies of synchronously coupled Brownian motions

Xt:Btp:p_'_Bta

X, =B =p+ B,
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where B; is standard Brownian motion. Note that

BY - B}

for all £ > 0. Recall that for a differentiable function f: R"™ — R,

f ()~ L(x) = f(R) + VI (R) - (x~%).

More precisely

If (%) - &) <|VF(E)- (x=x)|+[R].

where
1 o _ 12
Rl < 50 | Dl =&l )
=1
and C is a bounded on the Hessian of f.
By using an estimate on the remainder R of Taylor’s approximation to f and the
assumption that f € C? (Rd) has bounded second derivatives, there exists a Cy > 0

such that

al

Fex) - £ (

)

iamf (X0) =)+ B (X))

d
<2

i=1

C
[p=Fl+ 5y~

001 ()
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Using this estimate and Jensen’s inequality we see that

P(p) = P D)) = [E@P [ (X)) — 1 (%0)]]
< EPP Hf (Xe) — f (55)
< iE(p@ [

d

= S (RS @) o~ 71+ Sl = 57

— q% C’
Op, f | Xt ] p— f}H—n\p I’

Dividing out by |p — p| and taking p — p we have that

. [Fif(p) — Puf ()]
V,P f (p)|| = limsup
19,2 ()] = timsp (0=
d 1
Z Pt |apzf )E )
=1
which proves the statement. O

Proposition 4.1.3 (Local reverse Poincaré inequality). Let P, be the heat semigroup
on R™. Synchronous coupling implies that if f € C?(R") with bounded second

derivatives then

UV |Pf* < Pif? — (Bf)?.

Proof. We synchronously couple (Bf, Bf) Let C' be a bounded on the second deriva-
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tives of f. First we compute

\P.f(x) — Pof (2)° = |PoPr_of () — PoPr_of (7))
= [E@ [P f (B) - Pr_of (B)]|

< B [|Paf (B) = Pt (B[]

912

B, — By| + C'|B, — B,

<E@®?) ‘WPH f(BY)|

BS—BS BS_BS

£ ||V, (B])] o 2[VA (B

1

Integrating both sides with respect to s from s = 0 and s =t we have

| |

+ CE®® { B, — B,

|P.f(z) = Pof (&)t
! (z,%) )2
< [ |Ivre (5]

t
- / ECD ([VP (B o = + 2| VP (B]) |l — 2 + Ol — '] ds
0

3

BS—BSQ+2\VR,S(B§)| B, — B.| +C|B.— B,

4
]ds

:/0 [P (VP (2)) o = 2* + 2P (| VP (B)|) o = 2” + Ol — &[] ds

(Pf* () — (Pf (2))%) o — &> + 2 /0 [P, (VP (2)))] ds |z — &|° + Ct |z — 7|*

Dividing out by |z — Z|* we have

|P.f(x) — P.f ()]

|z — &

t < % (Pf* (2) — (P.f (2))%)

t
+2/ P, (VP (3))] ds |& — 7 + Ct | — &
0
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Taking © — x we have the desired result. O

4.2 Heat kernel gradient estimates for the Kol-
mogorov diffusion

We now consider the Kolmogorov operator

1ot D

L=-—— .
2 0z? —HU@y

This operator satisfies the weak Hormander’s condition condition since the vector
fields {a%,ma%} and its lie brackets span R2?. Thus L is a hypoelliptic operator.
Its corresponding carré du champ operator is I'(f, f) = (%)2. Its corresponding

diffusion process stated at (z,y) is

t
X; = (m—l—Bt,y+ta:+/ Bsds),
0

where B; is a standard Brownian motion. Our goal in this section is to illustrate the
use of the coupling technique in proving gradient estimates on the heat semigroup of a
hypoelliptic diffusion. In particular we prove a sharp Driver-Melcher type inequality.
We refer the reader to Section for an introduction on the Kolmogorov diffusion

and the relevant functional inequalities.

Theorem 4.2.1. Let P, be the heat semigroup for the Kolmogorov diffusion in R2.

Suppose f € C* (R?) such that ‘% < M for some M > 0. We have that for all

1<p<x

. (4.2.1)

VEEFED < (R (L (.0%))" +t‘a%Ptf
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Proof. Recall that f(z) — f(a) = f'(a) (x — a) + E where there exists a £ between x

and a such that

&) | _ap.

Bl <
2!

We use use the following estimate for a multivariable function f (z1,xs) = fu,(z1) so

that

|fx2(x1) - fm(i‘l)l < |f:ﬁ;2 (fl)‘ |$1 - 1%1‘ + % ‘fg/c; (512” ‘1'1 - i’1’2

where ¢, is between z; and ;. We consider the following coupling of Kolmogorov

diffusions. Let X; be a Kolmogorov diffusion started at (xi,z5) so that

X, = (X}, X})
t
= (3:1 + By, xo + tay +/ Btds)
0

where B, is a brownian motion started at 0. Let ¢y > 0 be fixed time. Define

Xt = (‘X:tla ‘Xtt2)

t
= (.fl + Bt,iL‘z + t[) (1'1 — i’l) + tfl + / Btds) .
0

Now X, is a Kolmogorov diffusion started at the point (Z,zq + to (z1 — #1)). Note

that | X! — X1| = x1 — 71| for all time ¢, and at ¢t = ¢, we have that X? = X2,
t t to to

We will use the latter to apply the one dimensional Taylor formula to a two-variable
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function as discussed above. Thus at a fixed time ¢y, we have that

2
<

X)) - (X)] < X} - X7

0. (X
0. (Xin)

LM
2

-1 )
‘Xto — X2

N M -9
21 — T4 +5 |zy — Z4]

Now

|Ptf($1, :Eg) —PBf ([fl, To + 1o (xl — ;Z‘l))| - ‘E((m,x2)7(£1,x2+to(ac1—i1))) |:f (Xt) —f (Xt>} ‘

i

< R((@12),(@e2+to(@—21)) Hf (X)) — f <5{t>

At t =ty we have that for p > 1

| Poo f (21, 22) — Py f (1,22 + to (21 — 1))

Bl [l (X,) - £ (X)
O, f (Xto)
< (E((:h,m—irto(xl—j;l))) |:axf <Xt0>

- . 1 - M R
= (P (|0of (#1, 2 + 1o (21 — T1))["))7 |21 — T1| + > R

)

: . M
g E((w1,xz+to(a§1711))) |: i| ’xl _ ‘%1| 4 7 ’1:1 . £1‘2

PN = ~ M ~
])p |$1—x1|+7|x1—x1]2

so that

\Py f(21,22) — Py f (&1, 29 + to (21 — 21))|
B

X

1 M ~
< (P (|0uf (1,20 + Lo (21 — 1)) [7))? + 0} |21 — 74 .
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Now taking 1 — x1 we have that

s o (1 72) = Paof (a4 1y (21 = )|
T1—mwy ‘33‘1 —i'1|

(4.2.2)

< limsup (P, (|0, f (Z1, 22 + to (21 — #1))["))7 +0

5714)561

= (Pyy (|0:f (x1,22)["))?

— P, (r (f (21,22) , f (1, 22))

NS
Sl

) (4.2.3)

Looking at the left side of (4.2.3) we rewrite it as

| Po f (1, 22) — Py f (Z1, 02 + to (11 — 7))

lim sup po
T1—x1 ’xl - 'Tl‘
— Jimsup | Bro f (1, 22) + h (=1, t0)) — Py f (21, 72))|
h—0 h
— lim sup | Py f (%1, 02 +to (21 — ?1)) — By f (21, 35)|
T1—T1 |$l - :Cll
= ‘thof (551,1'2) ’ <17 _t0>‘
0 0
= £P750f(5171,372) —toa—yptof(ifl,l”z) -
We have the desired result after a rearranging of terms. O]

Remark 4.2.2. Note that this inequality is sharp. Let f(z,y) = y so that P,f =

y+tx. Thus T (B.f, Bf) =3, T(f, f) =0 and g—g = 1. Thus the left hand side of
@21) is

VF(Ptfaptf):t
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while the right hand side is

(R (G0)) |5t <0t

4.3 Heat kernel gradient estimates on the Heisen-
berg group

We define X', Y, and Z as the unique left-invariant vector fields with X, = 0,, V. = 0y,

and Z, = 0., so that

X = ax _yaza
Y =0, + 20.,
Z=0,.

As pointed out in [GL16, Example 6.1}, the (sum of squares) operator

AH:-)CQ-F)}Q

is a natural sub-Laplacian for the Heisenberg group.
Let X; be the Markov processes associated to Ay. We call this process the Brow-
nian motion on the Heisenberg group. The semigroup associated to the Heisenberg

sub-laplacian is the following

Bif(x) = E*[f (X4)].
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In [Kuw10|, Kuwada showed that (1.1.10)) for f € C2° (X) where X is a sub-Riemannian
space implies an upper gradient estimate. By the Kuwada duality, the upper gradient
estimate formulated in [Kuw10] implies the existence of a coupling (Xt, Xt) of Brow-

nian motions on the Heisenberg groups started at (x,x),for each ¢ > 0 , satisfying
dec (Xt,f(t> < Kd(x,%). (4.3.1)

In the following, we give a direct proof of the converse of this. That is, given a coupling
satisfying (4.3.1)) we can prove the Driver-Melcher gradient estimate ({1.1.10]). We note

that the following argument also works for any Carnot group.

Theorem 4.3.1. Suppose there exists a coupling of two Brownian motions on the

Heisenberg group (Xt, Xt> started at (x,X) that satisfies
dee (X1, X1 ) < Kdeo (x,%), as,
for some constant K > 1. This coupling implies
\VuP,f|" < KPP, (|Vufl’),

for all p > 1.

