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Abstract This article explores several extensions of the Priifer domain notion to rings with zero divisors.
These extensions include semihereditary rings, rings with weak global dimension less than or equal to 1,
arithmetical rings, Gaussian rings, locally Priifer rings, strongly Priifer rings, and Priifer rings. The renewed
interest in these properties, due to their connection to Kaplansky’s Conjecture, has resulted in a large body of
results shedding new light on the area. We survey the work done in this direction in the last 15 years, including
results, examples and counterexamples, and a multitude of open problems.
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1 Introduction

In his article “Untersuchungen iiber Teilbarkeitseigenshaften in Korpern” [47], Heinz Priifer introduced a new
class of integral domains, namely those domains R in which all finitely generated non-zero ideals are invertible.
In 1936, 2 years after Priifer’s untimely death, Krull [37] named these rings in Priifer’s honor and proved the
first of the many equivalent conditions that make integral domains Priifer. Since then, as noted in Glimer’s
volume [24], Priifer domains have played a central role in non-Noetherian commutative algebra. Scattered
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among a number of chapters in Gilmer’s volume [24] one counts no less than 22 equivalent definitions for
a Priifer domain. Bazzoni and Glaz [6] display the entire collection as one theorem. One of the equivalent
characterizations of a Priifer domain appearing in this collection is a notion defined by Tsang [51] that is
applicable in a general ring setting. This is the notion of a Gaussian ring (see definition in Sect. 2). The notion
of a Gaussian ring provided one of the first extensions of the Priifer domain notion to rings with zero divisors.
This notion also provided the motivation for the renewed investigation into other Priifer conditions in a general
ring setting. This article surveys the work done in this direction in the last 15 years, including results, examples
and counterexamples, and the multitude of open problems in the area that still remain unanswered.

The article is roughly divided into three parts. The first part, comprising of Sects. 2—4, provides background,
motivation, and basic results and examples in the area. Thus Sect. 2 starts with Kaplansky’s Conjecture and
the efforts made by many researchers to solve it. This section leads to Sect. 3, which contains the definitions
and basic properties of six Priifer conditions in general ring setting. Section 4 provides the basic relations
between the six properties and opens the way to the deeper investigations that followed. The second part
consists of Sects. 5 and 6. Sect. 5 elaborates on the role which certain zero-divisor conditions and total ring of
quotient behavior played in clarifying the relations between the six Priifer conditions. Section 6 highlights the
results and open questions related to the behavior of homological dimensions in rings possessing one of the
Priifer conditions. The third part of this article, Sects. 7 and 8, describes the work done in ring constructions.
Sect. 7 elaborates on the results obtained in pullback rings, while Sect. 8 introduces two special localizations
of polynomial rings, as well as a seventh Priifer condition, and the beginning of a possible investigation of
their behavior under any of the seven Priifer conditions.

Throughout this paper all rings are commutative with unit, all modules are unital, and a local ring means
a, not necessarily Noetherian, ring with a unique maximal ideal.

2 Motivation: Kaplansky’s Conjecture and the Gaussian Condition

Let R be acommutative ring and let f € R[x] be a polynomial in one variable over R. The content of f, denoted
by c(f), is the ideal of R generated by the coefficients of f. The content of a polynomial, c¢(f), satisfies a
number of multiplicative properties. For example, it follows immediately that for every two polynomials f
and g in R[x]:

c(fg) Cc(fHe(g).

In fact, the Dedekind—Mertens Lemma (see, for example, [3,23]) asserts that for every two polynomials f and
gin R[x]:

c(f)'e(fg) = c(f)"e(g), where n = deg g.

Definition 2.1 (Tsang 1965 [51]) Let f € R[x]. If c(fg) = c(f)c(g) for every g € R[x], then f is called a
Gaussian polynomial. Moreover, if ¢(fg) = c(f)c(g) for every pair of polynomials f and g € R[x], then R
is called a Gaussian ring.

In her 1965 thesis, Tsang determined conditions under which a polynomial is Gaussian. Specifically:

Theorem 2.2 ([51]) Let R be a commutative ring and let f € R[x] be a polynomial in one variable over R.
If c(f) is an invertible ideal, or more generally, a locally principal ideal, then f is a Gaussian polynomial.

The converse of this statement has received a considerable amount of attention in the recent past and is the
content of the following conjecture of Kaplansky.

Kaplansky’s Conjecture Let R be a commutative ring and let f € R[x] be a Gaussian polynomial. Then
c(f) is an invertible or, at least, a locally principal ideal.

A number of authors contributed to the solution of this conjecture: Anderson D.D. and Kang (1995 [2])
initiated the renewed investigation into this conjecture; Glaz and Vasconcelos (1997 [27], 1998 [28]) showed
that the conjecture holds for integrally closed Noetherian domains; Heinzer and Huneke (1997 [34]) proved
that the conjecture holds for Noetherian domains; Loper and Roitman (2005 [39]) solved the conjecture affir-
matively for all domains; Lucas (2005 [42]) extended this solution to a partial answer for non-domains. The
following theorem summarizes the combined results obtained by these authors.
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Theorem 2.3 ([2,27,28,34,39,42,51]) Let R be a commutative ring and let f € R[x] be a Gaussian polyno-
mial. The following hold:

(1) If O :c(f)) =0, then c(f) is locally principal.
(2) Ifc(f) is a regular ideal, then c(f) is invertible.
(3) In particular, if R is a domain, then c(f) is invertible.

In general, however, Kaplansky’s Conjecture is false (see [27,28]).

Example 2.4 [27,28] A Gaussian polynomial f with c(f) not locally principal.

Letk beafield andlet 7 and u be indeterminates over k. Set R = k[t, u]/(t, u)2 = k[T, U],where T = t+(t, u)2
and U = u + (¢, u)?, and let f= Tx*+ Ux + T € R[x]. Then f is Gaussian and c¢(f) = (T, U) is not
principal. In fact, R is a Gaussian local ring with maximal ideal m = (T, U) and m* = 0.

