4.2 SOLUTIONS

3. First find the general solution of Ax = 0 in terms of the free variables. Since

e 4 0
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the general solution is x =2x; —4x,, X ==3x + 2%, with x, and x, free: So
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and a spanning set for Nul A is
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11. The set W is a subset of R*. If W were a vector space (under the standard operations in R*), then it
would be a subspace of R*. But W is not a subspace of R* since the zero vector is not in W. Thus W is

not a vector space.

14. An element w on W may be written as ;
=1 8 =t B8

w=s| 1|+t[-2|=] 1 -2[5}
t
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wherg a and b are any real numbers. So W= Col A where A=| 1 -2 |.Thus Wisa subspace of
' ' 5 -1

R’ by Theorem 3, and is a vector space.




17. The matrix A is a 4 X 2 matrix. Thus
(2) Nul A is a subspace of R?, and
(b) Col A is a subspace of R*,

21. Either column of A is 2 nonzero vector ; To fir
‘ orin Col A. T i
solution of Ax = 0 in terms of the free variables. Sjicf;ﬂd i e

I 2/3 @

(A 0]—-_D Ootheenerall" -
0 0 ol ®es solntion is x, =(2/3)x,, with x, free. Letting x, be a
0 0 0

nonzero vah_:g (say x, =3) gives the nonzero vector

L1

Wh:ich isin Nul A.

23. Consider the system with augmented matrix [A w]. Since

(4 w]~E = ﬂ

the system is consistent and w is in Col A ‘Also, since

w3 L)

wis in Nul A.

25. a. True. See the definition before Example 1.
b. False. See Theorem 2.
c. True. See the remark just before Example 4.
d. False. The equation Ax = b must be consistent for every b. See #7 in the table on page 204.
e. True. See Figure 2. - :
f. True. See the remark after Theorem 3.



4.3  SOLUTIONS

3. Consider the matrix whose columns are tbe'given set of vectors. The reduced echelon form of this
matrix is '
1 3 =21 (10 1
0 1 =1|~/0 1 -1
-3 4 1/ 100 O

so the matrix has only two pivot positions. Thus its columns do not form a basis for R; the set of
vectors is linearly independent and does not span R®.

4. Consider the matrix whose columns are the given set of vectors. The reduced echelor form of this
matrix is y
2 2 =8| |1 0 O
-1 -3 5(~/0 1 O
1 2 4| (0 0 1

so the matrix has three pivot positions. Thus its columns form a basis for R>.

9. We find the general solution of Ax = 0 in terms of the free variables by using the reduced echelon
- form of A:
1 0 =2 =2 1 0 =2 0
0 1 1 4(~/0 1 10|
{3 -1 =7 3]0 0 01

So x =2x%;, %, =-x;, x, =0, with x; free. So

x 2
|y <1
L "B b
Xy 0
and a basis for Nul A is
2
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1L Let A=[1" =3 2]. Then we wish to find a basis for Nul A. We

‘ find the general solution of Ax =0
1n terms Oftbefr&e‘?ai‘iabies:x=3y_2zwj_thyandzfree_ So - .0

x 3 -2
X=1y|=y1l|+z 0],
b4 0 1
and a basis for Nul A is

3][-2
1, 0
P184) 11




13. Since B is a row echelon form of A, we see that the first and second columns of A are its pivot
columns. Thus a basis for Col A is '

21T 4
21,6
LR

To find a basis for Nul A, we find the general solution of Ax = 0 in terms of the free variables:
X =—6%—5%,, %, =(~5/2)x, - (3/2)x,, with x, and x, free. So

x ' -6 =5
' ~5/2 -3/2
X= %2 =X +x4 y

& A 1 0

Xy 0 1
and a basis for Nul A is
—6 e
=5/2| -3/2
= @
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15. This problem is equivalent to finding a basis for Col A, where A =[v, v, vl‘a | Vo Vs) .S'mc-e
the reduced echelon form of A is

10 2 2 310 200
0 1 <8 <1 =i| |0 ¢ 2 0 ®
22 -8 10 =6 |0 0 0 1 of"
33 0 3 9/|00 00 1

we see that the first, second, fourth and fifth columns of A are its pivot columns. Thus a basis for the
space spanned by the given vectors is :

1] (0] ] 2 3

0| {1]|-1] -1
=20'(2['|10|"| -6
313/ 3]] 9

23, Let A= [v, ¥, Vs V] ThenA is square and its cohimns span R* since R*
= Span{¥,,¥,, V5, ¥ }. So its columns are linearly independent by the Invertible Matrix Theorem,
and {v,,V,,7;,v,) is a basis for R*. :

24. Let A=[v, ... v, - Then A is square and its columns are linearly independent, so its columns
span R" by the Invertible Matrix Theorem. Thus {v,,...,v,} is a basis for R".