Proof. By the dilations in the group H it suffices to prove
VP fI" < Kpb (IVafl"),
for t =1 (See [DMO05| and [BBBCO0S]). Let (Xt, Xt) be a coupling of two Brownian
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motions on the Heisenberg group started at (x,X) satisfying

dec (Xl,f{l) < Kdee (x,%), as. (4.3.2)

_ 3 5 N B B
Ify = (y1, Y2, y3) and y = (§1, 2, Y3) then P (f,9) (y) = f(§)+Vuf(9) R
Y2 — Yo
is the first order H—Taylor polynomial. The following estimate is given in (Theorem

20.3.2, [BLUO7]) and is an analogue to Taylor’s inequality for Carnot groups:

If(y) =P (f,9) )| < adee(y,9)

X sup ){\X2U\(ﬂ*z), Vul 5+ 2) | XVul (% 2)} .

d(z,e)<b?2d(g—1xy,e

Thus we have that

rw =< Ve | " s e - - Ve -
Y2~ 42 Ya2 — Y2
<wwf@l|| "
Y2 — Yo
+crdee (y, §)° sup {|2%u] (7% 2), |V2ul (5% 2), |XDVul| (5% 2)}

d(z,e)<b2d(g—1*y,e)

(4.3.3)
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Using estimate with y = X and y = X; we have that

[PLf (%) X
= |Bf (X ( 1)
o1 (8]
E | [Vuf (X)) (blbl
by — by
2
+aE {dcc X1, 1) (4.3.4)
xd(ze<b25;1; 50 {‘XZf’ (f{l*z> , f’ (Xl*z> XV <X1*z> }] (4.3.5)

1
Recall that |(z,y,2)|y = ((x2 +12)% + 22> " is a homogencous norm on H that is

equivalent to dec (2,9, 2) ,e). By Lemma[A.0.8]it is easy to see that

by —b
U < dee (%) (4.3.6)
by — by
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Plugging (4.3.2) and (4.3.6)) into (4.3.5)) we have that

|PLf(x) — PLf(x)]

< Kdee(x,%)E HVHf (X4)

|

+ erdoo(x, %) sup {P@f} <X1*z> ’ }y2f| <}~(1*z> XV (5(1*2) }]

d(z,e)<b2doc(X1,X1)

< Kdoo(x, %) (P, (|Vaf (X)[7)?

+ CldCC (X, 5()2E

sup {’XQf} (Xl*z>7}y2f| (f{l*z>,|é’(yf\ <X1*2>}] ,

d(z,e)<b2dcc(X1,X1)

(4.3.7)

where we used Jensen’s inequality in the last line for p > 1. Now since f € C* (H)
and has bounded first and second derivatives then we can bound the expectation on

the last term by a constant K (f) < oo. Thus we have

T =

|Pif(x) — Pf(X)| < Kdeo(x,%)(P(|Vef (X))

+cq - K(f)dcc(x, )2)2

Dividing out by deeo(x, %) and taking X — x we have that

|PLf(x) = A f(X)]

VuP f (x)] = lirpjup doo . 5)
< Tmsup [K (P ([Viaf (R))7 + 2 K(f)dee(x,%)

— K (P (|Vaf &®)[)7,

which gives us

IVePLf (X)" < KPP ([Vef (X)) .
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Remark 4.3.2. In [DMO05], the authors showed
Vb I < Co() B (Vi fI7)

on the Heisenberg group where C)(t) is the best constant. They showed that C,(t) =
C > 1. Specifically they showed that Cy(t) > 2. Note the Theorem [4.3.1] gives a
characterization of this constant as C,(t) = K? . Here K is the best constant that

one can obtain by finding a coupling that satisfies daco (Xl, 5(1> < Kdee (z,y).
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Chapter 5

Heat semigroup functional
Inequalities for the Kolmogorov
diffusion

In the last few years, there has been considerable interest in studying gradient bounds
for semigroups generated by hypoelliptic diffusion operators. The motivation for
such bounds comes from their potential applications to sub-Riemannian geometry
(e.g. [BG17,[BBG14]), quasi-invariance of heat kernel measures in infinite dimensions
(e.g. [IBGM13Gorl7]), functional inequalities such as Poincaré and log-Sobolev type
inequalities (e.g. [DMO05,BB12,Kuw10,Wan16]), and the study of convergence to equi-
librium for hypocoercive diffusions (e.g. [Baul7a, BT18]). In particular, the gradient
bounds we present in this paper might be used to prove a spectral gap existence
similarly to [BW14] once one has spectral localization tools. In the present paper we
are interested in gradient bounds for Kolmogorov type diffusion operators for which

we present and compare two different techniques: I'-calculus methods and coupling
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methods.

The Kolmogorov operator on R? defined as L = %aa_;?""xa% was initially introduced
by A. N. Kolmogorov in [Kol34], where he obtained an explicit expression for the
transition density of the diffusion process whose generator is the operator L. Later
L. Héormander in [Hor67] used this operator as the simplest example of a hypoelliptic
second order differential operator. The semigroup generated by L is Gaussian and
thus the corresponding heat kernel may be computed explicitly, as was observed
already by A. N. Kolmogorov. However, despite an explicit Gaussian heat kernel, it
is somehow challenging to derive relevant functional inequalities for this semigroup.
We refer for instance to R. Hamilton’s notes [Ham11], where Ricatti type equations are
used to prove Li-Yau and parabolic Harnack inequalities. This (classical) Kolmogorov
operator is the starting point for our consideration of several hypoelliptic operators.

As we mention above we present two techniques to prove gradient estimates in this
setting. While more geometric methods have been used for hypoelliptic operators (e.g.
[Baul7a, BB12, BBG14,BG17]) in the last years, the coupling techniques have seen
recent progress for such degenerate operators. In [BACK95|, the authors were the first
to consider couplings of hypoelliptic diffusions, as they prove existence of successful
coupling for the Kolmogorov diffusion and Brownian motion on the Heisenberg group.
Then in [BK16], S. Banerjee and W.Kendall used a non-Markovian strategy to couple
the iterated Kolmogorov diffusion. The most relevant to our results is [BGM16|, where
coupling techniques have been used to prove gradient estimates on the Heisenberg
group considered as a sub-Riemannian manifold.

The second part of the dissertation is organized as follows. We start by considering
Kolmogorov diffusions in Section [5.1], where we use both generalized I'-calculus and

coupling techniques to prove gradient estimates such as in Proposition and
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Proposition [5.1.10} This setting provides the first illustration to contrast these two
methods: while the coupling method is somewhat simpler, and yields a family of
gradient estimates, other functional inequalities such as the reverse Poincaré and the
reverse log-Sobolev inequalities for the corresponding semigroup do not seem to be
trackable by coupling techniques. But we can prove these inequalities by using the
generalized T'-calculus. Moreover, we are able to use only this approach (not the
coupling techniques) to obtain sharper gradient bounds for the relativistic diffusion
considered in Chapter [6] The relativistic diffusion has been introduced by R. Dudley
and studied extensively in [Bai08,|Ang15, Dud66, Dud67, DH09,[FLJO7, FLJ12,[IM15,
JMO7,[McK63], while the history of related objects both in mathematics and physics
can be found in [Dun08]. Observe that generalized I'-calculus gives relatively simple
proofs of functional inequalities for the relativistic diffusion compared to previous
results.

In Section [7.0.3| we use the coupling by parallel translation on Riemannian man-
ifolds. The coupling can be described by a central limit theorem argument for the
geodesic random walks as in [vR04]. It would be interesting to see if such a cou-
pling can be carried out on sub-Riemannian manifolds using the approximation of
Brownian motion by random walks introduced in |[GL17]. If such a coupling can be
constructed, then our results and techniques would be valid for even a larger class of

hypoelliptic diffusions.
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5.1 Kolmogorov diffusion in R? x R?

Our main object in this section is a Kolmogorov diffusion in R? x R defined by

t
Xt = (Bty/ Bsd8> s
0

where B, is a Brownian motion in R? with the variance o2.

Definition 5.1.1 ([BGM18|). Let f (p,€),p € R4 € € R? be a function on R? x R,

For o > 0, the Kolmogorov operator for f € C? (R? x R?) is defined by

(L) (1.€) = (0. Vef (.©)) + Apf P€ ij %, )+ Apf<p,£>,

where A, is the Laplace operator A on R? acting on the variable p and V¢ is the

gradient on R? acting on the variable &.

Note that for d = 1 and o0 = 1 this is the original Kolmogorov operator. By
Hormander’s theorem in [Hor67], the operator L is hypoelliptic and generates a
Markov process X;. It follows then that the process X; admits a smooth transition

probability density with respect to the Lebesgue measure.

5.1.1 TI'-calculus

First we use geometric methods such as generalized I'-calculus to prove gradient
bounds for the semigroup generated by the Kolmogorov operator L. Moreover, we
show that the estimate is sharp. We point out that a generalization of I'-calculus for

the Kolmogorov operator has been carried by F.Y. Wang in [Wan14, pp. 300-303].
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However, our methods are different and yield optimal results as we explain in Remark

0. 1.0l

Recall that the carré du champ operator for L is defined by

L(f)i= gLf* ~ LT,

where f is from an appropriate space of functions which will be specified later. A

straightforward computation shows that

1
L(f) = 501V 17, (5.1.1)
where V,, is the standard gradient operator on R acting on the variable p, and || - ||
is the R%-norm.

Notation 5.1.2 (|[BGM1§|). For a« € R, § > 0 we define a symmetric first-order
differential bilinear form ' : > (Rd X Rd) x O™ (Rd X Rd) — R by

d
wB(f dg ) of dg
' i1 <3Pz 8&) ( op. g b Z d&; O&;

= (V£ Vpg) — V[, Veg) — a(Vef, Vyg) + (02 + B) (Ve f, Veg),  (5.1.2)
with the usual convention that T'*?(f) := T (f, f). We will also consider

1

32(f) = SL0(f) = T*(f, Lf).

We start with the following key lemma.
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Lemma 5.1.3 ([BGM18]). For f € C> (R? x R?)

o 2 of of ’
rs?(f /aZ(ag) Z% = a|VefIIP = (Vef, Vo f).

Z

Proof. Let o € R, 8 > 0. A computation shows that
2
of of
1 (65) Z 95 o,
d d 2
o 0? f 0 f

]

Remark 5.1.4 ([BGM18]). We will repeatedly use the following simple computation.
Suppose a (s), 8 (s) € C* ([0,00)). Then for f € C (R? x R?)

¥ (s) = 2P, (157 (L)) (5.1.3)

=20/ (8) PAVpPeosf, VePris f) + (20 (s) a(s) + B' (5)) Pl Ve P 17,

where ¢ is the functional

¢ (s) == Py (TP (B f)), 0<s<t,
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We are now in position to prove regularization properties for the semigroup P, =

etl,

Proposition 5.1.5 (Bakry-Emery type estimate, [BGM18|). Let f € C'(R? x RY)

be a Lipschitz function, then one has

d 3f
19,21 < 3 (5 a&)

and

IVePSI? < PV

Proof. Let t > 0. We first assume that f is smooth and rapidly decreasing. In
that case, the following computations are easily justified since P, has a Gaussian
kernel (see |CCFI11, pp. 80-85]). We consider then (at a given fixed point (£, p)) the
functional

o(s) = P(T*OP(Pf)), 0<s<t,

where a(s) = —s and 3 is a non-negative constant. Then by (5.1.3)) and Lemma

0'(5) = 2P, (T57 (Piof) + (9 (Poo) Ve (Pof) 1) + 5 Ve (P |2)
> 2P (a()|[Ve(ProshH)II* = (Ve(Presf), Vi (Presf)))

+ (Ve(Piosf), Vp(Peesf)) + s VePrs f|I* = 0.
Thus ¢ is increasing, and therefore ¢(0) < ¢(t), that is,

rO8(p,f) < PTOP(f)),
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The result follows immediately by taking 3 = 0. Now, if f € C}(R¥xR%) is a Lipschitz
function, then for any s > 0, the function P;f is smooth and rapidly decreasing (again,
since P; has a Gaussian kernel). Therefore, applying the inequality we have proved

to P, f yields
d

OP.f 0P, ?
9, < 3o (Gl i)

Letting s — 0 concludes the argument. To justify this limit one can first observe that

since f is Lipschitz then P;f — f as s — 0. This follows since

[(Pof) (9,8 = (2, ) SEPI[If (X) = f (p,€)l]
CEPO X, - (p. O

e (e 0]
0

<0E0[133|]+|p|s+0/ E B, du

/25 2 s
=C +\pys+0 \/7
3V

where C' is the Lipschitz constant.