Recently, progress has been made in solving this conjecture under some restrictions on the ring R. Lucas
(2008 [43]) provided an answer when the ring is reduced:

Theorem 2.5 ([43]) Let R be a reduced ring and let f € R[x] be a Gaussian polynomial. Then c(f) is locally
principal.

Bakkari, Kabbaj and Mahdou (2010 [5]) investigated Kaplansky’s Conjecture for trivial ring extensions.
Let A be aring and let E be an A module. The trivial ring extension of A by FE is the ring R = A o« E whose
underlying group is A x E with multiplication given by (a, e)(a’, €’) = (aa’, ae’ +a’e). Since (0, €)> = 0 for
any element e in E, a trivial ring extension is never a reduced ring. Nevertheless, in certain cases the conclusion
of Theorem 2.5 remains valid:

Theorem 2.6 ([5]) Let R = A o K be the trivial ring extension of a domain A by its field of quotients K and
let f € R[x] be a Gaussian polynomial. Then c(f) is locally principal.

Bakkari, Kabbaj and Mahdou [5] called a ring over which every Gaussian polynomial has locally principal
content ideal, a pseudo-arithmetical ring. It will be interesting to characterize pseudo-arithmetical rings, and
also to clarify the situation for general rings, namely:

Open Question 1 [f f is a Gaussian polynomial over a general ring R, with (0 : ¢(f)) # 0, what can be said
about c¢(f)? In particular, can one find necessary and sufficient conditions so that c(f) is locally principal or
invertible?

The answers that were obtained on the nature of the content ideal of a single Gaussian polynomial shed
some, but not sufficient, light on the nature of Gaussian rings. At the same time, because these answers are
incomplete, it was natural to try to understand the Gaussian notion better by investigating more thoroughly
rings for which this condition holds for any pair of polynomials, that is, Gaussian rings. This was the motivating
force behind the investigation initiated by Glaz in [29].

3 Definitions: Six Priifer Conditions for General Rings

Let R be a commutative ring and let / be an ideal of R. Denote by Q(R) = {% :a,b € Randb
is a nonzero divisor of R} the total ring of quotients of R. Let I™! = {r € Q(R) : rI C R} be the inverse
of I. Then [ is invertible if 7 - I~! = R. This definition agrees with the classical definition of invertibility of
an ideal [ in an integral domain R with field of quotients Q(R).

We start with Priifer’s original definition for an integral domain R.

Definition 3.1 (Priifer 1932 [47]) An integral domain R is called a Priifer domain if every finitely generated
non-zero ideal of R is invertible.

Priifer also showed that to verify this condition, it suffices to check that it holds for all two-generated ideals
of R.

Theorem 3.2 ([47]) An integral domain R is a Priifer domain if and only if every two-generated ideal of R is
invertible.
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Recall that R is a valuation domain if for every element x € Q(R), the field of quotients of R, either
x € Rorx~! € R. Equivalently, the set of all the ideals of R is totally ordered by inclusion. This is equivalent
to saying that any two ideals are comparable. For a domain, this also means that the prime ideals of R form a
chain p; C py C ---. In 1936, Krull proved the following theorem.

Theorem 3.3 ([37]) Anintegral domain R is a Priifer domain if and only if R, (respectively, Ry,) is a valuation
domain for every prime ideal p of R (respectively, maximal ideal m of R).

The first Priifer condition to be defined in a general ring setting is Fuchs’ definition of an arithmetical ring.

Definition 3.4 (Fuchs 1949 [20]) A ring R is an arithmetical ring if the ideals of R,, are totally ordered by
inclusion for all maximal ideals m of R.

If R is an integral domain, according to Krull’s characterization, this condition is equivalent to R being a
Priifer domain. There is another useful characterization of arithmetical rings due to Jensen.

Theorem 3.5 ([36]) A ring R is arithmetical if and only if every finitely generated ideal of R is locally
principal.

Chronologically, the next Priifer condition to be studied was Tsang’s 1965 definition of a Gaussian ring
(see Definition 2.1). Just as arithmetical domains are Priifer domains, Gaussian domains are also Priifer
domains. This was proved independently by both Tsang and Gilmer, and is the statement of the following
theorem.

Theorem 3.6 ([23,51]) Let R be an integral domain. Then R is a Priifer domain if and only if R is a Gaussian
domain.

The Gaussian condition, similarly to the arithmetical condition, can be checked locally. In fact, there are
a number of interesting characterizations of Gaussian local rings, some of which may be useful in further
investigations. The following is a small collection of characterizations of Gaussian local rings.

Theorem 3.7 ([7,30,42,51]) Let (R, m) be a local ring. The following conditions are equivalent:

(1) R is a Gaussian ring.

(2) If 1 is a finitely generated ideal of R, then I /I N (0 : I) is a cyclic R-module.

(3) IfI is a two-generated ideal of R, then 1/1 N (0 : I) is a cyclic R-module.

(4) For every two elements a,b € R, there exists an element d € (0 : (a, b)) such that (a,b) = (a,d) or
(a, b) = (b,d). Moreover, d can be chosen so thatb € d +aR ora € d + bR.

(5) For every two elements a, b € R, the following two properties hold:
(@) (a,b)* = (a?) or (b?).
(b) If (a, b)? = (@) and ab = 0, then b* = 0.

Tsang [51] proved the equivalence of (1), (2), and (3) and a connection between (1) and parts of (5).
Glaz [30] showed that (1) implies (5) while Lucas [42] showed the reverse implication (5) implies (1).
Bazzoni and Glaz [7] proved the equivalence of (1) and (4). In addition, Tsang showed that the prime ideals
in a local Gaussian ring are totally ordered. As a consequence, (R, m) has a unique minimal prime ideal
p = N, the nilradical of R. It follows that R/ N is a reduced Gaussian ring, hence a valuation domain. Another
consequence of this theorem is that if R is Noetherian, then (R, m) is Gaussian if and only if m/(0 : m)
is cyclic, and this is equivalent to R/(0 : m) being arithmetical. This criterion is useful in constructing
examples.

Another class of rings with connections to Priifer conditions was introduced by Cartan and Eilenberg in
1956 [14] as a generalization of hereditary rings.