N

Similarly one can also show that P, f is dominated by gs(p, &) = ¢1 (|p| + |£] + /) +
co for 0 < s < 1 since f is Lipschitz. A dominated convergence argument finishes the

proof. O]

Remark 5.1.6 (Bakry-Emery type estimate is sharp, [BGM18]). Suppose [ is any
linear form on RY, we define the function f(p,€) := [(£). Note that f is Lipschitz

since f is linear . Then for every (p,£) € RY x R? and t > 0 we have

P f(p,§) =E <f (Bt+p7§+tp+/0t Bsd8>) =1(&) +ti(p).
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For this choice of f, one has ||V, P, f]|* = t*||{||* and

) of\?
Sr (55 +e5l) =2l
i=1 ?

Similarly, for this choice of f, ||V¢Pf||* = P||Vef||?. So the bounds in Proposition

5.1.5| are sharp.

Proposition 5.1.7 (Reverse Poincaré inequality, [BGM18]). Let f € C'(R? x RY)

be a bounded function, then for ¢ > 0

‘. rop.f 1,0Rf 2 (oPf\? 1
Z(@pl 2 8&) +E(a€i> gE(Pth—(Ptf)Q).

=1

Proof. Let t > 0. By using the same argument as in the previous proof, we can

assume that f is smooth and rapidly decreasing. We consider the functional

¢(s) = (t — ) P(T*DPO(P_,[)), 0<s<t,

where a(s) = 3(t — s) and 3(s) = 55(t — s)%. By (5.1.1), (5.1.2), (5.1.3) and Lemma
[£.1.3 we have

#(5) = = P.L"OO (P )
4 (= 5) PV, Pnf. VePeoaf) + (8= 5) (20 (5) () + 3 (3)) P VePeoa

P9, P o) =~ TP ).
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Therefore, we have

00 < 2 [ PATPeL)s

where we used the fact that ¢ is positive. We now observe that

2) t

a? Jo

LB (B,

o2

PAT(Paf))ds =
Therefore, we conclude
TOSO(Pf) < (RS2~ (PP
o

]

Proposition 5.1.8 (Reverse log-Sobolev inequality, [BGM18]). Let f € C1(R? x R9)

be a non-negative bounded function. One has for ¢t > 0

a OlnPf 10lmPf\> 1 AP\’ 5
Zl< a2 oG )Jrﬁt?( ¢, ) gaztﬂf(ﬂ(flﬂf)—ﬂflnf’tf),

Proof. As before, we can assume that f is smooth, non-negative and rapidly decreas-

ing. Let t > 0. We consider the functional

d(s) = (t — 8)Py((P—s TP (In P_, f)), 0<s<t,
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where a(s) = 1(t — s) and 3(s) = 35 (t — s)%. Similarly to the previous proofs we have

¢/(5) = = Pi((Pro YT°OPO(In P f)) + 2(t — 8) Pu((Pee TSP (In P f))
d

Ol P fOln P,
—2(t — s)d/(s) Z P ((Pt—sf) nag ! n@p- f)
=1 ‘ '

+2(t = s)a(s)a () B[ (Pi—s /)| Ve In Py f]?]

+ (t = 8)8'(8) P[(Pres )| Ve In Pr_s £ )]

> = PPV, 0 P of ) = =S P(Pr )T (0 P ),

Therefore, we have

We now observe that

2/0 P(Po /)T (I P_yf))ds = 2(P,(fIn f) — Pof n Pof),

and therefore

2

LR PO O WP f) < S (P(fln f) = BifIn B.f).

g

]

The fact that the reverse log-Sobolev inequality implies a Wang-Harnack inequal-
ity for general Markov operators is by now well-known (see for instance |[BB12, Propo-

sition 3.4]). We deduce therefore the following functional inequality.
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Theorem 5.1.9 (Wang-Harnack inequality, [BGM18]). Let f be a non-negative Borel
bounded function on R? x R?. Then for every t > 0, (p,€), (,¢&) € RY x R? and

a > 1 we have

(PA)* (p.€) < Co(t,(,6), (0, €) (PSP, E),

where

Co(t,(p,6), (@, ¢))

= exp (ai 1 (% Z (%(Pg —pi) + (& — fz)) + 2;% Z(p; —Pi)2)> :

i=1 i=1

Proof. As before we assume that f is non-negative and rapidly decreasing. Let ¢t > 0
be fixed and (p, €), (p/, &) € R? x RY. We observe first that the reverse log-Sobolev

inequality in Proposition [5.1.8| can be rewritten

1, 142 2
242" (In A f) < W(Pt(flnf) — P,fIn B f).

We can now integrate the previous inequality as in [BB12, Proposition 3.4] and deduce

(P 0.6) < (PN exp 2 TSN )

2
where d; is the control distance associated to the gradient I'2*iz defined by (5.1.2).
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Therefore

di ((p,€), (¥, €)
21—22 2 (%t(pé —pi) + (& - &)) + 2= p)?
d d

d 12 12
=4 (h =)’ + + > Wi—p)E - &)+ 2 & -&)
=1

i=1 i=1

and the proof is complete. n

5.1.2 Coupling

In this section, we use coupling techniques to prove Proposition under slightly
different assumptions. We start by recalling the notion of a coupling. Suppose
(Q, F,P) is a probability space, and X; and X, are two diffusions in R¢ defined
on this space with the same generator L, starting at z,7 € R? respectively. By their
coupling we understand a diffusion (Xt, )~(t> in R? x R? such that its law is a coupling
of the laws of X, and X,. That is, the first and the second d-dimensional (marginal)
distributions of (Xt, )?t) are given by distributions of X; and )Z't.

Let P@%) he the distribution of (Xt,)zt>, so that P@o) <Xo = x,f{o = 5) = 1.
We denote by E®?®) the expectation with respect to the probability measure P®®),

To prove Proposition[5.1.10] we use the synchronous coupling of Brownian motions
in RY. That is, for (p,p) € R x R? we let BY = p+ B, and B = p+ B,, where B, is

a standard Brownian motion in R<.

Proposition 5.1.10 ([BGM18]). Let f € C* (R? x R?) with bounded second deriva-
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tives. If 1 < ¢ < oo then for ¢t > 0,

d

of  of
7 <

I, <3P (e

q)
Proof. Consider two copies of Kolmogorov diffusions

t
X, = (B,Y;) = (p+Bt,€+tp+/ BtdS),
0

—~ — t__
X, = (BLY:) = (ﬁ+ Bt | Btds),
0

where B; and E are two Brownian motions started at 0. Note that X, starts at (p, )
and X, starts at (p,€). In order to construct a coupling of (Xt,5(2> it suffices to

couple (Bt, §t> Let us synchronously couple <Bt, §t> for all time so that

By - B

:lp_ﬁv

for all ¢ > 0. By using an estimate on the remainder R of Taylor’s approximation to
f and the assumption that f € C? (Rd X Rd) has bounded second derivatives, there

exists a Cy > 0 such that

) - 1 (%)

iapif (X0) 0= 5i) + itﬁ&f (X0) (i =) + R (X))

< i‘(apif (Z) + 10, f (Z))‘ lp—pl+ %(f(l +1)°|p—pl”.
=1

101



Using this estimate and Jensen’s inequality we see that

B (p.€) - Pof (7.6)] = ’E«p,@,(ﬁ,g)) [f (X)) - f (Z)H

< E(@6).3£) Hf(Xt) _f (Z) ]

< 328059 (s (%) s (%) -7

C
2fd2(1 +1)%|p - p|*
d

Z (1D f (B,€) + 106, f (B, €))7 [p — ]

=1

c _
+ ) -l

Dividing out by |p — p| and taking p — p we have that

IV,P.f (5, £)]| = lim sup (2 (2:8) = Lt (B:8)
pop lp — P

d
<D P10y f (,6) + 106, f (0. E)]") 7
=1

Q=

which proves the statement.

Remark 5.1.11 ([BGM18]). When ¢ = 2, this coincides with the conclusion of

Proposition [5.1.5} The coupling method here is simpler than the I'-calculus method

and moreover yields a family of inequalities for ¢ > 1. However, on the other hand, it

appears difficult to prove the reverse Poincaré and the reverse log-Sobolev inequalities

for the semigroup by using coupling techniques.

102



Chapter 6

Functional inequalities for the
relativistic diffusion

In this chapter we consider the diffusion X, = (B, fot Bgds), where By is a Brownian
motion on the d-dimensional hyperbolic space H". This is the relativistic Brownian
motion introduced by R. Dudley |[Dud66| and studied by J. Franchi and Y. Le Jan
in [FLJO7]. In this section, we will prove functional inequalities for the generator of Xj.
Our methods will only involve I'-calculus through generalized curvature dimension
conditions. The emphasis on I'-calculus in this section will allow us to obtain sharper

estimates for the relativistic diffusion. In particular, the estimate (6.0.3]) in Corollary

is sharper than the ones given in Theorems [7.0.3] and [7.0.8] In the following

sections we will prove similar theorems using both I'-calculus and coupling techniques
but for a larger class of diffusions.

We follow the notation in [FLJ07]. Recall that the Minkowski space is the product
R x R4 with d > 2

R = {¢ = (&,€) € Rx RY)}
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equipped with the Lorentzian norm ¢ (€,€) := &2 — ||€]|2. The standard basis in R

is denoted by ey, ..., e4. Let H? be the positive half of the unit sphere in RY?, namely,

H? := {p e R" :py>0,q(p,p) =1}.

Note that H¢ has a standard parametrization p = (po, p) = (coshr,sinhr w) with r >
0, w € S* ! In these coordinates the hyperbolic metric is given by dr? + sinh? rdw?,

where dw is the metric on the sphere S, and the volume element is

f(Q)dQ = / f (r,w) sinh®™* rdrdw.
Hd 0 Sd-1

Finally, the corresponding Laplace-Beltrami operator H? can be written in these

coordinates as follows (see [FLJ12, Proposition 3.5.4]).

0 f of 1
AH ¥ (r,w) = 52 (ryw) + (d — 1)cothr5 (r,w) + Gt

Agar f (r,w),

where A¢,_, is the Laplace operator on S9! acting on the variable w. We denote by
VH the gradient on H? viewed as a Riemannian manifold.

Following the construction in [Dud66|, we consider a stochastic process with values
in the unitary tangent bundle 7'R™ of the Minkowski space-time RY¢. We identify
the unit tangent bundle with H? x RY¢. Then the relativistic Brownian motion is the
process X; := (g, &), where g; is a Brownian motion in H starting at e, and the

second process is the time integral of g,

t
&t ::/ gsds.
0
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By [FLJ12, Theorem VII.6.1] the process X; is a Markov Lorentz-invariant diffusion
whose generator is the relativistic Laplacian defined as follows. For ¢ > 0, the

relativistic Laplacian for f € C? (H? x R*) is the operator

(LE) (0.6) = (0.l (1.) + S ALF (p.6) =

d 2
Pog—g) (&) + jzlpj‘% (p, &) + %Af}f (p,€),
where AEI is the Laplace-Beltrami operator A® on H? acting on the variable p. The
operator L is hypoelliptic and generates the Markov process X;. Let P, be the heat
semigroup with the operator L being its generator.

We consider functions on H? x RY with f (p,€),p € H% & € RY. Recall that
operators V® and A act on the variable p for f(p,&). We use V, for the usual
Euclidean gradient. Let T'(f) be the carré du champ operator for L, while let T™
be the carré du champ operator for A™. Recall that we view H? as a Riemannian
manifold with A¥ being the Laplace-Beltrami operator.

Our main result of this section is a generalized curvature-dimension inequality for
H? x R with the operator L and V¢ playing a role of the vertical gradient. Namely,
we define a symmetric, first-order differential bilinear form I'? : O (Hd X Rlvd) X

C> (H* x R") — R by

L7(f) = IVefI%, (6.0.1)
for any f € C* (H? x RM).

Theorem 6.0.1 (Curvature-dimension condition, [BGM18]). The operator L satisfies

the following generalized curvature-dimension condition for any f € C* (Hd X Rlvd)
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Proof. A simple calculation of the carré du champ operator for L is given by
1 2 o 2
L(f) = §(Lf —2fLf) = 7||fo|| 7

where as before Vgﬂ is the Riemannian gradient on H¢. Straightforward computations

show that the iterated carré du champ operator

Lo(f) 1= 5(LE() = 20(f, L))

is given by
4 2
Do(f) = T8 = SV Ved),

where T3 (f) is the iterated carré du champ operator for A}, Recall that we view H
as a Riemannian manifold with A" being the Laplace-Beltrami operator, therefore

we can use Bochner’s formula for AEI
L5(f) = —(d— DV, fII%,

thus
d—1
2

Da(f) > ="5—0"T()) = TV, Vel).

Now we can use an elementary estimate
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2

2 4
ol o " 1 o 1
~TAVES V) > =T IVERIP = JIVe 1P = =2 () — 19 I?
to see that
d , 1 2
Da(f) > ~50°T() - IVef I

The last term in this inequality is the bilinear form I'? defined by (6.0.1]). Its iterated

form is

TZ(f) = S (LT7(f) — 207(f, L)),

for which another routine computation shows that
Z o’ H £(2
r3(f) = ZIVeVESI > 0

which concludes the proof. O

For later use, our first task is to construct a convenient Lyapunov function for
the operator L. A Lyapunov function on H¢ x RY? for the operator L is a smooth

function such that LW < CW for some C' > 0. Consider the function
W(p,&) =1+& + [€]1* + drlpo,p)?, pe€H’ & eRY (6.0.2)

where py is a fixed point in H? and dp is the Riemannian distance in H.
We observe that W is smooth since dg(po,-)? is (on the hyperbolic space the

exponential map at py, is a diffeomorphism). Using the Laplacian comparison theorem
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on H¢, one can see that W has the following properties

W >1,
VW + [V, W] < CW,
LW < CW for some constant C' > 0,

{W < m} is compact for every m.

We shall make use of the Lyapunov function W defined by (/6.0.2)) to prove the fol-

lowing result.

Theorem 6.0.2 (Gradient estimate, [BGM18]). Consider the operator L and its

corresponding heat semigroup F;. For any f € C§° (]I-]Id X Rl’d) and t > 0

2d0°T (Pif) () + T7 (P.f) (x) < ™ (240 P (T (f)) (2) + P (T7(f)) (2)) -

Proof. We fix t > 0 throughout the proof. For 0 < s < t, z € H? x R we denote

pr(z,8) =T (Pi-sf) (x),

P2 (1,8) 1= T7 (Psf) (2).

Then
0
Ly + % =205 (P,_sf),
0
Ly + % = 9TZ (P,_,f).
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Now we would like to find two non-negative smooth functions a (s) and b(s) such

that for
@ (z,5) :=a(s)pi(r,s) +b(s) w2 (z,s),
we have
Dip
Lo+ ——2>0
0s

Then by Theorem [6.0.1| we have

a ()T (Pesf) + 6 () T7 (Preof) + 20 (s) T2 (Pr—s f) + 2b () 5 (P f) >
a ()T (P_of) + 0 (s)TZ (P_of) + 2a(s) (—ga2f‘ (P_sf) — irz (Pr_s f)) =

(¢ = ado®) D (Pof) + (¥ = 5) 7 (P ).

One can easily see that if we choose b(s) = €** and a(s) = ke™ with a = do? and
k = 2do?, then the last expression is 0. Using the existence of the Lyapunov function

W as defined by (6.0.2) and a cutoff argument as in [Baul6, Theorem 7.3], we deduce

from a parabolic comparison principle

Observe that
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¢ (2,0) = a(0) g1 (2,0) +b(0) g2 (z,0) = 2do°T (P.f) (x) + T7 (Pf) (2),
Py (p (1)) (x) = a(t) P (T () () + b(8) P (T (f)) (2) =
e (2d0° P, (T (f)) (x) + P (T7 (/) (2)) ,

therefore

2d0°T (Pif) () + T7 (P.f) (@) < " (2d0° P, (T (f)) (2) + P, (T7 (f)) (2)) -

]

Corollary 6.0.3 (Poincaré type inequality, [BGM18|). For any f € C5° (H* x R")

and ¢t > 0

B (1) — (B < S (do*R (T (1) + B (TZ (1))

Proof. Since T'Z (f) := |[Vef||> = 0 and P, (f?) — =2 [ Py (I' (P, f)) ds, then

for o > 0,

/ P, (2do®T (P_sf) + T7 (Pr—sf)) ds
0

>/Ot P, (2do®T (P,_,f)) ds = do® (P, (f*) — (P.f)?) .
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By Theorem [6.0.2f we have that

/ t P, (2do’T (P—sd) + T7 (Pi_sf)) ds
< / t e =P (2do? Py (T (f)) + Pres (TZ (f))) ds
— (2d0*P, (T (f)) + P, (% (f))) /0 (40(-9) g

2
edot_

= art R () + BT ().

This implies

2
edot_

g (20’ P (T () + P (17 (£))

P (f*) = (Pf)" < @)

]

The next corollary gives us an equivalent estimate to the one in Theorem [6.0.2]

The estimate (6.0.3)) will be similar to the one we will obtain in Theorem in a

more general setting.

Corollary 6.0.4 ([BGM18|). For any f € C5° (H? x R"), the gradient estimate
2d0°T (P.f) + T7 (Pf) < e (2d0” Py (T(f)) + P (T7(f)))

is equivalent to

2
edat_l

L) < P () + 575

P, (T7(f)) . (6.0.3)
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Moreover, one has

I%(P,f) < P, (TZ(f)).

Proof. Recall that

B (L(f)) ~T(P.f) = 2 / P, (Ts (P f)) ds.

Using the curvature dimension inequality I'Z (f) > —2do®T'(f) — 4Ty (f) we have

/ t P, (2do®T (Pr_sf) + T7 (Pr—sf)) ds
> / P, (240°T (Prof) — 240°T Py f) — AT3 (Pr_of) ds
0

= —2(P(I(f)) — (D(P.f))) -

On the other hand we have

/t Py (2d02F (P—sf) + r# (Pt_sf)) ds
. /Ot edg2(tfs)Ps (2dU2Pt—s (F (f)) 1+ P, (FZ (f))) ds
— (240®P, (T (f)) + P, (T% (f))) /O LA (1=5) g

2
edat_]_

=5 (20°P. (T (1) + P (17 ().

Putting these together we have

2
6dO't_

D(RS) = RT() < S5 (200°R (0 () + P (T2 (1))
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A rearranging of this inequality gives us

2
edat_l

T(P.f) < e“'P (T (f)) + “ode?

P, (T7(f)) .

edo'2t_1
2do?

Conversely, assume T'(P,f) < ™' P, (T (f)) + P, (I'Z(f)) then

2d02F(Ptf) +17 (Ptf>
eda2t -1

< 2 do?t
< 2do (e P.(T(f)) + 5007

P, (7 (f))) +T% (Pf)

= ¢ (240, (D(1) + P, (P4(1)) + T7 (Pif) = P2 (T (1)

< e (2do®P, (T(f)) + P; (TZ(f))) +0.

The last inequality is due to I'Z (P,f) < P, (I'# (f)). To see this, consider the func-

tional ¢(s) = P, (I (P,_f)) for 0 < s <t . A calculation shows that
@'(5) = 2P, (17 (P.f)) > 0.

which shows ¢(s) is increasing, so that 0 < ¢(t) — ¢(0) = P, (D7 (f)) —I'Z (B.f). O
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Chapter 7

Heat semigroup functional
inequalities for a general
Kolmogorov diffusion

We now study the diffusions of the type X; = (X, fot o(X,)ds) for o : RF — RF where
X, is a Markov process on R*. We will show that a generalized curvature dimension
condition for the generator of X is satisfied as in Theorem [6.0.1] In section [7.0.1], we
prove gradient bounds for a Kolmogorov type diffusions on R* x R* using a I'-calculus
approach. In section [7.0.2] we show that the results in section [7.0.1] are applicable
to a large class of diffusions. In section [7.0.3, we prove gradient bounds when X is
assumed to live on a Riemannian manifold using coupling techniques. In section[7.0.4]
we generalize the results in section to iterated Kolmogorov diffusions. Finally in

section [7.0.5] we prove gradient bounds when X, is assumed to live in the Heisenberg

group.