Definition 3.8 (Cartan and Eilenberg 1956 [14]) A ring R is called a semihereditary ring if every finitely
generated ideal of R is projective.

In establishing the connection between semihereditary rings and Priifer domains, we note that for an
ideal / of a ring R, there is a strong connection between invertibility, projectivity, and being locally
principal.

Theorem 3.9 Let R be a ring and let I be an ideal of R.
(1) If 1 is invertible, then I is projective.
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(2) If I is projective, then I is locally principal.
(3) If I is finitely generated and regular then: I is invertible < I is projective < I is locally principal. In
particular, all three conditions coincide when R is a domain and 1 is a finitely generated ideal.

As a direct consequence of Theorem 3.9 we obtain:
Corollary 3.10 R is a Priifer domain if and only if R is a semihereditary domain.

Next, we will consider rings R with weak global dimension less than or equal to one, denoted by
w.dim R < 1. The weak global dimension is the measure of flatness of modules over R. Rings with weak
global dimension zero are those for which all modules over R are flat. These are exactly the von Neumann
regular rings (all of which are coherent). A few characterizations of von Neumann regular rings are given
below, and can be found in [25,50].

Theorem 3.11 Let R be a ring. The following conditions are equivalent:

(1) R is von Neumann regular.
(2) Forevery x € R, there exists y € R such that x>y = x.
(3) Ry is a field for every prime ideal p of R.
(4) Every finitely generated ideal of R is principal, generated by an idempotent.
Von Neumann regular rings are special in that they are the closest among non-domains to behave like

fields. Note that if w.dim R < 1, then all ideals of R are flat. This need not be the case for all R-modules,
unless w. dim R = 0. The following result may be found in [25].

Theorem 3.12 Let R be a ring. Then w.dim R < 1 if and only if R, is a valuation domain for every prime
ideal p of R.

As a consequence, domains R with w.dim R < 1 are Priifer domains. In general, rings of w.dim R < 1
are of two kinds: coherent and non-coherent.
Theorem 3.13 ([25,44]) Let R be a ring. The following conditions are equivalent:
(1) R is a semihereditary ring.
(2) w.dim R < 1 and R is a coherent ring.
(3) w.dimR < 1andw.dim Q(R) = 0.
(4) Every torsion-free R-module is flat.
(5)  Q(R) is von Neumann regular and R is a valuation domain for every prime ideal p of R.

The last Priifer condition considered in [29] generalizes the notion of a Priifer domain in the broadest sense.
These are the so-called Priifer rings introduced by Griffin in 1970 [33].

Definition 3.14 (Griffin 1970 [33]) A ring R is a Priifer ring if and only if every finitely generated regular
ideal of R is invertible.

Griffin proved many characterizations of Priifer rings, but none that are particularly easy to utilize, this
one included. There is an upside however. For domains, this definition clearly coincides with the notion of a
Priifer domain.

Definition 3.15 (Lucas 1986 [40]) A ring R is called a locally Priifer ring if R, is a Priifer ring for every prime
ideal p of R.

If R is alocal Priifer domain, then R is a valuation domain. Therefore, by Krull’s characterization, a domain
R is Priifer if and only if it is locally Priifer. The locally Priifer condition first appeared in Lucas’s 1986 article
[40], which also provides an example of a Priifer ring that is not locally Priifer. The example below is due to
Boynton [9]:

Example 3.16 [9] A Priifer ring which is not locally Priifer.

Let A = k[w,x, y,z]/(wx, x*, xy, xz), where k is a field. Notice that R = Q(A) = A,, where m =
(w, x, y, z). Since R is a total ring of quotients, it is Priifer (no ideal is regular), but R has a localization that is
a two-dimensional domain, so it is not locally Priifer. In particular, for p = (w, x, y), R, = k()[x, Ylw,x,y
is a two-dimensional Noetherian domain.

The results introduced in this section can be organized in the following table. The conditions in the first
five rows of the left column are all equivalent. The relations between the conditions in the right column will
be addressed in later sections. Placing the condition displayed in the bottom row on the total ring of quotients
of a ring played an important role in the comparison between the other conditions in the right column (see
Sect. 5).
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Integral domain

General ring

R is Priifer < every finitely generated ideal
of R is invertible

R is Priifer & R), is Priifer for every prime
ideal p of R

R is Priifer & R is Gaussian, i.e.
c(fg) = c(f)c(g) forall f, g € R[x]

R is Priifer & R, (resp., R,;) is a valuation
domain for every prime ideal p (resp.,
maximal ideals m) of R < ideals of R,
(resp., R,,) are totally ordered by
inclusion

R is Priifer < R is semihereditary, i.e. the
finitely generated ideals of R are
projective

R is a field

Griffin (1970): R is a Priifer ring < every
finitely generated regular ideal of R is
invertible

Lucas (1986): R is locally Priifer <& R), is
Priifer for every prime ideal p of R

Tsang (1965): R is Gaussian

e Fuchs (1949): R is arithmetical < the
ideals of R,, are totally ordered by
inclusion for all maximal ideals m

ew.dimR <1 < R, is a valuation
domain for every prime ideal p of R

Cartan and FEilenberg (1956): R is
semihereditary

R is von Neumann regular
& w.dimR =0 & forevery a € R,
there exists b € R such that a’h = a

4 Basic Relations Between Priifer Conditions

In this section we will follow the first approach taken in [29] for understanding the relations between the
six Priifer conditions defined in the previous section in the general ring setting. The relations between these

conditions can be expressed as follows:

(1) R semihereditary

(2) w.dimR <1

(3) R arithmetical

C

=

(4) R Gaussian

C

=

(5) R locally Priifer
-

=

(6) R Priifer

It is possible to obtain reverse inclusions by imposing additional hypotheses, but this will be addressed in later
sections. For now, we justify the above chain of proper inclusions, giving proofs and counterexamples.
R semihereditary C w.dim R < 1

Recall from Theorem 3.13 that R is a semihereditary ring if and only if w.dim R < I and R is coherent.
This gives the forward inclusion and also leads to a counterexample for the reverse containment.
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Example 4.1 A non-semihereditary ring with w.dim R < 1.

Let I be the ideal of T = [] Q[x] generated by f = (x, 0, xz, 0, x3, 0,...) and let D be the subring of T
consisting of all sequences that eventually consist of constants. Set R = I + D. R is not coherent because
(0 : f) is not a finitely generated ideal, and one can show that w.dim R is less than or equal to 1. Note that
since R is not semihereditary, neither is Q (R), because if Q (R) were semihereditary, its total ring of quotients,
which is equal to itself, must be von Neumann regular. This would imply that R itself is semihereditary. Since
w.dim Q(R) < w.dim R < 1, this contradiction shows that any non-semihereditary ring of weak global
dimension one has a total ring of quotients satisfying the same property.

w.dim R <1 C R arithmetical

Since w.dim R < 1, by Theorem 3.12, R, is a valuation domain for every prime ideal p. Therefore, every
finitely generated ideal of R is locally principal, hence R is arithmetical. Jensen [36] found necessary and
sufficient conditions for rings of weak global dimension at most one to be arithmetical rings.

Theorem 4.2 ([36]) A ring R satisfies w.dim R < 1 if and only if R is an arithmetical reduced ring.
This result allows the construction of an example of an arithmetical ring with w.dim R > 1.

Example 4.3 An arithmetical ring with w.dim R > 1.

Let R = Za, the ring of integers modulo 4. The only non-zero ideal of this ring is 2Z4, therefore R is arith-
metical. Note that Z4 is not reduced because 2> = 4 = 0. By Theorem 4.2 w. dim Z4 > 1. Another example
of such aring is R = k[u]/ (u?), where k is a field and u is an indeterminate. In this case R = Q(R) and
w.dim R = oo.

R arithmetical C R Gaussian

Let c(f) be the content ideal of a polynomial f in R[x], where R is an arithmetical ring. Since c( f) is finitely
generated and R is arithmetical, c¢(f) is locally principal. By Theorem 2.2, we conclude that f is Gaussian. It
follows that R is a Gaussian ring. This also leads to an example of a non-arithmetical Gaussian ring.

Example 4.4 A Gaussian ring that is not arithmetical.
The ring R = k[t, ul/(t, u)*> of Example 2.4 is a Gaussian ring with a finitely generated ideal which is not
locally principal. Specifically, the contentideal of f = Tx24+Ux+Tisc(f) = (T, U).Note that R = Q(R).

R Gaussian C R locally Priifer

Let R be a Gaussian ring, and let I be a finitely generated regular ideal of R. Then I = c(f) for some
polynomial f in R[x], and by Theorem 2.3, I is invertible. It follows that any Gaussian ring is a Priifer ring.
Since a Gaussian ring R is locally Gaussian, it follows that every localization of a Gaussian ring R is Priifer.
Therefore, R is locally Priifer.

Example 4.5 A locally Priifer ring which is not Gaussian.

Let R = k[t, ul/(t, u)? where k is a field. We have that R = k[T, U] is a local ring with maximal ideal
m = (T,U) and R = Q(R). So, R is a Priifer local ring. Since m3 = 0 and m is the unique prime ideal of R,
it follows that R is in fact locally Priifer. It is not, however, Gaussian. One way to see thisistoset f = Tx +U
and g = Tx — U so that fg = T?x?> — U%. Then ¢(fg) = (T%, U?) # (T2, TU, U?) = c(f)c(g).

R locally Priifer C R Priifer

Let I be a finitely generated regular ideal of R. Since R is locally Priifer, I is locally invertible. An appeal
to Theorem 3.9 gives us that [ itself is invertible, hence R is a Priifer ring. This inclusion was also proved
by different methods in [9] and in [40]. An example of a Priifer ring that is not locally Priifer was given in
Example 3.16.

5 Conditions that Allow Reversal of Implications

Given the characterizations of the six Priifer conditions for general rings, it is natural to ask to what extent it
is possible to reverse some or all of the implications. For instance, under what conditions is a Gaussian ring
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arithmetical, of weak global dimension at most one, or semihereditary? There are two distinct approaches to
this question. The first approach, taken by Glaz in [30] utilizes conditions which control zero divisors. The
second approach, taken by Bazzoni and Glaz in [7] and by Boynton in [10], consists of imposing conditions
on Q(R). We describe the former approach first, starting with a brief background on zero divisor controlling
conditions.

Definition 5.1 A ring R is a PF ring if every principal ideal of R is flat. A ring R is a PP ring if every principal
ideal of R is projective.

Both the PP and PF properties control zero divisors locally. The specific results are given below.
Theorem 5.2 ([45]) Let R be a ring. The following conditions are equivalent:

(1) Risa PF ring.

(2) R, is a domain for all prime ideals p of R.

(3) Ry, is a domain for all maximal ideals m of R.

(4) R is reduced and every maximal ideal m of R contains a unique minimal prime p. In this case,
p ={r € R:3u € R\m such that ur = 0} and R, = Q(Ry,).

Even though both the PP and the PF conditions are homological in nature, the PP condition has a couple
of ring theoretic characterizations.

Theorem 5.3 Let R be a ring. The following conditions are equivalent:

(1) Risa PP ring.

(2) (0:a) is generated by an idempotent for every a € R.

(3) Every element r € R can be expressed as r = ue where u is a nonzero divisor and e is an idempotent.

One can also control zero divisors by requiring Q(R) to be von Neumann regular. The three conditions
are connected by the following result, proved in 1971 by Quentel [48], and adjusted for correctness in 1989
by Glaz in [25].

Theorem 5.4 ([25,48]) Let R be a ring. The following conditions are equivalent:
(1) Risa PP ring.

(2) Risa PF ring and Q(R) is a von Neumann regular ring.

(3) Risa PF ring and Min(R) is compact.

Here Min(R) denotes the set of all minimal prime ideals of R. Min(R) is a subspace of Spec R in the Zariski
topology. A more extensive exposition on the relations between the conditions mentioned in Theorem 5.4 can
be found in [25]. This includes examples illustrating the independence between the four conditions mentioned
in the previous theorem.