114



7.0.1 [I'-calculus

We now study the diffusion X; = (Xt, fot o (Xs) ds> where X; is a Markov process in

R* whose generator is given by

k
LY,
i=1
where the V; for ¢ = 0,...,k are smooth vector fields. Here we assume that L is

elliptic and that o : R¥ — R¥ is a C'' map such that
d 3
C, = (Z(v;gjf) < 00. (7.0.1)
ij=1

We consider functions on R* x R* with f(p, &), p,& € R*. By Proposition the

generator for X, is given by

0
0%

k
L=L+ Zai(p)
i=1

We first prove a generalized curvature-dimension inequality for £ given some as-
sumptions on L. Let T'(f) be the carré du champ operator for £, while T'X(f) will
be associated with L. Let T'y(f) and T'%(f) be the corresponding iterated carré du
champ operators.
We define a symmetric, first-order differential bilinear form I'? : C* (RF x R¥) x
O (RF x R¥) — R by
P20 = IVefI,

for any f € C* (Rk X Rk).
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A simple calculation of the carré du champ of £ and L shows that

I
Mw

(Lf* —2fLf) (Vif)?,

l\l)l»—l

L(f) =

7=1

LA(f) = 5 (Lf* = 2fLf) (Vif)*.

I
Mw

l\l)l»—l

1

<.
I

In the next lemma we compute the iterated carré du champ

Ta(f) = 5 ()~ 20(F,£1)),

and

(£T%(f) =207 (f,Lf)).

l\DI»—t

L3 (f) =

Lemma 7.0.1. If f € C* (RF x R¥) then

and

Proof. Take
2
L= ZV +Va +Zaz ag,
First it is not too hard to see that I'(f) =}, (V;f)?. Then
: . or
LD = Y VI + Vil + Y oi(p)
— i=1
= T+1I,
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where I = Y% | V2I'. Then

k
- Z‘ﬁ(Z?(‘Gf)(%]f))
k k
= 22 Z(me)z""Z( f)( njf)
and
I = Zm(p)aa& (Z(ijf)+vo<2(%f)2>
k k a k
= > ol <ZQ<VM) (agivjf)>+z (Vif) (VaV;f)
Let
k
T(f,.Lf) = Z (Vif) (ViLf) = III.
Then

k
I = ZVf(% (Z%f+%f+zaj ag))

Jj=1
k

k
=Y (v (ngijf+vwf+2v i(p Z

i j=1 _
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Combining everything we have

11
Po(f) = 51 + 511 = 11T

= Z Z (Vi f)? + Z Z (Vi f) (Vs )
+ZZW> (Vi f) (agv f) > Vil (WVif)
—ZZ Vif) (Vi Z(W) <Jvivof>
TSNV g =3 (i) Vgt
= ZZ Vi) +ZZ Vi) ( mf—vijjf)

+> (Vif) (VVif = ViVof) - ZZ Vif) Vi ag

Hence

) = 5= 30X 0N Vi) -

]

Theorem 7.0.2 (Curvature-dimension inequality, [BGM18]). If the operator L sat-

isfies

L3 (f) = ol (1),
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then the operator L satisfies the following generalized curvature-dimension inequality

for any f € C* (RF x R¥),

Proof. Recall that by Lemma [7.0.1] we have

kook of

Lo Z Z Vaj)ag :

=1 j=1 J

By the assumption on I'Y(f) we have
kook

of
Ty(f )= > (Vif) (Vioy) 5= T

J

i=1 j=1

Using the Cauchy-Schwarz inequality, the bound on ¢ and the elementary estimate

ab < % + %, we see that

Using this inequality with the previous one give us the desired first curvature-dimension

inequality. The second inequality follows again follows by Lemma [7.0.1
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as needed. O

In order to prove a gradient bound for the heat semigroup we must make the
following assumption on the existence of a Lyapunov function for the operator £. As
in Chapter |§|7 we say that a smooth function W : R¥ x R¥ — R is a Lyapunov function
on R* for £ if

LW < CW,

for some C' > 0. The existence of a Lyapunov function immediately implies that £ is
the generator of a Markov semigroup (F;);>o that uniquely solves the heat equation
in L>.

Throughout this section, we will need the following assumption.

Assumption 2. There exists a Lyapunov function W : R* x R* — R such that

W > 1, JI(W) + /TZ(W) < CW, for some constant C' > 0 and {W < m} is
compact for every m. Here I' is applied to the first coordinate of W while I'? is

applied to the second coordinate.
We are now ready to prove the main result of this section.

Theorem 7.0.3 (Gradient estimate, [BGM18]). Suppose Assumption [2[ holds and

let P, be the heat semigroup associated to L. If C, > 2p and the operator L satisfies

L3 (f) = ol (1),
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then for any f € C§° (RF x R¥), ¢t > 0 and z € RF x R*

D(PS) (@) + ot () (@)
Ca’

< elCrm20t (Pt (L) @) + g5, (7 () (l‘)) :

Proof. We fix t > 0 throughout the proof. For 0 < s < t and z = (p,&) € R* x R*

we denote
¢1(z,5) =T (Psf) (z),
@ (x,8) :=T7 (P_f) ().
Then
0
Loy + % =209 (P—sf),
0
Lips + 2 = 2F (Puf).

Now we would like to find two non-negative smooth functions a(s) and b(s) such that

for

@('L 8) = a(s)gpl(x, 8) + b<3)902(x7 5)7

we have

121



Then by Theorem [7.0.2f we have

Lo+ g—f =
T (Proof) + ¥ (S)TZ (Py ) + 20(8)T (Pryf) + 20(5)T7 (Pof) >
GO (e + B (Pt +2005) (0= F ) D) - GT% () =

(@'(s) + a(s) 20 = Co)) D (Pres ) + (V'(s) = a(s)Co) T2 (P f) -
One can easily see that if

Cs
CL(S) = e(Co—QP)S and b(s) = 0—26(00-—2/))8’
o 4p

the last expression is 0. Using the existence of the Lyapunov function W and a
cutoff argument as in [Baul6, Theorem 7.3|, we deduce from a parabolic comparison
principle,

Pt (90 ('7t)) ($) = 2 (flf, 0) .
Observe that

Cs

. — 2pFZ (Pf) (@),

¢ (2,0) = a(0)p1 (2,0) +b(0)p2(x,0) =T (Pf) (z) +

while
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Corollary 7.0.4 (Poincaré type inequality, [BGM1§|). If C, > 2p then for any
feCq (R xRF) and t >0

e(Co=2p)t _ C,

S (R g R 7).

P (f*) — (Pf)* <2

Proof. Since TZ (f) := | Vef|[* = 0 and P, (f2) — (P.f)* =2 [, P (T (P,—sf)) ds, then

t C
Py | I'(Pr—s “—T7 (P_.f) | ds >
[ (v g St (e ) s

/0 2P, (U (Paf)) ds = 5 (P (1) — (RSP

N | —

By Theorem we have that

t C
Ps FPt—s Z FZ Pt—s d X
/ ( (Pisd) + o f>) s<

t C
(=20+Co)t=5)p_( p_ (T 2P, (I”? )d =
/Oe ( U+ g =g, Fe (T2 (1) ) ds

B T() + C_" B (P (f)) " o(Com20)(t-) g _
Cy —2p ;

e(Co=2p)t _ C,

e (A0 + g R (7 ().

So that

e(Co=2p)t _ C,

o (R g R 7).

P (f*) — (Pf)* <2
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7.0.2 Examples

To illustrate the results in Section we study a large class of examples. Consider a
complete Riemannian manifold (M, ¢g) of dimension d which is isometrically embedded

in R* for some k. Let B, be a Brownian motion on M and consider the process

X = <Bt, fot o (Bs) ds) where o : M — RF satisfies (7.0.1)) and

lo(p) — o(p)] < Codur (p, D),

for all p,p € M where dj; is the intrinsic Riemannian distance on M. We can write

the generator of B; as
k
AP = Z Pz'27
i=1

for some vector fields P; on R¥ (see for instance [Hsu02, p. 77]). The generator of X,
is
: 0
L=08,+Y0i(p) o
i=1 0%
for functions f (p,&) € M x R* where p € M, € € R*.

To apply Theorem [7.0.3[ we first need to construct an appropriate Lyapunov func-
tion W for the operator L satisfying Assumption [2l Once we construct W, we will
spend the rest of the section verifying Assumption [2] for W. For this, we assume that
the Ricci curvature Ric > p for some p € R. Then it is known from the Li-Yau upper

and lower bounds in [LY86] that the heat kernel p(z,y,t) of M satisfies the following
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Gaussian estimates. Namely, for some 7 > 0

C1 exp (_CQdM(p07p1)2> < p(po n 7_)
Vol(B(pg, /T)) T = T

< C3 exp (_C4dM(p07p1)2)
= Vol(B(po, /7)) T ’

where d); is the Riemannian distance in M and pg, p1 € M. Consider now the smooth

Lyapunov function

W (pa 5) =K+ ||€||2 - lnp(p07p7 T)7p € M7£ S Rka (702)
where pg is an arbitrary fixed point in M, and K is a constant large enough so that
W > 1.
Lemma 7.0.5 ([BGM18]). The function W defined in (7.0.2) is smooth and satisfies

the following properties,

W >1,
[VeW || +[[V,W] < CW,
LW < CW for some constant C' > 0,

{W < m} is compact for every m.

Here V,, is the Riemannian gradient on M and V¢ is the Euclidean gradient on RF.

Proof. From estimates for logarithmic derivatives of the heat kernel in [Ham93,[LY86],
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one has for some constants C7,Cy > 0

va h’lp <p07p7 7—)H2 < Cl + CQdM (p07p)2 5 (703)

A, (—1Inp (po,p, 7)) < C1 + Codys (po, 1) (7.0.4)

We can then conclude with the Li-Yau upper and lower Gaussian bounds. To see this

note that the Gaussian bounds can be rearranged as

T (Vol(B (Po; V7))

C3

P (Po p; T))

< C(K —In(p(po,p,7))) (7.0.5)

for a fixed 7 > 0 and a constant C' > 0. Hence, ||V W/ + ||V,W| < CW can be

shown using (7.0.3)), and the inequality (1 + :1:)% <1l+cxforx>0andc> %
On the other hand, LW < CW can be shown using , , the Cauchy-
Schwarz inequality, and the Lipschitz property of o. Finally, the fact that {IW < m}
is compact for every m also follows from the Li-Yau upper and lower Gaussian bounds.