These zero divisor controlling conditions allow us to describe when Gaussian rings are semihereditary
rings or of weak global dimension at most one.

Theorem 5.5 ([30]) Let R be a ring. The following conditions are equivalent:

(1) R is semihereditary.
(2) R is a Gaussian ring and a PP ring.
(3) R is a Gaussian ring and Q(R) is a von Neumann regular ring.

Theorem 5.6 ([30]) Let R be a ring. The following conditions are equivalent:

(1) w.dimR < 1.
(2) R is a Gaussian ring and a PF ring.
(3) R is a Gaussian ring and a reduced ring.

As abonus, these results establish a couple of equivalences between zero divisor controlling conditions that
do not hold in general. In particular, for a Gaussian ring R, the PP and Q(R) von Neumann regular conditions
are equivalent. Additionally, the PF condition is equivalent to the ring being reduced in the Gaussian context.

The other approach to reversing the implications of Priifer conditions involves restrictions on the total ring
of quotients. The idea is to start with a “weaker” property on R and impose a “stronger”” property on Q(R).
For instance, condition 3 of Theorem 5.5 which requires R to be Gaussian and Q(R) to be von Neumann
regular; together these two conditions imply that R is a semihereditary ring. It should also be noted that if
R is a domain, that is, Q(R) is a field, then all of the Priifer conditions are equivalent. The first step of this
approach was to determine if Q (R) inherits the Priifer condition of R. Conditions 1-4 and 6 are treated in [7],
while condition 5 is treated in [10]. Below is the complete picture:

@ Springer



Arab J Sci Eng (2011) 36:967-983 975

(a) If R is a semihereditary ring, then Q(R) is von Neumann regular, and hence semihereditary.
(b) If w.dim R < 1, then w.dim Q(R) < 1, since Q(R) is a localization of R.
(c) If R is an arithmetical ring, then Q(R) is arithmetical by the following theorem of Jensen [36]:

Theorem 5.7 ([36]) Let R be an arithmetical ring. Then any ring between R and Q(R) is an arithmetical
ring.

(d) If R is a Gaussian ring, then Q(R) is Gaussian, since Q(R) is a localization of R.
(e) If R is a locally Priifer ring, then Q(R) is locally Priifer.

To see this, we follow the proof from [10]: Let Q be a prime ideal of Q(R), and set P = Q N R. Since a
locally Priifer ring is Priifer, we obtain that Q(R)p = Rp. Since R is locally Priifer, it follows that Q(R) is
locally Priifer.

(f) If R is a Priifer ring, then Q(R) is Priifer, since a total ring of quotients has no proper regular ideals.

By imposing the desired Priifer condition on the total ring of quotients, Bazzoni and Glaz [7] were able
to specify when a Priifer ring satisfies any of the other Priifer conditions. Specifically, we have the following
theorem.

Theorem 5.8 ([7]) Let R be a Priifer ring. Then:

(1) R is a Gaussian ring if and only if Q(R) is a Gaussian ring.

(2) R is an arithmetical ring if and only if Q(R) is an arithmetical ring.
(3) w.dim R < 1ifandonly if w.dim Q(R) < 1.

(4) R is a semihereditary ring if and only if Q(R) is a semihereditary ring.

This theorem has turned out to be useful in certain investigations (see, for example, Sect. 7). Its proof is a
corollary of the following theorem proved by Bazzoni and Glaz [7].

Theorem 5.9 ([7]) Let R be a ring. Then:

(1) R is an arithmetical ring if and only if R is a Gaussian ring and Q(R) is an arithmetical ring.
(2) R is a Gaussian ring if and only if R is a Priifer ring and Q(R) is a Gaussian ring.

Boynton [10] proves an analogous result for locally Priifer rings.
Theorem 5.10 ([10]) The ring R is locally Priifer if and only if R is Priifer and Q(R) is locally Priifer.

In particular, we can add to Theorem 5.8: For the class of Priifer rings, R is a locally Priifer ring if and only if
Q(R) is a locally Priifer ring.
Recall that in Sect. 4 we numbered the six Priifer conditions as follows:

(1) R is a semihereditary ring.
(2) w.dimR < 1.

(3) R is an arithmetical ring.
(4) R is a Gaussian ring.

(5) R isalocally Priifer ring.
(6) R is a Priifer ring.

As a corollary of Theorem 5.9 and Theorem 5.10 we can now fully describe the conditions on Q(R) that
allow for reversal of implications. Corollary 5.11 was proved in [7] for Priifer conditions (1) through (4) and
(6), and in [10] for Priifer condition (5).

Corollary 5.11 ([7,10]) Let R be a commutative ring.

(1) R has Priifer condition (n) if and only if R has Priifer condition (n + 1) and Q(R) has Priifer condition
(n) forall 1 <n <5.
(2) If Q(R) is von Neumann regular, then all the Priifer conditions, (1) through (6), are equivalent.

To conclude this section, we pose an open question and three examples that highlight the difficulties.

Open Question 2 Let R be a total ring of quotients. Under what conditions is R a Gaussian ring?
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Example 5.12 A non-Gaussian total ring of quotients.
Let k be a countable, algebraically closed field and let / be an infinite set. Denote by k’ the set of all maps

from I to k. In 1971, Quentel [48] constructed an algebra R C k! XNN, where N denotes the natural numbers,
with the following properties:

(1) R isreduced.

(2) R=0(R)

(3) R is not von Neumann regular.
(4) Min(R) is compact.

One can show that R is not Gaussian as follows. Assume that R is Gaussian. Since a Gaussian reduced ring
has weak global dimension at most one, this means that the ring must be PF. The PF condition coupled with
compact minimal prime spectrum is equivalent to the PF condition coupled with a von Neumann regular total
ring of quotients. It follows that R is von Neumann regular, which contradicts the hypothesis.

Example 5.13 R is not Gaussian, but Q (R) is Gaussian.
Let R be a local Noetherian reduced ring which is not a domain. Such a ring is not Gaussian because if it were,
it would have been a domain. Since R is Noetherian, Min(R) is finite. Set Min(R) = {p1, ..., p,} and thus

O(R) = Ry, x --- X Rp,, where each R, is a field. As Q(R) is a finite direct product of fields, it is von
Neumann regular, hence also Gaussian.

(== ==

» R semihereditary RN

- _, 15.11 ) \

5.6

5.8
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Example 5.14 R Gaussian and Q(R) Gaussian, but Q(R) is not von Neumann regular.
Any non-coherent ring R with w.dim R = | has Q(R) with w.dim Q(R) < 1. Therefore Q(R) is Gaussian,
but if Q(R) were von Neumann regular, then R would be semihereditary and therefore coherent.

Using the results of this section, we can express the relations between the rings satisfying the various
Priifer conditions in the diagram on page 10. Here the dotted arrows represent implications from imposing
zero divisor conditions while the dashed arrows are due to implications arising from conditions on the total
ring of quotients.

6 Homological Dimensions and Priifer Conditions

The connection between rings satisfying various Priifer conditions and rings of w.dim R < 1 raises some
natural questions. For example, if R is a Gaussian ring, what values can w.dim R take? The weak global
dimension is not the only homological dimension that appears in investigations related to Priifer conditions.

Definition 6.1 Denote by mod R the set of all R-modules admitting a projective resolution consisting of finitely
generated projective modules. The finitistic projective dimension of R, denoted fP. dim R is

fP.dim R = sup{proj.dimz M : M € modR and proj.dimp M < 00}.
If R is a coherent ring, then
fP.dim R = sup{proj.dimyp M : Mis finitely presented and proj.dimp M < o0}.

The relation between the weak global dimension and the finitistic projective dimension of a ring is given by
the following theorem, whose first part is immediate from the definition and whose second part was proved
in [26].

Theorem 6.2 ([26]) Let R be a commutative ring. Then:

(1) fP.dim R < w.dim R.
(2) IfRis alocal, coherent, regular ring, then fP.dim R = w.dim R.

A ring R is called regular if every finitely generated ideal of R has finite projective dimension. Recall
the classical definition of regularity for Noetherian rings: A local Noetherian ring R is regular if its maximal
ideal is generated by n elements, where n = Krull. dim R. A general Noetherian ring R is regular if R is
locally regular. It follows that for a Noetherian ring R the two definitions of regularity coincide. Examples of
non-Noetherian regular rings include all coherent rings of finite weak global dimension, but there are coherent
rings of infinite weak global dimension, which are regular. For example, R = k[x, x2, ... ], where k is a field.
More details about these types of rings may be found in [25].

The close relation between the finitistic projective dimension and the weak global dimension makes it
natural to involve fP.dim R in any attempt to track the possible values of w.dim R for a ring R satisfying a
Priifer condition. Moreover, the finitistic projective dimension of certain rings satisfying a Priifer condition
seems to capture the “finite part” of its weak global dimension. That is, as we see in Theorems 6.3 and 6.5, the
weak global dimension of coherent Gaussian rings is either equal to the finitistic projective dimension, and
therefore less than or equal to 1, or it is infinite.

Priifer conditions and the finitistic projective dimension

Thus far, the only known results regarding the finitistic projective dimension of rings satisfying Priifer condi-
tions concern Gaussian rings. The following was proved by Glaz in [30].

Theorem 6.3 ([30]) If R is a coherent Gaussian ring, then fP.dim R < 1. Moreover, if R is a Gaussian local
ring with maximal ideal m consisting entirely of zero divisors, then fP.dim R = 0.

In particular, coherence is not necessary for the last statement of Theorem 6.3. More recently, it has been
shown by Bazzoni and Glaz [7] that coherence is unnecessary for the first implication of Theorem 6.3 as well.

Theorem 6.4 ([7]) If R is a Gaussian ring, then fP.dim R < 1.

This leads to the following two questions.
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Open Question 3 [f R is a Priifer ring, is fP.dim R < 1?7

As we have seen, the answer is affirmative for Gaussian rings. It is also true for Priifer domains.

Open Question 4 [f R is a total ring of quotients, is fP.dim R = 0?

Note that a total ring of quotients is always a Priifer ring, so this question asks if for this particular kind of
Priifer ring, fP. dim R is not only at most 1, but actually equal to 0. Theorem 6.3 shows that this is true for a
local Gaussian total ring of quotients.

Priifer conditions and the weak global dimension

Using the result on the finitistic projective dimension of Gaussian coherent rings, Glaz [30] determined the
values of the weak global dimension of these rings.

Theorem 6.5 ([30]) Let R be a coherent Gaussian ring. Then w.dim R = 0, 1, or oo. In particular, R is
either von Neumann regular, semihereditary, or of infinite weak global dimension.

Contrary to the finitistic projective dimension case, it has not been possible so far to completely remove
the coherence restriction. Instead, Bazzoni and Glaz [7] succeeded in proving a similar result under a less
restrictive Priifer condition.

Theorem 6.6 ([7]) If R is a coherent Priifer ring, then w.dim R = 0, 1, or oo.
If the ring is in fact a total ring of quotients, this theorem can be refined.

Corollary 6.7 Let R be a coherent total ring of quotients. Then w.dim R = 0 or oco. In particular, a coherent
total ring of quotients is either von Neumann regular or has infinite weak global dimension.

This result can be proved as follows. Let R = Q(R). By Theorem 6.6, w.dimR = 0,1 or oco. If
w.dim R < 1 since R is coherent, it is semihereditary, hence Q (R) is von Neumann regular. This means that
w.dim R = 0.

The following example shows that this result is no longer true if the coherence condition is removed.

Example 6.8 A non-coherent total ring of quotients Q(R) with w.dim Q(R) = 1.
Consider a non-semihereditary ring R with w.dim R = 1. Then w.dim Q(R) < w.dimR < 1, but if
w.dim Q(R) = 0, then Q(R) is von Neumann regular and therefore R is semihereditary.

The following result by Bazzoni and Glaz [7] establishes the values of the weak global dimension of an
arithmetical ring.

Theorem 6.9 ([7,46]) If R is an arithmetical ring, then w.dim R = 0, 1, or oo.