]

Lemma proves that W defined by ((7.0.2) is a Lyapunov function satisfy-
ing Assumption 2] As a consequence, Theorem can be applied to complete

Riemannian manifolds with Ric > p since the condition Ric > p is equivalent to

L3 (f) = L (f).
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7.0.3 Coupling

Let (M, g) be a complete connected d—dimensional Riemannian manifold. It is not

necessarily embedded in R¥. We consider the process

X, = <Bt,/0ta(BS)ds> , (7.0.6)

where B, is Brownian motion on M. We assume the map o : M — R” is a globally

C,-Lipschitz map in the sense that

o (p) — o (P)| < Codum (p, D), (7.0.7)

for all p,p € M. Here we denote by dj; the Riemannian distance on M, and by dg
we denote the Euclidean metric in R*.

Let P, be the associated heat semigroup. We consider functions on M x R¥ with
f(p,&),p € M, € R*. Recall that the operators V,, and A, act on the variable
p for f(p,€), where A, is the Laplace-Beltrami operator. We use V, for the usual
Euclidean gradient. Given a Riemannian metric g, for all p € M and v € T,M we
denote |[v]| = g, (v, v)%. Our main result of this section is a bound on ||V, P, f|| for
functions f € C§° (M x R*).

Let us recall the notion of a coupling of diffusions on a manifold M. Suppose
X; and )?t are M-valued diffusions starting at z,7 € M on a probability space
(€2, F,P). Then by a coupling of X, and X, we call a C' (R;, M x M)-valued random
variable (Xt, )?t> on the probability space (€2, F,P) such that the marginal processes
for (Xt,)?t> have the same laws as X; and )?t. Let P@?) he the distribution of
<Xt, XE), so that P®7) (XO =z, )?0 = 35) = 1. We denote by E®% the expectation
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with respect to the probability measure P(®?),
In [vRS05, Wan97, vR04] it has been shown that if we assume Ric (M) > K for
some K € R, then there exists a Markovian coupling of Brownian motions (B;)
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and <§t> on M starting at p and p such that
>0

=

dor (Bt, B’t) < e K24, (p, ) (7.0.8)

for all t > 0, P®P)_almost surely. This construction is known as a coupling by parallel
transport. This coupling can be constructed using stochastic differential equations as
in [Wan97,/Cra91|, or by a central limit theorem argument for the geodesic random
walks as in [vRO4]. It turns out that the existence of the coupling satisfying
is equivalent to

IVPAII< e ™ P (VI (7.0.9)

for all f € C3°(M) and all t > 0. We also point out that in [PP16], M. Pascu
and [. Popescu constructed explicit Markovian couplings where equality in is
attained for ¢ > 0 given some extra geometric assumptions.

The coupling by parallel transport that gives is in the elliptic setting. In
this section, we will use the coupling by parallel transport to induce a coupling for
in the hypoelliptic setting. We will then use this coupling to prove gradient
bounds for (P;);>o. Before stating the result on the gradient bound, we have the

following proposition.

Proposition 7.0.6 (|[BGM18]). Let (M, g) be a Riemannian manifold. If f € C! (M)

then

@)= B

=[IV/)ll- 7.0.10
=0 5:0<d s (p,p)<r duys (p’ﬁ) H ( )H ( )
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Proof. Let p,p € M with T' = dy (p, p) and consider a unit speed geodesic v : [0,7] —
M such that v (0) = p and v (T') = p. Then

d(p,p)
F )~ F() = / G (Vf (7(5)).7(s)) ds

d(p,p)
< / 9(VF (7(5)) 7 (5)] ds

< max [V f(y(s))-d(p p)

0<s<d(p,p)

where we used the Cauchy-Schwarz inequality. Since p, p are arbitrary, dividing out

both sides by d (p, p) we have that

N [ i)

<|[IVipl-
r—0 p:0<dps (p,ﬁ)ST dM (pa ﬁ) =

On the other hand, find a unit speed geodesic v : (—€,¢) — M such that
7(0) = p and 7' (0) = Vf(p)/[IVf(p)ll. Define F(s) = f(v(s)). Since F'(s) =
g(Vf(v(s)),7(s)), then

Vi Vi) \ _
PO =3 (V0 o) = IV

Now by the definition of the derivative we have that

i SO o)),

h—0

which means we have that the left hand side of ((7.0.10) must be at least ||V f(p)].
This proves ([7.0.10)).
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The following lemma gives an estimate for |f(p, &) — f(p,€)| on M x RE.

Lemma 7.0.7 ([BGM18|). Let (M,g) be a complete Riemannian manifold which
is assumed to be embedded in R*. For a function f(p,&) we denote by V,f the
Riemannian gradient acting on p, and by V¢f the Euclidean gradient acting on §. If
fec: (M X ]Rk), then there exists a Cy > 0 depending on a bound on the Hessian
of f such that

10,6 — 138 < [9of (5.6) | 0.0 + | Vef (7€) | e (&.€)
+Cy (dM (p,D) + d (&5))2

for any (p,§), (5, 5) € M x RF.

Proof. Let p,p € M with T} = dy (p,p) and consider a unit speed geodesic 7 :
[0,71] — M such that v (0) = j and 7 (T1) = p. Let €, € R* with Tp = dp (5,5)

and consider f(s) = - (Sgg) (f —E) + & on —oo < s < Ty such that 4(0) = € and
E ’

B(Tz) = & Extend ~ to [—¢, T3] for some € > 0 and define F' (t,s) = f (v (¢),B(s)).

By an estimate on the remainder of Taylor’s approximation there exists a Cy > 0

depending only on a bound on the Hessian of f such that

|F(t,s) — F(0,0)] < |E(0,0)t + F,(0,0)s| + C; (t + 5)°.
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Now by the chain rule we have

F(0.0) = 21 (/1) BO)]icy = (T, f (7 (0), B(0)) .+’ (0))

dt
< IV, (3 (0), BN = || Vs (58]
Similarly F,(0,0) = £ [f (7(0) . 8(s))].y < || Ve (.€) |- Then

0.6 = £5.8)] = |[F(T. 1) = F(0,0)]

<o G+ [5er (9 mr

as needed. O

We are now ready to state and prove the main theorem of this section. We start by
considering the coupling of Brownian motions (Bt, §t> starting at (p,p) by parallel
transport satisfying ((7.0.8)), as introduced in [vRS05,vR04] . This coupling induces a

coupling P*® on (M x RY) x (M x R?) for two Kolmogorov type diffusions

X, = (Bt,§+/0ta(35)ds> and X, = (ét,f—i—/ota(és)ds),

started at x = (p,§) and X = (p, §) respectively.

Theorem 7.0.8 (Bakry-Emery type estimate, [BGM18]). Let M be a complete con-
nected Riemannian manifold such that Ric (M) > K for some K € R. Let o be a
C,—Lipschitz map as in (7.0.7) and f € C* (M x R*) with a bounded Hessian. Then

for every ¢ > 1 and t > 0,

IV PN < B (B () [V fll 4+ K20 [Vef 1D
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where
C,t K=0
Ki(t) = e Y2 and Ky (t) =
Ol K40,

K2

Proof. As before let dj; be the Riemannian distance on M, and let dg be the Eu-
clidean distance on R*¥. Take x = (p,§) € M x R* and X = (p,€) € M x RF. If
K # 0, we consider the coupling by parallel transport of Brownian motions <Bt, §t>

starting at (p,p). This coupling gives us that
s (Bt, Et) < e K245, (p,7), (7.0.11)
for all t > 0. Denote Y; = € + [, o(B,)ds and Y, = & + [} o(B,)ds. If K # 0 then

t
i (7)< [
0

t
< CO'dM (pvm/ 6_KS/2ds = CO‘ (
0

ds < C, /Ot dus (BS, ES) ds

o(Bs)—o <§s>

1 — e—Kt/Q

where we used ((7.0.7) and (7.0.8) . If K = 0, we consider the same coupling for the

Brownian motions (Bt, Et) starting at (p,p) so that

dor <Bt, §t> <dw (p,7), (7.0.13)

Afor all t > 0. A similar computation as in ([7.0.12)) gets us the estimate

d (Yti) < Cotdar (9, 7)), (7.0.14)
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from . Combining and we get

dur (Biy Br) < Kilt)du (p.5) (7.0.15)
while combining and we have

d (Yio Vi) < Ka(O)dur (9,). (7.0.16)

for all t > 0, where all of these inequalities hold P®¥ —almost surely. By Lemma
7.0.7, there exists a Cy > 1 depending on a bound on the Hessian of f € Cj (M X Rk)

such that

(B YD)~ £ (BuT)

<[7.s (5.5)

o (5.5)

Vef (BY) | d (v, 77)

+C (dM (Bt, E) +dp (Yt, 2))2 , (7.0.17)

for all t > 0, P®X) _almost surely.

Using inequalities (7.0.15)), (7.0.16]) and (7.0.17)), we have that for f € CZ (M x R¥)

IPf (5:6) = Pif (7.6)] = B9 [£ (B, Y) — 1 (B Vi) |

o (5. ) et (5.5 3.7

2

<85 [[o, (3.7)

+ C'fE(x’;c) |:dM (Bn §t> +dg <Yt737t>]

< E®X) [Kl(t) vaf (Eﬁ)

)+K2(t) vaf (B..V:)

H dr (p, D)

+ Cy (K1(t) + Ka(t))* das (p,D)° -
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Using Jensen’s inequality for ¢ > 1 we have

\Pf (p,€) — Pof (9,6)]
< (2 (5050t (5.7)

+ Oy (Ko (1) + Ka(t))" dar (p, D) -

T

\ + Ko(t) vaf (Et,f@)

Dividing the last inequality out by dj; (p, p) we have that

Q=

< [P (K@) [V fIl + K2 () [[VefID) (,€)]

dw (p, p)
+ O (K1 (1) + Ko (1) das (p, ) -
Since
i sup (LS ZBIRON_ g b, )
70 5.0<das (p,p)<r dur (p, p)
by Proposition [7.0.6] we have the desired result. O

Remark 7.0.9 (|[BGM18]). The constants obtained in Theorem using the cou-
pling technique are sharper than the constants in Theorem [7.0.3] using I'-calculus.
The trade off here being that the I'-calculus approach allows for the result to be

proven for a wider class of Kolmogorov type diffusions.

Remark 7.0.10 ([BGM18|). We note that when applying the triangle inequality
to the right hand sides of the inequalities in Propositions [5.1.5], [5.1.10 we recover
Theorem when the manifold is M = R?%. Here we have k = d, o(x) = x and
C,=1.