Osofsky [46] proved that a local, non-reduced ring with zero divisors, whose ideals are linearly ordered, has
a module with infinite projective dimension. In [7], Bazzoni and Glaz proved the general case by a reduction
to the case where they could use Osofsky’s result.

Theorem 6.10 ([7]) If R is a Gaussian ring admitting a maximal ideal m such that the nilradical of R, is a
nonzero nilpotent ideal, then w. dim R = oo.

Some open questions concerning the possible values of the weak global dimensions of rings satisfying
Priifer conditions are the following.

Open Question 5 If R is a Gaussian ring, is w.dim R = 0, 1, or oco?

We saw this to be the case for coherent Gaussian rings, arithmetical rings, and the strange Gaussian rings
of the previous theorem.

Open Question 6 If R is a total ring of quotients, is w.dim R =0, 1, or oo?

This is true if R is coherent, in which case w.dim R = 0 or co and also holds for one example of a non-
coherent ring (see Example 6.8). An answer to this question will yield a partial answer to the next question.

Open Question 7 What are the values of w. dim R when R is a Priifer ring?
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7 Priifer Conditions in Pullback Rings

The next step in the investigation of Priifer conditions was to consider them in ring constructions. The first ring
constructions to be considered were pullback rings, also called constructions of the type D + M. The classical
D + M construction is described in Gilmer’s book [24] and according to Gilmer, goes back to Krull’s work [37]
in 1936. The evolution of these constructions went through three stages. We briefly describe these stages below:

Krull’s D + M definition

In [37] Krull defined D 4 M rings as follows: Let 7 = V be a valuation domain with maximal ideal M, along
withamap ¢ : V — K = V/M. Let D be a subring of K and let ¢~ ' (D) = D;. Then D; has M as a
common ideal with V. Assume that K C V,sothatV = K + M and D; = D + M.

This construction was investigated for various finiteness and homological properties by numerous
researchers. We mention several articles related to the Priifer conditions later in this section.

Brewer and Rutter’s D + M definition

In [11] Brewer and Rutter extended Krull’s construction as follows: Let 7 be a domain and let K be a field
which is a retract of T, that is, there exist maps ¢ : K — T and  : T — K satisfying ¥ o ¢ = 1g. Then
T = K + M, where M is a maximal ideal of T. Let D be a subring of K andset R = D + M.

This general construction and the particular case where 7 = K[x] = K + xK[x], with K a field, D a
subring of K such that Q(D) = K and R = D + x K[x], were investigated in [11]. Costa, Mott and Zafrullah
[15] considered the case where R = D + xDg[x], where D is a ring and S is any multiplicatively closed
subset of D. Before moving on to D 4+ M constructions that admit zero divisors, we reproduce the following
result, which classifies when this D + M construction is a Priifer domain.

Theorem 7.1 ([11]) For the D + M construction due to Brewer and Rutter, R is a Priifer domain if and only
if Dand T = K + M are Priifer domains and K = Q(D).

Pullback rings

In all of the above constructions, 7 is a domain. Gabelli and Houston [21,22] considered Brewer and Rut-
ter’s D + M constructions (with 7 a domain), but viewed them as pullback rings. This alternative perspective
allowed for the introduction of zero divisors.

The first authors to consider pullback rings with zero divisors were probably Greenberg and Vasconce-
los (1974 [31], 1976 [32]). They aimed to classify rings of weak global dimension 2 and considered a very
specialized conductor square

R————§

RIQ —2— 5/Q

where 71 is a flat epimorphism, Q is a flat ideal of R, and QS = S. Fontana (1980 [19]) and Cahen (1988 [13])
also considered a number of properties of pullback rings with zero divisors in a slightly less restrictive setting
than the above conductor square. More recently, Priifer conditions in pullback settings with zero divisors were
considered by Bakkari and Mahdou (2009 [4]) as well as Boynton (2007 [8], 2008 [9], 2011 [10]).

The setting investigated by Bakkari and Mahdou [4] is as follows: (T, M) is a local ring, not necessarily a
domain, T/M = K, T = K + M, K is field, D is a subring of K with Q(D) = K, and R = D 4+ M. Using
this construction, they obtained the following result.

Theorem 7.2 ([4]) Let T, R, D, and M be as above. Then:

(1) R is a semihereditary ring if and only if T and D are semihereditary rings.
2) w.dimR < lifandonlyifw.dimT <1 andw.dim D < 1.

(3) R is an arithmetical ring if and only if T and D are arithmetical rings.

(4) R is a Gaussian ring if and only if T and D are Gaussian rings.

(5) R is a Priifer ring if and only if T and D are Priifer rings.
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As a consequence of this theorem, they found a host of examples of rings satisfying some Priifer conditions
but not others.

In his work, Boynton [8—10] considered a more general pullback setting called a conductor square. Spe-
cifically, R is a subring of a ring 7', and assume that they have a common non-zero conductor ideal. Let C be
the largest such ideal and set A = R/C and B = T/C. The following “conductor square” commutes with the
usual maps (b and 71 are projection maps into quotient rings and i1 is an inclusion map):

R————T
b m
A———>B=T/C

Note that C = ker n;. If C is a regular ideal then this conductor square is called a regular conductor square.
In this setting, Boynton [9, 10] determined conditions for R to satisfy all six Priifer conditions.

Theorem 7.3 ([9,10]) Consider the regular conductor square setting above. Then:

(1) R is a semihereditary ring if and only if T is a semihereditary ring, A, is a Priifer ring, and B, is an
overring of A, for each prime (maximal) ideal p of R.

(2) R satisfies w.dim R < 1 if and only if T satisfies w.dimT < 1, A, is a Priifer ring, and B, is an
overring of A, for each prime (maximal) ideal p of R.

(3) R is an arithmetical ring if and only if T is an arithmetical ring, A, is a Priifer ring, and B, is an
overring of A, for each prime (maximal) ideal p of R.

(4) R is a Gaussian ring if and only if T is a Gaussian ring, A, is a Priifer ring, and B, is an overring of
A, for each prime (maximal) ideal p of R.

(5) Rislocally Priifer if and only if T, is a Priifer ring for every prime ideal p of R, A is locally Priifer, and
By, is an overring of A, for every prime ideal p of R.

(6) If R is a Priifer ring, then A and T are Priifer rings and B), is an overring of A, for each prime ideal p
of R. Conversely, for every prime ideal p of R, if A is locally Priifer, T, is a Priifer ring, and B, is an
overring of A, then R is a Priifer ring.

As far as Priifer conditions go, we seem to have a good answer in a general pullback setting, although
it would be nice to explore the situation when the conductor ideal is not necessarily regular. Nevertheless,
even in the regular conductor square setting, some open questions arise. We have conditions for R to have
w.dim R < 1, but we do not have conditions linking w. dim R with w.dim 7, w.dim A, or w.dim B even in
the most classical domain D 4 M construction. The papers considering homological dimensions of pullback
rings, [17] and [31], investigate only gl. dim R in domains, and do this in two specific D + M settings.

We remark that another property that was only partially explored in D + M constructions is coherence.
Partial answers regarding when a pullback ring is coherent were provided only for special cases of domains
(see [11,18,21]).

Open Question 8 Given any of the pullback settings above, is it possible to find formulas and conditions that
vield a connection between w.dim R and the weak global dimension of the other rings involved? Also, when
is such a pullback ring coherent?

8 Priifer Conditions in Localizations of Polynomial Rings

A different kind of ring construction which came to prominence in Quillen’s solution to Serre’s conjecture
[49] and its “companion” construction are two localizations of a polynomial ring in one variable.

Definition 8.1 Let R be aring and set U = {f € R[x] : fismonic} and V = {f € R[x] : ¢(f) = R} =
R[x] — Upemax kmR[x]. Then U and V are multiplicatively closed subsets of R[x]. Let R{x) = R[x]y and
R(x) = R[x]v.

We note that R[x] C R(x) C R(x), and R(x) is a localization of R(x). In addition, both R(x) and R(x)
are faithfully flat over R. These localizations of R[x] were thoroughly investigated by a number of authors
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(see [1] and [25] for a survey of results concerning these rings). We mention below those results that shed
some light on the ascent and descent of the six Priifer conditions between R and R(x) or R(x).
The result below was proved by Glaz [25] for R(x) and by Le Riche [38] for R(x).

Theorem 8.2 ([25,38]) Let R be a commutative ring. Then:

(1) R(x) is semihereditary if and only if R is semihereditary.
(2) R({x) is semihereditary if and only if R is semihereditary and has Krull dimension at most one.

In 1989, Glaz [25] established the connection between w.dim R(x) (respectively, w.dim R(x)) and
w.dim R, when R is a stably coherent ring of finite weak global dimension. But in general, the connec-
tion between the weak global dimensions is not known. In the context of Priifer conditions this leads to another
open question.

Open Question 9 Under what conditions on R and w.dim R will w. dim R (x) (respectively, w.dim R(x)) be
at most one?

The arithmetical case was resolved by Anderson D.D., Anderson D.F., and Markanda in [1].
Theorem 8.3 ([1]) Let R be a commutative ring. Then:

(1) R(x) is arithmetical if and only if R is arithmetical. Moreover; in this case, R(x) is Bezout, i.e. every
finitely generated ideal of R is principal.

(2) R(x) is arithmetical if and only if R is arithmetical with Krull dimension at most one and if p C q are
prime ideals of R, then Ry is a field.

Given the criteria for R(x) and R(x) to be semihereditary or arithmetical, it is natural to ask when these
rings are Gaussian.

Open Question 10 Under what conditions on R will R(x) (respectively, R(x)) be Gaussian?

In order to characterize R(x) and R(x) as Priifer rings, Anderson D.D., Anderson D.F., and Markanda [1]
considered another Priifer condition.

Definition 8.4 A ring R is strongly Priifer if every finitely generated ideal I of R with (0 : 7) = 0 is locally
principal.

By Theorem 2.3, a Gaussian ring satisfies this condition, so we have the following containments:
Gaussian rings C Strongly Priifer rings C Priifer rings.

It is still unclear where the strongly Priifer condition falls relative to the locally Priifer condition. Huckaba’s
book [35] provides several examples of Priifer rings that are not strongly Priifer (one is a total ring of quo-
tients). Lucas [41] clarified the relation between the strongly Priifer condition of a ring R and the strongly
Priifer condition of it total ring of quotients.

Theorem 8.5 ([41]) Let R be a commutative ring. Then R is a strongly Priifer ring if and only if R is a Priifer
ring and Q(R) is a strongly Priifer ring.

In particular this theorem adds to Theorem 5.8: For the class of Priifer rings, R is strongly Priifer if and only
if Q(R) is strongly Priifer. The similarity of behavior of the strongly Priifer condition relative to its total ring
of quotients to the other six Priifer conditions described in this article raises an interesting question regarding
pullback situations. To summarize:

Open Question 11 How does the pullback situation behave for the strongly Priifer condition? Also, how do
the locally Priifer condition and the strongly Priifer condition relate to each other?

Using the notion of strongly Priifer rings, Anderson D.D., Anderson D.F., and Markanda [1] determined
when R(x) and R(x) are Priifer rings.

Theorem 8.6 ([1]) Let R be a commutative ring. Then:

(1) R(x) is a Priifer ring if and only if R is a strongly Priifer ring.
(2) R({x) is a Priifer ring if and only if R is a strongly Priifer ring, the Krull dimension of R is at most 1, and
if p C q are prime ideals of R, then R, is a field.
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We note that both R(x) and R(x) satisfy the following property: If 7 is a finitely generated ideal which
contains only zero divisors, then / has a non-zero annihilator (this property is called “Property A” in [35]). It
follows immediately from Theorem 3.9 that a ring satisfying this property is Priifer if and only if it is strongly
Priifer. Therefore, both R(x) and R (x) are Priifer rings if and only if they are strongly Priifer rings. To complete
the picture for the Priifer conditions of R(x) and R(x), the locally Priifer condition must also be investigated.

Open Question 12 Under what conditions on R will R(x) (respectively, R(x)) be locally Priifer?
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