Example 7.0.1 (Velocity spherical Brownian motion, [BGM18]). The velocity spher-

ical Brownian is a diffusion process which takes values in 7'M, the unit tangent

134



bundle of a Riemannian manifold of finite volume. The generator is of the form

2
L= %Av—i—/@f.

It was introduced in [ABT15] and further studied in [BT18]. When M = R4 and
o = k = 1 the diffusion is of the form X, = (B, fot Bgds) where B; is a Brownian
motion on the d-dimensional sphere S¢. Here we take S? to have the usual embedding
in R, that is, S = {x € R™™ | |x| = 1}. Let dsa be the spherical distance and
dp (x,y) = |x — y| is the Euclidean distance in R¢™!. The explicit spherical distance
is given by

dgi (x,y) = cos™" (x-y),

for x,y € S?% where the standard Euclidean inner product is used. It is easy to see

that

dg (x,y) < dsa (x,y), (7.0.18)

for all x,y € S? since the Riemannian structure of S¢ is induced by the Euclidean
structure of the ambient space R4*!. Inequality ((7.0.18]) shows that o : S* — R is
a C, = 1-Lipschtiz map. Thus we can apply Theorem to the manifold M = S,

since Ric = (d — 1)g where g is the Riemannian metric.

Example 7.0.2. Suppose k£ = 1. Fix a pg € M. We consider the map ¢ : M — R
defined by

o(p) = du(p, po).

Note that this map satisfies

lo(p) = o(P)| < dus (p, D),
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for all p,p € M. Thus we can always apply Theorem to the process

t
Xt = (Bta/ dM (Bs7p0> dS) )
0

where B; is Brownian motion on M.

7.0.4 Iterated Kolmogorov diffusions
Our technique can also be applied in studying iterated Kolmogorov diffusions similar
to those studied by Banerjee and Kendall in [BK16]. An iterated Kolmogorov diffusion
is of the form X; = (By, I1(t), ..., I,(t)) where
Io(t) = o (By),
t
I(t) = / I,_y(s)ds, forr=1,...,n,
0

where B, is a Brownian motion on a manifold M and ¢ : M — R¥ is C,—Lipschtiz.

Let P, be the heat semigroup corresponding to the diffusion
Xy = (B, 1(t),..., L,(t)).

Using an argument similar to the proof of Theorem [7.0.8] we get the following result.

Theorem 7.0.11 (|[BGM1§]). Let M be a complete connected Riemannian manifold
such that Ric(M) > K for some K € R. When K = 0and f € C§° (M x RF x - x RF)

with f (p,&1,...,6),p € M, &, ..., &, € R* we have the following gradient bound for
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the iterated Kolmogorov diffusion semigroup F;,
tn q
19,017 < P (19001 + Cot I+ 4 Co 19 A1) ).
for ¢ > 1. When K # 0, we have

IV A1 < Pu((IVpf Il + B2 (@) Ve Il + - -+ Ku() [ Ve, FD)Y)

for ¢ > 1, where

1 — efKt/Q
Ki(t) = CUK—/2;
t
K,.(t) = / K, 1(s)ds, forr=2 ... n.
0
7.0.5 Heisenberg group

The Heisenberg group is the simplest nontrivial example of a sub-Riemannian man-
ifold. The 3-dimensional Heisenberg group is G = R3 with the group law defined

by

1
(w1, 91, 21) * (22,92, 22) := (xl + To, Y1 + Y2, 21 + 22 + B (T1y2 — x2y1)> .
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The identity element is e = (0, 0, 0) with the inverse given by (z, v, z)fl = (—x,—y,—2).

We define the following left-invariant vector fields by

—9 Y
X =0, 282,
T
Y= ay - 5827
Z:=0,.

The horizontal distribution is defined by H = span {X, Y}, fiberwise. Vectors in H
are said to be horizontal. We endow G with the sub-Riemannian metric g (-,-) so
that {X, )} forms an orthogonal frame for the horizontal distribution #. With this
metric we can define norms on vectors by |[v|| = (g, (v,v))% for v € H,,p € G. The
Lebesgue measure on R? is a Haar measure on the Heisenberg group. The distance
associated to H is the Carnot-Carathéodory distance dgoe. The horizontal gradient
V4 is a horizontal vector field such that for any smooth f : G — R we have that for

all X e H

9(Vuf, X) = X (f).

The operator

Ay = % (X2 +27)

is a natural sub-Laplacian for the Heisenberg as pointed out in [GL16, Example
6.1]. Brownian motion on the Heisenberg group is defined to be the diffusion process
{Bl'},>, starting at p = (z,y, z) € R* whose infinitesimal generator is Ay, Explicitly

the process is given by

B} = (Bl(t)7B2(t),Z + /Ot By (s)dBs(s) — /Ot BQ(S)dBl(S)) :
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where (B, Bs) is a Brownian motion starting at (z,y).

Gradient bounds of Bakry—Emery type were studied for the Heisenberg group
in [BBBCO08, Li06,[DMO05,|E1d10]. In particular, the L'-gradient bounds for the heat
semigroup have been proven in [BBBCOS8| and |Li06]. As pointed out in [Kuwl0],
Kuwada’s duality between L'-gradient bounds and L°°-Wasserstein control shows
that for each ¢ > 0, and p,p € G, there exists a coupling <Bf ,Ef ) of Brownian

motions on the Heisenberg group such that

dee (B}, BY) < Kdeo (p. 7). (7.0.19)

almost surely for some constant K > 1 that does not depend on p,p,t. We remark
that in [BJ18], the authors show that any coupling that satisfy on G must be
non-Markovian. This further highlights the need for more non-Markovian coupling
techniques as in [BK16, BGM16].

Consider the Kolmogorov diffusion X; = (Bf [ U(Bg)ds) on G x R3, where
o : G — R3 satisfies and let P; be the heat semigroup associated with X;. Using
a similar argument as in Proposition [7.0.7| with the sub-Riemannian metric g and the

horizontal gradient V4, we can get an estimate

(0.8 = £ GO < IV f (5.l doc (p.5) + | Vef B, di (6.€)

+ 0 (dco (p.p) +dp (5, 5))2 : (7.0.20)

for functions f € C5° (G x R?), where Cy > 0. The argument in Theorem can
be used to prove gradient bounds for P, when BY is a Brownian motion on a sub-

Riemannian manifold once we have a synchronous coupling and an estimate similar
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to ((7.0.20). Thus using ((7.0.19)) and ((7.0.20)) for the Heisenberg group we obtain the

following result.

Theorem 7.0.12 ([BGM18§|). For all ¢ > 1 and f € C5° (G x R?),
IV P < KO, (IV3f1 + Cot [ Ve fI)") (7.0.21)

The best constant K in ([7.0.21)) is not known. The best known estimate for K as

of this writing is K > v/2 (see [DMO05, Proposition 2.7]).

Example 7.0.3 ([BGM18|). Consider for p = (z,y,2) € G the map 0 : G —
R? defined by o (p) = (z,9,0) and the diffusion X; = (Bf,é—i—fota(Bg’) ds). A
straightforward computation (see Lemma [A.0.8)) shows that

Va2 +y? < deoe (e,p),

so that by the left-invariance of doe we have that o is 1-Lipschitz in the sense of

(7.0.7). Thus Theorem (7.0.12 can be applied to X;.
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Appendix A

Heisenberg group geodesics and
the Carnot-Carathéodory distance

Let (M, H,g) be a sub-Riemannian manifold.

Definition A.0.1. With ¢ € M and p € T; M define H (q,p) = 5 (6(p), B(p)), where
(-,-) is the cometric (fiber-wise). H is called the Hamiltonian. Elements in TM are

velocity vectors and T*M are momentum vectors.

Definition A.0.2. A curve (z(t),p(t)) in T*M where z(t) € M and p(t) € T}, M is

said to satisfy the Hamilton-Jacobi Equations (HJEs) if

We can write the Hamilton-Jacobi equations in local coordinates in the following

way. Let {;2,..., 5% } be a basis in T,M and {dz',...,dz"} a basis in T; M. If

? Ox™m
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p=>_pidz' is a momentum vector then we can rewrite the Hamiltonian as
H ! g

where

B = (8 (da") , B (da’))

It is a fact that the Hamilton Jacobi Equations have a unique solution for a given

intial (0) = x € M and p(0) = p € Ty M, for a short time. See [Mon02| for a proof.

Theorem A.0.3. Let £(t) = (y(t),p(t)) be a solution to the HIE on T*M for a sub-
Riemannian Hamiltonian H. Then ~(t) is a (locally) minimizing sub-Riemannian

geodesic.

Definition A.0.4. The curve 7 as given in Theorem is called a normal (sub-

Riemannian) geodesic.

We recall the definition of the Heisenberg group. Let H? be identified with R?

with the law

1
(21,91, 21) * (22,92, 22) := (xl + ZTo, Y1 + Y2, 21 + 22 + 5 (Y1 — x2y1)> )

which makes R? into a non-commutative group. We call H® = (R3,«) the Heisenberg

group. The left invariant vector fields are

Y
X = 0,—=0,
2

Yy = ay—gaz

Z = 0,
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Proposition A.0.5. The curve 7(t) is horizontal on the H? if and only if z =

—3 (dy — yz) for t € [a,b].

Proof. Recall that horizontal means that () € H. for all . The goal is to write
4(t) in terms of X,Y, Z. We have

A(t) = @0, + 90, + 20.
_ s _ Yy : <
— (az 202) +y (ay + Qaz)
+j:%az - y%az + 30,

— EX +9Y + a':%az - ygaz + 20,

but X +gY € Hyq and (4 — g% + 2) 9. ¢ Hs). Thus we must have that 4(t) €

A,y if and only 25 — g5 + 2 = 0. O

Assume {X,Y} are orthonormal, which means (-,-) is an inner product on H.
Let’s take any co-vector p = p,dx + p,dy + p.dz. We will compute sub-Riemannian

Hamiltonian

H(q,p) == ((X(a),p)* + (Y(q),p)°) .

Recall that for p € TrM we have (X(q),p) = p(X(q)) where X(¢q) € T,M . Define
Px : T*M — R by Px = p(X(q)) where (¢,p) € T*M. Also (v,a) = a(v) so that
(e;,7) = §7. For X = 0, — 20, and Y = 0, + 50, we have

Py = <ax — %az,pxdw + pydy + pzd2>

Y

= Pz — §pz
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SO

PX (xayvzapzapyvpz) =Pz — 3Pz

where ¢ = (.3, 2) and p = (ps, py, =) Now

Py = <8y + gﬁz,pxdx + pydy + pzdz>

_ + x
= Dy 2pz

SO

x
PY (x7y727p$7py7p2) = Py + Epz

Now since Z = 0, then

PZ (Iaya Zupzapyapz> = Dz-

Thus the Hamiltonian is

1

H(g.p) = 5 ((X(@).p)"+ Y (a).p))

= 3 (=) 4 (0 20)).

The Hamilton Jacobi Equations become

. 0H
q = 8_p

. OH
p _O_q'
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which breaks down to by plugging in what we know

P (9H:p yp
op, ~° 27
oH z
y = 8_py py+§pz
OH Y
° T 8pzz_§<px 2p2>+2<py+2pz>
= i(w2+y2)pz+%(xpy—ypx)
. oH 1 T
b = —gp =g (mt o)
. 3H_1 Yy
py - a_y—ipz (px_5p2>
oH
Pz = —E—O

Thus we can rewrite with the momentum functions and obtain

y = Py (A.0.2)
e (A.0.3)
Z = 2.%' Y 2y X U.
Py = —P;Py (A.0.4)
Py = PzPx (A.0.5)
P, = 0. (A.0.6)

Let y(t) = (z(t),y(t), 2(t)) with initial values ¢o = (z,y,2) = (0,0,0) and py =
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(&,1,0). Differentiating equations (A.0.1)-(A.0.3]) we obtain

T = PX
j = Py

1 1 . 1 1 .
> = —zP —xPy — —yPxy — —yP
z 5 Y+2£CY 2yX 23/)(

(SRS P R o
= —Iy+ —xj — =yt — —yx
YTt TR T oY

1 .. 1 .
= —rj— —yi.
ptY Y

Also since P, = p, then P,(t) = 6. Plugging this back into the equation (A.0.4) and
(A.0.5) we get

Py = 0Py.

(

= —0y

= 0x

|2 =5 (@) —yi)
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Solving this we obtain the following solutions:

= isin _ coS -

u(t) = —%(oosaeu)—l)—f]ﬂsmqmw

() = S (ol =sin(0]1).

We summarize this in the following theorem.

Theorem A.0.6 (Heisenberg group geodesics). Let v(t) = (x(t),y(t), z(t)) be a
curve on H?® with initial position ¢ = (x,y,2) = (0,0,0) and initial momentum

po = (§,1,0). The curve given by

= isin _ Cos —
= —i cos — —lsin

y(t) = (cos (611) = 1) = i sin (4] (A.03)
&+ ,

A(t) = AE (10|t — sin (|6]1)) . (A.0.9)

satisfies the initial conditions above and is a normal geodesic.

Let dec(e, g) be Carnot-Caratheodory distance. Then for a given g = (a,b,c) €
M =~ R? we find (§,7,0) to such that z(ty) = a,y(to) = b,2(ts) = c¢. Then if
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Yo(t) = (zo(t), yo(t), 2z0(t)) satisfies then

to
dCC(e>g) = inf {/ \% i? + Qstvfy = (l',y, Z) horizontal 7(0) = 6,")/(750) = (CL, b> C)}
0
fo 2 2
_ / o) + (i0)2ds
Ot0
= / VE +nPds
0
= tO V 62 + 7727

since geodesics are globally length minimizing on the Heisenberg group.
Lemma A.0.7. Consider the point g = (0,0,¢) ¢ # 0. Then dcc (e, g) ~ cs.

Proof. Recall that by letting zo(to) = 0 and yo(ty) = 0 and we obtain sin |0|ty = 0

and cos 0]ty = 1, say |0]to = 27. Also z¢(tg) = ¢ which we obtain

&+
216?|

|9|t0 = C.
Thus ||ty = 27 and £ + 7*> = £6°. Hence

to/€2 + 1 = @m =2V

Lemma A.0.8. Suppose (a,b,c) € H . Then
va? + b? < dco (67 (CL, ba C)) :

Proof. By equations A.0.9 the normal geodesic from the identity to the point
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(a, b, c) has parametrization

= isin _n CcoS —
= —isin —é CoS —
Yo(t) = 0] (10]t) |9|( (101t) — 1)
& 4 n? :
walt) = g (61— sin6]0).

Given g = (a,b,¢) € Hy = R? we can find (£,7n,0) such that z(ty) = a,y(ty) =

b, z(ty) = ¢ so that

dec(e,g) = tov/ & +n2

Now
a=xo(ty) = |%lsin (16] o) — %' (cos (0] to) — 1),
b= wlta) = —grsin(9]to) = % (cos (10]t5) — 1)
2 2
¢ = z(to) 52 ?;)27 (16] to — sin (0] to)) .
Thus
2 2
a? = é? sin? (|0 o) — 2@% sin (10| to) (cos (16| o) — 1) + \ZT (cos (|6 to) — 1),
v o= 77—251112 (16| to) + 277—5 sin (0| to) (cos (10| to) — 1) + & (cos (|0] to) — 1)°
T R ’ ’ 61 ’
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So that

So that

a’ + b?

e+ . &+
|9|2 sin? (10| o) + ’9’2 (cos (|0 to) — 1)2
&+’
10
&+’
10
&+
0J°

2 2 t
45 +277 sin? —|9| 0
0] 2

[sin® (6] to) + (cos (|6] to) — 1)2]
[sin® (6] o) + cos® (16| to) — 2cos (0] to) + 1]

2 [1 — cos (]0] to)]

2 1 2
Va2 +b? = 2 §|;‘|277

sin 1910
2
2 0|t
< m\/§2+n2—| |20
= tov & +n?

= dCC(ea g)a

where T used the elementary inequality [sinz| < |z| for all .
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Appendix B

The generator of Kolmogorov-type
diffusions

Consider the process

X, = (Xt,/ota(Xs)ds>

where X, is a Markov process in R¥ whose generator is given by
k
L=y
i=1

where the V; for ¢ = 0,...,k are smooth, bounded vector fields. We assume L is

elliptic. We also assume o : R¥ — R¥ is a C' map such that

Cy = <Z (Viaj)2> 2 < 00,

i?j

and that o is not zero almost everywhere. We let £ be the generator for X,.
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Proposition B.0.1. The generator L of the process X; = (Xt,§ + fo ds)

given by
k

CE0.6) = Lf(0.6) + 3 o)

2 7%, f(,€)

for function f € Cg° (RF x RF).

Proof. Take f(p,&) € C§° (R* x R*). We can suppose that X, is a diffusion of the
form

dXt =a (Xt) dBt + b (Xt) dt, XO =p

where the a, b are smooth and bounded. We wish to compute

£1.6) =i 1209 |1 (Xue+ [0 00)as) - j0.0)]
0

By Taylor’s theorem we have

/ (Xt,s " /0 to()@)ds) —F(.6)
Y (6) - (=) + Vel () ([0 0 0s)
+3 Za“” — ) (X2 - )

Ip;Op;

3 262 652 (/o” ) Z 6@8@ UJ"”XS)CZS) (/ot"j(XS) ds)

+= Z ap,ag] X! -)(/Otaj(Xs)ds>—|—Rt

%#J
=I+II+1IT+1V+V+VI+ Ry,
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where R; is the remainder term. We start by computing the limit involving term 7,

k
lim TE (7, (5.6) - (X, — :;g;z f’<€>[<xz—pin

since by Lebesgue’s differentiation theorem we have

t—0 t

iy [ [ B0 b (X = ).

Computing the limit involving term 17,

t k t
i=1 v
k t
= %?5) Qg% %/0 E® [o; (X,)] ds)

=1

PR

where the last equality is due to Lebesgue’s differentiation theorem and the fact that

o is C'—Lipschitz. This can be seen by

lim
t—0

l/ E®) o (X,)] dS—Ji(p)‘ = lim %/0 E®9 [0, (X,) — 0:(p)] ds

t 0 t—0

t

C
<lim— [ E®9 X, —p|ds
t—0 t 0

= (C -E®8) lp—p| = 0.
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Computing the limit involving term 711,

lim IE P€)
t—0 ¢

Z aplap] s —pi) (Xs —pj)] 9 ; (G(P)G(P)T)i,j W'

Computing the limit involving term IV,

s @J;;? </m )] -
(ff o) |

We prove this limit is zero. To do so, it suffices to show limsup, ,,Y; < C where

1
lim sup — " —E@9

t—0

82
- &)
lim sup (2 ZZI 3{2 E®

t—0
2
Y, = E®$) Yoi (X)) %) |. For if this was true then
0

t
t ds\ > .
/ai(Xs)— =limsupt-Y; <0-C=0.
0 t t—0

To see this we use the fact that o; must have linear growth and get

i t ,
Y, =E®® (1 / o; (Xs)ds>
L t 0

r t

<E®S) 1/ o (Xs)2d5}
_t 0

S 2
—/ () 1X4 + Co) ds]

0

K

limsupt - E®

t—0

SE(I”O

:%/0 E @) [(01|X]+02)]
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then taking limits and using Lebesgue’s differentiation theorem we have

limsup ¥; < E®S [(Cy | Xo| + Co)*] = (Cy |p| + C2)*.

t—0

Computing the limit involving term V' we have

Z a&agj (/Ot"i <X3>d3) (/Otaj (Xs)ds>] -
w3 e B ([ ke xaasas) <o

which follows similarly to the previous cases.

lim sup — E(p 9
t—0

Estimating the limit involving term V' I, we have

t
li Lpwe Xi—p; / ~Xsd> <
”?3&”’ X s ) ([ “]—
. 1 [t
§ 1 E(pf){X’—i(—/ 4Xsd>]>.
2% o (e [ ( o

Using the Cauchy-Schwarz inequality and a previous estimate we have,

t
lim sup E®®) [(XZ —p;) <1/ o; (Xs)ds>}
t—0 t 0
1
1 t 2 2
< lim sup <]E(p’§) [(XZ —Pi)QD ’ (E(pf) (1/ g, (Xs) ds) ])
t Jo

t—0
<timsup (B” [ (X} = p)°] )" (Cilpl + o).

t—0

[NIES

Since X, is hypoelliptic then there exists a smooth transition kernel pi(z,y) for X},

so that by Dominated Convergence Theorem and the fact that a,b are smooth and
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bounded we have that

B | (X) —p)°) =l [ (v = p)° pi (pe) dy = B [ (X5 = )" = 0.

t—0

Let C be a bound on the third derivatives of f. By Taylor’s theorem the error

term R; can be bounded by

)

C
Rl < & > |EPS [4;B;Cy]

i7j7k

where the A;, B;, Cy are all either of the form (X, —p.) or ft

0 0. (Xs)ds . A similar

analysis can be done as above to show that

lim sup & = 0.
t—0
To summarize we showed that
d 0 1 2
£ =3 VG 4 5 (et T 5
=1 g 0] iOD;
Lo 0f(p.€)
+ > _oip) ’
2705
a b
~Lof(.6)+ > o) L)
i=1 i
as needed. -
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